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In this note we collect several fragmentary results which were ob­
tained as by-products of another investigation. They are rather 
loosely connected with each other, but still may be of some interest. 

We recall that a function f(xi, • • • , Xk) is said to be absolutely 
monotonie in a set D if ƒ and all its partial derivatives exist and are 
non-negative in D. If D is of the form Og#»<at-, t — 1, • • • , k> then 
a necessary and sufficient condition that ƒ be absolutely monotonie in 
D is that it can be expanded in a power series in xi, • • • , Xk with 
non-negative coefficients converging in D. (The well known theorem 
of Bernstein [l ]* for the case k = 1 can be extended in a trivial man­
ner.) 

THEOREM 1. If fix) is absolutely monotonie in 0^x<a, and if 
0^#i, X2, • • • , xn<a, and if Lix) is the Lagrange interpolation poly­
nomial of fix) at the points xi, • • • , xn, then 

fix) - Lix) 
gix) ^ 7T > °>ix) = (* - *i) ' ' • (* - *n), 

is an absolutely monotonie function of Xy X\y * * * t Xn %n the range 
O^x, xu ' * ' > Xn<a. 

PROOF. The function gix) can be expressed as a divided difference 
of fix) (see for example, Milne-Thompson [2]): 

where 

and 

gix) = [xxi • • • xn], 

, fix) - flxQ 
[XXi\ = ; 

X — Xi 

[xXi • • • Xk-i] — [XkXi ' • • Xk-i] 
[xxi • • • **J « » fe — 2, • • • , n. 

x - xk 

It is sufficient, then, to show that if fix) is absolutely monotonie in 
0<*x<athen 
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ƒ(*) - / (* i ) 

X — Xi 

is absolutely monotonie in the square 0£x, Xx<a. But if f(x) 
s=Z)n-oön^n, an^Q, then 

ƒ(*) - / ( * i ) 

X — X\ 
2 Ö«(»W~1 + xixn~* H + ax»-1) 
n-1 

is a power series with non-negative coefficients converging for 0^xt 

xi<a, and is therefore absolutely monotonie there. 

COROLLARY. We have f(x)è>L(x) for x in the intervals [xni a] , 
[#n_2, Xn-i], • • • , while f(x)^L(x) in the intervals [#n-i, xn], [xn-z, 
Xn-2], • • • \if the equality sign holds at an interior point of any of these 
intervals, it holds identically. 

I t will be convenient to introduce the notations 

V(klt - . . , * » ) -
Xi * x . . . 

hi . . . 

# 1 * 

and 

A(ku • • • , * » ) « 
F(*i , * n ) 

7(0, 1, • • • , n - 1) 

LEMMA. J / 0 ^ k \ < k % < • • • <kn, where ki, • • • ,kn are integers, then 
A(ki, • • • , én) w a symmetric polynomial in Xi, • • • , #n, «tftó «<w-
negative coefficients. 

PROOF. I t is obvious that A is a symmetric function. For w = l , 
^(fci)**!*!, and the lemma is true. Suppose now that w > l . Then 
setting mi^ki+i — ku we have 

A(klt • • • , fcn) » «1** • • • ^ ^ ( O , mi, • • • , mn-i) 

0, Ximi — ffn™1, 

# 1 H . . . *» 
0, * n - i m l - * n 

1, ^nWl, 

, *n_im»-1 - xn
mn~l 

(*n - * l ) • 

Xikl • • • *„*» 

• • ( * „ - *„_i)7(0, 1, • • 

Ximi~l + XnXim*~2 + • • 

- , n - 2) 

• + ft,"1-1, • • • 

7(0, 1, • • • , » - 2) 
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Now we multiply the first column in the numerator by xn
m2~'mi and 

subtract from the second; then we multiply the first column by 
Xnmz-m1 a n c j the s e c ond by xn

m3"m2 and subtract from the third and so 
on. We thus obtain 

A(kh • • • , few)=-
%1 ki . . . /p H 

7(0, 1, • • • , » - 2 ) 

where -4 («i, • • • , aw-i) is formed with the indicated exponents and 
the variables xi, • • • , xn-i, and the summation runs over all systems 
of a's satisfying 

0 ^ «1 ^ Wi - 1, Wi g 02 â W2 - 1, • ' • , Wn-2 S «n~l ^ Wn-i — 1, 

and 

p == (wi - 1 - C*i) + • • • + (Wn-1 - 1 - «n-l). 

Hence if the lemma is true for n — 1, it is true for n. The lemma fol­
lows, then, by induction. 

THEOREM 2. If f(x) and g(x) are absolutely monotonie in the interval 
0?*x<a, then 

1 f{u%i) g{vx2xz) 

1 f(ux2) g(vxzXi) 

1 f(ux3) g(vxxx2) 
V(0, 1, 2) 

is an absolutely monotonie f unction of its five arguments for 0:gffi, x2t 

PROOF. Let ƒ(*) =]Ln"Uan*w, £(*) =]Cn-<A*#w, flnâO, &wè0, w = 0, 
! , • • • . Then 

1 

no, 1, 2) 

1 umxim g{vx2x^) 

1 umx2
m g{vx$Xi) 

1 WWX3
W g(fl#l*2) 

-S 
»• 

" o F(0, 1, 2) 

1 UmXim »n*j"*»" 

1 MmX2m î»"*3n*l" 

1 «""«s"1 »"a;iB*2" 
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Now 
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1 UmXim VnX2
nXzn 1 %ln UnXi w/u» w + n «^«'W'ïîo»» VnXinX2nXZ 

Hence 

XxnX2nXzn 

= umvnV(n, m + w, 0). 

F(0, 1, 2) 

1 / ( w # i ) £(0*2*3) 

1 f(ux2) g(vxzxi) 

1 / ( w x 3 ) g(flffiff2) 

= 2£ am6„wwz;M(0, w, w + n). 
m,n«-0 

If the terms of the last series are rearranged we obtain a power series 
in the five variables with non-negative coefficients converging in the 
range specified above. 

THEOREM 3. Iff(x) =2*» 0^n^ n , an>0, and an+i/an is monotonically 
non increasing, and iff(x) and g(x) are absolutely monotonie inQSx<a, 
then 

1 Â*ù A*ùg(*ù 
1 / ( * j ) f(Xt)g(Xt) 

1 ƒ(*.) fixMx*) 
F(0, 1, 2) 

is aw absolutely monotonie function of all three variables f or 0 ^ Xi, X2i 

xz<a. 

PROOF. Letg(x) =]C"«o&ntfn, JnèO, 0 g i # < a . Let OSxi, x2, xzSr <a. 
Then 

1 ƒ ( * , ) / (* i )« f (* i ) 
1 

F(0, 1, 2) 
1 ƒ(**) f(oo2)g(x2) 

1 ƒ(*«) /(*3)g(*3) 
00 — 

a»a. 
i " o 7 ( 0 , 1 , 2 ) 

00 00 

1 # i w X^giXi) 

1 ^2W ^2ng(^2) 

1 xz
m xz

ng(xz) 

= Z) ] £ ^n^m6fl-4(0, w, n + q). 

Now by elementary estimates 

\A(0,m,n + q)\ S 2~lm(n + q)(m + n + q - 2)rw+w+«-8 

g w2(tt + g)(w + q - l)rw+w+*-3 

if w ^ l , n+q^2and \an\ SCR~n, \bn\ SCR~n, where r<R<a, and 
C is a suitably chosen constant. Then this series is dominated by 
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00 00 

CV-» E S >»2(» + g)0» + ç - l)(r/JÎ)«+"+« 
w—1 n+û—2 

- CV-»( f: ««(r/*)*1) ( Z *(* + 1)(* - !)('/*)*)• 

and is therefore absolutely convergent. Hence we can rearrange it as 
follows: 

oo / w—1 a oo 0 \ 

m—0 V a—0 A—0 0—m+1 «—0 / 

- z^o.«.0J £***(— - —)\, 
and the latter can be rearranged as a power series in Xi, x2, and x9. But 

da—q Ga—q #a—«+1 #a—1 ö0—« 00—1 Gp—q 

Get # a - « + l # a - « + 2 û « Ö0-.0+1 Ö/J 00 

Therefore the resulting power series has only non-negative coeffi­
cients. 

We feel that the last two theorems are at most mere curiosities as 
they stand, since we haven't any idea as to what significance the 
above determinants may have. It is to be hoped that proofs can be 
found which will be more illuminating than the above purely compu­
tational ones. 
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