CLASSES OF SEQUENCES OF POSITIVE NUMBERS
E. H. MOORE!

The results presented in the following pages engaged the attention
of Professor E. H. Moore at various times, but were never written
up for publication. Notes dated December 1909 indicate that the
impetus came in connection with utilization of the “no last absolutely
convergent series” theorem of Du Bois-Reymond (see General analy-
sis, p. 48) and the paper of Landau in Nachr. Ges. Wiss. Gottingen
(1907) pp. 25-27) in which Landau proves that if {a,.} is a sequence
such that | a.ba| converges for all sequences such that ) | b.]| #, with
p>1, converges, then Zlanl »/(»=1) converges. This latter theorem
proved interesting not only because it is a sort of converse to the theo-
rem:If ) |a.|? convergesandif 3| b.| />~ converges then ) | aba|
converges, a consequence of Hoelder’s inequality, but also because
the theorem which Landau actually proved was the contrapositive
equivalent theorem, namely, if Zl a,,l »l(»=1 diverges, then there ex-
ists a sequence such that ) |b.|? converges, but ) |a.b.| diverges.
By noting the trivial identity @, = (a.b.)(1/b,), the last theorem has
the skeleton form: If the sequence {a,.} belongs to a class M (namely,
the divergent p/(p—1) power) then there exist two sequences {b.}
and {c,.} such that a,=b,c,, and {b,.} belongs to M, (convergent p
the power) and {c,.} to M; (divergent). Since logical questions were
always of great interest to him, this instance in which the contra-
positive of a given theorem has an independently interesting state-
ment led him to speculations concerning the true nature of contra-
positive proof. Among other things he stressed the idea that many
so-called contrapositive proofs could be formulated to advantage as
direct proofs.

From his notes, it appears that the subject matter of the first half
of this paper engaged his continued attention from December 1910
to January 1911. But apparently he made no attempt to write up
the results for publication until about 1918. However, only a few sec-
tions of the manuscript were completed. On several occasions he
worked out a “‘multiplication table” (see end of Part II) and added to
it from time to time. We have not always been able to connect the
references which some of these tables contain with his notes, and con-
sequently reconstruct his proofs. Instead we have used the final re-
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sults and taken the liberty of arranging the proofs in what appears
to us as a possible logical order.

The first part of the paper, which serves as an introduction, gives
the basic notation and certain general theorems and their interrela-
tions (most of which are taken from the unfinished manuscript). In
the second part of the paper, we give a body of theorems sufficient
to cover all of the cases of the “multiplication table” which concerns
itself with a system of classes of sequences of positive numbers, and
is in a sense closed in this system. The third part of the paper is con-
cerned with what Professor Moore called a General Multiplication
Theorem, which he stated in a letter to T. H. Hildebrandt dated
January 4, 1926, but gave no hint as to its proof. Since no proof ap-
pears in his notes, we have worked out a proof of the theorem in
question,

Whether Professor Moore would have approved of the publication
of these results, since in many ways they seem trivial, we do not
know. We have found some of these things interesting to play with
and it is not impossible that they may suggest further results which
are worth while. The connection with linear functional operations on
sequences, the closure of the multiplication table, and the fact men-
tioned in footnote 5 that the Hoelder inequality basic to the Pring-
sheim-Landau Theorem, and the proof of the Abel-Dini Theorem
basic to the Landau Theorem, both can be derived from the same in-
equality: x*<1+4e(x—1) for 0<e<1, x>0, are some of the points
which made these developments attractive to us.

H. H. GOLDSTINE
T. H. HILDEBRANDT
I. INTRODUCTION

1.1. The class V. We consider throughout sequencesof positivenum-
bers: a= {a,}, with a,>0. Such sequences may be regarded as posi-
tive-valued functions on the range P of positive integers, or geo-
metrically as points in the space of infinite dimensions, limited
however to points all of whose coordinates are positive. We designate
the space of all such sequences by V and call its elements either se-
quences, functions or points. Since we shall be interested only in
elements of V, it will be understood that the word sequence refers only
to a sequence consisting of positive terms.

We shall be interested in certain subspaces or subclasses of V, the
points of each class being all of the points of V which possess a certain
property. For convenience we use the same notation for the class
and the characteristic property, that is, the class P is the class of all
sequences having the property P. We shall use the standard notation
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relative to sum and product of classes, that is, P\JQ, the sum of P
and Q, or the totality of all sequences which have either the property
P or the property Q, PNQ, the product of P and Q, or all sequences
having both the property P and Q. — P shall be the complement of
P relative to V, that is, the class of sequences not having the prop-
erty P.

In an obvious way we say that a class P contains a class Q if every
element of Q is contained in P. With respect to properties, Q implies
P if the class P contains Q. Under the circumstances we can speak of
a monotonically increasing or decreasing set of classes.

1.2. Fundamental subclasses of V. We consider the following basic
classes (properties):

F: the class of all bounded sequences, that is, of all points in which
the least upper bound of the coordinates is finite;

Ly: the class of all sequences having zero as limit;

L : the class of all sequences having infinity as limit;

C: the class of all sequences with convergent sum;

D: the class of all sequences with divergent sum.

ObviouslyC= —D.

Any sequence and real number p defines the sequence a?= {a3}.
For every property P and number p, the property P, of a point « is
defined as the property P of a?. Thus C, is the class of all sequences
such that ) _af is convergent; D, is defined in a similar way.

We note that if 0<e<f, then the class C; properly contains the
class C,, C_; properly contains C_,, D, is contained in D, and D_; is
contained in D_,. Obviously if ¢>0, then F and F., L, and (L), L.,
and (L,). are each identical. But (Lo)-s=(L¢)-1 is L, and (L,)—-.
=(L,)-1is Lo. F_, is the same as F_;, which is the set of sequences
such that lim sup, (1/a,) < «, that is, the class of sequences bounded
from zero. Then — F_, is the class such that lim inf, a, =0.

1.3. Derived classes. If for e>0, the system of classes P, is mono-

tonic increasing in e, then we define
P! = UUP; and P = P;.
0<f<e I>e

Thus C! =Us<s<.C; is the class of sequences « such that there exists
an f<e such that o/ isin C. C,’ is the class of sequences such that o/
is in C for all f>e.

If for e>0 the system of classes P, is monotonic decreasing in e,
then the inequalities in the definitions are reversed, that is, we define

P! = UP, and P;/!= n P,
I>e 0<f<e
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This applies then to the definitions of D/ and D/’ as well as D’_, and
D!, with ¢>0. In general P’ is a sum of classes, P’ is a product of
classes.
The application of these notions to the limiting cases e=0, =, is
obvious, but one can define only the following:
C{’ :for every e the property C,; C”,: for every e the property C_,;
C’,:for some e the property C,; C_,: for some e the property C_,;
D¢ :for some e the property D,; D’,: for some e the property D_.;
DY for every e the property D,; D!, :for every e the property D_,.
An application of the same process to the classes C’ and D’ yields
nothing new in classes, for we have the following results for ¢>0:

(a) U ¢/ =cl; (b)) n Cf=Cd;

1.31 ocs<e >e
(c) Ucy=C¢Cy; (d NC/ =Cl;

0</<e I>e

and similar results for classes of divergent series and negative expo-
nents. Of these (a) and (d) are obvious. For (b), suppose « belongs
to C;’. Then a is of C; for all f>e. Consequently « belongs to C;
for all g>f>e, that is, for all g>e. Conversely, suppose that « be-
longs to Ns>.C/. Then « is of C/ for all f>e, that is, there exists a
g<f, such that « is of C,. As a consequence a is of C; for all z>g>e,
that is, a is of C)’. Similar considerations show the validity of (c).
In a way the classes P’ are of the nature of greatest of limits of a set
of classes, and P’/ of the least of limits, as these results seem to in-
dicate.

1.4. Fundamental systems of subclasses of V. We shall be inter-
ested in the following two systems of subclasses of V:

SvsTEM 1
01 COI,)CtIyCe» C./’,C;,C/, C”scleoy Lo,Ff\-—F_.l,For —F—l»
FVU — F—-lv - Loo’ Di,«n ,—J'v D—fr Dilh D’—ey D—-n Dilev ’—01 V.

SysTteEM II
V,D{,D!,D, D!, D}, Dy D D, — Loy — F\JUF_;, — F or F_,,
—FNF_y, Ly, Co, C%, Cy, Cyp CLyy €y Cey CL4, 0.

In the first system, the classes ate of increasing content, assuming
0<e<f, each class being a proper subclass of every succeeding class
(excepting that there is a certain ambiguity in the middle of each, the
remark preceding holding in each system whichever reading is
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adopted). In the second system the classes are complements relative
to V of the corresponding classes of the first system, so that the sec-
ond system is of decreasing content.

The proper monotoneity is in general obvious, excepting for cases
of the type: C; <C,<C/’. For this it is sufficient to consider the case
where e=1. We note that the sequence a,=1/# is an element of C,
for e>1, but not for e=1, that is, is of C{’, but not of Cy. On the other
hand if @,=1/% log? n, then « is an element of C; but not of C, for
e<1, that is, of C; but not of C/. Since P<Q implies P_; <Q_;, we
get at once C.,<C_,<C!,. The corresponding results for divergent
series follow by taking complements.

1.5. Multiplications of sequences, and classes of sequence multi-
plications. If = {a,,} and B= {bn} are any two sequences of V, then
aXp is the sequence {a.b,} of V.

In a similar manner if P is the class of sequences o having the
property P and Q the class of sequences 3 having the property Q,
then we denote by PXQ the class of sequences aoXp with a in P
and B in Q, that is, v is in PXQ if and only if there exists an a of P
and a B of Q such that ¥y =aXB. The Pringsheim-Landau Theorem
gives a characterization of the classes P X(Q, where P =Cy,, Q=Cy;,
and PXQ=Cy/ s, €0, f>0.

By analogy, we define the class P/Q as the class of all elements v
such that for all B of Q, the product sequence vXB is of P. The Lan-
dau Theorem states a result for the class P/Q for the case where
P =Cye+5), and Q is Cyy, namely, that P/Q is the class Cy., ¢>0,
f>0; or as a matter of fact, where P is Cy, Q is C, and P/Q is C, with
p>1and (1/p)+(1/p") =1.

The following relations are self-evident:
151 PXQ=QXP;(PXQ-=P1XQu; (P/Q = P./Q-.

There also exist relations between the product and quotient proc-
esses embodied in the following theorem:

1.52 P/Q=—(QX — P_i),
from which we deduce by an obvious substitution the corollary:
1.53 PXQ=—(— P_1/Q)-1

For the proof suppose that P/Q =R, that is, 4 in R is equivalent
to a v such that, for every 8 of Q, it is true that ¥ X8 isin P. Then vy in
—R is equivalent to a v such that there exists a 8 of Q for which
vYXB is of —P. Let yXB=a. Then 3 Xa 1=~"L Then ¥ of —R_; is
equivalent to a 4 such that there exists a 8 of Q and an a of —P_;
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such that ¥ =8 Xa, symbolically:
—'R._1=QX '-P_l andso R= — (QX —P...l)_l.
The following additional equivalences are now obvious:

PQ=—-—Q@X —=P)a=—(QaX —P)
=—(—PXQ4)=—0Q.4/— P
1.55 PXQ=— (— P—I/Q)—l = - ("“ Q—I/P)—l-

A theorem of the form PXQ=R or P/Q=R can be divided into
parts, namely, PXQDR, PXQCR, and P/QDOR and P/QCR re-
spectively, the theorem being considered as a relation between the
classes. A theorem of the form P X QDR is called a factorization theo-
rem since it asserts that if v is of R then there exists & of P and 8 of Q
such that a X8 =+. A theorem of the form PXQCR will be called a
multiplication theorem, since it asserts that if « is of P and 8is of Q
than aXB is of R. A theorem of the form P/QCR will be called a
division or Landau theorem, since it asserts that if « is such that for
every B of Q it is true that aXf is of P, then « is of R. The theorem
P/QDR is really a multiplication theorem since we have:

1.56. P/QDR is equivalent to RXQCP.

For the statement P/Q DR is equivalent to the statement that if o
is of R then, for every B of Q, it is true that a X is of P, which is
logically equivalent to: if « is of R and B is of Q then aXf is of P,
that is, a multiplication theorem. We have as an immediate corollary:

1.57. P/QDR is equivalent to P/RDQ.

Since P/Q is the same as —(Q_1/ — P_;, we have also the following:

1.58. P/QDR 1is equivalent to —Q_1/—P_1DR is equivalent to
—R_1/—P_31DQ 1is equivalent to —Q_1/RD —P_y is equivalent to
—R_4/QD—P._,.

The theorem and corollary also give:

1.59. PXQCR is equivalent to PX —R_,C —Q_1 ts equivalent to
—R_4XQC—P..

We note however that the theorem and corollary are not in general
true if the implications are reversed, that is, we have:

1.510. P/QCR does not always imply Q XRDP.

1.511, OQXRDP does not always imply P/QCR.

1.512. P/QCR does not always imply P/RCQ.

Instances of these are the following, which depend on theorems to
be proved later:

ad 1.510. Take P=L,, Q=C1, R=F. Then by 2.43

P/Q = Ly/Cy = — (C1 X — Ly)-1 = F.

1.54
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On the other hand by 2.41
OQXR=C XF=20C,,

and C; does not contain Lo=P.
ad 1.511. Take Q=Cy, R=L,, and P=C, Then by 2.44

QX R=Cy XLy=Cy,
but by 2.21
P/Q=Ci/Ci=—(C: X —=C))aa=—(C: XDy)ay=F

and F is not contained in R = L,.
ad 1.512 Take P=Ly, Q=Cand R=F. Then asin 1.510, P/QCR,
but by 2.41

P/R=LyJF = — (FX — Ly)_1 = Lo

and L, is not contained in C.

Other instances of 1.510 and 1.512 are obtained if P=V, Q=0 and
R=V.

Even so, every division or Landau theorem is equivalent to a fac-
torization theorem, and conversely, but the equivalence is not as sim-
ple as one might expect. We have:

1.513. The statement P/QCR is equivalent to the statement Q X —P_
D —R.,.

This follows immediately from 1.52

In view of these theorems, we shall in the sequel focus primary
attention on the product class P XQ, of two classes P and Q. We em-
phasize however that while a theorem of the form P/QDR has as its
equivalent the form QXRCP, a theorem of the form P/QCR has
the more complicated equivalent QX —P_1 D —R_,.

1.6. Set addition and set product. We consider next the effect of
set addition and set product on the theorems of multiplication and
factorization type. We have the following theorems.

1.61. TuEOREM. If P, and R, are any systems of classes such that for
every p: P, XQDR,, then (UP,) XQDUR,. If for every p: P, X QCR,,
then (UP,) XQCUR,. Consequently if P,XQ=R, then (UP,)XQ
=UR,.

1.62. THEOREM. If for every p: P, XQC R, then (NP,) XQCNR,.

These theorems follow immediately from the definitions. How-
ever, conclusions concerning (NP,)XQDNR, as a consequence of
P,XQDR, for every p are not so immediate. Suppose for instance



1946) CLASSES OF SEQUENCES OF POSITIVE NUMBERS 199

that P1XQDR; and P; XQDR,, and assume v is of Ry\R:. Then
there exist oy of Py and B1 of Q1 and aa of P; and B; of Q: such that
¥ =1 XB1=0a2XB:. In order that v be of (Pi1N\P;)XQ, it would be
necessary to establish the existence of a single 8 of Q and an « of
P3NP, such that vy =aXB. A sufficient condition for this can be ob-
tained as follows. If Q has the dominance property? A, (if 81 and B,
are of Q then there exists a 8 of Q such that §=3; and 8=3: (point-
wise)) and if a=v/B=v/Bi=a1 and a=v/8=7v/B:=a; were in both
P; and P,, then v would have the property desired. This would cer-
tainly occur if the classes P; and P; had the dominance property A :
if oy is of P and e S then a is of P. Since the same method of proof
would apply to a finite number of classes we can state the theorem:

1.63. THEOREM. If Q has the dominance property Ayand Py, « - - , P,
have each the dominance property AJ, and if P;XQDR; for each i, then
(NP;) X@DNR..

The case when sequences of classes {Pn} and {R.} are involved
would obviously require some alteration in these conditions. We re-
place the property Ad by the following modification:

A class P of sequences has the dominance property Ad’ if any se-
quence « which is ultimately dominated by some sequence o, of P
belongs to P.

We replace the dominance property A; by one involving a sequence
of elements, and define:

A class Q of sequences has the dominance property K if for any
sequence of elements By, - - -, Bm + - - of Q there exists an element
of Q so that each B, is ultimately dominated by o, that is, if
Bm= {b,,.,.} and By = {bo,,} , then lim sup, bma/bon =1 for all m.

An examination of the proof of the simple case above shows that the
same method will give the theorem:

1.64. THEOREM. If each of the classes Pn has the property Ad’, and
Q has the property K, and if PnXQDR.,, then we have (NPn)XQ
DN R and consequently if P XQ =R then (N Pm) XQ=NRn.

All of the classes in System I have the property Ad’. On the other
hand the dominance property A, is not found in the classes — F_;,
FU—F_,, F\—F_,, —L,, D_,. These do not have the additive prop-
erty either. For instance, for D_,, if a,=n? for #n even and # for n

2 For dominance properties see E. H. Moore, Introduction to a form of general
analysis, Amer. Math. Soc. Colloquium Publications, vol. 2, New York, 1910, pp. 39-
41. Since we have used the letter D to signify divergence, we shall use the correspond-
ing Greek letter A for dominance properties.
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odd, while b, =n for n even and 7?2 for # odd, then « and 8 belong to
D_; but o+ does not,? and « and 8 do not have a common dominant
in D_;.

The dominance property K is obviously implied by the dominance
property* Ko, which is defined as follows: For any sequence of se-
quences . of Q there exists a sequence S, such that lim, &ma/bon=0
for every m. The classes V, C, and L, have the property K, and con-
sequently K, as demonstrated in Introduction to a form of general
analysis, pp. 44 ff., but since D_, does not have the property A;, even
in the ultimate sense, D_, does not have the property K.

For purposes of reference, we mention the following theorem whose
proof is obvious:

1.65. THEOREM. If P1CP,, then Py XQCP:XQ. Consequently if
PiXQ=Py;XQ=R, and if PyCPCP,, then PXQ=R.

II. THE cLAssES P XQ IN SYSTEM I

In this part we shall prove theorems sufficient to characterize the
class P XQ where P and Q are any two classes in the System I of 1.2.
In view of Theorems 1.52,1.53 and 1.54 this will give not only a com-
plete set of multiplication and factorization theorems in this system,
but also division or Landau theorems. We note that corresponding
theorems for the classes of System II are immediate consequences of
those in System I, since when Pisin I then P_;isin II,and PXQ=R
implies Py XQ_1=R_,.

2.1. We note in the first place:
2.11, THEOREM I. —F_ 1 X —F_;=V.

Since the mulfiplication of any two sequences is a sequence, it is
only necessary to prove that if ¥ ={c.} is any sequence, then there
exist two sequences &= {@.} and 8= {b,} such thatlim inf ,=0, and
lim inf b,=0 and ¢, =a.b,. For this purpose we set a,=1/n, b, =c.n
for n even, and a,=c.n, b,=1/n for n odd.

An immediate consequence of this theorem is:

2.12. PXQ=YV for all P and Q of the system 1, such that — F_CP
cV, —F,CQCV.

For under these circumstances we have

V=—-F,X—-F,CPXQCV.

As an instance of this we might note D_,XD_;=V.

3 Asamatterof fact D_;+D_;=V.
4 Cf. Moore, loc. cit. p. 44.
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2.2. Hoelder-Landau theorems.

2.21. THEOREM II. We have (a) CoXCr=Cosierr) if €>0, f>0;
(b) CeXD_y=D_st1(e—p) if €>f>0; (c) CeXD_y=—F_1if fZe>0.

The first of these: (a) is mentioned in the introduction. From the
inequality # (e+f)(ab)V () Seqle+4fb1// it follows that if o is of Cys.
and B is of Cy; then aXB =+ is of Ci/(+s). The substitution ¢/ =1/e,
' =1/f, g=1/(e+f) =¢€f' /(e +f') gives the result Cer X Cs»CC,. Con-
versely suppose v is of C, with g=e¢f/(e+f). Set a=vy9¢ and B =vy/.
Then a is of C. and B is of Cy, so that C, X C;DC,.

For the second part (b) of this theorem, we use from 1.59 the
equivalence of PXQCR to PX —R_1C —(Q-1, so that part (a) yields
CeXD_,CD-;. Setting g =ef/(e+f) =f" and f=¢" gives g’ =¢f'/(e—f'),
so that we must assume e>f’, that is, we have, dropping primes,
CeXD_;CD_ss/~5).- The converse of this statement, that is, C,XD_;
DD_.s/(e—p), is the contrapositive of the LandauTheorem. Assume that
v is of D_,, where g=ef/(e—f), and set o= {s,} = {2 _tc°}. Then by
the Abel-Dini Theorem,® y~¢X¢~"* is of C; for v>1 and of D, for
v=1. Consequently if we let a=y"9¢Xo~"/ and aXf =%, that is,
B=v9fXa', then a®*=v—2Xo~*/’ which since ¢>f is of Cj, so that «
is of C,, while 8~/ =~y—2Xo~!is of Dy, that is, 8 is of D_;.

Note the similarity in form between the first two parts of this theo-
rem.

For the last part (c) of this theorem, we show first that C,XD_;
C —F_y, using a contrapositive method of proof. Suppose a= {a.}
is of C, and B= {b,.} is of D_; and if possible lim inf @,b,>0. Then
there exists an €,>0, such that for all %, a,b, > e,. Consequently

Sdz (X b)) = w,

that is, « is of Dy contrary to hypothesis. On the other hand we show
that C,XD_;D — F_; for any positive ¢ and f. Let y={c.} be such
that lim inf ¢, =0, and select a sequence & = {0} from C.. For each &
determine #;>ni_y so that ¢., <ao, and define the sequence a= {a.}
as follows: @, =ao, if n5#ny, a, =c, for n=n;. Then obviously:

> (@)’ <23 ag < o,

® This inequality can be deduced from the well known inequality: x* <14-e(x—1),
0=sex1,x>0. Replace x by 4/B, with 4 >0,and B>0. Then A*B~¢<ed +(1—e)B.
Lete=f/(f+g),f>0,2>0. Then1—e=g/(f+g). Also set A’ =a,and B¢=>b. Then the
inequality (f-g)(ab)V¢+0) < fallf 4gblle results, We might note that xe21+4-e(x—1)
for e>1, and € <0, and that each of the three cases can be deduced from each other.

8 See for instance Knopp, Infinite series, London, 1928, §39, p. 290. Note that
the C, property follows from the initial inequality of the preceding footnote.
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that is, a is of C,. Obviously b,,=1 for all k. Hence 8= {b,} is of D_;
for all f, or of DL,

An examination of the proof just given shows that it applies to a
much wider group of classes. In particular we have:

2.22. PXQD —F_,, for any class P contained in L, and any class Q
containing — L.,

From the fundamental Theorem 2.21 we obtain theorems concern-
ing PXQ =R where P and Q are sums and products of classes of the
C or D_, series. The procedure is illustrated in the proof of:

2.23. TaeoreM 111. If 1/g=1/e+1/f or g=ef/(e+f), then
CI XCir=C! XC} =C! XC} =¢C,
while C.XC;'=C,'XC}'=C,'.

From C,XC;=C,, we obtain as a consequence of the sum theo-
rem 1.61

( u Ce')XCf= U Cp or CI XCr=C/,
0<e'<e 0<g'<yg
since g =ef/(e-+f) is continuous and monotonic in e for fixed f. By
repeating the operation we get since U,<,Cir=C}: C! XC{ =C].
Since C, has the property K for all ¢>0, as well as the property
Ad’, we can also apply the product theorems 1.62 and 1.64 to
C.XC;=C, and obtain C,XC{’' =C]’, it being assumed that f’ runs
over a monotonic decreasing sequence approaching f, and the corre-
sponding g’ obviously approaches g in the same way. If we apply the
sum theorem 1.61 to this result we obtain by 1.31c
C.XCi'=uUcCi=cCy.

h<g

Finally to prove that C;’ XC/' =C,;’, we note that by 1.62 we have

N C!XC/C n Cq, thatis, CI’ XC}' CcC/l.

e’>e 2'>9
On the other hand since C;’ DC,, we have
Cyl =C, XC/ CC! Xcy,

from which two statements the desired conclusion follows.

We might note that if in the proof of C; X /' =C, we had started
with the identity C; XC;=C/ and been able to apply the product
theorem then the equality C/ XC/’ =C;’ would have resulted, in
other words the product theorem 1.64 is not applicable. Since the
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class Cy has the property Ad’, it follows from this that the class C!
does not have the property K.

For the case where e= «, we need consider only C’,. We obtain at
once for f>0: C,,XC;=C",. From this follows at once: C,, XC/'
=C,XC=Cl,XC{ =C',XCly=C.,.

For the case where e=0, we need consider only the class C¢’. Ob-
viously Theorem 1.64 also applies here if f#£0, that is, we have

Cy' XCp=0Cy' forall 0 < f< .
Consequently for the same range of f we have also
3! XCf =C¢' XC{ =C¢' XCl,, =Cy’.

It is further obvious from 1.62 that C¢’ X CJ’ CC¢’. To prove the in-

clusion in the other direction, we take an arbitrary sequence v of C¢’

and let a =72 and 8 =4"2, and then obviously « and 8 are of C{’.
We incorporate all of these results in the form of a theorem.

2.24. The classes of System 1 between C{’ and C’, form a closed sys-
tem under multiplication (X), the various multiplications can be read
from the following table, in which g =ef/(e+f):

S e e A

’ e ’° ’ " ’
0 0 0 CO 0 0

c | a | | ||

C. ¢lc |G ¢ | ocL
C .I ’ 0’ ’ Cﬂl Cgl ! Cal ’ CI
c., ¢len | e | e, | oc

We turn next to the extension of 2.21(b) to the classes C’, C”’, D’
and D”. We have:

2.25. THEOREM IV. If g=ef/(e—f) and e>f>0, then
C.XD_y=C,XD;y=C.XD;=C.XDy=cCx%xD.,=D.,
and C,XD!,=C!' XD_;=C!' XD!;,=D",.

Starting from the equation C,XD_;=D_,; the methods of proof
used for 2.23 or Theorem III apply here also, with the exception of
the characterization of the classes C,;’ XD’; and C,’ XD_;. For the
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class C;’ XD.;, we note that the product theorem 1.62 applied to
CXD_;CD_, yields C;' XD_,CD”,. Applying the sum theorem
1.61 and also 1.31c gives CJ’' XD_,CD’,. On the other hand
C,' XDy DCeXDy=D.,. So that C;' XD_;=D",.

For the class C;’ XD_;, we need only show that it contains D!/,
as the inverse inclusion is contained in the preceding paragraph. It is
not permissible here to use Theorem 1.64, because D_; does not have
the dominance property K. Instead we proceed directly. Suppose that
v is of D}, that is, there exists a monotonic increasing sequence g,
approaching g, such that vy is of D_,, for every #. Let e, be determined
from the equation g, =e.f/(e.—f), so that e, approaches e monotoni-
cally decreasing. Since D_,, = C,, X D_; there exist o, = {a,,m} of C,,
and B,= {b,.m} of D_; so that ¥ =a, X, for every n. Let the se-
quence d,,, with 0 <d, <1, be such that Y _d, converges. Determine the
sequence m,>my— so that

o
e —f
z: a'n:n<dm 2: bnm>1-
Mm=m,, my<mmuty

Define @¢m=0m and b,=>b.m for m,<m <m,.1, with a¢,=a1» and
bm =b1m for m =m,. Then obviously ¥ =a Xf. a belongs to C, for every
¢’ >e since a,<1 for m=my, so that if ¢’ >e,, m>m;, then af, <al
and consequently Y m a4 <> d,. Obviously 8 belongs to D_,.

The equation C;’ XD’ ;=D’, could also have been deduced by the
sum theorem 1.61 from C;' XD_;=D”,. Also the case e= « which
concerns C’, follows immediately so that we have for f>0

CoXD_y=CyXDl;=C,XD =D,
and C), XD’ y=D.L,.
2.26. THEOREM V. If 0<e<f, then COXD® = —F_y, where C

n

may be either C!, C,or C!’ and D®, may be either D'y, D_; or D",
7 s

This is an immediate consequence of the inclusion theorem 1.65.

For the case e=f, Theorem IV separates into two parts, namely
CaxD—s=C:XD—0=C8XD:—0=C:XD-,—0
2.27 ! 124 144 !’
=CexD-—-c=Ce XD—e= "'F—-lo

This includes also the case where e=0 or «, namely

2.28 Co XDl =Cy XDy=—F_.
On the other hand
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2.29 C)lXD_,=C,XD' =cC)xD! =D,

For 2.27 the first class is covered in 2.21(c), the next three classes
each are contained in C,XD_, and by 2.22 eontain — F_;. For the
last two the method of procedure is

cC.xXD.,= ( U c,) XD!,= U (C; X D) = —F_,,

I<e J<e

C/ X DL, =C/ X ( U D-,) = U (L. XDy) =—F_
I>e I>e

The first of these two is also valid for e= © and the second for e=0,

giving 2.28.

For 2.29 the methods used in the proof of the corresponding results
in 2.25 are applicable.

To finish this group of cases, we need to consider yet the possibility
of having e=0, that is, the class Cy’; f=0, that is, the class D’,; and
the case f= «, that is, D”,,.

For C¢’ we have:

2.31. Cy!XP = —F_ for every class P between and including — F_,
and D_,.

In 2.28 it was shown that C§' XD’ o= — F_;. So it remains to prove
that CJ' X — F_y= — F_;. It is obvious that since C¢’ CF, we have

¢’ X —F_1C — F_;. On the other hand suppose ¥ = {c,} is of —F_,
and let ao= {a@o.} be any element of C{’, that is, D aa,< © for e>0.
Select a sequence 7 so that ¢,, <aoi/k. Then define a, =a,, for n = n;
and @, =ao for n=n;. Then obviously Z,.a3‘<22,,a8,., for e>0, that
is, @ is of C¢’. On the other hand since ba, =¢n,/@n,=Cn/a0x <1/k,
ﬁ isof — F_y.

For D’ we have:

2.32. D_oXP=D.,for all classes P between C{' and F, including F.

Obviously D._¢X F=D’., It is then sufficient to prove that
Dy XC,=D".y for all e>0, which follows immediately from 2.25,
namely, C,XD_s=D_,, by applying the sum theorem 1.61.

For D!, we have:

2.33. D", XP=—F_ for all classes P between and including CJ’
and C.,.

The equality D, X C¢’ = — F_,is included in 2.31. Since for every
e>0, C, has the dominance property K, we can apply the product
theorem 1.64 to C,XD_;=— F_, to obtain C,XD!, = —F_,, for all
e¢>0. Applying the sum theorem 1.61 to this equality yields C’, XD’ .,
= — F_l.
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2.4. The classes between L, and — L,. We consider next results
involving the classes Ly, F\N—F_, F, —F_;, F\J—F_;, —L,, so far
as they have not been previously treated. We have:

2.41. FXP =P for every class P of System 1.

Since the sequence a= {1} is of F, it is obvious that FXPDP. On
the other hand, since all classes P of System I have the property Ay,
FXPCP.

2.42. —F_1XP=—F_; for any class P contained in or equal to F.

Since — F_3; X FC — F_,, it follows that — F_; XPC —F_; for all P
contained in F. On the other hand suppose v = {c,} is of — F_;. Se-
lect a Bo={bon} of P, and the sequence % so that ¢.,<boi/k. Let
b, =bon if n5#£ny, and b, =bo if n =n;. Then if a, =c,/b,, it follows that
lim inf, @, =0, that is, a is of — F_;. But for the classes P of System I,
B={ba} is of P if Bo1is.

Since — F,CFJ—~F_,C—-L,CD",, we can conclude from 2.33
and 2.42 that:

243, —F 1 XP=(FU—F_;)) XP=(—L)XP=D"! XP=—F_
for all classes P between and including C§' and C.,

2.44. LoXP =P for all classes P between and including C{' and L,
and also between and including D!, and D",

Since LoC F, and FXP =P for all P it follows that LyXPCP for
all P. An analysis of the statement Lo X PP shows that it is equiva-
lent to the fact that the classes P have the dominance property? K,,
namely, that if @ = {a,} is of P, then there exists in P an o= {aoa}
such that lim, a¢./ao,»=0, which in turn is related to the “no last ab-
solutely convergent or divergent series” theorem. The proof for C;=C
and consequently for C, can be based on the Abel-Dini Theorem for
convergent series.¥ Let v={c,} be of C and let p={r.} =2 . Cp.
Then v Xp~'*¢ is of C for e>0. If we set a=vXp~'t¢, then 8=pl—°
which is of Lo. For the other classes between and including CJ’ and
C’,, we can apply 1.61 and 1.64, since L, has the property K. For
LoyXLoCLy, we take a=8=+"Y2 For the class D_;, we utilize in a
similar way the Abel-Dini Theorem for divergent series, that is, de-
fine =% Xo, where o= {(Z}'cm)‘l} so that 8=0¢"' which is of L,.
The extension to D_, and the other classes between D!, and D, is
then similar to that for the C.

2.45. (FN\—F_1) XP =P for all P between C{' and L, inclusive and
D", and D, inclusive.

This is a corollary to 2.44 and 2.41 in view of the fact that
FOFN\—F_1DL,.

7 See Moore, loc. cit. p. 44.
8 See Knopp, loc. cit. p. 293.
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These theorems while they cover a wide range still leave a few par-
ticular cases. We have:

2.46 —Lw XLQ = — F_l; —Lw X (Fﬂ bt F_l) = —Lw.

From the definitions it is obvious that —LXLcC — F_;, for if
a= {a,.} is of —L,, then a, contains a bounded subsequence, so that
if 8={b,} is of L, then lim inf, a,b,=0. On the other hand suppose
that v={c.} is of —F_.. Let ao={aon} be any element in L, and
select an increasing sequence 7 so that ¢., Saos. Then define a= {a.}
so that a, =ao, for n = n; and a,=aox for n=n,. Then b,, =c4, /., =1
so that 8 is of —L, and a is of L,.

For the second part, it is again obvious that —L,X(FN\—F1)
C — L. On the other hand let y = {c,.} be of —L,, and let {c,.k] be
a bounded subsequence of {c,.}. Let a,=c, if n=n; and a,=c.n if
n#=ny. Then b, =1for n=n,butb,=1/nfor n#£n;so thataisof —L,
and B is of FN\—F_,.

247. LoX(FJU—F_))=—F_.

This is a consequence of 2.42, namely, LoX(— F_1) =—F_;, and
2.46, namely, Lo X (—L.) =— F_3, and the fact that — F_;CFU —F_,
C-L..

2.48. (FJ—F_ ) X(FN—F_;)=—F_,.

We have (FN—F_ )XF=FN\—F_; and (FN—F_1)X—F_,
= — F_;, by 2.41 and 2.42. By addition we then get 2.48.

2.49. (FN—=F_)) X(FN\—F_)=FN—F_,.

This is obvious.

2.5. The classes V and 0. We finally consider the classes V and 0
and note:

2.51. PX V=YV for all P of System 1 excepting 0.

2.52. PX0=0 for all P of System 1.

These are self-evident.

It may however be of interest to apply Theorems 1.52 to these re-
sults in order to obtain corresponding division theorems. Thus

0/0=—=0X—-0)ua=—-—(0XWVNa=V,
VIV==FXViy)a=—FX0_,=V,
VIo==0X—=V_)a=0X0_=1V,
0/V=—=TX=0)a=—VXV)_=0

Of these V/0=V is an example available for 1.510 and 1.512.

We have collected all of the results of this part in the form of a
table, indicating in each place the particular theorem on which the
entry is based. Because of the fact that PXQ=QXP, it is obvious
that it is sufficient to fill in only one half of the entries, as the re-
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mainder can be obtained by reflection on the diagonal. We note that
System I is a closed system under multiplication. Also we recall that
with this table it is possible to make a corresponding table of division
theorems by using 1.52.

III. A GENERAL MULTIPLICATION THEOREM

3.1. On classes (P—Q) X (R—S). In the preceding part, we made
a study of the classes P X Q, where P and Q are any two classes chosen
from System I. We noted that the theorems of that part gave rise to
theorems relative to the class P XQ if P and Q are both in System II,
because of the fact that if P is in I, then P_; is in II, and from
PXQ=R it follows that P_;XQ_1=R_;. A natural question is to
characterize P X Q if P is in System I and Q in System II. The answer
to this happens to be trivial. For we have:

3.11. THEOREM. If P is in System 1 and Q in System 11, then
PXQ=1V, unless P or Q is the null class 0, 1n which case P XQ =0.

To prove this theorem, it is obviously sufficient to consider only
the case in which P=C¢’ and Q=C",. Further since PXQ is con-
tained in V for any P and Q, we need only show that if y= {c,,} is
any sequence of V, then there exist o= {a.} of C{’ and 8= {b.} of

s, such that ¢, =a.b,.. We note that if « is any sequence of C¢’ and
if we define 8=+ Xa ! then B8 will be of C”,, provided ¥ is bounded
from zero, that is, in F_y. Also if 8 is of C!y and a=v XS, then « is
of C{ if v is bounded from infinity, that is, in F. Assume then that
v is in —F_3;MN\ —F. Then divide the sequence of integers # into two
mutually exclusive ordered sets n¢ for which ¢,=1 and #{’ for which
¢, <1. Let ap be any element of C¢’ and B¢ any element of C”,. De-
fine @ = {a.} as follows:

1

@y = aox If n=n{, @y = Cofbor if n=mnl",

so that
b”=6,./dok if n= nk', bn=bok if n=nk".

Then obviously « is of C}’ and B is of C”,.

The System I (as well as II) defines also classes by taking differ-
ences, particularly the class P—Q where P properly contains Q. Since
if Pisin I then —Q is in II, and conversely, the classes P—Q are
really products of a class in I by one in I1. There arises the question
of the characterization of the classes (P—Q) X (R —.S). If we note that
P—Qisin fact PN —Q, then if a product theorem similar to 1.51 were
universally applicable, we might guess that



1946] CLASSES OF SEQUENCES OF POSITIVE NUMBERS 211

(M): P=-QXR=8)=PXRN(—QX-=239).

If Q=8=0, or P=R=1V, the identity is trivial. If we take Q=0,
R =1V then the guess would give

PX—=S=PXVN(=0X-=3)=V

since P#0and S= V. If Pand Sarein I, then —Sisin Il and thisis
Theorem 3.11. The object of this part is to determine limitations on
the classes P, Q, R and S so that the equality (M) is valid in Sys-
tem I. Corresponding results for System II follow. Throughout this
part it will be assumed that P properly contains Q and R properly con-
tains S in the differences P—Q, R—S.

The method of procedure will be to find conditions for the validity
of the equations

(P—Q)XR=PXR and P-Q X —-S=—-0X—3S,

which are the special cases of the general equation for Q=0and R=7V,
respectively, and from these to derive the general equality.

It is however not necessary to prove both of these two equalities,
since we have:

3.12. THEOREM. A theorem of the form (P—Q)XR=PXR has as
consequence a theorem of the form (P'—Q )X —8"=—-Q' X -5, and
conversely.

For if (P—Q)XR=PXR, then (P_1—Q_1) XR_1=P_1XR_;. Now
if Pisin I, then P_; is in II, and —P_; is a member of I. If we set
P'=—Q,, Q'=—P_, §=—R_,, then obviously Q' is properly con-
tained in P’ and our identity becomes

Pr-Q)X-5=-0X-5.

Because of the dual nature of these two equalities, we shall refer
to the process of substitution involved as a dualizing process.

We might also note that the Systems I and II are combinations of
half of the System I, namely,

0,C¢',CJ,Ce, C",Cloy Loy, FMN — F_4, F.

If we denote this set of classes by Ia, the balance by Ib, and similarly
for II, then

3.13 Ib = — (Ia)_;, IIa = (Ta)_;, and IIb = (Ib)_; = — Ia,
so that
I = (Ia, Ib) = (Ia, — (Ia)_y) and II = ((Ia)_;, — Ia).
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3.2. On the relation (P—Q) X R=PXR. It is obvious that if Q is
properly contained in P, then (P—Q)XR is contained in PXR.
Hence we need to derive only sufficient conditions so that (P—Q) XR
contains P XR. In order to state a general theorem easily, we define
a dominance property related to two classes, namely:

3.21. DEeFINITION. The pair of classes P, Q with P properly con-
taining Q have the dominance property K, relative to each other, if for
any element 8 of Q there exists an element & of P— Q which ultimately
dominates 3, that is, a, = b, for n>n,.

Also dually:

3.211. DEeFINITION. The pair of classes P, Q with P properly con-
taining Q have the dominance property K, relative to each other, if
for every a of — P, there exists a 8 of P—Q such that § is ultimately
dominated by a.

We then have the following theorem.

3.22. THEOREM. If R has the dominance property AJ’, and P and
Q have the dominance property K, with respect to each other, then
(P—Q)XRDPXR, and so (P—Q)XR=PXR.

The proof of this is almost self-evident. Suppose 8 is of P XR, that
is, there exists o of P and v of R such that §=aXy. If e is of P—0Q,
no further steps are necessary. If however « is of Q let 8 be of P—(Q
ultimately dominating « and set y1 =8 X" '=a Xy X8~ Then v, is
ultimately dominated by ¥ and so of R, that is, §=8Xv:1 is of
(P—Q)XR.

In order to apply this theorem to the case where P, Q and R are
classes in System I, we show:

3.23. If P and Q are any two classes of System 1, P properly contain-
ing Q, and excluding the case where P is F\J — F_4, then P and Q have
the dominance property K, relative to each other.

The method of demonstrating this property for any two classes of
System I chosen from Ia, that is, those lying between 0 and F inclu-
sive, is illustrated by the following special case:

3.231. P=C,, Q=C!. Let a be any element of C/. Then since by
1.4, C, properly contains C/, there exists an element B of C.—C..
Define 8 so that b, =bo, if @» Sbon, and b.=a, if ¢ =bos. Then since
B =B, it follows that 8 is not of C/. On the other hand since

S be= D bow 4 D an < D bon+ Y an

it follows that 8 is in C,.
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It is obvious that in this proof we used the fact that —Q has the
property A in reverse, which is true for all Q in System I. Further
we have used the fact that if @« and B are sequences of P, then %,
the greater of @ and B, is also in P. This holds for all of the classes of
System Ia, excepting F/N\ — F_;. However the procedure above is still
effective in this case, since if B is of Q and Q is properly contained
in FN\—F_,, then a is of Ly. If B is of FMN\ — F_;, and « is of Lo, then
the greater of « and B is still in F/\\ — F_;. Hence we have the theorem:

3.232. THEOREM. Any two classes P, Q with P properly containing Q
from System la have the property K, relative to each other.

This is no longer true if we continue in the System I; we have:

3.233. The class F\J — F_; does not have the property K, relative to
— F_,, or relative to F, but it does have the property K, relative to
FN\—F_,, and so relative to all the other classes of System 1.

Let a be an element of — F_; for which both lim sup a,= «, and
lim inf @, =0. Then there exists in F\U — F_; no dominating element
belonging to —(— F_;), that is, F_;. Similarly if « is in F with
lim inf @¢,>0, there does not exist in (F\U—F_;)—F, that is,in
—F_1MN\—F, an element dominating . On the other hand let a be-
long to FN\ — F_4, and let limy, a,, =0, with a,, <1. Define 8= {#.} by
the conditions b, =a, for n £ny, or for n=mny, k even, and b,=1/a,
with #=mn,, & odd. Then 8 is of — F_;, dominates «, but is not in
FN\—F_,.

For the remaining members of System I, we demonstrate the prop-
erty K, between adjacent classes, from which it then follows in gen-
eral. We consider the following cases:

3.234. —L,, has the property K, relative to —F_y, F, andF\J — F_,,
and consequently all classes of System 1.

Suppose that a belongs to F and lim inf @¢,>0, that is, « is not in
— F_;. Then define B: b,=a, for n even, b,=mna, for n odd. Then B
isin — L., but notin For — F_,.

Suppose « belongs to — F_;. Let »’ be the set of integers for which
a,=1. Divide the integers #’ into two infinite subsets #’/, #’’’ so that
lim,» @y»=0. Then define b, =a, for n #n’, b,=1/a, for n=n"" and
b,=1for n=n'". Then Bis of —L,, butnotin F nor — F_;.

3.235. D!, has the K, property relative to — L.

Let « be of —L,, thatis, lim inf ¢,=a0< «© and suppose that lim
an, =0a¢. It is obviously sufficient to assume ao>0. Suppose B is any
element of D”, not belonging to — L, for example, z exp (1/(log #n)/?).
Define = {b.} by the conditions b,=na. for # #n;, by=boian for
n=nx. Then B is in D!, but lim, b,= .
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3.236. All pairs of classes P, Q in the D group of System 1 have the
K, property relative to each other.

We prove this by showing that the theorem holds for the following
cases: (a) D_,, D_; with e<f, (b) D_;, D", and (c) D!, D_,, since ob-
viously the case of any two pairs from the D group can be deduced
from these three cases.

(a) Suppose that a is of D_;, that is, D ,a;7 = . Without loss of
generality it is possible to assume that @, = 1. Leto = {s.} = {3 ta.’}
and let B=aXcoe Then since 8~/ =a/Xo/'¢and f/e>1 the Abel-
Dini Theorem assures us that 8~/ is of Ci, that is, 8 belongs to C_;.
On the other hand

Be=a*XolZ2a’ X!

since f>e, and a,=1. Now o/ Xo! is in D,, that is, 8 is of D_,.
Obviously 8 dominates a.

(b) Suppose « is in D_,, that is, there exists an f>1, so that a is of
D_;. Using the same notation as in (a), we now define 8 =aXo. Then
if g>1, 8 9=a9Xe 9= Xe ¢ is of Cy, that is, B is in C_, for all
g>1, and so in C”; = —D’;. On the other hand B8 is in D_; and domi-
nates a.

(c) Suppose a isin D_;. Using the same notation asin (a) with f=1
and assuming a, =1, we set b, =a.5, log? s,, that is, 8 =aXo Xlog? o.
Then by an extension of the Abel-Dini Theorem,? 8 is of C_;. On the
other hand B is of D_,, for f<1. For if f<g<1

Bt =a’Xo/XlogHoZza!Xec !/ Xlog¥es=ZalXeg

ultimately, since lim,, s,/ log=% s, = «.

The fact that V has the K, property with respect to any class in
System I (or System II) is trivial.

With respect to the property K., we have:

3.237. If P and Q are any two classes of System 1, with P properly
containing Q, and (P, Q)isneither (F, FIMN\ — F_y) nor (— F_1, FN\— F_,),
then P and Q have the K, property relative to each other, that is, for every
element o of — P, there exists an element 8 of P — Q, such that o ultimately
dominates .

This follows immediately from the preceding results by the dualiz-
ing process.

As a consequence of these results, we are able to state the following
theorems:

? See T. H. Hildebrandt, Remarks on the Abel-Dini Theorem, Amer. Math.
Monthly vol. 49 (1942) p. 443.
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3.241. The relation (P—Q)XR=PXR provided P, Q and R are
classes of System 1, excepting possibly (P, Q) =(FJ—F_;, —F_,) or
(FUJ—F_, F).

3.242. The relation (P—Q)X —S=—QX —S, with P properly con-
tatning Q, holds for all classes of System 1, excepting possibly (P, Q)
=(F, Fm'—F1) or (—F_l, Ff\—F_l)

For the exceptional cases we have:

3.243. The relation (F\J —F_;) —(—F_1)) XR=(FJ—F_;) XR is
not valid for any R of System 1 excepting 0 and V.

For if o belongs to (FU—F_;)—(—F-;), then « >lim sup a,
>lim inf @,>0. Consequently ((F\J—F_;)—(—F_;))XR=R. But
from the final table of Part II it is obvious that (F\U—F_;) XR=R
only for R=0and V.

Applying 3.12 we have:

3.244. The relation (F—(FN\~F_1)) X —=S=—(FN\—F_))X—S1is
valid for no S excepting the classes 0 and V in System 1.

On the other hand we have:

3.245. The relation ((F\J — F_,) — F) XR=(F\J — F_1) XR holds for
all R of System 1 excepting F.

By Part II, (FU—F_;) XR= —F_,, for any R between C{’ and
FN — F_; inclusive. On the other hand, the class (F\J — F_;) — Fis the
class of sequences « such that lim sup a. = % and lim inf ¢, =0. Let o
be any element of — F_; and B, any element of C¢’. Select the integers
ny so that ¢, <box. Let b, =bo, for n #ni, bn=(box)'/? for n=n; and
k even, b,=c,/k for k odd. Then for k odd a,, =c¢,/bs < (box)*/? which
approaches zero with &, while for & even a,, =k and b,, <be/k. It fol-
lows that 8is of C{’ and a of (F\J — F_;) — F, so that (F\J—F_;)—F)
X C{’ D — F_1. The same type of proof works for all classes R between
and including C¢’ and FN\—F_,.

For R between and including — F_; and V we have (F\JU —F_;) XR
=V. It is consequently sufficient to prove that ((F\J—F_;)—F)
X(—=F_1)DYV. Let v be any element of V and suppose in the first
place that lim sup ¢, = «, that is, there exists a subsequence such
that limg ¢., = «. For n #n;, take a, and b, arbitrary with a,b, =c,.
For n=n; and k even, take a,=¢, so that b,=1/c,. For n=n; and
k odd, take a,=1/cn, b, =c2. Then both a and 8 are of (FU —F_;)—F
and so also of — F_;. Suppose next that « >lim sup ¢,>0, so that
there exists a sequence ¢,, such that limy ¢., =ce>0. Take a, and b,
arbitrary for n #ng, with a,b, =c,. For n =ns, k even, take a, =kc,, so
that b, =1/k, and for n =n;, k odd, take a,=c,/k, so that b, =Fk. Then
a and B have the desired properties. Finally if lim ¢, =0, a disposi-
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tion similar to the first case will work.

For R=F we have (FU—F_;))—F)XF=(FUJ—F_)—F but
(FU — F_;) X F=F\U — F_,. This completes the proof of the theorem.
As a corollary we have:

3.246. The relation ((—F_1))—(FN—=F_1))X—=S=(—F_)X-=S
holds for all S of System 1 excepting — F_,.

3.3. Decomposition theorems. It will be useful later to have certain
results on the decomposition of sequences of a class into mutually ex-
clusive subsequences belonging to the class. We have:

3.31. THEOREM. If o is any element of a class P of System 1 (or
System 11) then there exist two complementary infinite subsequences of o:
o ={an} and ' = {an} so that each subsequence belongs to P.

For the classes which are characterized by a convergence property,
this theorem is obvious, since every subsequence of any element of
such a class has the same convergence property. The same is true of
the class Ly and F. For an element o of F/N\— F_;, we select a subse-
quence {a,,} such that lim; a,, =0, decompose it into two sequences
having the same property and include the remaining elements of the
original sequence in either of these subsequences. The same procedure
is obviously applicable to — F_;, and consequently to F\U — F_;. For
an element o of —L,, we use a similar procedure, excepting that in
this case, we utilize a subsequence a,, such that limy @, =ao< . For
the classes of divergent character, D_, and D.,, the following proced-
ure is effective. Select a subsequence 7, such that

> an > 1.
ng—1Sn<ng
Take n=n' if ny_1=<n<ny k even, and n=n'’ for k& odd. For the
classes D”/, we modify this procedure slightly. Let fx approach e mono-
tonely decreasing, and select #; by the condition

> a:fk > 1.

ngp—1Sn<ng

Then the same decomposition as in the preceding case will give two
subsequences each in D”,.

For System II the result follows from the one-to-one correspond-
ence between sequences o and oL

For products of classes we have a similar result, namely:

3.32. TueoreM. If P and Q are any two classes chosen either from



1946] CLASSES OF SEQUENCES OF POSITIVE NUMBERS 217

System 1 or 11, and o belongs to PINQ, then there exist complementary
subsequences {a,.:} and {a,.n} of a each of which belongs to PMQ.

The proof of this theorem depends upon the following lemma valid
for all classes or properties of System I and System II:

3.33. LEMMA. If ay is any sequence having the property P and oy is a
subsequence of a sequence having the property P then any combination
of ap and ay into a single sequence has property P.

Obviously this includes the case when the sequence a; has the prop-
erty P.

We return to the proof of 3.32. Let a belong to PN\Q. Then there
exist o = {an} and &’ = {a,}, complementary subsequences of «
each belonging to P. By 3.33 one of these sequences must belong to Q.
Suppose it is the first. Then this can be divided into two subsequences
o' ={an} and @tV = {a,v} both of which belong to Q and one of
which belongs to P. Let it be the first. Then &’ and the rearrange-
ment of {a,.u} {a.iv} in proper order gives by 3.33 two complemen-
tary subsequences each belonging to both P and Q. For &'’ is of P
and o!v is a subsequence of a sequence of P, while ai' is of Q and o'’
is a subsequence of a sequence of Q. As a corollary we have:

3.34. If P and Q are classes of System 1, such that P properly contains
Q, then any sequence of P—Q can be divided into two complementary
subsequences both of which belong to P—Q.

We finally make the following two observations:

3.35. The classes P of the System 1a with the exception of FMN\ — F_,
have the property: If a is of P then every subsequence of a has the prop-
erty P.

This holds also for the classes of System 11Ia, excepting F_y/\ —F.

3.36. The classes P of the System Ib with the exception of F\J — F_,
have the property: If o’ is a subsequence of a sequence of P, which has
the property P, then the sequence 3 obtained by altering in any way the
elements of oo complementary to o’ will have property P.

3.4. The multiplication theorem. We are now in position to prove
the following theorem.

3.41. MULTIPLICATION THEOREM. If P, Q, R and S are of System 1,
neither P nor R is F\J—F_,, and Q nor S is FN\—F_,, P properly
contains Q, and R properly contains S, then (P—Q) X (R—S)=(PXR)
N(=QX=3S).

As we have already noted that (P — Q) X (R—S)C (P XR)



218 E. H. MOORE [March

N(—Q X —.S), only the inverse inclusion needs to be shown. Since
neither P nor R are F\U — F_; and Q nor S are F/N\ — F_;, the applica-
tion of Theorems 3.241 and 3.242 yields

PXR=(P-QXR=PX(R-2S),
—QOX=S=P-QX—=-8S=—-0QX(R-=-29).
If then v is a member of (PXR)N(—Q X —.5), it also belongs to the
four classes (P—Q)XR, (P—Q)X—S, PX(R—-S), —QX(R-2S9),
that is, we can write
Y=oa1 XB1=o0a2sXB2=as X Bs=asXPs

where oy and a3 are of P—Q, as is of P, as is of —Q, B1is of R, 3z is
of —S, and B; and B4 are of R—.S. Obviously the theorem is proved
unless B is of S, B2 is of —R, a3 is of Q and a4 is of — P. We shall con-
sequently make these assumptions. We break up the proof into cases.
Case 1. P and R are both of System Ib with F\J — F_, omitted. We
assume then
v = oy X B2 with a; of P — Q, B2 of — R,

a4XB4Witha40f—P, ﬂ40fR—S.

Y

By 3.34, the sequence e, can be divided into two subsequences, oy

and «j’, such that both are in P—Q. Consider the corresponding

sequences 8{ and B{’. Since B; is of R, by 3.33, not both 8{ and 3{’

can be of —R, and since B; is of —.S not both 3{ and 8{’ can be of S.

By considering all possibilities it develops that we have either 8{ or
4’ is of R—S, or one is of —R and the other of S.

Suppose then that B is of R—S. Then we define a=(a{, az’),
B=(B{, Bs") arranged in proper order. Then since o’ is of P—(, and
P is in Ib, and not F\U—F_;, a is of P by 3.36. Since o’ is of —0Q,
and o is a subsequence of a4 which is of —P and so of —Q, « is of
—Q by 3.33. A repetition of this reasoning shows that 8 is of R—.S.

In case one of the 8{, B{’ is of —R and the other of S suppose that
B{ is of —R. Then. by 3.237 there exists a sequence 3 <B{ of R—S,
if R is in the K, relation to .S, which is true since S is not the class
FN—F_;. Define a=(af XB{ XBd{, a3’) and B=(B¢, B2’). Then B
is of R—S as above. Further « is of P as above. On the other hand
o’ Z a4, and consequently is a subsequence of a sequence having the
property —P and so of —Q. Hence « is of —Q.

Casell. Pisinla, R in Ib with F\U — F_; omsitted. Then take

v = ag X By with as of P — Q, B2 of — R,
v = as X B3 with a3 of Q, B; of R — S.
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Proceed as in Case I, that is, break up az=(af, a3’) each of P—Q
and assume in the first place that B; is of R—.S. Then define
a=(af,as’)and 8=(B{,Bs’). Then ais of P since as’ has property P
and a4 is a subsequence of a sequence of P. oj’ is of —(Q. Then any
sequence added to as’ will give a sequence which is still in —Q, if
Q is in Ta and not FN\—F_;. Then « is of —Q. The proof that 8 is
of R—S is the same as in Case I above.

If one of the pair 3{,84’ is of —R and the other of S, we assume 3¢
of S. Then there exists a 8¢ =84 of R—.S, since R has the K, property
relative to S, when R is not F\U—F_;. Let a=(af XB{ XB{~Y, ad’),
B=(Bd, B:’). Obviously B is of R—S. On the other hand since
o =af XB{ XB{1<af, and of is of Q, it follows that « is of P. Fur-
ther a is of —Q as above.

Case 111. P is in 1b with F\J — F_, omitted, R in Ia. This follows
by parity from Case I1.

Case IV. P is in la, R in la. This can be deduced from Case I by
the dualization process. We can also proceed directly. We take

7=lx;><31With o1 Of.P—Q,ﬁl of S,
’y=a3><63With a3 OfQ,ﬁ: of R - S,

and follow Case II.

This concludes the proof of the theorem. We might point out that
the reasoning in Case II still applies if P is any class in System I,
Q is in Ia with FN\— F_; omitted, R in Ib with F\U — F_; omitted,
and S any class in I; while Case IV applies if P and R are in System I,
Q and S are in System Ia with F/\— F_; omitted, and R has the K,
relation to S. By a careful analysis of the sufficient conditions in-
volved, it is possible to extend the multiplication theorem to cases in
which P or R are the class F\U —F_;, and Q or S the class FN\—F_,.
A complete analysis requires the use of the Table of Part II and is
rather tedious. We therefore conclude with a combination of classes
where the multiplication theorem is not valid, namely:

3.42. THEOREM. If P is the class F\J — F_;, and Q is the class — F—,,
then for no R properly containing S is (P—Q)X(R—S)=(PXR)
N(—QX —.S); and dually the equality does not hold if Q is the class
FN\—F_yand P the class F, R and S any.

This follows at once from a reference to the table of Part II.



