NOTE ON THE PRECEDING PAPER
IRVING KAPLANSKY AND HARRY POLLARD

The sufficiency portion of the theorem on the harmonic series
proved by Erdés and Niven in the preceding paper hinges on the fact
that (in their notation) ks=Fk implies k;=Fk for j >2. We shall show
that this is true more generally for any series »_u, such that {u,} is
completely monotonic. The result follows at once from the theorem
below.

In the case k2 >k, the method has thus far not yielded any result
of the kind obtained by Erdés and Niven.

THEOREM. Let #,#0 (n=1, 2, - - - ) be a sequence such that
¢)) (— 1)*A*u, =2 0 (k=0,1,-+-;n=1,2,---),
that is, {u.} is completely monotonic, and
(2) lim #pp1/n = 1.
Define o

S(n, k) = Up + Unpr 00 F Ungr,
f(n, k) = S(n+ &, &+ 1) — S(n, k).
Then f(n, k) >0 implies f(n+1, k) >0.

We require the following lemma, which is a consequence of a theo-
rem of D. V. Widder.?

LEMMA. Let ¢(t) be a function continuous in (0, 1) and having at most
one change of sign in this interval. If a(t) <s non-decreasing in (0, 1),
then the sequence v, defined by

1
Vp = f tn¢(t)da(t), n=12,¢-+,
0

has at most one change of sign.

Proor. If ¢(2) is of constant sign in (0, 1) there is nothing to prove.
Suppose then that it changes sign at ¢=t,. Define Y(¢) = [i, ¢()da(t).
Then ¢(¢) has at most one change of trend? in (0, 1). Since
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v, = [ot"dy(t), the result follows from the theorem of Widder.!
ProOOF oF THE THEOREM. A well known result of Hausdorff states
that a sequence satisfying (1) admits the representation

1
Uy = f trda(l),
0

where () is non-decreasing.? It follows that

ﬂm@=ﬁwwmm,

where ¢(f) = (£2¥+1— 2t 1) /(t—1). It is readily verified that ¢(¢) has
exactly one change of sign in (0, 1); hence the same is true for the
function ¢(t) — ¢, for sufficiently small €>0, say €< ¢€. Thus by the
lemma the sequence

fm@—m=£ﬂMWwW®

has at most one change of sign for €< ¢.

Suppose now that f(z, k) >0, while f(n+1, ) £0. From (2) it fol-
lows that f(IV, k) >0 for a large enough N >#n-+41. Choose ¢, 0 < €, < €,
so small that

f(n; k) - €Uy > 0,
f(n + 1, k) — €1lpp1 < 0,
f(N, k) — equy > 0.

Then the sequence f(n, k) — e1%4, has at least two changes of sign. But
this contradicts the remark above that it can have at most one change
of sign. This completes the proof.
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