ON CERTAIN VARIATIONS OF THE HARMONIC SERIES
PAUL ERDOS AND IVAN NIVEN

Consider any block of terms from the harmonic series

1 1 1

~ n+1+---+m=5(n,k) mnzl,kz1).
Define the integer ks by the relation?
(1) S(n+ k, ky) < S(n, k) < S(n+ k, ka+ 1),
and similarly ks, k4, - - + by

(2) S+ k4 ko ks) < S(n 4k, ko) < Sn+ k+ ks, ks + 1),
@) S+ k4 ka4 ks, ks) < S(n+ k4 ke, ks)

<Sn+4+ k4 ky+ ks, ks + 1),
and so on. We shall study the series
S(n, k) —S(n+ k, k) + S(n + k + kg, k)

— S+ k4 ket ks k) + - - - .

THEOREM. The series (4) is convergens if and only if k =k,.
LeMMA 1. log (14+k/n)<S(n, k) <log (1+2k/(2n—1)).

The inequality on the left arises from the usual comparison of the
harmonic series with the integral of the function 1/x. To prove the
other inequality, we note that the convexity of the function 1/x im-
plies

4

12 gy 1 2n+41 1
f —>— or log >—-
n—1/2 X n 2n—1 n
We replace #» by n+1, n+2, - - -, n+k—1 in the latter inequality

and add the results.
LEMMA 2. If k =k, then k=Fk; with j >2, and the series(4) converges.
We need prove only that k=%k;. Since k> k; is not possible, let us
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1 It is not possible that S(n, k) =S(n--k, k;). For let k be the unique integer in the
range (n, n+k-+k:—1) which is divisible by the highest power of 2, say 2r. Let m
be the l.c.m. of all the odd divisors of #, n+1, - « + , n4+k+ks—1. Then 2 mS(n, k)

=2"1mS(n+k, k;) is an equation involving k-+k;—1 integers and the one fraction
m2r-1/h.
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assume that k <k, say k3=~k-+r. Then by (1) and (2)
Sn, k) <Sn+ k EkE+1) and Sk E)>SHA+ 2k E+0).
By Lemma 1 these imply

k/n < 2k + 2)/2n + 2k — 1)
and

2k/(2n 4+ 2k — 1) > (k4 1)/(n + 2F),
which reduce to the incompatible inequalities
22 < 2n+4+ k and 2k2> k(2r — 1) + 207 — 1.
LeEMMA 3. If ks> k, then kj1>kj, and moreover ki —k;jZke—Ek.

We prove that k;—ks=k;—k. Suppose that k;=k+r, but that
k3<k+2r. Then by (1) and (2)

S, k) >Sn+ k E+7
and
S+ kE+tr)<Sh+2k+r k4 2r).

Again we use Lemma 1 as in the proof of Lemma 2 to get
%) 224 k47> 2nr

and
2nr + B4 r > 282 4 2kr + 212

These add to give the impossible result
2k + 2r > 2kr 4+ 212

LeMMA 4. If ke>k, say ka=Fk-}r, then there exists an s such that
ke>ke1+r.

Suppose that k, =k, for all 5, so that k,=k~+(s—1)7. Then the
inequality

S(”+ k+ k2+ AR + k:, k‘+1) <S(ﬂ+ k+ k2+ A + kl+l’ kt+2+ 1)
can be written as

s? —

S(n+sk+ s-r,k—l—sr)

245

<S(n+sk+k+ -r,k+sr+r+1).

We apply Lemma 1 as before to reduce this to
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2nr + 2n + 2sk 4 s + kB > 2ksr + s%2 4+ sr? + 2k2,

This is impossible for »>1, since s%? is the dominating term for
large s. If » =1 the inequality reduces to

dn + k> 2k + .

We are now in a position to prove that (4) diverges if £ <ks. Using
Lemma 4 we may assume that » =ky;—£k is as large as we please. By
definition we have

Sn+ k4 ket -+ ki ki) =S+ kA4 ks -0+ ki, Rie)

1
< .
nt+k+ k4t ki
Summing these for j=1, 2, - - -, s—1 (where k;=£), and adding

St 8) = S(n + by k) < 1/(n+ &+ o),
we obtain
S(”v k) - S(” + k + k2+ cee + kc; kc+1)

s+1

<X ntktht -+ E)?

i=2

a+1 F] x2r -1
<3 (ntCiarl < Z<n+-—2—)

Ju2 T==l

< f °°( " xzr)"ld T < 1
n —_— X = .
0 2 (2rm)1iz  2pll2
Thus we have

Stn+ k+ k- + kyy kayr) > S, k) — 1/20272,

and we shall complete the proof by showing that the right side of this
inequality, which is independent of s, is positive.

With 7 sufficiently large, inequality (5) implies that k£ >#n/2. And
since S(n, k) exceeds k times its smallest term, we have

S(n, k) > k/(k+ n) > 1/2n'/2,

In conclusion we shall prove that if S(», k) were defined as
>t d(n+j)~, then the series (4) would converge for 0<a<1/2.
(Weare unable at present to state a theorem for the cases1/2 < <1.)
In (1), (2), (3), and so on, the first inequality sign should be altered
to include the possibility of equality. We shall prove that for z suffi-
ciently large
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k—1 2k
Smt)e< X+ or
(6) 1=0 j=k

k—1

2l = (n+ E+ )} < (n+ 2k),

=0

that is, that the number of terms in each block of the series is eventu-
ally a constant, which implies convergence. Since the first term of the
sum on the left of the latter inequality (6) is the largest (as can be
shown by elementary calculus), this inequality is implied by

we— (n+ k)< (n+ 2k)~2/k.

By examination of the graph of y =x—= we see that the term on the
left of the latter inequality is less than k times the negative of the
derivative at x =%, and hence we need merely prove that

kan‘“‘1<—1-(n+2k)—“ or a<1< " )a.
k k*\n 4 2k

This in turn is implied by k%<, as is shown by

1 n ( n )" n ( n >"‘
a<—<L < < — .
2 n+2k n+ 2k k2 \n + 2k
We prove that k2 <z for »n sufficiently large by using the fact that
every term of series (4) is less than the first one, say ¢. Thus we have

k—1
En+k—1)"< 2 (m+j)*<c or k<cn+k—1)

i=0

When we write k=u# this becomes nf<c(n+nf—1)2, For n suffi-
ciently large this implies 8 <1/2, that is, k <nl/2,
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