AN APPLICATION OF LATTICE THEORY TO QUASIGROUPS
M. F. SMILEY

The purpose of this note is to show that O. Ore’s general formula-
tion of the Jordan-Hélder theorems in partially ordered sets! [3]
yields the Jordan-Hélder theorems for loops [1] which have recently
been obtained by A. A. Albert [2]. We shall assume that the reader is
familiar with the papers [1, 2, 3] of O. Ore and of A. A. Albert.

We begin with an examination of certain congruence relations in
loops. We are led to characterize the normal divisors of A. A. Albert
as those subloops which commute and associate with the elements of
the loop. Our proof of the fundamental quadrilateral condition of
O. Ore [3] is then based on this characterization.

Aloop ® is a quasigroup with an identity element e. For each non-
null subset CO we define a relation H, on &Y as follows:

) If 2, y €O, then xH,y in case y € x9.

THEOREM 1. The relation H, is a congruence relation for the loop ® if
and only if

(i) x€E@n)9, (i) D)) Cx)D
for every x, yE® and hED.

Proor. Let H, be a congruence relation for @. For each x€® and
hE D we have xH,(xh) by the definition of H,. Since H, is symmetric
we have (xh)H,x, xE (xh) 9. If also yEO, 1 EP, then yH,(hy1), and
since H, preserves multiplication we obtain (xy)H,(x%k) (hyy), (xk)(yh1)
E(xy) 9. Conversely, let § satisfy (i) and (ii). If xE®, choose hEH
and we have x € (xk) 9 CxD by (i) and (ii). Thus H, is reflexive. If also
yE® and xH,y, we have y=xh,, and (i) yields x € (xh) O =99, yH,x.
Thus H, is symmetric. If also 2&® and yH,2, we have z=1vyh,
= (xh)hExD by (ii). Thus H, is transitive and is an equivalence
relation. The relations xH,y, zH,w yield (x2)H,(yw) by (ii) and we
conclude that H, is a congruence relation for .

Remark 1. If R is a congruence relation for a loop &, then the sub-
set ¥ = [x;xRe]isa subloop of ®. For clearly eER and R is closed with
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respect to multiplication. If we have rx=r;, then eRr;, xRx give
xR(rix), xRre, r2Re, xRe, x ER. Similarly xr;=r, implies xER and R
is a subloop of ®. With R=H,, we obtain =9 and thus (i) and (ii)
imply that § is a subloop of @. (For groups ®, every congruence rela-
tion R is of the form H, for suitable $C.)

Remark 2. We note the following consequences of (i) and (ii):

2 2(y9) C (29)9,
3) (x9)y C (x9)9,
(€)) x(9y) C (29)9,
(5) Sz C x9.

For finite § each of these inequalities? is an equality. To see this for
(2), note that for fixed x, y E® we have a single-valued mapping h—h*
defined by x(yk) = (xy)h*. This mapping is one-to-one since x(yhi)
=x(yhs) implies hi=h,. For a finite §, we conclude that the set of
images [#*]=9, and consequently that (xy)®=x(y$). The same
reasoning applies to the inequalities (3), (4), and (5). It is now easy
to see that if © is a finite subloop of @, then H, is a congruence rela-
tion for @ if and only if the set § commutes and associates with the
elements of ® in the sense that

(6) x9 = O,
(N (@)% =2009), (aD)y = x(Dy),  (Da)y = H(xy)
for every x, yE .

THEOREM 2. 4 subloop © of a loop ® satisfies (6) and (7) if and only
if  is a normal divisor of ® in the sense of A. A. Albert.

Proor. Consider a subloop § of a loop & which satisfies (6) and (7).
The permutation group §, generated by the right multiplication of &
gives rise to the cosets x9, of Albert. We first show that the cosets
x9,=xP. Clearly x9,Dx9. The elements of §, are finite products
of permutations of the form R; and R;! for hE . If y=xR;!, then
yh =x, y=y(hhi) = (yh)hy =xhs, y =% Rs,. It follows that each element
of x9, may be written in the form xAEx$. We next note that

®) (x9) () = ()9

is an immediate consequence of (6) and (7). To see that the cosets x9
form a loop we now consider the equations

2 This result is due to G. N. Garrison. See §4 of his fundamental paper, Quasi-
groups, Ann. of Math. vol. 41 (1940) pp. 474-487.
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(©) («9)(w®) = 9,  (9)(xD) = »9.

Solutions of (9) are provided by the solutions of xw=v and zx=1y for
w and z. The uniqueness of the solutions w$ and 2z of (9) is readily
verified. We have proved that /9 is a loop and hence that 9 is a
normal divisor of ® in the sense of A. A. Albert.

To prove the converse it suffices to use the representation $ =elI’
furnished by Albert’s Theorem 3 [1]. Using this theorem, the verifica-
tions of (6) and (7) are quite simple and we shall omit them.

Remark 3. The equations (6) and (7) may be replaced by

(10) (xD)y = x(y9),
(11) ()9 = 2(y9)
for every x, y&®. To see this, set x=e¢ in (10) to obtain (6).

THEOREM 3. The intersection  of a system (D.; aE Q) of normal
divisors of a loop ® is a normal divisor of ®.

PrGOF. Clearly 9 is a subloop of . We shall prove $xCx9 for
every x€0. If h€9, aE Q, we have hx=xh, for some h,E .. The
left cancellation law then shows that the set [k.; a € Q] is singular
and its sole member is an element of . The remainder of the proof
consists in a repetition of this argument which proves (6) and (7).

CoROLLARY. The set of all normal divisors of a loop &, when ordered
by set inclusion, forms a complete lattice.

ProOF. It suffices to remark that @ is a normal divisor of ®. We
shall use \U and M to denote the lattice operations of this lattice.

THEOREM 4. If § and R are normal divisors of a loop ®, then HR
is a normal divisor of ® and HRK=9 UK.

PrOOF. Clearly eE9 R and 9 is closed with respect to multiplica-
tion. Now if x(hk) = hik1, we use (7) to get (xh)k2=hik1. Two applica-
tions of (i) and use of (6) and (7) then give x=hsks. We compute
2(DR) =(xD)R=(Hx)R =D xR) = H(Kx) = (HR)x. Thus H& is a sub-
loop of ® satisfying (6). We omit the simple verification of (7). Since
every normal divisor of ® which contains  and & must contain $R,
we conclude that $R=9UK.

COROLLARY. The lattice of normal divisors of a loop & is modular.

THEOREM 5 (QUADRILATERAL CONDITION). If § and & are maximal
normal divisors of a loop ®, then PR is a maximal normal divisor

of the loop D, and @/R=H/DNK.
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PRrOOF. Suppose on the contrary that  is a normal divisor of the
loop $ such that >8> HMNK. We shall prove that L is a normal
divisor of ®. We note that =98 and to verify (10) we consider
the equation

(1) (hikr) |(aks) = (RE) [(Baks)(hsks) ]
which we may write, using (8), (i), and (7) for &, as
(12) (hhs)ha = [h(hohs) ] k.

Now if 71 ER, we may use (10) for ® to get h(hol) = [h(hohs) |s. We now
use (7) for R, cancel &, use (7) for & again and cancel 4, to obtain
1=hsks. It follows that ;€ 9, and hence that 2 HPNRCL. Conse-
quently #3ER and we have proved [x(2R)]yCx[y(RR)] for every x,
yE®. On the other hand, if 23&ER, we may use (10) for £ to get
(Bh)he=[(Bl)h2]ks. We now use (6) and (7) for & and cancel s,
use (6) and (7) for & and cancel & to obtain s, =1k; from which z,EQ
follows as before. This completes the verification of (10). We apply
the same reasoning to verify (11). We write

[(RE)(h1ks) |(haks) = (BE)[(Bakr)(hisks)]

as (hhi)hy = [h(hihs) Jks. Then if h: ER, we have h(hil) =k [(hihs)ks] and
we easily obtain hsER. Also, if k€L, we have (hhi)hy= (hhi)(lks),
ho=1ks, ho&R. Thus (11) holds for 8R. To show that 8 is a subloop of
@ it now suffices to note that e €2R, (LR) (TR) =LK, and to prove that
if (hk) (lik1) =loks, then B ER. But we may write this equation as hly =k,
and get h=h(lls) = (hl)li=1sks. As before, ksER, h&ER We have
proved that R is a normal divisor of @. Note also that @ > > {,
since if A€ 9 and % does not belong to &, then hk =1k, implies & =Iks,
k€L, hER, a contradiction, and > HNR. Our assumption of the
existence of a normal divisor € of § satisfying $>2>HNK has led
to a contradiction of the assumption that & is a maximal normal di-
visor of . We conclude that R is a maximal normal divisor of $.

To establish the isomorphism we map the cosets x® of @/f onto
the cosets x(PNR) of H/HNK. This mapping exhausts the set
H/HPNR and is one-to-one. For, if x(HNR) =y(HNR), then xk=yu
gives x = (yu)ki=1yks, uks=ke, uER, xR CyR, and symmetry yields
x® =yR. That this mapping preserves multiplication in the two loops
®/9 and H/HNK is evident. The proof is complete.

Theorem 5 is the main tool which is needed to apply Ore’s result
[3] to the partially ordered set of subloops of a loop ® which occur
in some composition series of ©.
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TWO ELEMENT GENERATION OF A SEPARABLE ALGEBRA
A. A. ALBERT

The minimum rank of an algebra 4 over a field F is defined to be
the least number »=7(4) of elements %y, + + -, x, such that 4 is the
set of all polynomials in %y, - - -, &, with coefficients in F. In what
follows we shall assume that A4 is an associative algebra of finite order
over an infinite field F.

It is well known that 7(4) =1 if 4 is a separable field over F and
that 7(4)=2 if 4 is a total matric! algebra over F. Over fourteen
years ago I obtained but did not publish the result that 7(4)=2if 4
is a central division algebra over F. The purpose of this note is to
provide a brief proof of the generalization which states that if 4 is
any separable algebra over F then r(4)=1 or 2 according as 4 is or
is not commutative.

We observe first that a commutative separable? algebra Z is a di-
rect sum of separable fields and that there exists a scalar extension
K over F such that Zx has a basis e, + + -, e, over F for pairwise
orthogonal idempotents e;. If u3, - + -, u, is a basis of Z over F and
x=amm~+ + - - +a.u, the powers x¢ have the form

n
xi=zbiiui (i=1v"’tn)s
=1
where the determinant

d(ay, +++, an) = | i
is a polynomial in the parameters a1, * * +, @ If 61, + + -, ¢, are any
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1 See page 95 of my Modern higher algebra.

2 The definition of a separable algebra given below reduces to a direct sum of
fields in the commutative case. When F is nonmodular the concept of semisimple
algebra and separable algebra coincide.



