A NOTE ON RIESZ SUMMABILITY OF THE TYPE ¢
FU TRAING WANG
Recently I proved the following result in the case r =2 (Wang [4]").

Let {0 be the rth Cesdro mean of the series Y peo@n. If 6 —s=o0(n—re)
0<a<l, as n— o, where r is a positive integer, and a, > —Kn*=1, the
series converges to sum s.

For the case r=1 this result has been established by Boas [1]-
His argument, however, does not seem to be applicable in any simple
way to the general case.

The object of this note is to prove a theorem on Riesz summability
of type e"®, and then to deduce the result above from a Tauberian
theorem of Hardy [2].

Let us put C,(w) =ae™ 4+ nco (€% —€"*)7a,. A series D meo@n is
said to be summable (e, 7) to the sum s if

(1) C.(w) = ser™ 4 o(e™").

The result by Hardy which is to be called upon is the following:
If the series Z;’,‘;oan, with terms a,= —Kn*1, 0 <a <1, is summable
(e™®, 1), it is convergent. We shall now prove the following theorem.

THEOREM. If ) —s=0(n—72), 0 <a <1, as n—> o, the series ) m—oln
is summable (e, 7) to the sum s, where T>r/(1—a).

To prove this let B,=(e“" —e")", ABn=LBn—PBns1, A™B,=A"B,
—A"B,41 and
35;” =Z:=0<n—1‘+7> Ay,
n—y

m = [w]. Then, by successive Abel’s transformations we have

Co(w) = aoe + 2 Batn
nm=]1
e "I oy oo@ i LW
(2) =ae  + 2, Sn A Bat D SmailhBuoi— 2, 5 AP
ne=1 im0 im0

aoefaa+f1+fz ""Js.
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Since Bp_; = (e*” — em—0%)r = O(e7«"w7(=—D), it follows that
A(”ﬁm—i = O(en)“wr(a—l)) for0sisr.
By a familiar theorem on Cesdro sums we get

s,(,f_).i = O(w"), for0sisv,

and from this
3) J2 = O(em wr@=D+r) = g(gre®),

Since AiB;=0(er*"wie=D), for 1<i<r, and By=(e*"—e)7, s =s,
=qgwe get

4 Js = e“ap + o(er”).
By the hypothesis of the theorem we have
m—r—1 ”y r m—r—=1 /p
J1= E Sr(A)A-HBn =S Z ( +7)A'+1ﬁn

ne=] =l ”n

m—r—1
+ 0( Z nr(l——a) l Ar+lﬁnl ).

N1

©)

It follows by mathematical induction that
n+l z+1 2+l
Ar"'lﬁ,. = (—' I)H_lf dxlf dxg e f B('+1>(x,+1)dx,+1,
n z1 Zp
where

dr+l

D () =
BOHI(x) = ——

{ (ew"‘ —_ ez“)r} .

By direct differentiation we have

r+1 7
Bet)(x) = Z Z 0300 D gin® giomr=1,
el el

where 7 is taken as a positive integer and the constants c;; depend
upon ¢, j, 7, , o. Hence we get

T
(6) ATHB, = E O(e(r—6%giny (r+1) (a=1)
i1
It is easily verified by Abel's transformation that

m—r—1
Q z (W) &g, = ¢ o ofer).
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Hence by (5), (6), and (7)

T m—r—1
Se'rw“ + o(erua) + 0( 2 Z e(r—-i)w"einana—1>

=]l pe=l

Ja

(8)
= se™” 4 o(e™%).

The proof of the theorem follows from (4), (2), (3), and (8).

I conclude by observing that the theorem is the best possible of
its kind (Wang [4]).
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