RESOLUTION OF TEMPERATURE PROBLEMS BY THE USE
OF FINITE FOURIER TRANSFORMATIONS

HERBERT KAPFEL BROWN!

1. The finite sine transformation of the convolution. The finite sine
transformation and the finite cosine transformation of U(x) with re-
spect to x are defined? by

us(n) = fTU(x) sin nxdx = S{ U(x)}
and ’
ue(n) = f U(x) cos nxdx = C{ Ux)},

respectively.® In particular, S{U’}=—-nC{U}, and S{U"}
= —n[(—1)"U(r)— U(0)] —n2S{ U}. Further, if U(x) and U’(x) van-
ish at the end points of the interval (0, 7), then S{ U’} = —n2S{ U},
and C{U'} =uS{U}.

The convolution U; * U,, or Faltung,? of the two functions Ui(x),
—2r=x=2m, and Us(x), —w Sx =, is defined as follows:

Use Us = f "Uix — DU

It is evident that the convolution of two even functions is an even
function, that the convolution of two odd functions is an even func-
tion, and that the convolution of an odd function and an even func-
tion is an odd function.

The following theorem is proved by Kniess:*

THEOREM. If Ui(x), —2r<sx=2m, and Ux(x), —w<x=m, are
bounded and integrable, if U, is odd and periodic with period 2w, and
if U, is even, then
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1 The author wishes to thank the referee and Professor R. V. Churchill for many
valuable suggestions.

2 G. Doetsch, Integration von Differentialgleichungen vermittels der endlichen
Fourier Transformation, Math. Ann. vol. 112 (1935) pp. 52-68.

3 The lower case letters will be used to signify the transforms of the functions desig-
nated by the corresponding capital letters. Instead of using the symbols #,(n) and
u.(n) we shall use u(n) for both, whenever it is evident which one is meant.

4 Hans Kniess, Losung von Randweriproblemen bei Systemen gewohnlicher Differen-
tialgleichungen vermittels der endlichen Fourier Tramsformation, Math. Zeit. vol. 44
(1938) pp. 266-291.
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S{U./2+U,} = S{UijCc{U,}.

2. Temperature distribution in a bar. Consider a cylindrical bar of
length = which has a diameter so small that the variation of tempera-
ture U(x, £) over every cross section can be neglected. The thermal
conductivity of the bar is a function of the time. There is a continuous
internal source of heat along the bar and the initial temperature at
each point of the bar is given by a prescribed function. The rate of
loss of heat through the surface at each point is proportional to the
temperature at that point. The temperatures at the ends x=0 and
x =1 are determined by prescribed functions of 2.

The boundary value problem for the temperature U(x, £) can be
written

L(U) = 9U/dt — C1(§)32U /da® + Co() U = P(x, 1),

0<x<mt>0,

U(+ 01 t) = C3(t)’ U(ﬂ' - Oy t) = C4(t)v t> 0»
U(x, + 0) = F(x), o<zxz<m

The prescribed functions P, F, Cy, Cs, Cs, and C, are assumed to sat-
isfy the following conditions: P and its first three derivatives with
respect to x are continuous functions of x and ¢ for all values of x and ¢
in0=x=<w,t=0; F and its first three derivatives with respect to x are
continuous in x for 0<x <w; P, F, and their first two derivatives with
respect to x vanish at the end points of the interval (0, w); C1 and C;

are positive and continuous for ¢=0; C{ and C{ are continuous for
t=0; C5(0) = C4(0) =0.

3. Resolution of temperature problem. It is obvious that the solu-
tion of our boundary value problem can be written

1 U(x,t) = Uiz, t) + Uz, ) + Us(x, t) + Uiz, 8),
where Uy, Us, Us, and U, are solutions of the problems:
L(Uh)=P(x,t), Ui(+0,¢t)=0,

(4)

A
(A1) Ur =0, £)=0,  Us(x, +0)=0;
L(U:) =0, Us(+40, t) = Cs(2),
(Az2)
U2(7l'—0, t)=07 U2(x1 +0)=0;
L U-"})'_"Oy U8(+01t =0)
(As) ( :

Us(mr —0, t) = Cu(t), Us(x, +0)=0;
and
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L(Uy) =0, U+0, t) =0,
U4(7l'—'0, t) -—-0, U4(x, +0) =F(x)

If in problem (A:) we replace Cs(t) by Ci(t) and x by m—x, then
Us(x, t) reduces to Us(x, t). For this reason we shall not have to con-
sider problem (Aj;) as a problem to be solved.

The finite sine transformation with respect to x applied to the first
and fourth equations in problems (A;), (Az), and (A,) transforms each
of these boundary value problems into a problem in linear ordinary
differential equations of the first order which can be written as fol-
lows:

) dlur(n, 8)]/dt + [n2C1(t) + Co(®) lua(n, ) = p(n, 1),
ui(n, 4+ 0) = 0;

dlus(n, £))/dt + [2C1(t) + Co(f) — nC1(£)Ca(#) Jua(n, ) = 0,
us(n, + 0) = 0;

(Aq)

(A{

(Af)

and
(Al) dlua(n, 9)]/dt + [n2C1()) + C2() Jua(n, 8) = 0, wa(n, + 0) = f(n).

The solutions u(n, £), us(n, £), and uy(n, £) of the problems (A/),
(A7), and (A{), respectively, are given as follows:

wi(n, 1) = f p(n, ) exp [— #ier(t, )] exp [— oa(s, ) )dr,

us(n, t) = fo Cs(r)Ci(r) exp [— no1(t, )] exp [~ o3¢, ) ]dr,

and
us(n, 1) = f(n) exp [~ n2:()] exp [~ 52(8)],

where we have made the definitions: s;(t) = [oCi(£)dE, o:(t, 7) =s:(t)
—si(7), 07 =t

It will now be shown that each of the problems (A;), (Az), and (A4)
can be further resolved into a single simple boundary value problem.
That is to say, each of the solutions u;, #s, and #4 can be expressed in
terms of uy(n, t), the transform of Uy(x, t), which is the solution of the
following boundary value problem:

AU/t = 32U o/dx?, 0<z<mt>0,
(B) U+ 0,8 =0, Uo(wr — 0,8 =0, t>0,
Uiz, + 0) = (x — )/, 0<ax<m.
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Making a formal application of the finite sine transformation to
(B) gives

dluo(n, ©)]/dt + n*uo(n, §) =0,  wuo(n, + 0) = 1/n.
The solution of this transformed problem is
uo(n, 8) = (1/n) exp (— n%).
From this solution we obtain the following identities:

exp [— #2:(5)] = nuo[n, s:9],
n exp [-— n?ei(t, 7) ]Cl(T) = Ouo [n, a1t 7) ]/61’,
nexp [— n2s1(8) [C1(t) = — duo[n, 51(5)]/0t.

The transforms ui(n, t), us(n, t), and u4(n, t) can now be expressed
as functions of uy(n, t) as follows:

wi(n, t) = f ‘exp [— o2(t, D 1p(n, )nuo[n, a1t, 7)]dr,

us(n, t) = ﬁtCa(T) exp [— a3(?, 7)] a—i uo[n, o1(s, 7) ldr,
and
us(n, 1) = exp [— s:08) 1f(m)muo[n, s:(8)].

If the convolution theorem is now applied to #i(n, t) and u4(n, £), a
formal inverse sine transformation of u;(n, £), us(n, t), and wu(n, t)
can be performed. The result can be written

1 t
Uiz, t) = -é—fo exp [— oa(t, 7)]

* a3
@ : f Pl = &) 5 Uole ot ) it

¢ d
Uz(x, t) = j‘o Ca(T) exp [— dz(t, 7')] ;‘ Uo[x, 0’1(t, 1') ]dr,

and
Uw, ) = -;—exp [— s:(8)] f_:F(x - E)% Uslg, s1(9) ],

where P and F are the odd, periodic extensions of period 27 of the
original functions P and F, respectively, and 8 U,/d¢ is the even ex-
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tension of the original function 8 U,/d¢. The solution Us of problem
(As3) can be written

Us(z, t) = f tC4(‘r) exp [— a2(t, T)]ai' Us[r — =, a1(t, 7)]dr.
0 T

TueOREM. The general temperature problem (A) can be resolved into
the solution of the simple temperature problem (B) by formulas (1) and
(2). That is,

1 ¢ " <]
U(x, t) = —2—f0 exp [— a2(t, T)]f Plx— & 1) 52 Ult, o1(t, 7) ldtdr

o + j;t Cy(r) exp [— a2(t, )] ;: Uolr — x, o1(t, 7)]dr
-+ j;tcs('r) exp [— o2, ] ;;— Usl®, o1(¢, 7)]dr

+ % exp [— 82(t)]f_:F(x - £ ’;—E Uolt, s1(t) ]dt.

4. Verification of resolution. Instead of verifying directly that the
function given by (3) is a solution of problem (A), we shall take up
separately the verifications of the solutions Ui, Us, and U, of the
problems (Ai), (Az), and (Ay), respectively.

Consider problem (A;) and its solution Ui(x, ) given by (2). By
making use of the definitions of extensions, we can write Ui(x, ¢) as
follows:

1 t
Uiz, b) = 7f exp (— a2)
0

4 d
Pt 0+ P = 6 9] U s
0

Integration by parts with respect to £ yields

® Ut = o [ exp (= e 1, e,

where

) B 1,7) = [ 6w & AVl oatt, )i
0

and
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ad a3
© Glx, £, 7) = [;;x Plr— ) = — P+, T)].

The function Uy(x, £), the solution of problem (B), can be found
by an inverse sine transformation of #y(n, t), or by the usual meth-
ods.! However, this problem is a special case of a more general prob-
lem solved by R. V. Churchill® by means of the Laplace transforma-
tion. The following properties of Uy(x, ¢) can be derived from his
paper, and are given here without the proofs: U(x, ¢) is of order
Olexp (y¢)] uniformly in x, 0=Sx <, for all £20, for some y>0;
Uo(x, t) is continuous in (x, £) when ¢=0, 0<x=Sw; U, 0U,/0x,
92U,y/9x2, and dU,/d¢ are continuous in (x, ¢) for each >0, 0Sx =7;
|6 Uo/6t| is bounded when ¢=0 and x is in the interval 0 <xo<x =w.

That H(x, ¢, 1), 0H(x, ¢, 7)/0¢, and d2H(x, t, T)/dx? are continuous
functions of (x, ¢, 7) in R, 0=Sx <w, 07!, can be established as
follows:

F=GU, is a continuous function of (x, ¢, 7, £)=(p, £) in the closed
region R/:R’, 8, <¢<m, 8>0. Hence |AF| <e for |Ap| <3’ in R"".
F is uniformly bounded and integrable in the closed region R'’':R’,
0<£<é:. Hence | F| <M in R"’. So that

5 -
| HGo + 0) — HG) | éj;‘|AF|d£+f6 | aF| ag
3
SE Mo+ e(mr — &) <
for |Ap| <8§<48’,p in R'. This establishes the continuity of H(x,?, 7).
Consider
a i) r
— A4 =— j; G, & D Us[t, o1(t, 7)]de.

The derivative of the integral with respect to ¢ yields formally

9 m t)—f'G( Y 2 Uk, oxtt, D1d
ot X 0 T) = . er’T 6t 059”1()7) E
T a2
= i) f (e, &,7) 55 U, 70

d iH =C "o G d
@ — Hw1,7) = Cx() f 7 00 & Volt, o0

5 R. V. Churchill, Fourier series and boundary value problems, New York, McGraw-
Hill Book Company, 1941, p. 102,

¢ R. V. Churchill, On the problem of temperatures in a non-homogeneous bar with
discontinuous tinitial temperatures, Amer. J. Math. vol. 61 (1939) pp. 651-664.
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This integral is of the type H(x, ¢, 7), therefore dH(x, ¢, 7) /0t is a con-
tinuous function of (x, ¢, 7) in R/, provided 0H (x, ¢, t)/9t is defined
by (d). The continuity of d2H(x, ¢, 7)/0x? can be established by the
same type of argument.

Consider Ui(x, t) as defined by formula (a). Since the integrand is
a bounded, integrable function of 7 for all (20, the limit of Ui(x, £)
as ¢t approaches zero exists and Uj(x, 4+0) =0.

Since G(x, &, 1), in (c), vanishes when x approaches both end points
of (0, ), it follows that H(0, ¢, 7) =H(w, ¢, 7) =0. Hence U,(+40, t) =0
and Uy(r—0, ¢) =0.

To show that Ui(x, t) satisfies the differential equation of problem
(A,), we apply Leibnitz’ rule to Ui(, £), in (a), and find that

d 1
5 Uiz, 8) = 5 12'1‘1 exp (— ao)H(x, 8, 7)

1 t 9
+ P . ] {exp [— oo(t, 7)|H(x, ¢, 7')}d1'

= _;‘ fo TG(x, ¢, ) Uo(§, 0)dE — Ca(t) Ui(x, £)

1 ¢ a
— — 09) — H(x, ¢, 7)dr.
+ 5 j; exp (— o2) Py (x, ¢, 7)dr

Since 92G/dx?=092G/9§2, we have from (d) that dH/dt= C,02H /x>
Hence

% Us(x, §) = P(x, 1) — Cs()Us(s, 1)

1 ¢ 92
+Cﬂf—fem0—w——HMLﬂh
2 0 a x’
so that

2
i Ui(x, ) = P(x, £) — Co@)Ui(x, £) + C1(¥) '—q— Uiz, 8),
ot dx?

0<x<mt>0.

Consider problem (A;) and its solution Us(x, t) given by (2). Since
Cs(0) =0, integration by parts of Us(x, ¢) yields

Us(w, £) = Cs(t)((x — x)/m)
(e)

- f t exp [— ao(t, 7) |Uo[%, o1(t, T)]{Cs' (7) 4+ Ca(r)Cs(7) }d-r,
0



1944] RESOLUTION OF TEMPERATURE PROBLEMS 383

so that Uz(x, +0)=0, C<x <.

Now | Up| <€’ when 0<x <8, 0<r<t—¢""; | Ug| <|(r—x)/m+€"|
when 0<x <8, t—e'' <7 =t; so that if E=exp (—a3)[C{ +C:Cs],
| max E| = M, then

| Us(z, §) — Cs(8) | = | Co/m| = + [ f EUdr
0

t—e’’
§1C3lx+lf Mddr
0

¢

+‘ Ml('rr—x)/'ir+e"’|d*r

t—e’’

S|Cala+ME—e) +M|1+¢"|" <e

for 0<x <9, §<8’, 8", 0<t<T. Hence Ux(+0, t)=Cs(t), £>0. The
same type of argument gives Uy(wr —0, £) =0, since Uy(r—0, t)=0,
t>0.

In (e), for t>0, 0<x <, first we take the derivative of U(x, £)
with respect to ¢, and then we take the second derivative of Us(x, ¢)
with respect to x. We find that

8U(, 1)/0t = CL () ((r — )/7) — ((x — )/m)[C4 () + Co(DCs()]
+6) [ exp (= o9 Tola, o) [C45) + CoACKA i

— Ci(® fot exp (— 02)(dUo(%, 61)/301) [C4 (7) + Ca(r)Cs(7) Jdr,

and
32Uy(x, b) /9«2

- f exp (— 02)(92Uo(x, 01)/02%) [C{ (7) + Ca(r)Cs(r) ]dr.

We form the partial differential expression L(Us):
L(Ujy) = aU,/3t — C1(£)02U5/3x% + Co(H U,

= Cl(t)ftexp (= 09) [02Uo(x, 01) /922
° — 9U(x, 01)/901][C1 + CoCsldr.

Hence L(U,) =0, since 82Uy(x, 01)/0x2—3 Uy(x, 01)/d01=0, 0<x <,
t>0.
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The verification of Ui(x, ¢) can be patterned after that used for
Ui(x, t) and, therefore, will not be discussed here.

This concludes the verification of the resolution of problem (A).
The restrictions placed upon the functions F(x) and P(x, ¢) are un-
necessarily severe. They were made in order to be able to condense
the forms of the solutions. The same applies to the condition that
C3(0) = C4(0) =0. The verification of Us and U, can be made without
them.

5. Temperature distribution in a cube. The method of the previous
problem can be extended to a general heat flow problem in three di-
mensions; the same problem (B) is used in the resolution. The verifi-
cation of the resolution of this problem is similar to that of the first
problem and is omitted here.

The interior of a cube’ of edge length = is filled with a homo-
geneous, isotropic medium. The temperatures on the faces of the cube
are maintained at prescribed values, depending upon the space co-
ordinates of the point and upon the time. There is a continuous source
of heat in the medium whose thermal conductivity may be a function
of the time. Further, at each point of the medium there is a sink of
heat which may be a function of the time and which is proportional
to the temperature at that point. The initial temperature distribution
is given by a prescribed function. We take a corner of the cube as
origin and the three mutually perpendicular edges as coordinate axes
to locate a point P: (xy, xs, x3) of the cube.

Let us consider the distribution of temperatures U(P, £) in the in-
terior of such a cube. U(P, t) satisfies the conditions:

3 2

562 U(P, 91— ’_2; Ci() o U(P, 8) — C{)U(P, i) = F(P, 1),
! 0<x;<mt>0,
U(0, x2,3, 1) = Gi(%2,3, 8), U(m, %2,3, 8 = Ga(%2,3,8), 0 S %33 S m, t> 0,
U0, 21,3, ) = Gs(%1,3, 8), U(m, %1,3,8) = Ga(21,5,8), 0 S 413 S 7, 8> 0,
U0, 1,5, 8) = Gs(%1,9, 8), U(m, 21,2, %) = Ge(%1,2,8), 0 S 12 S 7, ¢ > 0,
U(p,0) = H(P), 0<z;<r(j=123).
Problem (B), which is a problem in heat conduction in one dimension,

is sufficient to make a formal resolution of this very general problem of
heat conduction in three dimensions.

7 Compare with problem discussed by Carslaw: H. S, Carslaw, Infroduction to the
mathematical theory of the conduction of heat in solids, London, Macmillan and Com-
pany, 1921, p. 108.
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If we use the same system of abbreviations as that used before, the
solution U(P, t) can be expressed as follows:

U, f) = — f exp (— o) f f f_rF(P,, DT == vutes o dtsdr

=1 0&;
-—-exp == [ f_ ,H(P’),I}l —700(5,, s )d;

f exp (— n)—Uo<x,, o)
4 ]-:1

- f [ i T 2 0 it

kot j==1 flc

d
+ — Z exp (= o4) -—T Uor — x;, 0})

jo=1
: f [ autein I -2 vien edsn,
- kgt jm1 65

where (P;)=(x1—£&, x2—&, xs—&) and Q; is of the form (x;—§;,
xp—Ep)ijn j2#i=1, 2, 3.
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