EQUICONVERGENCE THEOREMS FOR
ORTHONORMAL POLYNOMIALS

G. E. ALBERT AND L. H. MILLER

1. Introduction. If p(x) is a non-negative function integrable on
the finite interval (@, b) and positive on a set of positive meas-
ure, there exists a unique set of polynomials {p.(p, x)} of degree #,
palp, %) =cpx™+ - - -, ¢,>0, which are orthonormal on (e, b) rela-
tive to the weight function p(x); that is

b - |
f p(x)Pn(Py x)pm(p, x)dx - { 1 nEm

1 if m=n

In the sequel the abbreviation ONP will be used to denote such a set
of polynomials.

Given any function f(x) for which the integral [’p(x)f(x)dx exists,
the set of ONP associated with p(x) may be used to construct the
formal expansion

3 b
W fD~Tapb D o= [ a0
Much attention has been given to the convergence properties of such
series for particular choices of p(x). In the succeeding pages known
results on this problem are extended by means of what seems to be a
new type of proof.

Let {pa(p1, x)} and {pnlp2, %)} be two sets of ONP with different
weight functions p;(x) and ps(x) and let

(2 salfi pir %) = 2 aritilps, %), i=1,2,
ka0

denote the partial sums of nth degree for the two corresponding ex-
pansions (1) associated with f(x). In §§5 and 6 below certain sufficient
conditions will be established for the validity of the relation

(3) lim {sn(f; P1y x) - sn(f; P2, x)} = 0;

n—e

that is, conditions under which the two series mentioned are equicon-
vergent. It should be stated that the emphasis of the paper is upon
method rather than upon specific conditions. The discerning reader
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will easily see arrangements for the weight functions which yield vari-
ations of the conditions cited.

The materials from the theory of ONP that are needed in the proofs
to follow are quite elementary and are collected for reference in §2.
Two lemmas are the subject matter of §3; from them the remainder
of the paper follows essentially as a series of corollaries.

Some interesting relations between bounds for related systems of
ONP are indicated in §4. These are obtained as by-products of the
method of proof for the equiconvergence theorems.

2. Notations and formulas. The symbol (a, b) will denote the closed
interval ¢ Sx<b. It will be assumed without further mention that
any weight function and any function f(x) for which a series of type
(1) is used will satisfy the conditions set forth for such functions in the
introduction. The symbol L2(p; a, b) will denote the class of all meas-
urable functions f(x) for which the integral f:p(x) [f(x)]2dx exists.

If f(x) and g(x) are in L%(p; @, b), it is well known that

b 2 2 2
) f (@) () "de = 3 ai,

2]

b o b
O] f p(#)f(2)g(x)dx = 3 ards, by = f p(Dg(® pilp, 1t

Km0

and

b b
@ [ e@U@ = sulfi o, i 5 f o(8) [f(®) — mu(2) 2w

for an arbitrary polynomial w,(x) of degree .
Also

b
™) 5ulfi ) 7) = f o) Knlp; , 1)dt

where

Kalo; 5 ) = 3 palo 9)2alo, 1)

kom0

Cn Pn-l-l(Py t)Pn(Pv x) - pn+1(Py x)pn(l’: t) .

Cnt1 t—x

®)

In (8), c, is the leading coefficient of p,(p, x) and one has
O] 0 < ¢o/cny1 < C =max of |a| and |5].
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The reader interested in proofs of the above formulas should con-
sult Jackson [1]! or Szego [4].

3. Two inequalities. The remaining sections of the paper will be de-
voted to comparisons of the two sets of ONP, {p.(ps, %)} and
{pn(pa, %)}, for which the weight functions will be assumed to have
the forms

(10) p1(#) = p(a) [rm(x) ]2 and pa(x) = p(x)m (x)o(x)

or special cases thereof. The following blanket hypotheses will be
made concerning the individual factors involved in (10).

(@) The functions wn(x) and w,(x) are polynomials of degrees m and g
respectively and p(x), w,(x) and o(x) are non-negative on (a, b).

(b) The polynomial w,(x) and the function o(x) are such that the
product w,(x)o (x) is measurable and bounded on (a, b) by a constant M.

(c) The polynomial wn(x) and the function o(x) are such that the
quotient mw,(x)/o(x) is measurable and bounded on (a, b) by a con-
stant Mo,.

LeMMA 1. Let (a), (b) and (c) be satisfied. If, at a point & in (a, b),
there exist two positive numbers e(£) and y(E) such that when x is in the
common part of the intervals (a, b) and (E—e, £+¢€) the condition

ol Tm(2)
o®) o)
holds, then at the point &

{jjm»mmd»[ﬁ%%?in&ma»-—nwxxmﬁw]%}m

)  suwf ¥ ok}

j=k—m+1

aml b—mt1 1/2
+ Mimc{( 2+ ’Y2> 2 [piles, E)]g}

€ J=k—m

(11) <y |z — g

for all k and n such that m <k <n. The constant C is the bound indicated
in (9).

PRoOF. Since 74(£)p;(ps2, £) is a polynomial of degree j+q in &, one
has

1 The numbers in brackets refer to the bibliography.



1944] EQUICONVERGENCE THEOREMS 361
b
mo(£)pi(ps, £) = f p1()m(8) P i(p2, 8) Knig(pr; &, 1)dt

B fab pa(f) [%}: Kuiolps; & t):l pi(ps, t)dt

(13)

for all j <#. This implies

@ Kalon; 1) = s ([ff K,,H(po]; o t).

In view of (6), the left member of (12) is dominated by

{f pa(?) [{”m(t)} Knigo1; &, 8) — Zrm_(EZI"‘(_t) Konlpr: &, l):lzdt} 1/2

() a(§)
a = {waif bm(t)[ ’_gﬂ pilon Dpilon 9 it}
+ {M1 f bm(t)[:'"(g) - 10"(1?]2[Kk_m(p1;£, t)]zdt}m.

The first term in (14) is clearly bounded by the first term in (12) on
the right. In the second term of (14) the range of integration must be
broken into the three intervals (a, £—¢€), (E—¢, £+¢€) and (£+¢, D).
Using (8), (9), condition (c), and the inequality |&—=x| Ze(£), the
contribution to the integral in that term from the first and third sub-
intervals is found to be dominated by

AMMAC

€?

b
f p1(8) [pr—mi1(p1, £)prmlpr, 8) — Pr-mr1(p1, £) Pr—m(py, )%t

a

4M M 2C
= — [{ promlons £)}2 + {Prmsalo, £)}2].

Use of (8), (9) and (11) shows that the contribution to the integral
under consideration from (§—¢, £4¢) is dominated by

M\ C¥y? [ { Pk—m(Pl’ E) } 2+ {Pk«m+1(ﬁ>1, E) } 2]-

Combining all these results one has (12).
The following special case of Lemma 1 is of special importance in
the applications.

LEMMA 2. Let the hypotheses (a) and (b) be satisfied. If the quotient
Tm(x)/0(x) satisfies the Lipschitz condition
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Wm(x) _ ""m(t)

(%) a(?)
for all x and t in (a, b), then, for every point £ in (a, b),

{f 2() [ {Tm(®)}? Koiolor; £, 8) — (&) Kilozs £, t):rdt} 12

(15)

<M —t|

o(?)
v ntq 1/2
(16 s T [piou 0P}
Jumk—m-1

1 /2 k=m-+1 1/2

+ MM, { 2 [pien s)]ﬁ}
Jmk—m

for all k and n such that m Sk Sn. The constant C is the bound indicated

in (9).

ProorF. The hypothesis (c) is automatically satisfied. The proof
proceeds like that for Lemma 1 except that (8), (9) and the Lipschitz
condition are to be applied directly to the second term in (14) to ob-
tain the second term in (16).

4. Bounds for ONP. Lemmas 1 and 2 are powerful tools for estab-
lishing bounds for ONP. Since the most interesting bounds are uni-
form in x on some subset of (a, b), attention will be focused upon the
application of Lemma 2; extensions of the results which are obtain-
able from Lemma 1 are left to the reader.

THEOREM 1. Suppose the hypotheses (a) and (b) and the Lipschitz
condition (15) are satisfied. If at a point £ in (a,b) for which m(£) is dif-
ferent from zero there is a number Hy(£) such that | palp1, £)| < H, for
all n, then there exists a number Hy(£) such that | pa(ps, £)| < Ha for all .
Moreover, if for every point of some closed subset of (a, b) on which
wo(x) s different from zero the bound H, exists and is independent of x,
then H; exists and is independent of x on that set.

ProoF. Obviously

b
0= f 030 P02, (8 Knoro; &, D).

Combining this with (13) for j =#, one has
7"0(5)?1.([’2» E)

= [ os0tuton » [ﬁ'}((:)—)—}— Karaloss £ 1) — 1a® Knoslpai & t)]dt
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Using Schwarz’ inequality, one obtains

b
| 74(8) palos, §) | _S.{ f p2(8) [pn(pa, 9) |2dt

b () }2 2 12
ot [i—(—t)—}— Kaveloii b = mo®Kucsosi &) |t} -
The first factor on the right is unity; the second factor can be treated
by Lemma 2. This gives, for all n>m,

1/2

n4-q 1/2
| 7@ alon )| S M. M{ 3 [piton z)]z}

Jui—m

+xMi”c{ S Ipien s)]ﬂ}m.

Juoen—m~—1
The theorem follows since the number of terms on the right is inde-
pendent of #.

Theorem 1 is a generalization of a theorem due to Korous. See
Jackson [1, p. 205] or Szegé [4, p. 157]. Results of a similar character
have also been established by Peebles [2].

Remark. One or two examples showing the disposition of the factors
in (10) may be helpful. Setting o(x) =mn(x)=1 in Theorem 1 refers
the boundedness of the ONP of weight function p(x)w,(x) to that of
the ONP of weight function p(x). This result will be used in §5.

The normalized Jacobi polynomials have the weight function
(1—x)*(14x)# where a>—1 and B> —1; the interval (a, b) is
(—1, 1). They can be compared directly with the polynomials
pa(x) =(2/7)Y2 cos 6, x=cos 0, whose weight function is (1 —x?%)~V3
by the following:

p(x) = (1 — x)~2m—1/2(1 4 x)—2ms=1/3,
o(x) = (1 — g)otrim—atl/2(] L g)f+ime—ertl/2
7(x) = (1 — )21 4+ 2)8 and mnu(x) = (1 — 2)™(1 + x)™,

where mi, my are the smallest integers such that m,= —a/2—1/4,
and me= —B/2—1/4 and ¢i, g2 are the smallest integers such that
gizatm+3/2 and ge=f+me+3/2. Then in Lemma 2, preo
=(1—x)*(14x)? and p[7m]|2= (1 —x2)~1/2 and it is easy to show that
the hypotheses are satisfied.

It is fundamental in such applications that the factor p(x) need not
be integrable for the proofs of Lemmas 1 and 2. One merely makes sure
of the integrability of the products pi(x), p2(x), 7¢(x)o(x), and the
quotient mq,(x)/o(x).
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5. Equiconvergence theorems. Walsh and Wiener [5] have given
a necessary and sufficient condition for equiconvergence of two gen-
eral orthogonal series. Their sufficiency condition will be given below
in a form suited to the study of ONP.

LemMA 3. If o(x) is in L*(p; a, b) and {p.(p, )} and { palpo, %)}
are the ONP with weight functions p(x) and p(x)o(x), a sufficient con-
dition for

(17) lim {s.(f; o, £) — sa(f; po, £)} = 0, a<ESD,

f— 0

for all f(x) in L*(p; a, b) is that there exist two numbers N(£) and A(§)
such that

b
(18) [ o01Kao: & &) = o Kalprs & D]t < 4©)

for all n= N. Moreover, if N and A are independent of & on some subset
S of (a, b), then (17) holds uniformly on S.

Proor. For an arbitrary point £ in (g, b) let

b
an = f (D) pi(or O)dt,

b
bk(é) = f p(t) [Kn(p; 5) t) - O'(t)Kn(pO'; Ey t)]?k(p, t)dL

Now bx(€) = pr(p, £) — pu(p, £) =0 for all £ =<n. Thus by (5)

b
f o OF ) [Knlos & §) — o) Kaloos & 1)]at

0

2 abul®).

ke=n+1

But then ls,.(f; p, &) —sa(f; po, E)l is bounded by

[ = a]’[z {bk@}?]m

ke=n+1 k=0

g[ > az]w[ f O [Kalos £ ) — oD Ealos £ t)]ﬂdt]m,

k=n+1

sa(f5 2y &) — $a(f; 0o, &

where (4) has been used to obtain the inequality. The limit (17)
follows at once on using (18) and the well known fact that
lim,., Zf=n+l a2=0. The uniformity clause is evident.
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THEOREM 2. If p(x) and o(x) are non-negative and o(x) is bounded
and measurable on (a, b) and a polynomial m,(x) of degree m can be
found such that the quotient mw,(x)/o(x) satisfies a Lipschitz condition,
then (17) holds, for all f(x) in L%*(p; a, b), at any point £ in (a, b) at
which wu(£) is different from zero and | pa(p, E)I S H(E) where H(E) is
a number independent of n. Moreover, (17) holds uniformly on any closed

subset of (@, b) on which w.(x) is different from zero and the number H
is independent of x.

Proor. To demonstrate the inequality (18) set
b
L® = [ oO1Koi &0 — oOKaGos &, )Tt

Add and subtract [m.(t) |2K.(on2; &, £) inside the bracket in the inte-
grand. Here K,(o72; £, t) denotes the kernel polynomial (8) for the
ONP of weight function p(x) [m(x) ]2 Applying Minkowski’s inequali-
ty and a little obvious manipulation, one has

(L. ]

b Tm 2 2 1/2
< [M1 f p(Ho(t) [i%l— Ko(oma; & 2) — Knloo; & )] dt]

b 2 2 2 12
+ [ f P [{7n(®} Kulomm; & 1) — Kalos £ 1)) dt] ,
where M, is the bound on ¢(x). To the first term on the right apply
Lemma 2 with 7,(x)=1, k=n; to the second term apply Lemma 2
with m,(x)=0(x)=1 and k=#n. The result is

n

§(M1M2+Ms)[ > {pilomm, s)}2:|

j=n—m+1

]1/2 1/2

186)

n—m+1 2 2 1/2
+ \C(M, + 1)[ 2 {pilomm, 9}]

j=n—m

for all #=m. The constants M, and M; are bounds on 7./ and 7.
By the remark following Theorem 1 the system {p,(on2, £)} is
bounded as to # at any point £ such that m.(£) is different from zero
and at which the system {p,.(p, E)} is so bounded. This proves the
inequality (18) under the stated hypotheses. The uniformity clause
is evident.

The following more general theorem is obtained by applying
Lemma 1 to the integral I,(£).
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THEOREM 3. Let p(x) and o(x) be non-negative and o(x) be bounded
and measurable on (a, b). Let £ be a point in (a, b). If there is a poly-
nomial wn(x) of degree m such that w.(£) is different from zero and
wm(x) /0 (x) satisfies the condition (11) of Lemma 1 and if there is a num-
ber H(&) independent of n such that l pa(p, f)[ SH(E) for all n, then
(17) holds for all f(x) in L2%(p; a, b).

Theorems 2 and 3 furnish no information about equiconvergence
at a point where the auxiliary polynomial w.(x) vanishes. It is not
difficult to construct examples which show that such equiconvergence
cannot be expected for all functions in L%(p; a, b).

6. Applications. Let (a, ) be (—1, 1) and let p(x) and o(x) have
the forms

A
p(x) = (1 — 2)~12 and o(x) = T(x)H] X — Xk I“'
k=1

where —1Zx:<0:< + -+ <2 S1; 020, 2k=1,2,--.,h,and 0<4
=7(x) =B. Theorem 2 applies if 7(x) satisfies a Lipschitz condition
on (—1, 1) and Theorem 3 applies at any point £ in (—1, 1) distinct
from all the points xz, k=1, 2, + + + , b, provided that there is a pair
of numbers A\(§) and (¢, \) such that

| (%) — 7(®) | <>\|x-E|,

for all x in (—1, 1) such that |x—£ l <e. In either case the polynomial
7m(x) is chosen to be [ 4., (x —xx)™*, where m; is the smallest integer
such that m;—N\r=1. These results compare the convergence of the
series (1) for the ONP of weight function p(x)s(x) with the conver-
gence of the Fourier cosine series on the open intervals x; <x <41,
t=1,2, . . -, k. Either case includes the Jacobi polynomials of weight
function (1 —x)2(1+x)# where a, 8> —1/2. The cases where a or 8
or both are less than —1/2 are also easily handled. For example, if
a=0=-—3/4, set p(x) =(1—x2)~% and o(x) =(1—x?)¢ and choose
mn(x) appropriately.

The case above using Theorem 3 essentially includes a theorem of
Szego [4; Theorem 13.1.2, p. 307]. The case using Theorem 2 is com-
parable to results of Peebles [2]. The methods of the present paper
are certainly more elementary and more direct than those used by
either of the above authors.

BIBLIOGRAPHY
1. D. Jackson, Fourier series and orthogonal polynomials, 1941,



1944] EQUICONVERGENCE THEOREMS 367

2. G. H. Peebles, An equivalence theorem for series of orthogonal polynomials, Proc.
Nat. Acad. Sci. U.S.A. vol. 25 (1939) p. 97.

3. , On equivalence of certain types of series of orthonormal functions, Bull.
Amer. Math. Soc. vol. 48 (1942) pp. 556-561.

4. G. Szegd, Orthogonal polynomials, New York, 1939,

5. J.L. Walsh and N. Wiener, Tke equivalence of expansions in terms of orthogonal
Sfunctions, Journal of Mathematics and Physics, Massachusetts Institute of Technol-
ogy vol. 1 (1922) p. 103.

Oxn10 STATE UNIVERSITY



