ON SUBHARMONIC FUNCTIONS
MAXWELL READE

If p(x, v) is continuous in a domain (non-null connected open set)
D, then p(x, v) is subharmonic in D if and only if the inequality

1
p(x, 3) = A(p; %, y;7) = -jff p(x + & y + m)dtdn
w D (z,4ir)
holds for all circular discs D(xo, ¥o; 7): (x —%0) 2+ (y —y0)2=E2+n2 S 0?2
in O. If p(x, y) is continuous along with its partial derivatives of the
second order in D, then p(x, y) is subharmonic there if and only if
Ap(x, ) =0 in D, where A is the Laplace operator [2,3].!

If p(x, v) is continuous in D, then p(x, ¥) is said to be of class
PL[2] in D provided (i) p(x, y) 20 and (ii) log (x, ¥) is subharmonic
wherever p(x, y) #0. If p(x, ¥) 20 and is continuous along with its
partial derivatives of the second order, then p(x, ) is of class PL if
and only if pAp —p2 —p2 =0 wherever p(x, y) #0.

Beckenbach [1] has proved the following theorem characterizing
functions of class PL.

THEOREM A. If p(x, ) =0 in D, then p(x, y) is of class PL in D if
and only if [(x—a)2+(y—B)t]p(x, ¥) is subharmonic in D for every
choice of the real constants o, B.

The Beckenbach theorem is comparable to the classic Montel-
Radé theorem, which was later generalized by Kierst and Saks [3, 4]
for functions p(x, ) with continuous partial derivatives of the second
order; this generalization is the following theorem.

THEOREM B. Let f(t) have a continuous second derivative, with
F'(®)>0, for —wo <t< . If v(x, v) has continuous partial derivatives
of the second order in D, and if the function floax-+By+v(x, y)) is sub-
harmonic in D for every choice of the real constants a, 3, then v(x, ) is
subharmonic in D.

The question arises as to the possibility of exhibiting a Kierst-Saks
type of generalization for Beckenbach’s Theorem A. Our result is the
following.
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TrHEOREM C. Let f(t) have a continuous second derivative, with
(5 >0, for — o <t< oo, If v(x, y) has continuous partial derivatives
of the second order in D, and if the function

(1) 3@« B % y) = fllog [(x— a)+ (v — B?2] + (%, )}

is subharmonic in D for every choice of the real comstants o, B, then
v(x, v) is subharmonic in D.

Proor. We shall show Av(x, y) 0. From the hypothesis, it follows
that ®(v; «, B8; %, ¥) has a non-negative Laplacian, that is,

2(x — 2
702t ) + 170 i (y)_ 5+t )]
@

g + 0 [} 20,

where t=log [(x —a)2+(y—B)2]+v(x, ¥), for all real o, B.
Let (xo, y0) be a point of D. We distinguish two cases. (a) v? +v?
%0 at (xo, ¥0). Then it is sufficient to choose

a =2+ 20./(vs +03), B =10+ 20,/(0s + 1)),

where the partial derivatives are evaluated at (xo, yo), and then to
make use of the positiveness of f/(#) to obtain Av(x, yo) 20 from (2).
(b) v2 492 =0 at (xo, ¥o). If (x0, ¥0) can be approached by a sequence
of points (xa, ¥a), #=1, 2, - - -, at each of which v2+9v2 =0, then
it follows from (a) and the continuity of Av(x, y) that Av(x,, V)
—Av(x0, ¥0) 20, as n— . If no such sequence exists, then v2 +v2=0
in a neighborhood of (%o, ¥¢), so that Av(xo, ¥o)=0. This completes
the proof.

Beckenbach has also given an isoperimetric characterization of
functions of class PL[2]; if we use the abbreviation

1
L(p; %, y;7) = Py p(x+ & v+ n)ds

TV C(2,uir)

where C(x, v; 7) is the boundary of D(x, y; 7), then the theorem is, the
following.

TuEOREM D. If p(x, y) is continuous and if p(x, y) 20 in D, then
p(x, ¥) is of class PL in D if and only if, for every continuous function
q(x, ¥) of class PL in D, the inequality

A(pg; %, yi7) < L(p; %, y; 7)-L(g; %, y; 1),

holds for every circular disc D(x, y; 7) in D.
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This latter theorem may be extended as follows, for functions that
have continuous second derivatives in D.

TuEOREM E. If p(x, v) has continuous partial derivatives of the second
order in D, if p(x, y) =0 in D, and if a, b is a pair of real constants
such that (1/a)+(1/b) =2, then p(x, v) is of class PL in D if and only if,
for every continuous function q(x, y) of class PL in D, the inequality

3 A(pg; %, y; r) = [L(p% @ 3, n) e [L(gh =, y; )]
holds for every circular disc D(x, y; r) in D.

Necessity. A proof of the necessity part may be given that parallels
Beckenbach’s proof of his theorem; indeed, the only change would be
to use the more general Holder inequality where Beckenbach uses
the Schwarz inequality. It is to be noted that the hypothesis on the
existence of any derivative of p(x, y) is superfluous here.

Sufficiency. Let (xo, ¥o) be a point of D such that p(x,, yo)#0; if
there were no such point, then p(x, ¥)=0 and hence of class PL in D.
We shall consider only analytic ¢(x, ), so that we may expand both
p(x, v) and ¢(x, y) in finite Taylor expansions about (x,, ), and then
substitute in (3) to obtain

pq + (r*/8)A(¢q)
= [po 4+ /DAY + o) [Ve[g® + (2/4H)A(?) + o(rD) [P + o(r?),

where o(r?) is a quantity (not always the same quantity) such that
[o(72) /72]—0, as —0. We use binomial expansions, for small 7, and
then let r—0, to obtain the further inequality

(4) A(pq)/8 = (pg/4ap)A(p®) + (pq/4bg®)A(g®),

where the derivatives are evaluated at (xo, ¥o). If we express the
derivatives of pg, p* and ¢ in terms of the derivatives of » and ¢, and
if we set g=e**+fv, we obtain

0= (26— ' + B9 — 2app.
— 28ppy + pAD + (20 — 2)(p5 + p3),

which must hold for all real constants o, 8. Hence the discriminant
of the right-hand member of (5) must satisfy

0= (26— )[pap + (20 — (P2 + 2] — (25 — D= + py),
which yields, since 26 —1>0 and (1/a) 4+(1/b) =2,
0 < pAp — p= — 1y
Hence p(x, y) is of class PL in D.

(5)
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The usual averaging process does not appear to be adaptable to
the lessening of differentiability conditions in Theorems B, C and E.
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