ZEROS AND POLES OF FUNCTIONS DEFINED BY
TAYLOR SERIES

MICHAEL GOLOMB

1. Introduction. With the objective of providing a straightforward
numerical method for the determination of poles and zeros of func-
tions defined by Taylor series this note reexamines Hadamard'’s solu-
tion of this problem, which is found in his classical thesis.! The best
known part of Hadamard’s solution is the criterion which enables
one to determine the meromorphic character of the expanded func-
tion and the total number of poles on the circle of convergence. But
this solution also includes a method of determining these poles as
functions of the Taylor coefficients, and Hadamard himself intimated
that his results should prove useful in the numerical evaluation of
poles and zeros. However, it seems that, as a device in numerical
analysis, his method has attracted much less attention than it de-
serves. This may be due to the fact that Hadamard'’s criterion for the
number of poles employs limits superior, which are impractical for
numerical work.

In this paper no use is made of limits superior, and the number of
poles on the circle of convergence is ascertained by the process of eval-
uating their affixes. Besides determining the polynomial whose zeros
are all the poles of the expanded function on the circle of convergence
with their proper multiplicities, the paper also determines the poly-
nomial whose zeros are the different poles of highest order only.
These results are based on an identity and an inequality for persym-
metric determinants involving successive Taylor coefficients of ra-
tional and meromorphic functions, which seem to be new, and may
also prove useful in other applications.

2. A formula for persymmetric determinants. We first are going
to establish an identity for persymmetric determinants of the form

Cn+1  Cny2 cr Cntm
Cnt+2 Cnt3 *tt Cngmtd
(m)
1 da = , n=—1,01---,
Cnt+m Cngm+1 * ° * Cpt2m—1
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1 J. Hadamard, Essas sur I'étude des fonctions données par leur développement de
Taylor, J. Math, Pures Appl. (4) vol. 8 (1892) pp. 101-186.
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where the 2m —1 numbers Cni1, Cnt2, * * * , Catam—1 are successive co-

efficients in the Taylor series expansion of a rational function.
Suppose, at first, the rational function has only simple poles and

is of the form go(z) =D . oCnz" = —> 2 1tw/(z—21), 2:7#0. We wish to

evaluate d =d® [g,]. Since c,=D 2_,Gxzr™*Y (n=0, 1, --), we
have
—(n+2) —(n+3) —(n+p+1)
$1i2i g'ky‘zkg e g‘k,,zk,
—(n+3) — (1) — (4 2+2)
(» $kiBh $koZhy c $hpBhy
d” = Z ’
—(n+p+1) —(n+p+2) —(n+2p)
$ri%i $koBky c oy,

where the sum is extended over all the combinations (with repeti-
tions) ki, ke, - + -, ky of the numbers 1, 2, - - -, p. Since the combina-
tions with repeated elements lead to vanishing determinants we may
also write

2p—2 2p—3 p—1
2y By vt Bk
2p—38 2p—4 p—2
P §12 - §p Bo Bkt Bk,
y = —
(ZIZZ “ e zp)n+2p
p—1 p—2 0
2k L7 7O I

The sum of determinants in the last formula is known to be equal to

the square of the difference-product of the numbers 2, 23, - -+, 2p;
hence
() ~(n+2p)
@ da” [80] = Atiga - - - $plarza - - - 30) :
A =TT (2 — 22, BE=12---,p.
<k’
Now suppose the 2p —1 numbers Cuy1) Cnte, * * * , Cny2p—1 are suc-

cessive Taylor coefficients of the more general rational function

g(z) = i Cn2™

n=0

g $n [ [ ,,—1)
3 = — e —1,
) k{:l((z — Zp) Pk + (z — zp)Pe? + + 2 — %k

zp # 0,

which has, at most, p=p1+pa+ - - - +p, poles (counted according
to their multiplicities). We are going to evaluate d’ =d{ [g] as the
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limit of determinants d® formed for rational functions with only
simple poles.

With the numbers 2,1, 2x,2 * * *, Zk,p, (B=1, 2, - - -, g) which
are assumed to be different from each other and from 0 but otherwise
arbitrary, we define the polynomial

4) mu(2) = &n + ez — 20) + - - 0 F Crope1(3 — 20) PP

and consider, instead of the function g(z), the function

G @) == -3 mi(3)

= D= )G — ) (2 — 2

£1(2) has only simple poles. Its partial fraction expansion is

¢
gl(z)=_z ‘lcl s l=1,2,---,pris k=1,2,--- ¢,
k1 8 ™ Bk,
where
’ 7"Ic<zk,l)
Sk = .
=k — 281) * - @k — 20,0-1) Bt — Zeag1) 0 0 Bri — )

Applying the first result (see formula (2)) to the function gi(3), we
find 4% [g1]=A’Hk,z§‘2,lz;'l(”+2”), where A’ is the square of the differ-
ence-product of the numbers zz,;.. But [[s.8%.:=]1e.me(2r.0) /I 1A
where Ay=(— 1)pk(pk"'1)/2H1<zl(Zk,z —25,11)% Hence

(» —(n+2p)
dnp [gl] = A”H ’ﬂ'k(zk.l)zk,z+ ? ,
(6) "
A = (= 1)ZralppD)/2 H (21,1 — 210.0)%,
k<Kk’31,1’
I=1,2, -, pis ¥V =1,2, -+, ppn

We now assume that the numbers 2;,; depend on a variable §, and
that lims.o 2x,(8) =2 (U=1, 2, - - -, p&; k=1, 2, - - -, q). Instead
of g1(2) and ¢,/ we now have g(z, ) and ¢,(0) respectively. Comparing
(5) and (3), we see that g(z, 6) converges to g(2), ¢.(8) converges
to ¢a, as 8—0. Hence d® [g(8)] converges to d?’ [g], as §—0. More-
over, by (4), m+(2,;) converges to {x, as 6—0. Using all these limits,
we obtain from (6)

(») 1, D2 Pg, P1 P2 pq—(n+2p)
d o) = A -t (Brs e 5y ,

A = (— 1)ZmlpD1i2 H (21 — z1)22e?%, kB =1,2,--- ,q.
2%
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3. The equation for all the poles on the circle of convergence. In
the following, the numbers a, will represent the Taylor coefficients
of any analytic function that has no singularities other than poles on
its circle of convergence about 0. And besides such determinants as

defined in (1), we shall consider determinants d%® (1=1,2, - - -, m),
defined as
(LN P A . | an Angit1l * ° * Cugm
Ante Onts "t Qpgg an+1 Antit2 * ° ° Onpmitl
@ a7l = - Co . T
Antm Cnymyl * * ° Ontitm—2 Cnim—1 COntitm * * * Q@ntom—1
anlf] = = da [7], n=01,--

THEOREM 1. Suppose f(3) = _nanz"=g(3) +£1(2), where
8@ = - Z( by ey f"'”").

k=1 \ (2 — 2i)7* (z — zK) P+ 2 — 2
|| =7r>0, ze#an(k = k), G#0, kE=12"--,q,

and fi(2) is regular in |z| SR=1r, 7>1, suppose
m(z) = (2 — 2)"(z — 2)™ - -+ (3 — 2)%

=22+ vz '+ - v p=p1+pat -+ pa
Then, for i=1,2, ..., p,

I

(p)

9) vi + & [F1/a7 [7] = 06, as n— .

PRroOF. The function ¢(2) =2_,a,2” = 7(2)f(2) has the coefficients
(10) @y = Gyp t V18rpi1 + Yolpi2 + 0 0 T+ V0.

If, in (10), we put » successively equal to n+p, n+p+1, .- -,
n+2p—1, we have p equations for the unknowns 41, ¥a, * * *, Vo
whose solution is, provided d¥ [f]0,

(» , ,(p) (») (p)

(11) 71+d7n/d = n’/d 1:=1’2’-..’p’
where e? denotes the determinant obtained from d% when a,,
Gnily * * ¢y Guyp— are replaced by iy, Qniptt, © * °y Quysp—1 respec-
tively.

The determinants ¢ are easily estimated. Since ¢(z) is regular
in |z| =R, and f(2) is regular in |3| <7, there is some number ¢ >1
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such that a, =0(¢—"R~"), a, = 0(a"/ (»~Dy—") as n— « ; hence

(12) el =0 TRy = 0T ™"

A lower bound for the determinants d?[f] is derived from iden-
tity (7). If g(2) =Z,,cnz", f1(2) =annz", then @,=b,4c,, and d® [£]
is the sum of d”[g] and several other determinants, each of which

has at least one column of 4’s and otherwise columns of ¢’s. Hence,
as in (12),

), as n— o,

(13) &[] = " [g) + o, asm— e,
But since, by (7), for =0, 1, 2, - - -, |d? [g]| = Mr—*», where M

is a positive constant, we deduce from (13) that there is another con-
stant M, such that, for sufficiently large =,

(14) | a2 7] > M ™.

In particular, d® [f]#0 when # is sufficiently large. -

Inequalities (12) and (14), together with equation (11), prove the
theorem.

Let it be noted that, since v,=(—1)"20'2* - - - 24, we have
r2=|v,|, or by (9), r?=lim,..,|d®, [f]/dP [f]|. This relation implies
rr=lim,..,|d® [f]|-1/n.2

It is not necessary that all the poles 2, should lie on the circle
|z| =7. Indeed, we may state the following:

COROLLARY. Estimate (9) still holds true if |z| =mr, T2l
(k=1,2,.- -, g), and R——-Tr'T’l"Tg? e T;’q’ >1.

The proof of this corollary is an obvious variation of the proof
given above.

If f(z) is a rational function, say f(z) =¢(z)/7(2), where ¥(2) is a
polynomial whose degree we define to be s =p—2, then ¢(2) =2 _,0,5"
=m(2)f(2) =¢(2); hence a, =0 for »>s, and consequently e& =0 for
n>s—p. On the other hand, f(z) is the sum of a polynomial fi(2)
of degree s —p and a fraction g(z) such as in (3). Hence, for n>s—p,
dP [f]=d® [g]#0, by (7). Thus, relation (9) holds, for #>s—p, with
0 substituted for the second term. In particular,

2 This‘‘rather delicate limit relation’’ (see P. Dienes, The Taylor series,Oxford, 1931,
p. 330) was first proved by Hadamard, op. cit. Other authors have tried to give simpler
proofs for it, see, for example, A. Ostrowski, Uber einen Satz von Herrn Hadamard,
Jber. Deutscher Math. Verein. vol. 35 (1926) pp. 179-182. It is an immediate conse=-
quence of identity (7). On the other hand, it is the only intricate point in the proof of
Theorem 1.
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(») (»)
(15) vi = — delprrilf]/dslpalf],
The numbers v, having been found, the numbers «, are given by (10).
Thus, the coefficients of the polynomials w(z) and ¥(3) are ex-
pressed, by (15) and (10), as rational functions of the Taylor coeffi-
cients ao, @1, * * *, Gpys Of f(2) =Y(2)/7(3).

i=1,2,--,p.

4. An inequality for persymmetric determinants. In the following
as in the foregoing we shall assume the function f(z) =) _.a.3" to have
no singularities other than poles on the circle of convergence |z| =7
of the Taylor series. We shall be interested no longer in all the poles,
but only in the poles of highest order on [ zl =r. We shall say that f(3)
is of order m on |z| =7 if f(2) has there at least one pole of order m,
and no other singularities but poles of order less than or equal to m.

We are going to establish an estimate for the determinants d@ [f]
(n=0, 1, - - - ) where ¢ is the number of poles of highest order of
f(2) on |z| =7. Suppose that f(2) =2 .a.2"=g(2)+fi(z), where g(z)
=—> ¢ \/(z—z0)™, |zk] =7>0, and fi1(2) is regular in |z| <r and of
order less than 7 on | z| =7. The coefficient of z* in the Taylor series
expansion of —{x(3—25)"™ is

(%+1)(n+2)"‘(%+m—1)§

(=1 (m—1) Iz;"+"

k

m—1

R e R

— |gm+n
(m — 1) a7

nm—?

>, as #— o,

rn

The coefficient of z* in the Taylor series expansion of fi(z) is, for the
same reason, O(z™%—"). Hence we have the estimate

q m—2
an =2, & +0(n ), asn — o,

— n+1 n
(16) b=l % !
&= (—1m! $r

It implies the less exact estimate
an an = O(n™/r"), as n— .

Corresponding to the decomposition (16), the determinant a9 [f]
splits into the sum of a persymmetric determinant whose terms are
c,=Z§=1£kzk—("+1) (y=n+1, n4+2, - - -, n+2¢—1) and several other
determinants, each of which has at least one column made of terms
that are O(n™%—"), and otherwise columns made of terms that are
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O(n™'—"). The first determinant, as was shown in §2, is equal to
A-Lify - - &y (212 - - - 2,)~"F20 where A is the square of the differ-
ence-product of the numbers 21, 2, - - -, 2, The sum of the other
determinants is O(n2»—D~1y—an) Hence, using (16), we have the esti-
mate

(@ pa(m—1) pa(m—1)—1
dn [f]=Cf‘—“_“_+0( , as#u— o,
(18) (e 20" "
Cf= (_ l)q(”‘_l)A- ?1{2"'@1 .
[0n — D)1]e(zizs - - - zg)2erm

5. The equation for the poles of highest order. In §3 we have
established the algebraic equation whose roots are all the poles of f(z)
(counted according to their multiplicities) on !zl =r. We shall now
establish the algebraic equation whose roots are the different poles
of highest order of f(z) on lz] =7,

THEOREM 2. Suppose that f(2) = na.2" = g(z) +f1(2), where
g2) = — ({1/(a—2)" + 2/ (z —2)™ 4+ - - + 5/ (3 — 2™,
o] =7r>0, s =a(E=E), =0, BLE=12---,q,

and f1(2) is regular in Iz[ <rand of order less than m on | zl =7;suppose
m(2)=(2—2)(2—2) - - - (2—2,) =29+v183+ - - - +v, Then, for
i=1,2,---,q,

(19) vi+ aD (1174 [1] = 0(1/m), w5 mes o,
and
(@)
dy 1
n— 0 q log n

ProoF. The function ¢(g) =) ,a,2* = 7(2)f(2), whose coefficients are
(20) oy = Qy—qg + Y1ly—g41 + -+ Y@

is regular in Izl <r, and of order less than or equal to m—1 on Izl =7,
Hence, as in (17), the coefficients «, are O(y™2r~"), as v— . If, in

3 Hadamard, see op. cit., defined the order of any series 2 a.2" and proved that, on
its circle of convergence, the order is given by the formula 7 =14lim sup (log [an|
+n log 7)/log n. Formula (19b) represents, in accordance with the objective of this
paper, the order as a regular limit, but it holds only for series which are meromorphic
on their circle of convergence.
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(20), we put » successively equal to n+4gq, ntg+1, - - -, n+2¢—1,
we have g equations for the unknowns 1, e, - * + , ¥4, Whose solution
is, provided 4% [f]#0,

(@), () (@) , ,(a)

(21) 7i+dm'/dn =3ni/dn ) i=1721"'1Qy
where € denotes the determinant that is obtained from d when
Guy Qni1y * * *  Gnig—1 are replaced by aniq, Qnpgr1, * ) Quyoq—1 respec-

tively. Using estimate (17) for the a’s and a corresponding estimate
for the a's, we find readily

) (m—1)—1 —
(22) e,(.(:- = O(nq " r q"), as n — .
Taking into account that, by assumption, the poles 21, 2, « - -, 2,

are different from each other, we deduce from relation (18) that there
are constants M, M, such that, for sufficiently large #,

(23) AL [f] = pan" "0, My <|pa| < M.

In particular, d@ [f]50 when # is sufficiently large.

Inequalities (22) and (23), together with equation (21), prove the
theorem.

6. Converses of Theorems 1 and 2. In problems where the poles of
f(2) are to be determined from the given Taylor coefficients, it is,
in general, not known, a priori, what and how many singularities f(z)
has on the circle of convergence | z| =7 of its Taylor series expansion.
Even if f(2) is known to be meromorphic, Theorems 1 and 2 do not
always suffice to establish the polynomial 7(z) whose zeros are all the
poles, or the poles of highest order, of f(z) on ]zl =7, as the numbers
p or ¢ may not be known. In such a case the procedure to follow is to
investigate the behavior of the quotients d&[f]/di™[f], as n— o,
successively for m=1, 2, - - - . From the convergence properties of
these sequences the nature and number of the singularities of f(2) on
|2| =7 can be deduced, as will be shown in the following converses
of Theorems 1 and 2. It will always be assumed that f(z) =2 .anz"
has a positive radius of convergence.

THEOREM 3. Suppose that, for a fixed p, there are p numbers
Yu Yot * Yo and a number >1 such that, for i=1,2, - - -, p,

(24) vi + i [11/d7 1] = oG, s n—>

suppose that this is not the case for any p’' <p. Then f(2) is regular in
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the circle lzl =r= I'y,,ll/f’ but for p poles (counted according to their
multiplicities) on !zl =r, which are the zeros of the polynomials w(2)
=zP +Zf= Yiz? e

PRrOOF. According to the definition of the determinants d%, @,
and since the quotients d /d? exist, by assumption, for sufficiently
large n, we have

(» (9) (» »

(25) @ — (1/d”)(@nadss + Guredas + -+ + Guipduy) = 0.

Let 7 be the radius of convergence of Y ,a,2"; then a,=0(r'-"), as
n— o, for any 7’ <r. If we choose 7’ so that R=7r'>r, we obtain,
by substituting (24) in (25),

Optp = Qp + Y1@nt1 + Y280n 2 _I" c + Yoplntp = O(R——n)’ as 77— o,

Hence the function ¢(z) = (2)f(z) =2 ,a,2’ is regular in ]zl =R>r.
This implies that f(2) has no other singularities than, at most, p poles
on the circle Izl =¢, which are among the zeros of 7 (z).

If f(2) had less than p poles on | z| =7, some relation like (24) would,
by Theorem 1, hold for p’ <p, in contradiction with the hypothesis.
Hence f(z) has exactly p poles on |zl =r, which are the zeros of 7 (z).
Since (—1)7y, is the product of the p zeros, 7 =|v,| !>

THEOREM 4. Suppose f(2) has no singularities but poles on lzl =r;

suppose that, for a fixed q, there are g numbers vy, ye, + + * , Yq Such that,
fori:l,z""er
(26) ve + lim 4o [71/4."[f] = 0;

n—o

suppose that this is not the case for any ¢’ <q. Then f(z) is regular
in the circle |z| <r=|v,|¥4, and of order

m=14lim,.., (log ]d,(,”)| +nq log 7)/q log n

on [z] =r. f(2) has q different poles of order m on |z| =r, which are
the zeros of the polynomial m(z) =21+ & vizei.

ProoF. Let 7 be the radius of convergence of Z,.a,.z”, and let m
be the order of f(z) on Iz[ =r. If f(2) had less than ¢ poles on lzl =,
some relation like (26) would, by Theorem 2, hold true for ¢’ <g, in
contradiction with the hypothesis. Hence f(z) has ¢’ = ¢ poles of order
m on |z| =7,

As in the proof of Theorem 3, we have, for sufficiently large #,

(@)

@n - (1/d) - e

(q)
)(a,,+1dnq1 + an+2dn2 + tre + aﬂ+qd"q) = 0.
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In §4 (see (17)) it was shown that a,=O(n""r~"), as n— «, whereas
by assumption, d¢ /d® = —v;+0(1), as n— . Hence (27) implies

(28) Optg = QAn + Y101 + Y2lni2 + -+ Yelntq = o(nm—lr—n),

as n— o,

Now suppose g¢'>gq. Since w(2) is of degree g, ¢(2) =2 nan2"
=m(2)f(2) is, like f(2), of order m, and has ¢'' = ¢’ —q different poles
21, 22, * * * , 24+ Of order m on lzl =r. Hence, as was shown in §4 (see
(16)) a, has the form

(29) —amiy 2y o(”:ﬁ)

k=1 zk

as n—oo, and 6,0 (k=1, 2, - - -, ¢"').

It is easily shown* that there is a positive number M such that,
for n=0, 1, - - -, at least one of the ¢’/ numbers lr"+" ﬁ:lﬁk/zz*"'l,
v=0,1,.--.,¢"—1is greater than M. This fact, together with (29),
implies that, to any given #,, there are numbers #>mn, such that
Ia,.‘ > (1/2) Mnm1r—", whereas, because of (28), no may be found such
that, for all n>no, | .| <(1/2) Mum=1r—», Thus the assumption ¢’ >g
is proved to be wrong.

Since we have proved that the number of poles of f(2) of order m
on |z| =7 is g, the other statements of the theorem follow immedi-
ately from Theorem 2.

COROLLARY. If f(2) =D .a.2" has no singularities but poles on the
circle of convergence ]z] =7 0f D_,a,2", and if 31 =1im, ., Gn/Cns1 exists,
then f(z2) is of order m =1+lim, ., (log [a,,l +n log r)/log n on Izl =7,
21 being the only pole of order m on I z[ =75

This is obviously Theorem 4 for g=1.
The following theorem is the logical product of Theorems 3 and 4.

THEOREM 5. Suppose that, for a fixed p, there are p numbers

Y Yot c ¢y Yp and a number v>1 such that, for 1=1, 2, - - -, p,
vi+d@ [f1/dP [f1=0@G—"), as n— o ; suppose that there is no p’ <p
such that the limits lim,.,, d3'[f1/d?°[f] (=1, 2, - -, p') exist.

Then f(z) is regular in the circle |z| Sr=|v,|Y» but for p poles of
the first order on |z| =r, which are the zeros of the polynomial w(z)

=2+ L yier .

4 See A. Ostrowski, Uber Singularititen gewisser mit Liicken behafteten Potenzreihen,
Jber. Deutschen Math. Verein. vol. 35 (1926) p. 269.
5 Cf. footnote 3.




1943] FUNCTIONS DEFINED BY TAYLOR SERIES 591

ProOF. As in the proof of Theorem 3 it is seen that f(2) has no other
singularities than, at most, p poles (counted according to their multi-
plicities) on the circle of convergence ]z] =7 of f(zg) =D na.z" If, on
Izl =7, f(2) had less than p poles, or if some of the poles were of
higher than the first order, then f(2) would have ¢ <p poles of high-
est order on |z| =¢. This would imply, by Theorem 2, the existence
of the limits limy.,, d9/d? (i=1, 2, - - -, g), in contradiction with
the hypothesis of the theorem. f(z) has, therefore, exactly p poles of
the first order on |z| =7. The other statements of the theorem follow
immediately.

7. Application to the evaluation of roots. The zeros of smallest
absolute value of the function F(z) =) .4 ,.2" are the poles of the func-
tion f(2) =2 .a.2"=1/F(z) on its circle of convergence. Hence the
theory just developed contains a method of evaluating zeros of small-
est absolute value of functions given by Taylor series. The procedure
to follow is that outlined at the beginning of §6. It requires the evalua-
tion of the determinants d%’ [f] (n=0, 1, - - -) for several values of m.
These determinants are defined, in (8), in terms of the coefficients a,
of f(2). They also can be expressed® easily in terms of the coefficients
A, of the given function F(z), with the determinant d%’[f] of order
m in the elements a@n, @ni1, * - * , Gniam—1 replaced by a determinant
of order m+n+1 in the elements 4o, 41, + - -, Anyom_1.

Since the order of these latter determinants increases with #, they
are not suited for practical purposes. If numerical evaluation of the
zeros of F(2) is required, it is advisable to compute first the coeffi-
cients @, of the reciprocal function f(2), and then to work with the
determinants d [f] as given in (8). If f(z) =2 nanz" is the negative
reciprocal of F(z) =) _.,4,2" and the coefficient 4, is made to be —1,
then the coefficients a, are given by the simple recursion formulae:

ap = 1,

a; = Ay,

a; = Ay + a:1d;,

as = As + a1ds + a24,,

To illustrate the numerical efficiency of the method, the two conju-
gate complex roots zi, % of smallest absolute value of F(2) =z—e*=0
were computed. The results are exhibited in the following table. The

6 See J. Hadamard, loc. cit., p. 136.
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second column of the table contains the Taylor coefficients @, of
f(2) =1/(e*—2) multiplied by #! in order to avoid fractions; the third
column contains the quotients d [f]/d® [f], which represent suc-
cessive approximations to —vy1=21+2; the fourth column contains
the quotients d$,[f]/d® [f], which represent successive approxima-

tions to v, =212 The final values in the table give

21+ 22 = 0.6362630104,

values of 2z;+32; and 2,2, with a relative error of 1-10-8,

7139 = 1.889406976

with a relative error of 1-10-1°, As the table shows, the fifth approxi-
mation, which is obtained with very little effort, already gives the

n an dni[f1/d%’[5] ne1lf1/dx [f]

1 0 0.67 2

2 -1 0.632 1.89

3 -1 0.6368 1.891

4 5 0.63616 1.8897

5 19 0.6362624 1.88942

6 —41 0.6362628 1.88941

7 -519 0.63626291 1.8894073

8 —183 0.63626306 1.8894072

9 19 223 0.63626299 1.88940700
10 73 451 0.636263011 1.889406978
1 —847 067 0.6362630099 1.889406977
12 —8 554 547 0.6362630105 1.889406976
13 32 488 611 0.6362630104 1.889406976
14 977 198 559 0.6362630104 1.889406976
15 1 325 135 969
16 —116 987 762 287
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