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1. Introduction. The involutorial transformation associated with
the congruence of lines meeting a curve of order m and an (m—1)-
fold secant has been studied by DePaolis,* and Vogt? has studied the
non-involutorial transformations for a linear congruence and bundle
of lines. Cunningham?® has recently studied some non-involutorial
transformations associated with a Qi congruence. In the present
paper a non-involutorial transformation associated with the con-
gruence of lines on a plane curve of order #» having an (# —1)-point
and a secant through that point is considered. The bundle of lines
through the multiple point is not considered as belonging to the con-
gruence. The tangents to the curve at the point are considered to be
distinct.
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Given the plane #-ic 7, a line s meeting 7 at an (#—1)-point 4,
and two projective pencils of surfaces | Fu|: s™ g1 and | Fj|:
s™=1gams_1. Through a generic point P(y) there passes a single F of
| F|. The unique line ¢ through P(y), s, # meets the associated F’ of
| F| in one residual point P’(x) the image of P(y) under the trans-
formation thus defined. The residual base curves of | F| and | F’|,
other than s, have been denoted by g and g’, respectively. Through
a point O, on g’ there is a unique line ¢’ of the congruence, this line
lying upon one surface of | F’|. The associated surface of | F| meets
¢’ in a point P which generates a curve g. Similarly, beginning with
a point O, on g, a point P’ generating a curve g’ is found. It will be
shown that 7, s, g, g/, g &' are fundamental curves of the trans-
formation, and that the point 4 is a fundamental point of the second

kind.

2. Equations of the transformation. Let us take the equations of »
and s, respectively, as

(1) ws[cxrxe] — [darae] = 0, x4 = 0, X1= 22 =0
where
n—1 A . n i
(2) [cxlxz] = Z Cin—i—1%1%g 1, [dxlxz] = E d,;,,_jxixz J,
=0 =0
and the pencils of surfaces as
3) |Ful=U—-uV =0, |Ful|=U —uV’' =0
where

U= (ax){exlxz} — (ax) {fxlxg}, V= (bx){gxlxz} — (ﬁx){hxlxg},
U= (a'x){e'xlxg} — (a’x){f’xlxg}, V= (b’x){g’xlxz} —(B'x){h’xlxz};

m—1 m!/—1

{edhxz} = E ep,m_,,_lxzx;n_p—l, {6'061302} = Z e;,m’—-p—lxplx';““p—l
4) p=0 p=0

(ax) = a1%1 + aaxs + asxs + a4y,

and so on.

Through a generic point P(y) there is an F of l F I with parameter

u=U(y)/V(y), and to this corresponds the F’ of |F ’| having equa-
tion

(5) U'(£)V — V'(x)U = 0.

The unique transversal ¢ through P, 7, s meets (5) in the point P’
having coordinates


file:///ex1X2
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ox1 = Ry: + Kyileyiy:] = 915,

1 |oxz = Ry: + Kyalcyiye] = v,
(6) Toymrgn’
ox3 = Rys + K[dy1y2]’
0Xy = Ry‘i)
where

Kmim' = UV = V'U,  Rupmrimns = UW' — VZ',
Winrina = b'2) {g'y132} — (8'2) { W y1y:},
Zimrinos = (@3 {€'y1y2} — (/2) {f 3192},

(a'z) = (af y1 — af y2) [eyry2] + af [dyrya],

Q)

and so on. Equations (6) are those of the inverse transformation.

In a similar manner the equations of the direct transformation are
found to be

1 = R'as + K'xi[cwws]| = 25,
Ty: = R’y + K'xs[carxs] = %25,

8 Tm m’ n:
® e Tys = R'x3 + K'[dx1x2],
7y = R'x4,
where
K,m+m' = UV/ - U'V = - K, R;n-i—m’-{—n-—l = U,W - V,Z,

9) Wonino1 = (bz){gxlx2} - (32){1“01902},
Zmino1 = (a5) {exixs} — (az) { w122} .

3. Images of fundamental curves and elements. The transforma-
tions 7! and T applied to an F’ and F of I F’ | and ] F I , respectively,
give U'~(T-Y)YUS™'G, U~(T)U'S'"™'G’" where

Gomrgny = WU — V'Z!,
Gémin— = WU — VZ,
Smimrgnr = UN' — VM',
Symrana = UN — V' M,
(10) Minrins = (@w){ey132} — (@w) {3192},
M1 = (aw) {ex1as} — (aw) {fa12s},
Nowrgno1 = Q') {g'y1y2} — B'w) {9152},
Nugn—1 = (bw){gxlxz} - (6w){kx1x2},
(dw) = af [dy1y:] — (ad ys + ad y9) [eyrys].
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Here U and U’ are the corresponding surfaces of | F| and | F’| and
g ~(T)G, s'~(T)S, g~(T)G', s~(T)S".
Similarly

K'~(T-Y) K'S™m'=2GG!,  K~(T) KS'™™'~GG,

K'~(T) K'S'"™™=GG',  K~(I) KS™™'=GG/,
G'~(TY) RS?=2G/, G~(T) R'S"m+m=1G,
G'~(T) R'S"2mm=2G!, G~(T-1) RS2 +1=1G,
R'~(T7) Sw+n+n=iGG!,  R~(T) §'mm'+1GG,

(11)
R'~(T) §'mtm'+n=2[R4-K'(W'Z—-WZ')],

R~(T—7) Smtm =[R2+ K(W'Z—WZ')],

S'~(T-Y) RS™m'+n=3GG!,  S~(T) R'S'm+m'+n=3GG’,
S'~(T) §'mtm+n=3{ R"2S'+ R'GG'+S' [GG'+ K (W'Z—-WZ")]},
S~(T-1) Smtm'+n=3{ R2S+ RGG'+S[GC'+ K(W'Z—WZ")]}.

Through a point O, on 7 there is a pencil of transversals through s.
O, determines an F’ and the associated F cuts the pencil in s and a
line /. The line ! generates the ruled surface R, the image of 7.

From a point O; on s there is an #n-ic cone of transversals to 7,
to each line of which corresponds one F of | F| cutting that line in
one point. The locus of all such points is a curve & which generates
the surface .S, the image of s. The order of k, determined by the inter-
section of S and a homaloidal surface, is m+m’+n— 2.

Through a point Oy on g’ there is a unique line ¢ of the congruence,
but every F of ‘Fl passes through Oy, hence O, ~(T~1)t. The ruled
surface G generated by ¢ is the image of g’ under T. Furthermore,
every point P’ of the line determines the same F’ and ¢ meets the
associated F in one point P so that P~(T)t. The locus of points P
is the curve g and g~(T)G. The order of g, determined by the inter-
section of two homaloidal surfaces, is m—+3m’+2n—3. In a similar
manner we find a curve g/, of order 3m-+4m’+2n—3, such that

&'~ (TG

The multiple point 4 is a fundamental point of the second kind
and has as an image n—1 lines ¢1,;, =1, - - -, n—1, other than s
lying one in each of the » —1 planes determined by s and the tangent
lines to r at 4.

We can now write the following correspondences:
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r~ (T) R ismtm+n=2g'8'cl | .. o1 4,
r ~ (T7) Rismtm'+n=2g5¢, 1+« - €101y
" s~ (T) S':rs”‘+”"+"“3g'g'c;,1 . Cg,n_l,
(12) s~ (T7Y) Sipsmtm'+n=3g5c, 1 -+ - €11,

~ (T) G’ :rs2mn—2gp’, g ~ (T-") G:rstm'+n—2g'5,
4 88
g ~ (T) G irs*mtn=2gg, g~ (1) Girstm"tn2g'g,

4. Invariant and homaloidal surfaces. The eliminant of the param-
eter from | F| and | F’| is the pointwise invariant surface K. The
plane x,=0 and the planes determined by s and the tangent lines to
r at A are also invariant, but not pointwise invariant.

Generic planes subjected to the transformations give

= (A4'%) ~ (T7) R(A'Y) + K(4'5) = dmimrin
7= (43) ~ (T) R(4%) + K'(42) = $npmrin

where the ¢'s are homaloidal surfaces of the transformations.
Further,

¢~ (T)(A'2)R'S'm+m+n=3GG!, ¢ ~ (T) (Ay)RS™m"+2GG,
hence the homaloidal webs are
o3| g| rsmiminrgg, || rsmimitntgg,
The intersection of two homaloidal surfaces gives the homaloidal net

2 -
HI —_ [¢'¢/']:1’Sm2+m’2+" +2mm'+2m'n—-4m-4m’—4n+4g/g

’km+m’+n
H = [p¢]:rsm™+n/ et tamm/ tomnt2m i—dm—tsm/—Antdggh =,
We now write the additional correspondences:
m~ (T) ¢ irsmtm+n=2g/5' '~ (T7) ¢pirsmtm'+n—2g5
K~ (T) K':sm™m""2gg'3¢’, K’ ~ (T7) K:s™m"~2gg'gg’.
The jacobian of the transformation is J=RGG’S.

(13)

5. Tangency along s. The projectivity yi=x1, ya=2x2, y3=~kxs,
ys=x3+x4 is applied to the fundamental surfaces of the transforma-
tion and an examination of the coefficients of the highest powers of
x3 shows K and S to have

Dypymrg = [(aalk + ai) {e,xle} — (s kb + ai) {flxle}]
[(Bsk + bo) {gmima} — (Bsk + Ba) { harwa} ]
— [(bd & 4+ 00 {gaxe} — (B b + B { W 122} ]
[(ask + as) {exixe} — (ask + ag) {f122}] = 0
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as common tangent surface along s. The same surface is tangent to
K’ and S’ also along s.

6. Intersection table. Referring to (12), (13) and §5 we can now
write the following intersection table:

TYAR 2 ,2. 2 ’, Py — [ ’=!
[RS ]_sm +m 2?4 2mm/ 42 mnt2m’ n—5m—bm 5n+6g gery

* C1,m—1
[R'G']: s2m™+n*+2mm/ 48 mnt m’ n—Gm—dn—2m'+45/
[R’ ] smitm! e mm/ 2 mntam’ n—dm—dm—dntdgl g
[R’K’] sm2+m’2+2mm'+mn+m n—4m—4m'——2n+4g g
[S'G'] ps2mtntt2mm/+3mntm’ ne8m—2m/—5nt63 by (o By g g
[S7¢' |srsm™ m et r2mm 2 mnt2m! S m—§m'—SntOg/p p
[S’K'] sm2+m'2+2mm’+mn+m n—Sm-—Em'—2n+6+(m+m'—2)dg g
[G'e ]:,szm2+n2+2mm’+3mn+m neGm—dn—2mitAg Gy

[G’K' ] s g2’ mnt2mm/+m’ n—6 m—2m’—2n+4gp!

[¢’K’]:Sm2+m’2+2mm’+mn+m’n——4m——4m’—2n+4g’g’k

m4m'’ .

7. The T. in a plane through s. A plane w=x;=0x; cuts the sur-
faces of | Fu| and | F,,/| in residual pencils of lines

1| =u— w =0, [ V| =u —w =0
where u = (ax){ec} — (ax){fa} u' = (a ') {e'a} — (a'x){f'a},
= Gnles) — Gulho}, v = nlgs) — E (W), ()
= (a10 + a2)xs + asxs + asxa, {ea} = ) eprmp107, e'o

Z"" o 'ep,m—p—10?, and so on. The n-ic 7 intersects 7 in one residual
point P: (alca], [co], [do], 0) where [co] = D iicin—i-oi,
[do]= D>} odjn_joi, and the vertices of {l‘ and |I’| are designated
asT"and I'.

Through a generic point P(y) of = passes one I of |ll having
parameter u=wu(y)/v(y) and to this corresponds the line u'v—uv’' =0
which is met by 7 in a point P’(x), image of P under T. The T3’

7 is thus

(14)  x2 = pya + «leca], @ = pys +«ldo], x4 = py4

where pi=uw’' —vz/, K=uv—v'u, z'=('q){ec}—(a'q){f},
w' =(b'q) {g'c} —(B'q) {h's}, (a'q) =(afo+a’)[co]+af [do], and so
on.

The direct transformation T is

(15) ye=p'aa+«[ec], ys=pa+¥[de], yi=p'u

where pY =u'w—1v'z, k'= —«.
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The conic k:TTT'T" is pointwise invariant under the transforma-
tion.

Through the point I' there is one line v’ through P and every line
of |1’| corresponds to T, hence v’ is the image of I' under 7. More-
over, every point of ¥’ determines the same line of |’| which inter-
sects v’ in a point T'" whose image under 7! is also v’. Similarly,
a vy of || is the image of I'" and T under 7! and 7, respectively.

The point P is the vertex of a pencil of transversals. Moreover,
through P there passes one line of Il |, hence there corresponds one
line of ]l’|. This line is met in every point by a line of the pencil,
hence is the image of P under 7.

Thus the points P, T', T and P, I/, T’ are fundamental under T and
T;!, respectively, so that we have P~(T) p":T'T’, I'~(T) v": PTT",
T~(T) v:PI'T and P~(T) p:IT, T'~(T-Y) v:PI'T, TV~(T-Y)
v': PTT".

The homaloidal nets of T and 7! are

w?| ff | :PI'TY, 2| fy| :PIT

while the jacobian of T is j=p’yy’ and of T5'is j'=pyy’.

As the plane 7 generates the pencil on s the T generates the space
Tmim+n Whose equations may be obtained from (14) and (15) by
replacing «, #’, v, v’, w, w’, 2,2’ and e by U, U", V, V', W, W', Z, Z'
and x1/x., respectively.

Since the point P is the section of 7 by m, » may be represented by
xy=0[co], xa=[co], xs=[do], x4=0.

8. » having (»—1)-point with coincident tangents. In case k of the
tangents to 7 at 4 are coincident the transformation will be identical
with the above except for the image of A4, the correspondences in-
volved then being

y, mAem'4n—2 4 _y 1k ’
r~ (T)R s §8 ¢y CLkt1 " * * CLin—1y

’ mtm’4+n—3 y_y ¢ ’ ’
s~ (T)S :rs g8 CLkg1 "t Cineyy

and the intersection

ralT. m2+m’2+n2+2mm’+2mn+2m’n——-5m—5m’~5n+6 r_r 1k ’ ’
[R'S]:s 88 C11 CLktr " * * Cln-1.
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