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1. Introduction. The involutorial transformation associated with 
the congruence of lines meeting a curve of order m and an (m — 1)-
fold secant has been studied by DePaolis,1 and Vogt2 has studied the 
non-involutorial transformations for a linear congruence and bundle 
of lines. Cunningham3 has recently studied some non-involutorial 
transformations associated with a <2i,2 congruence. In the present 
paper a non-involutorial transformation associated with the con­
gruence of lines on a plane curve of order n having an (n — 1) -point 
and a secant through that point is considered. The bundle of lines 
through the multiple point is not considered as belonging to the con­
gruence. The tangents to the curve at the point are considered to be 
distinct. 
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Given the plane n-ic r, a line 5 meeting r at an (« — l)-point A, 
and two projective pencils of surfaces \Fm\ : sm"1g2m-x and \F^\ : 
smf"1g2m'~v Through a generic point P(y) there passes a single F of 
I F\. The unique line t through P(y), s, r meets the associated Ff of 
\F'\ in one residual point P'(x) the image of P(y) under the trans­
formation thus defined. The residual base curves of \F\ and | P ' | , 
other than s, have been denoted by g and g', respectively. Through 
a point Og' on g' there is a unique line / ' of the congruence, this line 
lying upon one surface of | F'\. The associated surface of | F\ meets 
t' in a point F which generates a curve g. Similarly, beginning with 
a point 00 on g, a point P ' generating a curve g' is found. I t will be 
shown that r, s, g, g', g, g' are fundamental curves of the trans­
formation, and that the point A is a fundamental point of the second 
kind. 

2. Equations of the transformation. Let us take the equations of r 
and s, respectively, as 

(1) #3[c#l#2] — [^#i#2] = 0, #4 = 0, Xi = X2 = 0 

where 
w—1 . n 

(2) [c#i#2] = ZJ Ci>n-.i-.iXiX2 , [d#i#2] = zL djtn-jX\X2 , 
i=0 3=0 

and the pencils of surfaces as 

(3) | Fm | = U - uV = 0, | F'm. \ = U' - uV' = 0 

where 

U = (ax){exix2} — (ax) {/#i£2}, F = (£#){g#i£2} ~ (/3x) {/Ê#I#2}, 

£/' = (a'a;) {e'xi^} — (ot'x){fxiX2}, V'— (b'x) [g'xiXi] — (fi'x) {h'xiX2} ; 
m—1 „ m'—1 

\ex1X2) = is eP,m-p-iXiX2 , \e X1X2) = 2L ep>mf-p-iXiX2 
( 4 ) p=0 p=0 

(a#) = ai#i + a2x2 + a3x3 + #4#4, 

and so on. 
Through a generic point P(y) there is an F of | P | with parameter 

u=z U(y)/V(y), and to this corresponds the F' of \F'\ having equa­
tion 

(5) U'(x)V - V'(x)U = 0. 

The unique transversal t through P , r, s meets (5) in the point Pf 

having coordinates 

file:///ex1X2
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(6) 

where 

- m+m'+n* 

axi = Ryi + Kyi[cyiy2] = yiS, 

a%2 = Ry2 + Ky2[cyiy2] = y*S, 

axs = Rys + K[dyiy2], 

(TX4 = Ry^ 

(7) 

Km+m, = U'V - V'U, Rm+m'+n-i = UW' 

TF'm-+n-i - (b'z){g'yiyi} - G8'*){*'y iy i}, 

Z'm-+n_i = (a'z){e'y1y2} - (a'z){f'y1y2}, 

(a'z) = (a{yi — ajyt)[cyiy<,] + ai [dyiyz], 

VZ', 

(8) m-fra'+n» 

and so on. Equations (6) are those of the inverse transformation. 
In a similar manner the equations of the direct transformation are 

found to be 
ryi = R'%i + IT'ffilcffia^] = X\S', 

ry2 = RfX2 + i£'#2[c#i#2] = %2S', 

ryz = R'xz + K/[dxiX2]y 

ryt = R'xA, 
where 

K'm+m> = # 7 ' - *7'F = - X, i^+m'+n-i = P W - F'Z, 

(9) Wm+n-i = (bz){gxix2} — (Pz){hxix2}, 

Zm+n-i = {az){exix2} — (as) {jxix2). 

3. Images of fundamental curves and elements. The transforma­
tions T~l and T applied to an F' and jPof | F'\ and | F\, respectively, 
give U'^iT-^US^G, U~(T)U'S'™~lG' where 

G2m,+n_! = W'U' - V'Z', 

GL+n-l =WU~ VZ, 

Sn+m'+n-l = UN' - W , 

S'm+m'+n-l = tf'iV - V'M, 

(10) M'm,+„_i = (fl'wjfe'yi^} - {a'w){fyiy2)y 

Mm+n-i = (aw){exi^2} — (aw){/xi#2}, 

tf'^+n-i = ( è ' ^ U ' ^ } - (P'w){h'yiy2}, 

Nm+n-l = (&w){gXiX2| — (Pw){kXiX2}j 

(a'w) = ai [dyiy2] ~ (ai yz + alyù[cy\yi\. 



770 M. L. VEST [October 

( i i ) 

Here U and U' are the corresponding surfaces of | F\ and | F'\ and 

s'~(r-*)G, S'-ÇT-^S, g~(r)G', 5~(r)S'. 
Similarly 

KT~(T~l) K'Sm+m'-2GG', K~(T) KS'm+m'-2GG', 

K'~(T) K'S'm+m'-2GG\ K^{T~l) KSm+™'~2GGf, 

G'~(T~l) RS2m+n~2G', G~(T) R's'2™'+«~2G, 

G'~(T) R'S'2m+n-2G', G~( r - 1 ) i?S2™'+«-2G, 

R'~(T~l) Sm+m,+n~2GGr, R~(T) S'm+m'+n-2GG'y 

R'~(T) S'™+™'+n-2[R'2+K'(W'Z--WZ')]} 

R~(T-') Sm+m'+n~2[R2+K(WfZ-WZ')l 

S'~(T-1) RS™+™'+"-*GG', S~(T) RfS'™+m'+»-*GG', 

Sf^(T)S,m+mf+n-z{R,2S,+RVG,+S,[GGf+K\W,Z-WZ,)]}y 

S^T-1) Sm+m'^~^{R2S+RGGf+S[GG'^K{WfZ-WZr)}}. 

Through a point Or on r there is a pencil of transversals through s. 
Or determines an F' and the associated F cuts the pencil in 5 and a 
line /. The line / generates the ruled surface R, the image of r. 

From a point Os on s there is an n-ic cone of transversals to r, 
to each line of which corresponds one F of \ F\ cutting that line in 
one point. The locus of all such points is a curve k which generates 
the surface S, the image of s. The order of k, determined by the inter­
section of S and a homaloidal surface, is m+m'+n-—2. 

Through a point 0Q> on gf there is a unique line t of the congruence, 
but every F of \F\ passes through CV, hence 0Q>~{T~l)t. The ruled 
surface G generated by t is the image of g' under T. Furthermore, 
every point P ' of the line determines the same F' and t meets the 
associated F in one point P so that P~(T)t. The locus of points P 
is the curve g and g~(T)G. The order of g, determined by the inter­
section of two homaloidal surfaces, is m + 3mf + 2n — 3. In a similar 
manner we find a curve g', of order 3m+mr-\-2n — 3, such that 

g'~{T-*)G'. 

The multiple point 4̂ is a fundamental point of the second kind 
and has as an image n — \ lines ci,»-, i = l, • • • , n — 1, other than 5 
lying one in each of the « — 1 planes determined by s and the tangent 
lines to r at A. 

We can now write the following correspondences : 
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r ~ ( r - 1 ) R:sm+m,+n~2ggcltl • • • ci,w_i, 

5 ~ ( r - O ^ r ^ ^ + ^ ' + ^ g C i , ! • • • Ci,n-1, 

g — ( D G':rs2™+n~2gg', g' ~ ( r - 1 ) G:™2™'+«-2g'g, 

g' ~ (T) G':rs2m+n-2gg', g ~ (T) G:fs2m'+w-2g'g. 

4. Invariant and homaloidal surfaces. The éliminant of the param­
eter from J F\ and | F' | is the pointwise invariant surface K. The 
plane x\ = 0 and the planes determined by 5 and the tangent lines to 
r at A are also invariant, but not pointwise invariant. 

Generic planes subjected to the transformations give 

TT' » (A'x) ~ (T-1) R(A'y) + X(4's) = <^+w,+ri, 

where the <£'s are homaloidal surfaces of the transformations, 
Further, 

<t> ~ (^)(^,a:)JR,5,-+w'-^•w-2GG,, </>' ~ (T~l) (Ay)RSm^f+n-2GG,
1 

hence the homaloidal webs are 

00 3 | 0 | \rSm+™'+n-îggy oo 3 | <// | \rS
m+m'+n-1g'gf. 

The intersection of two homaloidal surfaces gives the homaloidal net 

H' = [0y]:rs™2+™'2+"2+2W^^ 

TJ = f(/)(/)1 * f̂ m + w ' 4-«2+2mm'+2mn+2m'n- 4m— 4m'- 4«-f4«« & , ,, 

We now write the additional correspondences : 

7T ~ (T) 0':rsm+m '+rj-2g'g', TT' ~ (T~l) </>:rsm+m'+w-2gg, 

i£ — (T) K':s™+™'-2gg'gg', K' ~ (r-1) K:sm+m'~2gg'gg'. 

The jacobian of the transformation is J = RGG'S. 

5. Tangency along s. The projectivity 3>i = xi, yi — x^, ys^kxs, 
3>4=#3+#4 is applied to the fundamental surfaces of the transforma­
tion and an examination of the coefficients of the highest powers of 
Xz shows K and S to have 

Z>m+m'-2 = [(aik + al){e'x\X%) — (ai k + a{){fxiXz}] 

• [(68* + bi){gxix2} — (Psk + Pd{hxix2}} 

- [(68'* + W){g'*i*i} MPs'* + ft') {*'*!*»}] 
• [(tf3& + a4){exix2} — («3^ + a4){fxiX2}] = 0 
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as common tangent surface along 5. The same surface is tangent to 
K' and S' also along 5. 

6. Intersection table. Referring to (12), (13) and §5 we can now 
write the following intersection table : 

[R'S' 

[R'G' 

[R'<t>' 

[R'K' 

[S'G' 

[S'4>' 

[S'K' 

[G'4>' 

[G'K' 

WK' 

o m + m ' +n +2mm'4-2mn4-2m'n-5m-Bm'-5n+6<j 's ' / - « . . . / - * 
0 ö 0 ° l f l ul,n— 1 
o2ra +n + 2 m m / + 3 m n + m ' « - 6 m - 4 n - 2 m ' + 4 s ' 

cm
2-t-m' +n +2mm'+2mrj+2m'w—4m— 4m'-kn+^a*a f l 7„ 

» 5 5 '1 ,1 ''l.w 
o m + m ' +2 m m r-\-mn+ m ' n— 4 m—4 m '—2 «+4 p^ gf 

» c2m+Ti +2mm'+3mri+m'n-8m-2m' -5n+6ff ' f e fe, „ 
'«J 6 ^ l f l ^ l f 2 m — 2 

^cm + m ' +JI +2mm'+2mn+2m'«-5m-5m'—§n+§a f7i f h 
' o g g /vm+m'-f-n—2 
c m + w +2 mm ' + m n + m'n—h m— h m'—2 w+6+(m+ m'—2) dgt-gl 

rs* ; +n +2mm'+3w7i+m'r i~6m-4«-2w'+4Â' 7 l , l ' ' ' ^ l , 2 m - l 

ç2m + m f l + 2 m m ' + m ' r i - 6 m - 2 m ' - 2 n + 4 « « ' 

Ç m + m ' +2mm'+mn+m'r i -4m-4m / -2n+4/ T ' f f / if, 0 ö & ^m-fm'» 

7. T h e r 2 in a plane through s. A p l ane 7 r = x i = o-jc2 c u t s t h e sur ­
faces of I Fm J a n d | 7^/1 in res idua l penci ls of l ines 

I i1 s u - fiv = 0, I r 1 s «' - nv' = 0 
where u = (ax){eo-} — (ax){/o"}, u' = ( a ' ^ j e V j — (a'#) {/V}, 
v = (&*){**} - 03*) { to} , V' = (&'*){*'*} - (0'*) {*'*}, (ax) 
= (aio- + Ö2)*2 + Ö3#3 + a4x4, {eo-} = X?-o^p.m-p-iO"p, {eV} 
= ^^l0~14,m'_p_x(r2>, and so on. The w-ic r intersects IT in one residual 

Z n— 1 

Z'l a re d e s i g n a t e d 
p o i n t P: (a[ca], [ca], [da], 0) w h e r e [ca] 
[da] — ^"=odjtn-ja

3\ a n d t h e ve r t i ce s of \l\ a n d 
a s T a n d T ' . 

Through a generic point P(y) of w passes one I of \l\ having 
parameter ^ — u(y)/v(y) and to this corresponds the line u'v — uv' = 0 
which is met by / in a point Pf(x), image of P under T. The T^1 in 
7T is thus 

(14) x2 = py2 + K[C<T], xs = pyz + ic[da], x4 = py^ 

where p\ = uw' — vz', K^ — U'V—V'U, z'~{a'q) {e'a} — {a'q) {fa), 
w' = (P'q){g'<r}-(fi'a){h'<r\, (a'q) = (ai<r+a*')[ca]+aj [da], and so 
on. 

The direct transformation T is 

(15) y2 = p'x2 + K'[ca], ys = pfx + *'[do-], y* = p'xt 

w h e r e p{ =u'w — v'z, K' = — K. 
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The conic K l I T r ' F ' is pointwise invariant under the transforma­
tion. 

Through the point T there is one line 7 ' through P and every line 
of \l'\ corresponds to I \ hence y' is the image of T under T. More­
over, every point of y' determines the same line of | / ' | which inter­
sects 7 ' in a point T' whose image under T~l is also yf. Similarly, 
a 7 of 171 is the image of T' and V under T~l and P, respectively. 

The point P is the vertex of a pencil of transversals. Moreover, 
through P there passes one line of 171, hence there corresponds one 
line of \l'\. This line is met in every point by a line of the pencil, 
hence is the image of P under T. 

Thus the points P, I \ T and P , T', T' are fundamental under P2 and 
TV1, respectively, so that we have P~(T) p ' - .T 'P , I W P ) 7 / : P I T / , 
T~(T)_y:PTT and P ~ ( P ) p : I T , r , ^ ( r ~ 1 ) 7 : P r T , P ^ P - 1 ) 
7 ' : P I T ' . 

The homaloidal nets of T and T~l are 

oc*)/2' I : p r ' r ' , 0021 /21 :prr 
while the jacobian of Ti isj=p'yy' and of T71 is j,s=pyy'. 

As the plane T generates the pencil on s the T generates the space 
Tm+m'+n whose equations may be obtained from (14) and (15) by 
replacing u, u', v, v', w, w', z, z' and a by Z7, U', V, V'', W, W', Z, Z' 
and Xx/xi, respectively. 

Since the point P is the section of r by ir, r may be represented by 
#1 = & [ca], X2 = [c<r], Xz — [da], x4 = 0. 

8. r having (^--1)-point with coincident tangents. In case k of the 
tangents to r a t A are coincident the transformation will be identical 
with the above except for the image of A, the correspondences in­
volved then being 

r ~ (T) R :s g g cXll, ci,k+i • • • ci,n-i, 

s ~ (i ; ó :rs g g ci,u ci,k+i • • • ci,n-i, 

and the intersection 
2 2 2 

r / /1 w* +***' + n +2«iw'+2m«+2m'n-5m— 5m'—5n+6 f f /k f / 
[jR *S J : ̂  g g £1,1, ci,fc+i • • • ^1 ,^-1 . 
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