
NOTE ON A THEOREM ON QUADRATIC RESIDUES 

KAI-LAI CHUNG 

In this note we shall give a short proof of a known result: 

THEOREM. For every prime p^3 (mod 4) there are more quadratic 
residues mod p between 0 and p/2 than there are between p/2 and p. 

An equivalent statement of this theorem is as follows (see E. Lan­
dau, Vorlesungen ilber Zahlentheorie, vol. 1, p. 129): 

Für p = 3 (mod 4) hoben mehr unter den Zahlen l2, 22, • • • , (p —1)2/4 
ihren Divisionsrest mod p unter p/2 als Uber p/2. 

For proof we shall use Fourier series with one of its applications, 
namely Gaussian sums. 

Write s2 = qp+r, 0^r<p, so that 
ç 2 -

E-
It is evident that we have 

[ T M T K 
(0 if r<p/2; 

if r > p/2. 

Therefore we have to prove tha t ]C£; 1 ) / 2 ( [2s2/p ] - 2 [s2/p]) < (p -1)/4, 
or ^ ( £ —l)/4 since p = 3 (mod 4). 

By a well known expansion in Fourier series, we have 

* sin 2mrx 
x — lx\ — \ = — JL, > 

n = l ^ 

so that 
* sin 2mrx 

[x\ = x - I + 2^ 

Substituting, we get 

2s2 * sin (4:mrs2/p) 

L p J LP A P n-l p n = i nir 

P n=l 

_ 2i— - i + £ sin (2^V^)| 
1 # 2 n - l «IT ƒ 

™ 1 ( 4 ^ 7 T S 2 2mrs2\ 
\ + 2Li — \ s i n 2 s i n r ; 

n-i nw \ p p ) 
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(P- I ) /2 iY 2s2~i r c2-

P J Lp. 

p - \ " 1 ((PZl>/2 / 4W7TS2 2«1TS 2 \ ) 
— — + £ — i E ( s i n - — - 2 s i n — — H . 

4 n=l WX I s = l \ p p i ) P 

Therefore we have to prove t h a t 

" 1 < ^ ' 2 4 ^ 2 " 2 <*Zi)/* 2WKS2 

2LJ Z ^ s m = 2^ JL s m 

n = l W7T s = i ^ w = i W7T a=ai p 

Now we have by the resul ts on Gaussian sums, 

(P-D/2 ipl/2 

P / s=l (r/p) = l 2 

/ 2 ^ \ (P -D/2 
if ( 1 = 1, E e2n(2ris2/p) = V " e2irir/p — _j_ 

\ # / s= l (r/p) = l 

/ 2 ? A ( P - D / 2 

if (—) = — i, J2 £2w(2™2/^ = Z 
\ j? / 8=1 (r/p)--

(2n\ <*cl> /2 

if I _ J = o, ] T e*n(2Wj 

-2irir/p = = 

( r / p ) - l 

/ > - 1 
ÎS / p ) _ - . 

T a k i n g imaginary pa r t s , we ob ta in 

(P- I ) /2 4 ^ 2 /2n\p1'2 

2 ^ sin = ( — ) 
- i P \pJ 2 

Similarly, 

P 

Therefore we have to prove t h a t 

(P-T)/2 2mrs2 /n\p1'2 

22 sin = ( — ) 
- i P \p/ 2 

t h a t is, 

w n=i n\pj 2 ~ 7 T n = s i n\pj 2 

n-i n \p / n=i n \p / 

This is equ iva len t to the relat ion 

E — ( - ) ^ 2 £ - ( - , if £ - 3 (mod 8); 
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Z — ( - ) ^ 2 E - ( - ) , if * ^ 7 (mod 8). 
w=i n \pj n-i n \p/ 

Thus in each case we have to prove that 

è 1 ( T ) * °-
n-i n\p / 

Now Landau would call this last result trivial. But for the sake of 
completeness we give its proof here ; we have in fact, for s > 1, 

where pi runs through the sequence of primes. The series being uni­
formly convergent for s^l its sum is continuous at s — l. Hence the 
result follows. 
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