A NOTE ON A THEOREM BY WITT!
ROBERT M. THRALL

1. Introduction. Let F denote the free group with » generators and
let F¢ be the cth member of the lower central series? of F. Witt3
has shown that Q°=F¢/Fet! is a free abelian group with V.(n)
=(1/¢)Y_u(c/d)n? generators (the summation is over all divisors d
of ¢ and u is the Mébius u-function).

The set of kth powers in F generates a normal subgroup Hj. Let
F.=F/H; and Gy,.= F,/Fit'. We shall call F;, the free k-group and
Gh,. the free k-group of class c. It is a consequence of Witt'’s result
that Fj/F§{t!, the central of Gy, is abelian and has at most y.(n) gen-
erators. In this note we show that if p is a prime greater than ¢, and
g=1p*, then the central of G, is of order ¢ where N=y,(n). If the
prime divisors of k are all greater than ¢, an analogous result holds
for the central of Gy, as a consequence of Burnside’s theorem that a
nilpotent group is the direct product of its Sylow subgroups.

Let M, denote the space of tensors of rank ¢ over the GF[p]. A
homomorphic mapping of M, upon the central of G, is set up and
enables one to apply the theory of decompositions of tensor space
under the full linear group mod p, to determine all characteristic sub-
groups of G,,. which lie in its central. This theory is applied to de-
termine all the characteristic subgroups of G,,. for ¢<5 and a
multiplication table is constructed for G, 3.

2. Commutator calculus.* Let 54, 53, - - - be operators in any group
G and set $3= (51, 52) =755 L5152 and s2.. .= (S12. . .51, Sk). S12. - -k IS
called a simple commutator of weight k in the components sy, - - -, Si.
The group G* generated by the simple commutators of weight % for
all choices of s3, - -+, sz in G is called the kth member of the lower cen-
tral series of G. If sEG* but s G**!, then s is said to have weight &
in G.

For all sy, sz, s3in G we have

(1) (5152, $3) = S135132523, (51, S283) = S135125123.

Let the weight of s; be a; and set a=a;+ - - - +ax+1. The follow-
ing relations are then true:

1 Presented to the Society, April 13, 1940.

2 For definition see §2 below or [4, p. 49].

s [7,p. 153].

4 The relations in this section are either taken directly from Hall, Magnus, or Witt
or are immediate consequences of their theorems. See [4, 6 and 7].
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(2) 5123+ kS218 .« = ImodG"‘,
(3) S123.. 15231 . .%5312-..x = I mod G¢,
(4) (s1') 52ty oo, se) = (saeeen) ™ ¥ mod G

If now a—1=Fm, m=minimum (a, - - -, ox) and pg=]][52%s;5,
B=1, ..., k, it follows that
(5) P12...k = H (S8, -8,)%6 %8, mod G*.

By=1

3. The groups F,. Let F be the free group generated by sy, - - -, Sa,
and denote by H; the smallest normal subgroup containing the kth
powers of all simple commutators of sy, -« -, sy,

LeEMMA 1. Let g=p°, p any prime. Then s1&H \J F? for any element
SEF.

ProoF BY INDUCTION. The lemma is trivial for s of weight greater
than p—1. Suppose the lemma true for all weight greater than ¢ and
let s be of weight ¢. By the definition of weight, s can be written in
the form s=¢, - - - t.vo Where v has weight greater than ¢ and the ¢;
are of weight ¢ and are all simple commutators in sy, - - -, s,. Then
by the fundamental expansion formula® for (PQ - - - )* we have

q aq q a9 q
S =t1~~tmvov1---vjw

where wE&E F? and the v are all of weight greater than ¢. By defini-
tion #4€H, and by our induction hypothesis y§EH,\JF? and so
se€H,\JF>,

COROLLARY 1. Let s have weight c, for c<p. Then s H \JFe+t,
Set H, ,=H,N\F°and H,,=H, N\ F. Then we have
CorOLLARY II. For c<p, H, \JFett=TH, \JFet+1,

LemMaA I1. F/Fit'~Fe/(F+\UH,,,).

We note first that applying the second homomorphism theorem?® to
Hall’s formula? F;=(F\UH,)/H, we obtain the result Fj=F</H,,
(for all ¢). Now

8 See [4, formula 3.51] or [6, p. 111].
¢ See [2, p. 32].
7 See [4, formula 2.491] or {2, p. 119].
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F/ETUH,) ~ EF/H) /(F U H)H,
~F/F" ) He NF)) = By

since Hy, /NFHt =H, 1.
Set Q5= Fy/ Fy*.

TueorEM 1. For c<p, Qs abelian of order ¢¥, N=y.(n).

DEFINITION. &, « - -, I 45 said to be a basis for F° mod Fet, if any
operator t of weight ¢ can be written uniquely in the form t =190 where
6 E Fet1,

Evidently such a basis exists, and by Witt's theorem?® k= N; and
we may choose the f; as simple commutators in the generators
Sy, '+, Sa. Let p; be the image in Qg of ¢#;. Then since the ¢; are a
basis for F°* mod F°t!, any operator p&(Q can be written in the form
p =Hp‘f‘ where 0 =d; <g. Hence the order of Q;isat most ¢~ for any c.
If the order of Q¢ is less than ¢V there exists a relation ][ p¥ =TI where,
say, d;#0.

If now p >¢, this relation together with Corollary II and Lemma II
imply that [[##*€ H, , UF+, or [[1#%=]]1% mod Fe+'. Since the t;
are a basis for F¢e mod Fet! this requires d;—qe;=0, i=1,---, N,
which contradicts the assumption that d; and, therefore, d;—ge; is
not divisible by ¢. Hence there can be no relation between the p; and
the theorem is proved.

CoroLLARY III. For p>c, G} , is of order g,
m=yin) + -+ ¥(n), Jj=1-,c

4. Characteristic subgroups of G=G,,.. A large variety of charac-
teristic subgroups of G can be obtained from the lower central series
by sequences of joins, intersections, and commutations. In G the up-
per and lower central series are identical; in particular, the central C
(=C,,.) of G is G?. The central quotient group of G is Gy .1, and any
characteristic subgroup H of G is mapped into a characteristic sub-
group H'=H\JC/Cin G, 1.

We say that K is a minimal characteristic subgroup (m.c.s.) of G
if no proper subgroup of K is characteristic in G. For G=G,,,, every
m.c.s. lies in the central. Indeed any normal subgroup of G must con-
tain commutators of weight ¢ and therefore must have an intersection
not equal to I with C. We turn now to the determination of all char-
acteristic subgroups of G which lie in C.

8 See [7, Theorems 3 and 4, pp. 152-153].
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Let 4 be any automorphism of G, and H any characteristic sub-
group of G. 4 induces an automorphism 4 (H) on G/H and an auto-
morphism 4 [H] on H. If in particular H is G2, the commutator sub-
group of G, then G/H is the abelian group of order p» and type
1, 1,1, - - .. Let the generators of G be s;, - - -, s, and let ¢; be the
image in G/G? of s;. Then 4 (H) takes the form ¢;—t/ where

it = 1147, s €GPIpl, | au] =0

Hence 4 itself must be of the form s;—s! where

ag; 2
S{=HS,"7’,', riEG.

To calculate 4 [C] we apply (5) with k=c¢. Since G+ =1, (5) is now
an equality and shows that 4 [C] is independent of the 7;. Indeed if
we set 4 = (a;;) we see that the formal commutators s;,...; transform
like tensors of rank ¢, that is, according to 4 X4 X - - - X4 (Kro-
necker direct product with ¢ factors).

Denote by M, the whole space of tensors of rank c. It has dimen-
sion 7. The group A,={AXAX - -+ XA} (c factors) is homomor-
phic to the group {4} of linear transformations, and hence M, is a
representation space for {A }. Brauer? has proved the following theo-
rem concerning the decompositions of this representation:

THEOREM 11. If K is a field of characteristic p#0, the representation
A, is completely reducible for ¢ < p, and it splits into irreducible parts in
exactly the same way as in the case of characteristic zero.

The mapping x;,...;,—s4;...;, (Where of course products in C are
replaced by sums in M,) establishes a homomorphic mapping of M,
upon C and this mapping is preserved under the group 4., that is,
C is also a representation space for the group 4,. Let C denote C
written additively. Then C = M,— W,, where W, contains all tensors
whose image in C is identity. We call W, the space of commutator
relations, W, is evidently an invariant subspace of M, under the ten-
sor group and by Theorem I it has dimension #n°—y,.(z) if p >c¢. Be-
cause of the complete reducibility of the representation A, we can
write M,=W,+ P, where P, is likewise an invariant subspace of M,,
and furthermore the decomposition into irreducibly invariant sub-
spaces of P, under 4, will be the same as that of C under the group
of automorphisms of G. (P, is not uniquely determined by W, but
its decompositions are.) Let Ry, - - - , R; be irreducibly invariant sub-

® See [3, p. 867].
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spaces of M, whose direct sum is P,, and let Ty, - - -, T, be the corre-
sponding subgroups of C. Then the following theorem expresses the
above arguments in group theoretic terms:

TrEOREM III. Any minimal characteristic subgroup is isomorphic
toone of Ty, - - -, Ty and any characteristic subgroup K of G which lies
in the central is the dirvect product of the minimal characteristic sub-
groups which it contains. (p>c is assumed throughout.)

The number of characteristic subgroups in G is clearly independent
of the number 7 of generators provided that n=c¢. Hence to obtain
all characteristic subgroups of the set of groups G,,. with p>c we
need only consider those with n=c.

5. The groups G,,; and G, .. In this section we shall make use of
the decomposition into irreducibly invariant subspaces of the tensor
spaces M; and M,. These can be readily obtained by a direct compu-
tation based upon the decomposition theorems of M, in general.’® We
suppose #=3 in M3 and n=4 in M,.

M3 =ZI+Z2,1+Z2,2+23 in which the summands have dimen-
sions 10, 8, 8 and 1 respectively. Ws= 1+ 2.1+ s and hence G, 3
has just one m.c.s., its central.

My= D214 Dan+ Dozt Do+ Do+ Dse
+ Yt art Dast+ 2o

in which the summands have dimensions 35, 45, 45, 45, 20, 20, 15,
15, 15, and 1 respectively. Wi=D 1+ o142 22+ 81+ 32+ a1
+> 12+25 and hence G, 4 has two m.c.s., one of which is its second
derived group. Let us denote these by D and E.

G, has no proper characteristic subgroups and the only proper
characteristic subgroup of G, is its central G, ;.

TuroREM IV. The only characteristic subgroups of G, s are the mem-
bers of its lower central series.

Let H be characteristic in Gp,3. Then if H51I or C, by Theorem III
HDC. H'=H/C must then be G,z or its central. In the first case
H=G,3and in the second case H=G ;.

THEOREM V. The only characteristic subgroups of G, s are D, E and
the members of the lower central series.

It is easy to see that if a characteristic subgroup HDC then H is in

1 See for instance [1, Theorem 4.4D, p. 129].
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the lower central series. To complete the proof we show then that if
HDC, H=D or E. Since HDC, either H'=1I; in which case HCC
and therefore H=D or E; or H' DG} 3 (by Theorem IV). It remains
now only to show that H' DG}, 3 implies HDC. If now H' DG 5, then
HUC DG§,4 and hence for the commutator s;23 of weight 3 we have a
factorization si23=hd where #&H and d & C (and so d has weight not
less than 4). Since H is normal (h, ss) = (s123-d~Y, s4) =s12:4E H. But
the conjugates of s34 generate C so that H D C contrary to hypothesis,
and the theorem is proved.

For the sake of completeness we give a multiplication table for
Gp,3. Applying the formulas of §2 and Theorem I we have for any
operator s of G, 3 a unique expression in the form

4 ag aij aijj @ik ik
s=s =]Is" IIsi 1L s Sijk Siki
i< i ] 1<i<k

If now sC=s4s8, then applying the readily verified formula (s%, s5)
=52 §fCa252062 we obtain!! (GE<j<k)

¢ =ai+ by,  cij= aij+ bi; — biaj,
Ciji = @iji + bij; — bCaj2 + bjai; — bibja,
(6)  cjis = @i + bjii + a;Coja — biai,
Cijk = @sjk + bijn + bjain + brai; — biajar — bibjar — bibraj,
Ciki = Ak + bj]“‘ + b,'ajk + biailg —_ bib,’dk.
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U For p=3, syi=sjii=1I and s;;5=s;1 so that (6) reduces to formula 9 of Levi
and van der Waerden [5, p. 156].



