ARITHMETICS OF RATIONAL GENERALIZED
QUATERNION ALGEBRAS

D. M. BROWN

1. Introduction. A rational generalized quaternion algebra is a lin-
ear associative algebra of order four and rank two, having a principal
modulus Iy, ranging over the field of rational numbers. A basis
(1o, I, I, I,I;) may be found! such that

(1) If = a, Ii' =B, Iy = — I, « and B rational integers.
An algebra in such form will be denoted by Q(«, 3), a number in it by
(2) Q = aolo + a1l + a2ls + a1211I2,  a’s rational,
and its norm by

® N(Q) = as — aai — fas + ofara

Q satisfies its rank equation

4) X? — 2a0X + N(Q) = 0.

ao is called the real part of Q.

An arithmetic S of Q(«, B) is a set of numbers having the following
properties:

C,: Sis closed with respect to algebraic addition.

Cu: Sis closed with respect to multiplication.

R: For every number of S, (4) has integral coefficients.

U: S contains Iy, I; and I, (and hence I1I; by C,).

M: S is maximal; that is, .S is contained in no larger set having
Properties C,, Cn, R and U.

It is the purpose of this paper to determine a set of bases for the
arithmetics of those algebras for which o and § contain no squared
prime factors.? In any case, it has been proved? that for a given arith-

1 Dickson, L. E., Algebren und ihre Zahlentheorie, Zurich, 1927, pp. 43-44. The
definition of an arithmetic is made there also.

2 If @ and B contain squared prime factors, the number of arithmetics varies with
the form of those factors. See M. Eichler, Untersuchungen in der Zahlentheorie der
rationalen Quaternionalgebren, Journal fiir die reine und angewandte Mathematik, vol.
174 (1936), p. 149, Theorem 12.

3 Latimer, C. G., The classes of integral sets in a quaternion algebra, Duke Mathe-
matical Journal, vol. 3 (1937), pp. 246247, §7. On pages 237-238, §2, of this reference
is stated a theorem giving necessary and sufficient conditions that a basis of Q(«, 8)
be a basis of an arithmetic of Q(a’, 8').
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metic S in the algebra, a basis (I{, I{, I, I{ I{) can be found such
that I{2 =o', I§2 =4, I{ I = —Ij I{ , ' and B’ containing no squared
prime factors, and such that the given arithmetic is an arithmetic of
Q(a’, B’). The problem of determining bases for the arithmetics of
such algebras has been solved by Latimer* when a=8=1 (mod 2),
and by Darkow® when a=8=0 (mod 2). Darkow’s results can be ex-
tended to apply to the remaining cases (when a+B8=1 (mod 2)).% All
possible cases are treated in this paper, with greatly simplified re-
sults.”

Albert® has shown that every rational generalized quaternion di-
viston algebra Q(a, $) may be transformed into Q(r, ¢), in which 7
and o have special properties. Concerning the treatments by Latimer
and Darkow (similar to that used in this paper) Albert writes:?

The - - - division into special cases is certainly not desirable. Nor is it necessary.
For it is obvious that at least an attempt should be made to show that transforma-
tions carrying all cases into a canonical form are possible, and it is this canonical form

which should be studied. : - -+ In particular, it is evident that the integral sets of .S
should contain the integers of the realm R(z).

Concerning the above quotation, a few comments seem pertinent.
Albert’s results are readily obtainable from the results of this paper
or those of Latimer and Darkow. His canonical form is not unique,
and the number (two) of arithmetics obtained by it is, in general,
much less than the number of arithmetics as defined by this paper.
There being no essential difference between the basal elements Iy
and I, or, for that matter, I1I;, there seems to be little reason for
requiring that the integers of the realm R(I;) be contained in an in-
tegral set (arithmetic) in preference to those of realms R(I:;) or
R(I,I,). Albert’s results apply only to division algebras, while those
of Latimer and Darkow and the writer apply to all algebras. The
norm of a number of Q(e, 8), given in (3), being of a form of great
interest in number theory, it would seem particularly useful to have

4 Latimer, C. G., Arithmetics of generalized quaternion algebras, American Journal
of Mathematics, vol. 48 (1926), pp. 57-66.

8 Darkow, M. D., Determination of a basis for the integral elements of certain gen-
eralized quaternion algebras, Annals of Mathematics, (2), vol. 28 (1926), pp. 263-270.

¢ Latimer, C. G., On the class number of a quaternion algebra with a negative funda-
mental number, Transactions of this Society, vol. 40 (1936), p. 320.

7 The writer is greatly indebted to Dr. Claiborne G. Latimer for valuable sugges-
tions enabling much greater simplification than he had previously obtained.

8 Albert, A. A., Integral domains of rational generalized quaternion algebras, this
Bulletin, vol. 40 (1934), pp. 164-176.

9 Albert, A. A., loc. cit., p. 165. The 7 used there is the same as the I used in this
paper.
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available a method of obtaining the arithmetics of an algebra ex-
pressed in terms of parameters o and § which yield that exact norm.
Clearly Albert’s canonical form would not suffice, so that methods of
treatment as given here are conceivably not only useful but necessary.

As mentioned above, the method of treatment in this paper is simi-
lar to that used by Latimer and Darkow, the work being more direct
in some places.!?

2. Notations, transformations and definitions used. The letters 7, s
and ¢ will be used exclusively to denote permutations of 1, 2, and 3.
Let (g—1)(g+1) =0 such that

1 if the number of inversions of (7st) is even,
() =9q_ .
1 otherwise.

Let the g.c.d. of @ and 8 be

(6) (e, B) = s (positive or negative)

and a= —v2ys, B="sv1. Let

) LIy = vsl3,

so that from (1), I?= —vyy;, and I,I,=gy.J; From the results of
Latimer and Darkow, it can easily be shown that I3 is in each arith-
metic, as are I; and I,. Hence from (6) and (7), I, I, and I; are
formally identical, as are the 4’s, the latter being formally identical

to their negatives. Q(«, 8) will hereafter be written in the symmetric
notation

(8) QCv1, 72 v8) = Qa, B).

Making the unitary transformation

20 = g1, i = gl,, is = gl,, 15 = gl
) 0= §lo 1= § 2 = 8ls 3 = &l

Yr = o, Ys = Qg Yt = asg,

one has = —a,a; and 4,4, = gosi;, which is abstractly identical with
(9). Q(v1, ¥z, vs) now becomes Q(ou, a2, a3). After proper change of
sign of the 4’s, one finds that v, is odd or even, y,=1 (mod 4), v, is
odd, and v,=1 (mod 4) if v, is odd. Choosing

(10) 6—1)06—-2) =0,

Q(ou, oz, as) is such that

10 [ atimer and Darkow obtain their results for Q(e, —8). Each mentions a “tenta-
tive” process for obtaining bases. See Latimer, loc. cit., footnote 3, pp. 61 and 65;
Darkow, loc. cit., p. 263 and p. 267 ff.
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(11) a3 =0 (mod 26), a2 =1 (mod 4), a = a; (mod 2(3 — 0)).

In what follows, it will be assumed that (9) has been made so that
(11) holds. All other symbols introduced hereafter will represent in-
tegers, unless they are obviously not integers. The parameters 8, m, &,
n, A, B,, £ and H;, used frequently hereafter, and most easily de-
termined in the order given, are defined by the following, each being
unique save # and H;:

0: az=60 (mod 20); (6—1)(6—2)=0.

m: (cu+os+mas)=2—0 (mod 46); (m—1)(m+1)[(6 —1)m(m+2)
+2—-0]=0.

k: 2(m*+m+1)k=(m+1)(m+2).1!

n: kn2—n=0.

4, B,: a,=A4,B,, and

— Qg — OOy
< ) - 1’ ( ) - 1’
A, B,

B, positive and a minimum.!?

£: £ is the number of prime factors (all distinct) of 4:14243.

H,': (a1a2+a2a3+a3a1)HfE -1 (mod A1A2A3), (j=1, 2,0, E).ls
If H; is even, then H/ =H;+ A14:4; is odd. Let fy=(1—2m) and
s =20k —2k+2. Then if A2B,H/} #f; (mod fs), it can be shown that
H}!'=H] + A14:4,is such that 4,B.H;' =f; (mod fs). Since H;, H/,
and H/’ are all in the same residue class, modulo 414,43, it follows
(and will be so assumed hereafter) that H; may always be chosen such
that (f7 is odd and fs is even, so H; will be odd)

(12) A2BiH; = f7 (mod fs).
The following symbols will also be used:
fi= (2= 0)kn, fo = (0n—2n+2), fs = k(m+ 0n — 2n),
13) fa=Q2—-0m—2n—k+1)4+n fo=02n—0n—k-+ 2),
fo= 0 — D0m—2k+2), fr=(1—2m), fs = 20k — 2k + 2,

u If e=1—*k, then £ may also be defined by (cu+as+as)(en +az) (ee+as) (es+ay)
=8¢ (mod 16). See Latimer, C. G., On the fundamental number of a rational generalized
guaternion algebra, Duke Mathematical Journal, vol. 1 (1935), p. 435, theorem and

SeCOnd footﬂote.
< >
P

12 In these conditions
is the Legendre symbol for quadratic residues.

13 This congruence has exactly £ distinct solutions. See Dickson, L. E., Introduc-
tion to the Theory of Numbers, University of Chicago Press, 1929, p. 12, Theorem 16.




1940] ARITHMETICS OF QUATERNION ALGEBRAS 903

a1l iy + iy — onH jiy + asH jis + i3
14) M, =0Ty g :
( ) i 24, ) i 20+ 24,4,

3. The fundamental form of a number Q in an arithmetic. From
the relations given by (2), (3), (7) and (9), a number in Q(a, ae, as)
is such that

Q = boto + b1iy + beis + bsis,
N@Q) = by + asceshs + asonbs + arenbs

(the b’s rational). By Property Cy, if Q isin .S, then so are Q%q, Qi1, Q2
and Q7s, whose real parts are by, —aoash:, —asaibs and —auosbs, re-
spectively, and by Property R and (4), one may write 2bo=X,,
2b,000 = X,, so that (15) becomes

pIg )

Q203 [e%125} 23141

(15)

1
Q=— |:Xoio +
2
(16)

2 2 2
1 X X X
NQ = 7| Kt o T ]

o0l (¢ 2T 3% 3122

and, by Property R,

(17) cuazaaXﬁ + Othf + Oth: + a3X§ =0 (mod 40(10[20[3).
Using (11), (17) becomes equivalent to

s Xo + arXs + asXs + @sXs = 0 (mod 46)

(18) . 2 2
if also o, X, + a,X, = 0 (mod «).

Let 6, be any prime factor of .. If §, divides X,, it also divides X,.
But if (X,, 8;) =1, then there exists an integer p, such that p,X,=1
(mod &;). Hence from (18), p2a, X3+ p2a,X2=0 (mod &;), a,+ pla, X?
=0 (mod &), or (p,a:X,)2= —a,a, (mod &;). Hence

— Ol
(57) -
o
and from (13), X, may be prime to each factor of 4;, but must be

divisible by each factor of B;, and hence by B, itself. Therefore B;
divides X, and X, and one may write

(19) Xo = %, X, = B,B:x,,

and (16) and (18) become, respectively,
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1 . %17 xzig x'is
0, = l:xoto-l'All'l" + = ]

2 243 A4,y 414,
(20) 2 2 2
1 2 BzBaxl Bslez Blex3
NQ = — |+ |
4 A2A3 434, A4,
and
2 2 2 2
(21) a100i3Xn + a1¥y + algXe + gzl = 0 (mod 40),

(A.,B,ac*,)2 = — a,a.xf (mod A).

Hereafter, the numbers xq, %1, x2, x3 will be referred to as the coordi-
nates of a number Q, in S, and (20) will be called the fundamental
form of Q in S. Using the definition of H; to obtain a,a,H;=—1
(mod A4,), and multiplying both members of (21b) by H;}, one obtains
(A:BH x,)? = — o, Hyxo =x2 (mod A4,), or, reducing to linear con-
gruences, x,=A4,B,(+ H;)x, (mod 4;). Now if H; is a solution of its
congruence, then —H; is another, distinct from H;, and one may
finally write

(22) % = gd,B,H ;jx, (mod A4¢),

where g is defined as in (5). Hence from (20), (21) and (22) one con-
cludes:

THEOREM 1. If a number Q is in an arithmetic, it is necessary that it
have the form (20), whose coordinates satisfy (21a) and (22).

4. Analysis of the conditions imposed on the coordinates of a num-
ber Q of fundamental form lying in an arithmetic. It can be shown
that two numbers of fundamental form have Property C, if and only
if their coordinates satisfy (22) for the same value of j. Hereafter H;
will be replaced by H whenever the value of j is fixed in an argument.
Let Q,and Q, be in an arithmetic, and hence satisfy (22) for the same
value of j. Then by Property Cn, Q.Q, must also lie in S. A study of
the coordinates of this new number reveals that in addition to (21a)
and (22), the following conditions must hold :'

a1@203%0Y0 + 1%1y1 + aak2ys + as¥sys = 0 (mod 26),
%oy1 + yox1 + yaxs + ®9ys = 0 (mod 2),

%KoYz + Yo¥2 4+ ys¥1 + x3y1 = 0 (mod 2),

0(xoys + yoxs) + Y142 — %12 = 0 (mod 26).

(23)

14 Here begins the direct method, as opposed to the “tentative” process of Latimer
and Darkow. See footnote 10.
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Exhaustive analysis of (21a), (22) and (23) further reveals that the
conditions that must hold in order for Q. and Q, to have property M
are as follows:

%= [2—0n+ O — 1)km]x,
+ 2-=601 — n)xs + (0 — 1)x; (mod 2),
(24) 2, =0 (mod 0 + %k — 0k),
%1 = (1 — 2n)xs + 2mxo (mod 0% + 260 — 2k), for fixed #,
x3= (2 — 0)[(1 — #)x: + nxe] (mod 3 — 6)

(25) X = B1H(A2x2 - A3x3) (mod AzAs), X = AaBszs (mod Al),

which is equivalent to (22). Letting Py, Pi, Py, and P; be arbitrary
integers, the f’s integers as defined in (13), and M;and N; as in (14),
then (24) and (25) can be reduced to

%0 = 2Py + f1P1 + f3sPs + Ps,

®1 = fadoAsPy + (fadods + fsAdsanH)Py + (fedeAs — A3B1H)Ps,
%y = fsA1 Py + AsByH Ps,

x3 = Pj, for fixed n.

(26)

Substituting these in (20a) one has

(27 Qain = Poto + %(fl'l:o + f2i1)P1 + [%‘(fa'io + f41:1) + fsM,']Pz
+ [%fei1+Ni]P3, j=1, 2, , &

Now let

Uojn = 1o, Uijn = 5(frio + foia),
Usin = 3(fsio + fuir) + fsM s, Usjn = 3feir + N ;.
(27) then becomes

(29) Qqin = PoUo + P1U1 + PU; 4 P3Us.

(28)

All such numbers, for a fixed j and #, form an integral set of numbers
with (28) as a basis. Since (28) is equivalent to (26) and (20) com-
bined, and since (26) and (20) establish necessary and sufficient con-
ditions that Properties C,, Cu, R and M hold, and it is easily shown
that 4;, %2 and 73 are of the form (29), so that Property U holds, it
follows that (28) gives the bases of the algebra—one for each value of j
and #n. But # has k41 values, and j has £ values. By use of the inverse
of the unitary transformation (9), and of (7), it is clear that the arith-
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metics of Q(au, az, a3) are also the arithmetics of Q(v1, ¥z, vs) and of
Q(a, B). Hence

THEOREM 11. The numbers of (28) constitute the bases for the arith-

metics of Q(au, ag, as), of Q(y1, Y2, vs), and of Q(a, B). There are 2%
such arithmetics.

The number of arithmetics agrees with that determined by Latimer
and Darkow, and the bases were checked by applying the theorem
mentioned in footnote 3. In this theorem the fundamental number d
of the algebra is used. By a known result!!

d= i 21"°B1B2B3,

the sign being positive if oy, as, a3 are all of the same sign, and nega-
tive otherwise; that is, according as N(Q) (see (3)) is a definite or
indefinite form. It is also known that Q(«, B3) is a division algebra if
and only if d5 —1.%

5. The method of writing down the arithmetics of Q(«, ), or of
Q(v1, Y2y 7vs), @ and B containing no squared prime factors. By use of
(7) and (9), and a few new symbols, the arithmetics may readily be
written down in terms of the original basis, (1o, I1, Is, I1]5). Let the
following definitions and order of procedure be made:

(@) (a, B) =+v; (positive or negative), so that o= —vsy3, 3= —vs71.

(b) Yr= PrAn and

<—- %w) _1, <— %w) —
T, A,

A, a positive minimum and (rst) a permutation of (123).

(c) Arrange 71, s, vs (changing signs of all simultaneously if neces-
sary) and determine 0 so that v,=0 (mod 20), v,=1 (mod 4), v.=7,
(mod 2(3—6)).

(d) Then determine m so that +v,+vy,+my.,=2—60 (mod 46),
(m—1)(m+1)[(0—1)m(m+2)+2—0]=0.

(e) Determine %k and # such that 2(m?+m+1)k=(m+1)(m+2),
and kn?2—n=0.

(f) Determine fi, fa, - - -, fs according to Table I.

(g) Determine the £ solutions H; (j=1, 2, - - -, &) of (yviv2+v2vs
+vsy)H; = —1 (mod I'\T.T;), £ being the number of prime factors
of I''TI,I's. If any H; is even, replace it by H; 4+ I'\T'.T'; to make it odd.

15 Latimer, C. G., loc. cit., footnote 11. See §1, next to last paragraph, and the
corollary to the theorem on page 435.
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If then any H; be such that I''\A.H;#f; (mod fs), replace it by
H,"_" I’ T.I's and find that FsAer '="f7 (mod fs).

(h) Then determine Voju, Vijn, Vajn, Vsin, as the desired bases, for
each value of j and #, where

Iy + fol,
Voin = I, Viin = LO——I?—*’
2
Sfalo + fulx v H I, + I,
30 Voin =
( ) 2] 2 +f5 T, ’
Iy + folr — v Hil, + v H I, + 1
Vi = ot 1o + . Yoo L.
2 21, T,

(i) Finally, replace a3l by IiIz, giving the final forms.
Hull® has solved the problem of determining a set of bases for all

TABLE I
0 1 1 2 2 2 2 2 2
m |—1 1 1 1 1 0 0 -1 -2
k 0 1 1 1 1 1 1 0 0
n 0 0 1 0 1 0 1 0 0
fi 0 0 1 0 0 0 0 0 0
fa 2 2 1 2 2 2 2 2 2
Js 0 1 0 1 1 0 0 0 0
Ja 0 1 0 0 1 0 1 0 0
fs 2 1 2 1 1 1 1 2 2
fe 0 0 0 1 1 0 0 1 0
fr 3 -1 -1 -1 -1 1 1 3 5
fs 2 2 2 4 4 4 4 2 2

the arithmetics of division algebras, by showing that every arith-
metic may be obtained from some one of an infinite number of canoni-
cal generations of the algebra (merely a non-unitary transformation
of units carrying « and B into o’ and 8’ having special properties).
Latimer has obtained similar results without the restriction that the
algebras be division algebras.®? However, the method of determining
which canonical generations will give the arithmetics for a given un-

16 Hull, Ralph, The maximal orders of gemeralized quaternion division algebras,
Transactions of this Society, vol. 40 (1936), pp. 1-11.
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altered « and B is not stated in either paper. Hull showed that the
canonical forms determined by Albert? are special cases of his canoni-
cal generations.

One problem remains to be solved, namely a method of writing

down the arithmetics of Q(«, 8) when a and $ contain squared prime
factors.
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