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D. M. BROWN 

1. Introduction. A rational generalized quaternion algebra is a lin­
ear associative algebra of order four and rank two, having a principal 
modulus I0 , ranging over the field of rational numbers. A basis 
(Jo, Ii, I2, I1I2) may be found1 such that 

2 2 

(1) I i = a, I 2 ' = & I1I2 = — I2I1» OÙ and j8 rational integers. 

An algebra in such form will be denoted by Q(a, /3), a number in it by 

(2) Q = a0Io + aili + #212 + 012J1I2, a's rational, 

and its norm by 
2 2 2 2 

(3) N(Q) = do — aa\ — j8#2 + afiau. 

Q satisfies its rank equation 

(4) X2 - 2a0X + N(Q) = 0. 

a0 is called the real part of Q. 
An arithmetic S of Q(a, ]8) is a set of numbers having the following 

properties : 
Ca : S is closed with respect to algebraic addition. 
Cm: S is closed with respect to multiplication. 
R: For every number of 5, (4) has integral coefficients. 
U: 5 contains I0 , Ii and I2 (and hence I i l 2 by Cm). 
M : 5 is maximal ; that is, S is contained in no larger set having 

Properties Ca, Cm, R and U. 
It is the purpose of this paper to determine a set of bases for the 

arithmetics of those algebras for which a and j3 contain no squared 
prime factors.2 In any case, it has been proved3 that for a given arith-

1 Dickson, L. E., Algebren und ihre Zahlentheorie, Zurich, 1927, pp. 43-44. The 
definition of an arithmetic is made there also. 

2 If a and |8 contain squared prime factors, the number of arithmetics varies with 
the form of those factors. See M. Eichler, Untersuchungen in der Zahlentheorie der 
rationalen Quaternionalgebren, Journal für die reine und angewandte Mathematik, vol. 
174 (1936), p. 149, Theorem 12. 

3 Latimer, C. G., The classes of integral sets in a quaternion algebra, Duke Mathe­
matical Journal, vol. 3 (1937), pp. 246-247, §7. On pages 237-238, §2, of this reference 
is stated a theorem giving necessary and sufficient conditions that a basis of Q{OL, |8) 
be a basis of an arithmetic of Q(a'f /3'). 

899 



900 D. M. BROWN [December 

metic 5 in the algebra, a basis (I0', I{, J2', I{ U ) can be found such 
that IP = a' , IP =/3', I{1{ = -II I{, a' and j8' containing no squared 
prime factors, and such that the given arithmetic is an arithmetic of 
<2(ce', j8')« The problem of determining bases for the arithmetics of 
such algebras has been solved by Latimer4 when a =/3 = l (mod 2), 
and by Darkow5 when a=/3 = 0 (mod 2). Darkow's results can be ex­
tended to apply to the remaining cases (when ce+/3 = l (mod 2)).6 All 
possible cases are treated in this paper, with greatly simplified re­
sults.7 

Albert8 has shown that every rational generalized quaternion di­
vision algebra Q(a, /?) may be transformed into Q(r, a), in which r 
and a have special properties. Concerning the treatments by Latimer 
and Darkow (similar to that used in this paper) Albert writes:9 

The • • • division into special cases is certainly not desirable. Nor is it necessary. 
For it is obvious that at least an at tempt should be made to show that transforma­
tions carrying all cases into a canonical form are possible, and it is this canonical form 
which should be studied. • • • In particular, it is evident that the integral sets of S 
should contain the integers of the realm R(i). 

Concerning the above quotation, a few comments seem pertinent. 
Albert's results are readily obtainable from the results of this paper 
or those of Latimer and Darkow. His canonical form is not unique, 
and the number (two) of arithmetics obtained by it is, in general, 
much less than the number of arithmetics as defined by this paper. 
There being no essential difference between the basal elements I\ 
and ht or, for that matter, Iih, there seems to be little reason for 
requiring that the integers of the realm R(Ii) be contained in an in­
tegral set (arithmetic) in preference to those of realms Rih) or 
Rilih). Albert's results apply only to division algebras, while those 
of Latimer and Darkow and the writer apply to all algebras. The 
norm of a number of Q(a, /3), given in (3), being of a form of great 
interest in number theory, it would seem particularly useful to have 

4 Latimer, C. G., Arithmetics of generalized quaternion algebras, American Journal 
of Mathematics, vol. 48 (1926), pp. 57-66. 

6 Darkow, M. D., Determination of a basis for the integral elements of certain gen­
eralized quaternion algebras, Annals of Mathematics, (2), vol. 28 (1926), pp. 263-270. 

6 Latimer, C. G., On the class number of a quaternion algebra with a negative funda­
mental number, Transactions of this Society, vol. 40 (1936), p. 320. 

7 The writer is greatly indebted to Dr. Claiborne G. Latimer for valuable sugges­
tions enabling much greater simplification than he had previously obtained. 

8 Albert, A. A., Integral domains of rational generalized quaternion algebras, this 
Bulletin, vol. 40 (1934), pp. 164-176. 

9 Albert, A. A., loc. cit., p. 165. The i used there is the same as the I used in this 
paper. 
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available a method of obtaining the arithmetics of an algebra ex­
pressed in terms of parameters a and j3 which yield that exact norm. 
Clearly Albert's canonical form would not suffice, so that methods of 
treatment as given here are conceivably not only useful but necessary. 

As mentioned above, the method of treatment in this paper is simi­
lar to that used by Latimer and Darkow, the work being more direct 
in some places.10 

2. Notations, transformations and definitions used. The letters r, s 
and / will be used exclusively to denote permutations of 1, 2, and 3. 
Let ( g - l ) ( g + l ) = 0 such that 

.-v f 1 If the number of inversions of (rst) is even, 
\ —1 otherwise. 

Let the g.c.d. of a and (3 be 

(6) (a, ]8) = 73 (positive or negative) 

and a= —7273, j8=7s7i. Let 

(7) IJ2 = 73/3, 

so that from (1), / , = —7*7*, and IrIa=gytIt. From the results of 
Latimer and Darkow, it can easily be shown that 73 is in each arith­
metic, as are Ji and I2. Hence from (6) and (7), Ji, Z2, and ƒ3 are 
formally identical, as are the 7*s, the latter being formally identical 
to their negatives. Q(a, j8) will hereafter be written in the symmetric 
notation 

(8) Q(Yi, 72, 73) = CO, P). 

Making the unitary transformation 

to = g/o, H = glry t2 = glsy H = git, 

yr = au y8 = a2, 7* = «3, 

one has i2
r=* —a8at and iris = goidt, which is abstractly identical with 

(9). ö(7i, 72, 73) now becomes Q(oti, 0:2, «3). After proper change of 
sign of the 7*s, one finds that yt is odd or even, 7S==1 (mod 4), yr is 
odd, and yr = 1 (mod 4) if yt is odd. Choosing 

(10) (ft - 1)(0 - 2) = 0, 

Q(ccu «2, «3) is such that 
10 Latimer and Darkow obtain their results for Q(a, —0). Each mentions a "tenta­

tive" process for obtaining bases. See Latimer, loc. cit., footnote 3, pp. 61 and 65; 
Darkow, loc. cit., p. 263 and p. 267 ff. 
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(11) as s 0 (mod 20), a2 = 1 (mod 4), ax s a2 (mod 2(3 - 0)). 

In what follows, it will be assumed that (9) has been made so that 
(11) holds. All other symbols introduced hereafter will represent in­
tegers, unless they are obviously not integers. The parameters 0, m, k, 
ny Ar, Br, £ and Hj, used frequently hereafter, and most easily de­
termined in the order given, are defined by the following, each being 
unique save n and Hj\ 

0: a3 = 0 (mod 20); ( 0 - l ) ( 0 - 2 ) = 0 . 
m\ (ai+a2+rnaz)=2— 0 (mod 40); (m — l)(m + l) [(0 — l)m(m + 2) 

+ 2-0]=O. 
k: 2(m2+m+l)k = (m + l)(m + 2).n 

n: kn2 — n = Q. 
Ar, Br\ ar^ArBr, and 

(zz=)-'- (^ ) = -'' 
Br positive and a minimum.12 

£: £ is the number of prime factors (all distinct) of A1A2AS. 
Hf. (a1a2+a2az+aza1)H^-l (mod Aui%Az)9 (j = l, 2, • • • , £).13 

If Hj is even, then Hj = Hj±AiA2As is odd. Let ƒ7 = (1 —2m) and 
f8 = 20k-2k + 2. Then if A2B1HI ^ / 7 (mod / 8 ) , it can be shown that 
H}' =H! ±AiA*Azis such that AJBiH}' = f7 (mod / 8 ) . Since Hj, H f, 
and Hf' are all in the same residue class, modulo A\A2Az, it follows 
(and will be so assumed hereafter) that Hj may always be chosen such 
that (ƒ7 is odd a n d / 8 is even, so Hj will be odd) 

(12) A2BlHj^f7(modfs). 

The following symbols will also be used : 

/ i = (2 - 0)kn, J2 = (On - 2n + 2), / 3 = k(m + On - 2»), 

(13) / 4 = (2 - 0)(w - 2^ - k + 1) + n, f$= (2n - 6n - k + 2), 

/ 6 = (0 - l)(w - 2& + 2), /7 = (1 - 2w), / 8 = 20& - 2& + 2, 
11 If e — l—k, then & may also be defined by («i+«2+^3) («i+«2) («2+0:3) («3+«i) 

= 8e (mod 16). See Latimer, C. G., On the fundamental number of a rational generalized 
quaternion algebra, Duke Mathematical Journal, vol. 1 (1935), p. 435, theorem and 
second footnote. 

12 In these conditions 

0 
is the Legendre symbol for quadratic residues. 

13 This congruence has exactly £ distinct solutions. See Dickson, L. E., Introduc­
tion to the Theory of Numbers, University of Chicago Press, 1929, p. 12, Theorem 16. 
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,„ JX aiHjii + i2 i . . ~" oLiHjii + a2Hji2 + iz 
(14) Mj = , Ni = 4*o + 

2AZ 2AXA2 

3. The fundamental form of a number Q in an arithmetic. F r o m 
t h e re la t ions given b y (2), (3), (7) a n d (9), a n u m b e r in Q(ai, a2l at) 
is such t h a t 

Q = Wo + M i + W2 + W s , 
(15) 2 2 2 2 

^ ( 6 ) = &0 + O^O^l + «3ai&2 + ÖJ1ÖJ2&3 

( the &'s r a t iona l ) . B y P r o p e r t y Cm , if Q is in S, then so a re Qi0i Qi\, Qi2 

a n d Qiz, whose real p a r t s a re 60» — W*3&i, — cweA a n d — a\a2bz, re-
spect ively, a n d b y P r o p e r t y R a n d (4), one m a y wri te 2&0 = ^ o , 
2bra8at — Xry so t h a t (15) becomes 

1 r X\i\ X2i2 Xziz~\ 
Q = — Xoio + + + , 

2 L 0:20:3 0:30:1 o:ia2J 
(16) 2 2 2 

1 r 2 X\ x2 x% "i 
N(Q) = T X „ + + + —i-

4 L 0:20:3 0:30:1 0:10:2 J 
and , b y P r o p e r t y R, 

2 2 2 2 
(17) 0:10:20:3X0 + 0:1X1 + 0:2X2 + 0:3X3 = 0 (mod 40:10:20:3). 

Us ing (11), (17) becomes equ iva len t to 

2 2 2 2 
0:10:20:3X0 + 0:1X1 + 0:2X2 + 0:3X3 s 0 (mod 40) 

(18) 2 2 
if also arXr + asX8 = 0 (mod <xt). 

L e t 8t be a n y pr ime factor of at. If 8t d ivides Xrt i t also divides X 5 . 
B u t if (X r , 8t) = 1, t hen there exists an integer pr such t h a t prXr^l 
(mod S*). Hence from (18), p2arX

2+p2asX
2^0 (mod SO, ar+p2asX

2
s 

= 0 (mod ô*), or (pra8X8)
2 = — a r a 8 (mod ô*). Hence 

/ — o:ro:A _ 

V~8T7 " ' 
and from (13), X r m a y be pr ime to each factor of At, b u t m u s t be 
divisible b y each factor of Bu a n d hence b y Bt itself. Therefore Bt 

divides X r a n d X8, a n d one m a y wr i te 

(19) Xo = XQ, Xr = BaBtXr, 

a n d (16) a n d (18) become, respect ively, 
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(20) 

and 

(21) 

1 f #1*1 #2*2 #3*3 "I 
Qx = — #o*o H 1 1 , 

2 L -42^3 AzAi A1A2J 
2 2 2 

»r/^x 1 T 2 , B*BSXl , ^ 3 ^ 1 # 2 , ^ 1 ^ 2 # 3 " | 
#(G) = 7 * 0 + ——- + —7— + 7—— , 

4 L ^ 2 ^ 3 A*Ai AiA2 J 

2 2 2 2 

aia2«3#o + «i#i + «2#2 + «3#3 s 0 (mod 40), 
2 2 

(,4s13r#s) s — ara8#r (mod^4<). 

Hereafter, the numbers 
#0t # 1 , #2j #3 will be referred to as the coordi­

nates of a number Qx in 5, and (20) will be called the fundamental 
form of Q in S. Using the definition of Hj to obtain ara8H) s — 1 
(mod At) y and multiplying both members of (21b) by Hf, one obtains 
(A8BrHjX8)

2z~ — ara8Hfx2
r=x* (mod At), or, reducing to linear con­

gruences, xr^A8Br(±Hj)x8 (mod At). Now if Hj is a solution of its 
congruence, then — Hj is another, distinct from Hj, and one may 
finally write 
(22) xr = gA8BrHjX8 (mod At)t 

where g is defined as in (5). Hence from (20), (21) and (22) one con­
cludes : 

THEOREM I. If a number Q is in an arithmetic, it is necessary that it 
have the form (20), whose coordinates satisfy (21a) and (22). 

4. Analysis of the conditions imposed on the coordinates of a num­
ber Q of fundamental form lying in an arithmetic. It can be shown 
that two numbers of fundamental form have Property Ca if and only 
if their coordinates satisfy (22) for the same value of j . Hereafter Hj 
will be replaced by H whenever the value of j is fixed in an argument. 
Let Qx and Qy be in an arithmetic, and hence satisfy (22) for the same 
value of j . Then by Property Cm, QxQy must also lie in 5. A study of 
the coordinates of this new number reveals that in addition to (21a) 
and (22), the following conditions must hold:14 

O5i0f2«3#ô o + otiXiyi + a2X2y2 + asxzyz = 0 (mod 20), 

#oJi + yoXi + ^#3 +- %%y* s 0 (mod 2), 

#0^2 + y 0X2 + y 3X1 + Ssyi = 0 (mod 2), 

^(#0^3 + yoxz) + y 1X2 — %iy% = 0 (mod 20). 

14 Here begins the direct method, as opposed to the "tentative" process of Latimer 
and Darkow. See footnote 10. 
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Exhaustive analysis of (21a), (22) and (23) further reveals that the 
conditions that must hold in order for Qx and Qy to have property M 
are as follows: 

x0 = [(2 — 6)n + (0 — \)km]xx 

+ (2 - 0)(1 - n)x2 + (0 - l)xz (mod 2), 

(24) xi s 0 (mod 0 + k - Ok), 

Xi ss (1 — 2^)#2 + 2m#o (mod0& + 20 — 2k), for fixed w, 

xz = (2 — 0) [(1 — »)*i + wx2] (mod 3 - 0 ) 

(25) Xi = BxH{A2x2 — ^3^3) (mod ^2^3), #2 = AzB2Hxz (mod ^4i), 

which is equivalent to (22). Letting P 0 , Pu Pz> and P 3 be arbitrary 
integers, t h e / ' s integers as defined in (13), and M3 and N3- as in (14), 
then (24) and (25) can be reduced to 

xo = 2P0 + fiPi + / 3 P 2 + Pa, 
%l = f2À2ÂzPl + CM**» + f*A2<xiH)P2 + ( / * M a - AzBxH)PZl 

x2=f*A1P2 + AzB2HPZy 

#3 = P3, for fixed n. 

Substituting these in (20a) one has 

Qxln = Po*0 + K M + M ) P l + [j(/|t0 + /4»l) + /5M?']P2 

+ li/eii + #/]Pa, i = 1, 2, • • • , S. 

Now let 

#2,n = è(/s*0 + ƒ 4 0 + /ö-M"/, #3/n = ï/ô*l + #ƒ• 

(27) then becomes 

(29) Qxjn = Potfo + Piffi + P2C/2 + PaE^a. 

All such numbers, for a fixed j and n, form an integral set of numbers 
with (28) as a basis. Since (28) is equivalent to (26) and (20) com­
bined, and since (26) and (20) establish necessary and sufficient con­
ditions that Properties Ca, Cm, R and M hold, and it is easily shown 
that %u H and iz are of the form (29), so that Property U holds, it 
follows that (28) gives the bases of the algebra—one for each value of j 
and n. But n has k + 1 values, and j has £ values. By use of the inverse 
of the unitary transformation (9), and of (7), it is clear that the arith-
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metics of Q(aif a2, #3) are also the arithmetics of Q(yu 72, 73) and of 
Q(a, 0). Hence 

THEOREM I I . The numbers of (28) constitute the bases for the arith­
metics of Q(ai, a2, cx3), of Q(YI> 72, 73)1 and of Q(a, /3). There are 2k% 
such arithmetics. 

The number of arithmetics agrees with that determined by Latimer 
and Darkow, and the bases were checked by applying the theorem 
mentioned in footnote 3. In this theorem the fundamental number d 
of the algebra is used. By a known result11 

d=±2l-kBiB2B3, 

the sign being positive if ai, a2l as are all of the same sign, and nega­
tive otherwise; that is, according as N(Q) (see (3)) is a definite or 
indefinite form. It is also known that Q(a, j8) is a division algebra if 
and only if d^ — l.15 

5. The method of writing down the arithmetics of Q(a, /3), or of 
(?(YI> 72, 73), d and /3 containing no squared prime factors. By use of 
(7) and (9), and a few new symbols, the arithmetics may readily be 
written down in terms of the original basis, (70, 7i, 1%, W2). Let the 
following definitions and order of procedure be made : 

(a) (ce, ]8) =73 (positive or negative), so that a= —7273, ]8= —7371. 
(b) yr = r rA r , and 

/ ~ 7SYA _ /— 7«7«\ _ _ 

I r, j " 1 , U i " ' 
Ar a positive minimum and (rst) a permutation of (123). 

(c) Arrange 71, 72, 73 (changing signs of all simultaneously if neces­
sary) and determine 6 so that 7* = 0 (mod 20), 7S = 1 (mod4) ,7 r = 7 s 

(mod 2 ( 3 - 0 ) ) . 
(d) Then determine m so that 7 r + 7 5 + ^ 7 * = 2— 0 (mod 40), 

( w - l ) ( w + l)[(fl-l)m(m + 2 ) + 2 - ö ] = 0 . 
(e) Determine k and n such that 2(m2+m + l)k = (m + l)(m + 2), 

and kn2 — n = 0. 
(f) Determine / i , /2, • • • , /s according to Table I. 
(g) Determine the £ solutions Hj ( j = l , 2, • • • , £) of (7172+7273 

+yzyi)Hf= —1 (mod TiIT^IY), £ being the number of prime factors 
of r i r 2 r 3 . If any Hj is even, replace it by Hj ± TiI^I^ to make it odd. 

15 Latimer, C. G., loc. cit., footnote 11. See §1, next to last paragraph, and the 
corollary to the theorem on page 435. 
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If then any Hj be such that TsArHj^f7 (mod / 8 ) , replace it by 
Hi±TiTiTs and find that TsArHj^f7 (mod/ 8 ) . 

(h) Then determine Fo,-n> Vi/W, V^m Vz3-n} as the desired bases, for 
each value of j and n, where 

Vojn = /o» V'l/n = 
ƒ JO + /*/r 

(30) 
ƒ 3/0 + fJr Tr-^^r + /, 

^2 in = " + ƒ5 : > 

^3;n = ~ h 

2r, 
yrHjIr + 7,ff ƒ/. + U 

2rrrs 

(i) Finally, replace 0:3/3 by Ji J2, giving the final forms. 
Hull16 has solved the problem of determining a set of bases for all 

TABLE I 

0 
m 
k 
n 

h 
f2 
ƒ3 
ƒ4 

h 
U 
h 
h 

1 
- 1 

0 
0 

0 
2 
0 
0 
2 
0 
3 
2 

1 
1 
1 
0 

0 
2 
1 
1 
1 
0 

- 1 
2 

1 
1 
1 
1 

1 
1 
0 
0 
2 
0 

- 1 
2 

2 
1 
1 
0 

0 
2 
1 
0 
1 
1 

- 1 
4 

2 
1 
1 
1 

0 
2 

— 1 
4 

2 
0 
1 
0 

0 
2 
0 
0 
1 
0 
1 
4 

2 
0 
1 
1 

0 
2 
0 
1 
1 
0 
1 
4 

2 
- 1 

0 
0 

0 
2 
0 
0 
2 
1 
3 
2 

2 
- 2 

0 
0 

0 
2 
0 
0 
2 
0 
5 
2 

the arithmetics of division algebras, by showing that every arith­
metic may be obtained from some one of an infinite number of canoni­
cal generations of the algebra (merely a non-unitary transformation 
of units carrying a and (3 into a' and fi' having special properties). 
Latimer has obtained similar results without the restriction that the 
algebras be division algebras.3 However, the method of determining 
which canonical generations will give the arithmetics for a given un-

16 Hull, Ralph, The maximal orders of generalized quaternion division algebras, 
Transactions of this Society, vol. 40 (1936), pp. 1-11. 
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altered a and @ is not stated in either paper. Hull showed that the 
canonical forms determined by Albert8 are special cases of his canoni­
cal generations. 

One problem remains to be solved, namely a method of writing 
down the arithmetics of Q(at /3) when a and /3 contain squared prime 
factors. 
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