ON TOPOLOGICAL COMPLETENESS!
L. W. COHEN

Recently A. Weil? defined a uniform space as a set of points p such
that for each « in a set A there is defined a set U,(p) c S, the class
of sets U,(p) satisfying the conditions:

L. JTUa(p) = (#).

IIs. To each «, B ¢ A there is a y=v(a, B) ¢ 4 such that U,(p)
c U.(p) Us(p).

IIT,. Toeach ae 4 thereisaB(a) e A such that if p’, p"' & Usy(q),
then p'" e Un(p’).

For the uniform space S, Weil introduced the concept of Cauchy
family { Mz} of sets. Such a family is defined by the conditions that
the intersection of any finite number of sets of the family is non-
empty and that to each o € 4 there is a p, ¢ S and a B(«) such that
Mgy € Us(pa). Weil gives a theory of completeness in these terms.

The writer has considered? a space S of points p and neighborhoods
U.(p) where « is an element of a set 4 such that:

L JI.U.(p) = (#).

II. To each o and 8¢ 4 and p ¢ S there is a y=v(a, B; p) such
that U,(p) € Uu(p) Us(p)-

III. To each a ¢ 4 and p ¢ S there are M(«), §(p, «) £ 4 such that,
if Ustp,e (@) Unay (p) #0, then Us(p,a)(q) € Ual(p).

The uniformity conditions here are lighter than those in II, and
III4. A Cauchy sequence p, ¢ S was defined by the condition that for
every a e A, n, and p, ¢ S exist such that p, e Ud(pa) for n=n,. Sis
complete if every Cauchy sequence has a limit. It was shown that
there is a complete space S* which contains a homeomorphic image
of S such that the image of a Cauchy sequence in S is a convergent
sequence in S*.

It is the object of this paper to show that Weil's space is a special
case of the space Stiz,mr and that the notion of Cauchy family in this
space leads to the same theory of completeness as that previously de-
veloped.

TueorEM 1. If S satisfies 111, and B*(a) =B(B(a)), then from
Ug*)(q) Ugta (p) #0 follows Ugay(q) € Ua(p)-

1 Presented to the Society, December 27, 1939.

2 A. Weil, Sur les Espaces d Structure Uniforme, Paris, 1938,

3L. W. Cohen, On imbedding a space in a complete space, Duke Mathematical
Journal, vol. 5 (1939), pp. 174-183. Also Duke Mathematical Journal, vol. 3 (1937),
pp. 610-617, where the notion of topological completeness is introduced.
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PRrOOF. Let s & Ug(o)(q) U(y(p). Then from s, ¢’ ¢ Ugty(q) we
have ¢’ € Usy(s). Therefore Ug(a)(q) € Us(ay(s). Similarly Ugs(p)
€ Up(ay(s). Now from p & Upg(s) and Ugty(q) € Us(s) we have
Ust () € Ua(p)-

COROLLARY. If S satisfies 1114, then S satisfies 111.

PRroOOF. For any p ¢ S and a ¢ 4 we need only take NMa) =06(p, @)
=B(B(e)). The result is stronger than III since §(p, ) is independent
of p.

From now on a space S is one satisfying I, II, III. A family of sets
{M 5} is a Cauchy family if the intersection of any finite number of
Mg is non-empty and if for any a ¢ 4 there is a 8(«) such that
Mp@y € Un(pa) for some p, € S. We will say that S is W-complete if,
for every Cauchy family { Mg}, [1sMs%0, where M, is the closure
of Mg We shall always use the notations N(«), §(p, «) in the sense
of III.

THEOREM 2. S is W-complete if and only if every Cauchy family
{ Ua(pa)} consisting of one Uu(pa) for each o e A has the property that
Ha U.(prw) #0.

Proor. Assume S is W-complete. If { U,(po)} is a Cauchy family,
then [[aUxw (Prwy) #0. Since Ui (p) € Ua(p) follows from III, the
condition [[aUa(prcey) #0 is necessary. Assume now that the condi-
tion is satisfied and let { M3} be a Cauchy family in S. To each
o ¢ A there are p, & S and Mg, such that Mgwy € Uan(pa). It is clear
that { U.(p.)} is a Cauchy family. Hence there is p € ] [ Ua(Prcw)-
For any <% ¢ A, consider the A(y) and a=4d(p, v) of III. Since
P & Ua(Prw) Unn (£), Ua(Prw) € Uy(p) and

Mgon(ay) € Unio)(Pr(e) € Ualpriay) € Uq(p).
Hence

0 # MgMpon(ay) € MpU(p)

for all B8, v. Thus p e[ [sMs and S is W-complete.

The space S* referred to above is defined as follows. A family
{ Ua(pa)}, one for each a ¢ 4, such that for any (a1, - - -, an) €4,
Ua,(Par) Uay(Pas) * + * Ua,(Pa,) #0 is denoted by II. We write II'~II"/
if for every a ¢ 4 there is a set (o, - - -, @,) € 4 such that for some
paeS

I Ua(tl) + 1T UaiFl) € Ualpa).

7=1 i=1
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The relation II’~II’" classifies all II into mutually exclusive classes
C(II) which are the points P of S*. The neighborhoods U%,.. .., (P)
are made up of all Q=C(II?) ¢ S* where II2= { U,(¢.)} is such that
for some Bi=6i(a1y Tty Oy P): 1=1, ] m=m(ozl, cty Oy P),

H Uﬂi(Qﬂ.) c H Uai(?d.‘) .
i=1 i=1

The space S* (for which A* is the set of all finite subsets of 4) satis-
fies I, Il and

IIT*. For each (ou, -+, a,) €A and for P e S* there exist
vi=viloa, -+, 00} P),2=1, -+, m=m(cy, - - -, an; P), such that
if Uy,...0,(QUS, ...y, (P)#£0, then Us,...,.(Q) c Uf, .. .. (P).

The mapping f(p) = C(II?), where I1? = { U.(p) }, is the homeomor-
phism on S to a subset of S* referred to above.

THEOREM 3. S* is W-complete.

Proor. We first show that if {U% ..., (P e}, where each
(o, - + -, an) €4 occurs just once, is a Cauchy family in S*, then

I U%...o(pa oy =o0.
(ay++raz)c 4
Consider the U#(P<) for all a e A. Now Pe = C(II**), TI7* = { U, (p%) },
U,(p%) being a neighborhood in .S for each (e, 7) € 4. Since, for each
(o1, -+ -y an) €4, [T1y U%,(P*) 0, we have

I Uaipal) = 0.

i=1

Hence the family II={ U.(p3)} defines a P=C(ll) ¢ S*. For any
(711 t r'YM)cA

1 U%(P) = Uh,orn(P).

=1
Both U%*,(P) and U%,(P7) are the set of all Q= C(I1?), 1% = { Us(gs) }
such that for some 8;;=8;(v:),j=1, - - -, th?hUﬁﬁ(%;;) c U, (p7)-

Hence

Uy(P) = U(PY), Uy (P) = [T U3(P7).

i=1

Thus from the fact that { Uk, .. o (Po- ‘“")} is a Cauchy family we
have for any sets (a1, -+ - , @), (Y1, * * +,Ym) €4
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Unpoocan(P @)Uy ooy (P) = Uy oan(Por o) [T US(P79) 5 0.

=1
It follows that
(1) Pe JI UL .a(Paen).

(ay++ay)CA

Now suppose that {Mg*} is a Cauchy family of sets in S*. For
every (1, - -+, ¥n) €A thereis a B(v1, - - -, ¥a) such that for some
Pricccang S*, M:(n' cer) € Uﬁl‘ coxn (P71 ), Thus

m m
* . . * . ) 1
05 II Mgy, o) € l [ va.'--,vzi(PT" s
i=1

i=1

for every finite set (v, - - -, v5,) €4 and {U%,.. (P} s a
Cauchy family. Let P ¢ S* satisfy (1). For any (o, - - - , an) €4 and
P e S*let (y1, - * -, Ym) €4 be the set of yvi=vi(c, - - - , s} P) satis-
fying IIT*. From III* and (1)

*

Uty (PTm)y c U0 (P).

Since {Mg*} is aCauchy family,for any Band (o, * - - ,a,) € A we have

* % * * *
0 5 MsMatys,- o) € Mo, ym) € Unye ooy (P77 "m) € Uy 0, (P)

MsUs,...a(P) 5 0.
Hence P e[ [sM§ and S* is W-complete.

TueOREM 4. If { Mg} is a Cauchy family in S and f(S) € S* is the
homeomorphism defined above, then there is a P ¢ S* such that

1. JTaf(Mp) = (P),
2. forany (o, - - -, a,) €A thereare By, - - -, Bu such that

ﬁﬂMmcﬂwmw»

PRrOOF. f(Mp) is the class of P =C(II?) for all p ¢ Mz where for any
(o, + - -, an) €4 and N ) there are B(A(a;)) and paca;) such that

M) € Uniany(Prcan) € Ua,(Pran)

0= JI Msaer € I Uailprcan)-

=1 =1
If ¢ e [[/-1 Msonasy), then for 8; = 8(prca;), @) we have
qge UG,-(Q) Uk(m)(i’x(ai))y Uh(‘]) c Ua.-(PMa.‘))’ 1=1,2,---,n.
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Since

qe H U5~.'(9) c H Uai(Prcas),

1=1 i=1

the family { U.(pr(a)) } =II defines a P =C(II) & S* such that

7(@) € Us...0,(f(9)) € Uty can(P).

Hence for such (a1, -, a,)cAd there are Px'''en=P and
Bi=BM\(e)), 2=1, - - -, n, such that

0 # [T /(Msoca) € Uny- - -an(P).

=1

Thus the family of all finite products {f(Mp,) - - - f(M;,)} is a Cauchy
family in S* since f(Mg,) - - - f(Mp,) =f(Mg, - - - Mg,) #0. We have

Ut (P)(M5) > II F(Msrcann)f (M) 5 0

for all B and all (ay, - - -, an) € 4. In other words
Pe]] f(y).
8

But the intersection of all f(Mp) is P, for if P’ is any other point there
are sets (o, * + +, @), (0, - - -, ans) € 4 such that

Usl...af(P)Us...ay(P") = 0
and

PeS* — Ul,...ai(P) €5* = [ Mo cei) €5* — 11 f(05).
i=1 8

We conclude with the remark that if S is W-complete, S is com-
plete. Suppose p, is a Cauchy sequence in S. Let M, = (pn, Pas1y * - - ).
Then the intersection of any finite set of M, is non-empty and for
any «a ¢ 4 there is an n(a) such that M, ) € Us(p.) for some p, ¢ S.
Thus {M,} is a Cauchy family. S being W-complete, there is a
p e[[.M,. Now for p, any a e 4, N(e) and 8 =8(p, ), we have

My e Us(ps), 0 # Una) () Mnes) € Unias(9) Us(ps),
M.sc UE(?&) c Ua(?), Pne Ua(?); n= ”(5) = n(&(p, 0‘)): lim p, =p.
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