
ON TOPOLOGICAL COMPLETENESS1 

L. W. COHEN 

Recently A. Weil2 defined a uniform space as a set of points p such 
that for each a in a set A there is defined a set Ua(p) c 5, the class 
of sets Ua(p) satisfying the conditions: 

IA. n-tf.(/o=(*>)• 
IIA . To each a, /3 e 4̂ there is a 7=7(02, /5) e 4̂ such that Uy(p) 

I I I A . T O each at A there is a /3(a) e 4̂ such that if p', p" e £7/3(«)(<z), 
t h e n £ " e £/«(£')• 

For the uniform space S, Weil introduced the concept of Cauchy 
family {Mp} of sets. Such a family is defined by the conditions that 
the intersection of any finite number of sets of the family is non­
empty and that to each a c A there is a pa e S and a (3(a) such that 
M Aw c Ua(pa)> Weil gives a theory of completeness in these terms. 

The writer has considered3 a space S of points p and neighborhoods 
Ua(p) where a is an element of a set -4 such that : 

i-TL*ua(p)=(p). 
II . To each a and |8 e A and £ e 5 there is a 7=7(0:, j8; p) such 

that Uy(p)cUa(p)Ufi(p). 
I I I . To each o: £ ̂ 4 and p t S there are X(ce), 8(p, a) t A such that, 

if U8(Pfa)(q)Ux(a)(p)^01 then Uô(p,a)(q) c */«(ƒ>). 
The uniformity conditions here are lighter than those in H A and 

I I IA- A Cauchy sequence pn t S was defined by the condition that for 
every a t A, na and pa t S exist such that pn t Ua(pa) for n^na- S is 
complete if every Cauchy sequence has a limit. It was shown that 
there is a complete space 5* which contains a homeomorphic image 
of 5 such that the image of a Cauchy sequence in S is a convergent 
sequence in 5*. 

I t is the object of this paper to show that Weil's space is a special 
case of the space Si.n.ni and that the notion of Cauchy family in this 
space leads to the same theory of completeness as that previously de­
veloped. 

THEOREM 1. If S satisfies I I I A and j32(a) =j3(j3(a0), then from 
Uf}\a)(q)Up\a)(p) 9*0 follOWS Up\a){q) C Ua{p). 

1 Presented to the Society, December 27, 1939. 
2 A. Weil, Sur les Espaces à Structure Uniforme, Paris, 1938. 
a L. W. Cohen, On imbedding a space in a complete space, Duke Mathematical 

Journal, vol. 5 (1939), pp. 174-183. Also Duke Mathematical Journal, vol. 3 (1937), 
pp. 610-617, where the notion of topological completeness is introduced. 
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PROOF. Let s t Ua2(a)(q)Ua2(a)(p)^ Then from s, q' e Ua2(a){q) we 
have q' e Ua(a)(s). Therefore Ua2(a)(q) c Ua(a)(s). Similarly Ua\a)(p) 
c U8(a)(s). Now from p e Ua(a)(s) and Ua2(a)(q) c Ua(a)(s) we have 
ZV<«)(2)cJ7«(/0. 

COROLLARY, ƒƒ 5 satisfies IIIA, ^ ^ 5 satisfies I I I . 

PROOF. For any £ e 5 and ce e 4̂ we need only take X(a) = 8(p, a) 
=j8(/3(a)). The result is stronger than III since 8(pt a) is independent 
of p. 

From now on a space 5 is one satisfying I, II, I I I . A family of sets 
{Ma} is a Cauchy family if the intersection of any finite number of 
Ma is non-empty and if for any a e A there is a &(a) such that 
M8(a) c Ua(pa) for some pa e 5. We will say that S is TF-complete if, 
for every Cauchy family {Ma}, I I ^ M ^ o , where Ma is the closure 
of Ma. We shall always use the notations X(a), 8(p, a) in the sense 
of I I I . 

THEOREM 2. S is W-complete if and only if every Cauchy family 
{ Ua(pa)} consisting of one Ua(pa) for each a e A has the property that 

ÎLaUa(pM«))9*0. 

PROOF. Assume 5 is W-complete. If { Ua(pa)} is a Cauchy family, 
then HaX7x(«)(px<a)) ^ ° - Since FxaoGfO c Ua(p) follows from III , the 
condition IJaî7a(^x(a)) 5^0 is necessary. Assume now that the condi­
tion is satisfied and let {Ma} be a Cauchy family in S. To each 
a e A there are pa t S and Maw such that M8(a) c U*(pa). It is clear 
that { Ua(pa)} is a Cauchy family. Hence there is p £ IL* £/«(£x (<*))• 
For any y e A, consider the X(Y) and a = ô(pt y) of I I I . Since 
P e Ua(pua))U\(y)(p), Ua(p\(a)) c Uy(p) and 

^(X(«)) C U\(a)(pM«)) C Ua(pMa)) C tfT(#) . 

Hence 

0 ^ MpMfHMa)) c MaUy(p) 

for all j8, 7. Thus £ £TlpMp and 5 is TF-complete. 
The space 5* referred to above is defined as follows. A family 

{ Ua{pa)}i one for each a t A, such that for any (cti, • • • , an) cA, 
Uai{pai) Ua2(pa2) • • • tf«„(£«n) ^ 0 is denoted by n . We write I T ~ I I " 
if for every a t A there is a set (au • • • , ceM) c A such that for some 
pat S 

n £^( /o+n ua((p".) c £u/o. 
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The relation Ü ' ^ I I " classifies all II into mutually exclusive classes 
C(n) which are the points P of S*. The neighborhoods Utl%. .«n(P) 
are made up of all Q = C(UQ) e 5* where I P = { Ua(qa)} is such that 
for some j8t=/?i(a1, • • • , an\ P ) , i = l, • • • , w=w(<*i, • • • , an; P ) , 

m n 

n^(?<..)c nt/«,(^)-

The space S* (for which i * is the set of all finite subsets of A) satis­
fies I, II and 

III*. For each (cei, • • • , an)cA and for P £ S* there exist 
7;=Y;(cei, • • • , an; P ) , i = l, • • • , m=m(a i , • • • , an ; P ) , such that 
if ü?x • • - . , ( 0 ^ . • -7.(P) ^ 0 , then U*,.. .7m(Q) cU*,.. .«.(P). 

The mapping ƒ(£) = C(IIP), where I P = { Ua(p)}, is the homeomor-
phism on S to a subset of 5* referred to above. 

THEOREM 3. 5* is W-complete. 

PROOF. We first show that if {Utx.. .an(P
ai ' ' 'an)}, where each 

(au • • • , an) cA occurs just once, is a Cauchy family in S*, then 

II tC..«„(ri•••"") ^o. 
(a i - " « J c i 

Consider the U*{P°) for all a e A. Now P« = C(Upa), Upa = { Uy(p
a
y)}, 

Uy(py) being a neighborhood in 5 for each (a,y) cA. Since, for each 
(ai, • • • , « „ ) cA, JltiUUP"1)^, we have 

n uai(pi\) * o. 

Hence the family 11= { Ua(pâ)} defines a P^=C(U) e S*. For any 
(7i, * * * f y m) c A 

m 

Hu*m = u*yi...ym(p). 

Both U^(P) and U*.{P^) are the set of all Q = C(H«), I P = { Ufa)} 
suchthatforsome/3yi=/3y(7 t),i = l, • • • , kuJ^f^U^^q^,) c Uyi(pty. 
Hence 

t4(i>) = f4(^o, £4- -T-w = n v*yi{p-«). 

Thus from the fact that { Z7«t.. .«n(Pa l ' ' 'an)} is a Cauchy family we 
have for any sets (au • > • , ÛJW), (71, • • • , ym) c i 



i94o] TOPOLOGICAL COMPLETENESS 709 

It follows that 

(1) Pe II ^...«.(P-1-""). 

Now suppose that {ilf/} is a Cauchy family of sets in S*. For 
every (71, • • • , 7») CA there is a #(71, • • • , 7») such that for some 
P " •••*•£$*, Mi{yi...yn)cU*l...yn(Pyi'~y*). Thus 

0 * II M ^ ; . . . , < , C n t/;;...,,;(p^'-•<) 

for every finite set (7Î, • • , 7^) cA and {Z/^ . . .7 n(PT 1 * * '7n)} is a 
Cauchy family. Let P e S* satisfy (1). For any (<*i, • • , aw) c i and 
P t S* let (71, • • • , 7m) c A be the set of 7» =7*(cei, • • • ,an\P) satis­
fying III*. From III* and (1) 

Since {ikf/} is a Cauchy family, for any/3and(ai, « • • ,c*n) c A we have 

0 ^ M ^ * ( 7 l , . . . , 7 w ) c ^ ^ 

M*ü*ax...an(P) 9*0. 

Hence P ZJ^BMB* and 5* is PF-complete. 

THEOREM 4. /ƒ { MB } is a Cauchy family in S and f(S) c 5* is the 
homeomorphism defined above, then there is a P t 5* such that 

i-IL/W=(P), 
2. for any (au • • • , an) <= 4 2/^e are ft, • • • , j3OT swcfe /fta/ 

IÏ/WcP*., . . . .^). 

PROOF, f (MB) is the class of P = C(IIP) for all p t MB where for any 
(«1, • • • , <*n) c^4 and X(a»-) there are /3(\(ai)) and £x(«t) such that 

n n 

*- i Î « I 

I f Q £Ilr=i^(X(«i))» t n e n f o r Si = S(^x(«.), ai) we have 

g e U8i(q)U\(ai)(pM<*i)), Uii(q) c Uai(p\(ai))9 * = 1, 2, • • • , ». 
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Since 
n n 

the family { Ua(p\w)} = ü defines a P = C(II) e 5* such that 

/ (g)^ î 1 . . . a n ( / (^ ) )c t7* a i . . < a n (P) . 

Hence for such (cti, • • , an)cA there are P«i---«» = P and 
j8»=j8(X(û;i)), i = l, • • • , w, such that 

0 ^ n / ( % ( « , ) ) ) c P ! r . . J P ) . 

Thus the family of all finite products {/(ili'^J • • -f(Mpn)} i saCauchy 
family in S* since f(MPl) • • • /(Af/jJ =/(M"^ • • • -M^J^O. We have 

c/:,...a„(p)/(M,)3 n/(^(X(a1-)))/(^) * o 
for all ]8 and all (cei, • • • , cen) c^4. In other words 

But the intersection of all f(M^) is P , for if P ' is any other point there 
are sets («i, • • • , afn), («i , • • • , av) c i such that 

[ / : ; . . . a „ (p )^ : ; . . . ^ (P0 = o 
and 

p'e^* - üt1...an(p)cs* - n/(^»(«o))c5* - n j rs ï ï . 
We conclude with the remark that if S is TF-complete, S is com­

plete. Suppose pn is a Cauchy sequence in S. Let Mn = (pn, pn+i, • * • )• 
Then the intersection of any finite set of Mn is non-empty and for 
any a t A there is an n(a) such that Mn(a)

 c Ua{po) for some £« £ S. 
Thus {ifn} is a Cauchy family. S being ïF-complete, there is a 
£ eXJnMn . Now for p, any a e A> \(a) and S = ô(p, a), we have 

Mnii) <= 17«(/>«) , 0 ^ Ux(a)(p)Mn(8) C UUa)(p) U8(ps) , 

Mn(5) c tfd(^) c £/«(£), ^ e Z7a(/>), n ̂  »(ô) = n(ô(p, a)) , lim ̂  = £. 
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