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1. Finite algebraic extensions of imperfect fields. A finite separable 
algebraic extension L of a given field K can always be generated by a 
single primitive element x, in the form L = K(x). If K has character­
istic py while L/K is inseparable, there may be no such primitive 
element. The necessary and sufficient condition for the existence of 
such an element is to be found in Steinitz.2 When there is no such 
primitive element, there is the question :3 given K, what is the mini­
mum integer m such that every finite extension L/K has a generation 
L = K(xi, x2l • • • , xm) by not more than m elements? 

The question can be answered by employing Teichmüller's4 notion 
of the "degree of imperfection" of K. In invariant fashion, a field K 
of characteristic p determines a subfield Kp consisting of all pth 
powers of elements of K. If the extension K/Kp is finite, its degree 
[iTlX"3'] is a power pm of the characteristic, and the exponent m is 
called the degree of imperfection of K. For instance, let P be a perfect 
field of characteristic p and let xy y be elements algebraically inde­
pendent with respect to P. Form the fields 

(1) S = P(x), T = P(x,y). 

Then S = S»(x), [S:SP] =ƒ>, while [T:Tp]=p\ so that T is "more im­
perfect" than S. 

THEOREM 1. If the field K of characteristic p has a finite degree of 
imperfection mf then every finite algebraic extension LoK can be ob­
tained by adjoining not more than m elements to K. Furthermoref there 
exist finite extensions LDK which cannot be obtained by adjoining fewer 
than m elements to K. 

PROOF. First consider the particular extension Kllp consisting of all 
pth. roots of elements in K. Because of the isomorphism a*—*a1,p, 

(2) [KU*:K] = [K:Kp] = p™. 

Each element y in K1,p satisfies over K an equation yp = a of degree p. 

1 Presented to the Society, October 28, 1939. 
2 E. Steinitz, Algebraïsche Theorie der Körper, Berlin, de Gruyter, 1930, p. 72. 
3 This problem was suggested to one of us by O. Ore. 
4 0 . Teichmüller, p-Algebrenf Deutsche Mathematik, vol. 1 (1936), pp. 362-388. 
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If Kllp had generators yu - - - , yn in number less than m, the degree 
[Kllp:K] could not exceed pn, a contradiction to (2). 

An explicit generation for K/Kp can be found by successively 
choosing elements Xi of K such that each Xi is not in Kp(x\, • • • , #»-i). 
Then each Xi satisfies an irreducible equation5 x? = a* over 
Kp(xi, • • , Xi-i). The adjunction of Xi is an extension of degree p\ so 

(3) X = J£p(*i, s2, • • • , xm), [K:Kp] = pm
y 

where m is the degree of imperfection6 of K. 
Now let L be any finite extension of K. Because of the isomorphism 

a—+ap, one has [L:K] = [LP:KP]. Hence 

(4) [L:Lp] = [L:K]- [K:KP]/[LP:KP] = [K:Kp] « £*\ 

Therefore i£ and L have the same degree of imperfection. But L has 
an explicit generation L=Lp(yh • • • , ym) like that of (3). If L** de­
notes the field of all pnth powers of elements of L} the isomorphism 
a*—>apU yields LpU =LpU (yf , • • • , ym

pn ). By an induction on n, 

(5) L = Lpn{yh - . . , y m ) . 

Since Z/ i£ is finite, there is an integer n so large that for each y in L 
the power ypW is separable over K. The separable extension7 K(LpU)/K 
has a single generator K(Lpn) =üT(y0). Since y0 is separable, the usual 
theorem8 of the primitive element yields a single element y' such that 
X(3r0 ,3 ,1)=X(3 ; ,) .Thus,by(5), 

L = Z(^o, 3>i, yi9 • • • , ym) = # ( ƒ , 3% • • • , y»). 

This is a generation by m elements, as required. 
The degree of imperfection of a field K may be infinite, in the sense 

that the extension K/Kp used in the definition is infinite. Our argu­
ments in this case give the following result. 

THEOREM 2. If the degree of imperfection of a field K is infinite, then 
for each integer n > 0 there exists a finite algebraic extension Lo K which 
cannot be obtained by adjoining fewer than n elements to K. 

5 For the usual properties of such equations, cf. A. A. Albert, Modern Higher 
Algebra, chap. 7. 

6 The set {xi, • • • , xm] of independent generators is called a p-basis for K. 
See O. Teichmüller, loc. cit., §3, or S. MacLane, Modular fields, I. Separating trans-
cedence bases, Duke Mathematical Journal, vol. 5 (1939), pp. 372-393. 

7 Here K(L^n) denotes the field obtained from K by adjoining all elements of the 
field L*>n. 

8 B. L. van der Waerden, Moderne Algebra, vol. 1, 1st edition, §34. Cf. also 
Steinitz, loc. cit., p. 72. 
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I t might be thought that the minimum number of generators for 
an extension L/K is related to t, the transcendence degree of K over 
its maximum perfect subfield. However, this degree t may be larger 
than the degree of imperfection m. For a power series field K, Teich-
müller observed that m = 1, while t is infinite. Even when t and m are 
both finite, they can differ, as one of us showed by a more involved 
example9 with t = 2, m = 1. 

2. Infinite algebraic extensions of imperfect fields. In applying our 
criterion for the minimum number of generators one needs to com­
pute the degree of imperfection of a given field. A perfect field con­
tains £th roots of all of its elements, hence has degree of imperfection 
zero. A simple transcendental extension K{t) has a degree of imper­
fection one greater than the degree of imperfection of K, asTeich-
miiller has proved (cf. also the examples (1)). On the other hand, the 
computation (4) proves the following theorem. 

THEOREM 3. The degree of imperfection of a field is not changed by a 
finite algebraic extension. 

There remains the case of an infinite algebraic extension L/K. Such 
an extension is purely inseparable (or, a "radical" extension) if for 
each element a of L some power ap° lies in K. In this case we have 
the following result. 

THEOREM 4. If K has a finite degree of imperfection m, then the degree 
of imperfection of a purely inseparable infinite extension of K is less 
than my the degree of imperfection of K. 

Let L be a purely inseparable, infinite extension of K. We use a 
chain of intermediate fields 

(6) KcLicLtcLzC • • • c.Lnc • • • c i , 

where Ln consists of all elements of L with pnth power in K. The field 
Ln +i is obtained from Ln by adjoining pth. roots of a sufficient number 
of elements of Ln. By (4), the degree of imperfection of each Ln is m. 
Hence, Ln+i is a field of degree at most pm over Ln. Since [Ln'K] is 
then finite, each Ln+i is larger than the preceding Ln. 

By the definition of the tower (6), each Ln oLp
n+i. Since I P D L J + 1 , 

any element a of Ln has over LJ+i a degree10 [a :Ln+i]è [ a ' £ p ] - In 
other words, 

9 S. MacLane, loc. cit., §10. 
10 In fact, [a:Z^+1] = [<*:!>]. Since a is an element of Ln, [a:Z^+1] =p or 1, hence 

[a:Lp] =p or lLIf [a:L*>] - 1 , a*'1 is in L and ( « O p W + 1 - « p n i s i n K> T h u s , by defini­
tion of Ln+u a? is in L v so [<x'*L*+1] =* 1. 
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[LP(Ln):L
P] ^ [L^Lny.LJtx]. 

But L£+1(Z,n) =Ln, while Ln+i>Ln and [ L £ + 1 : L / ] > 1 . Thus 

[L (Ln):L J 5i [Ln:Ln+iJ < [Ln:Ln+i\' [Ln+i:LnJ = [Ln:ZnJ. 

This degree [Ln:Ln
p ] is simply pm, with m the degree of imperfection 

of Ln\ so 

(7) vL*(Ln):Lp] ^p™~K 

The maximum value of these degrees in (7) thus determines an in­
teger ô S m — 1 with 

(8) p8 = max [Z>(Z,n):Z>], 5 < m. 

We assert that S is the degree of imperfection of L. In the first 
place, L D Z > ( Z , W ) ; so [ L : L p ] a [Lp(Ln):L

p] =p8, where we have so 
chosen n as to give the maximum in (8). If, however, [L:Z>] exceeds 
pô, there must be 5 + 1 elements a0, #i, • • • , as in L such that 

[Lp(a0, ah • • • , tfô):I>] = £8+1, 

contrary to the definition (8) of ô. Thus 5, the degree of imperfection 
of L, is less than the corresponding degree of imperfection for K. 

The degrees used in the computation (8) of ô can be expressed ex­
plicitly by choosing a ^-basis Xi, • • • , xm for each Ln, for then 

[i>(Lw):2>] = [Lp(Ln
p(xh • • • , xm)):Lp] = [i>Oi, • • • , xm):L*]. 

Consider now an infinite extension L/K which is not purely in­
separable, and let M denote the field of all elements of L separable 
over K. Even if M/K is infinite, M and K still have the same degree 
of imperfection, according to a result of Teichmüller.11 If the expo­
nent of L is taken to be the least integer e such that all powers ap* 
of elements a in L are separable over K, we then have the following 
theorem. 

THEOREM 5. If K has a finite degree of imperfection, then an algebraic 
extension L of K has the same or a smaller degree of imperfection accord­
ing as L has a finite or an infinite exponent over K. 

3. Generators for given extensions. In §1 we determined the mini­
mum number of generators for all algebraic extensions of a fixed base 
field. Suppose, however, L is a specific extension of K. We wish to 

11 Any £-basis for K is also a £-basis for an arbitrary separable algebraic extension 
Moi K; cf. Teichmüller, loc. cit., p. 170. 
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get the minimum number of generators for this particular extension. 
It clearly suffices to consider L a purely inseparable finite extension 
ofK. 

Whether the degree of imperfection of L is finite or infinite there 
is a subset UinL such that Lp( U) =L. By the same argument as in §1 

(9) L = Lpn(U) 

for integral n. 
Consider, now, the field LV(K) between L and K. For L/K finite, 

L/LP(K) is finite and [L:Lp(K)]=pr. Since the pih power of every 
element in L is contained in LP(K), r elements Xi, -^2, • • • , Xr in L 
can be chosen such that 

L = Lp(K)(Xly • • • , Xr) = LP(K, Xh Xh • • • , Xr). 

If e is the exponent of L/K, using (9) we obtain 

L = LP\K, Xl9 • • • , Xr) = K(Xlf Xh • • • , XT), 

Hence L/K can be generated by r elements. 
Moreover, r is the minimum number of generators. For if 

L = K(YU • • • , Ys) where s <r, 

Lp = K*(Yf, • • • , Yf), LP(K) = K(Yl
p
f • • • , Yf), 

p' = [L:LP(K)] = [K(Yl9 • • • , F . ) : * ^ , • • • , F/»)] ^ ^ , 

and r ^ s , against assumption. 

THEOREM 6. /ƒ L is a purely inseparable finite extension of K, the 
minimum number of generators of L/K is r, the exponent determined by 
the degree [L:Lp(K)]=pr. 
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