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If we now let y* =7*%’, this equation becomes

/9 e 1
(18 V(o= 82)¥ = =

The factor —#2 on the right-hand side of this equation shows that
the Dirac equation for an electron is not invariant under inversions.
However, if we set ¢;=0 and u=0, then equation (15) is numerically
invariant under inversions. This is done in the neutrino theory of
light. Hence that theory has the same invariance properties as the
Maxwell theory. Veblent and Diract have both shown that there is
no nonsingular analog of the Dirac equation which is conformally
invariant. The result given here shows how the invariance fails. We
have given the detailed treatment of the behavior of the Dirac equa-
tion under the four-dimensional inversion; the three-dimensional in-
version may be treated by restricting the range of indices in (7), (8),
and (12) to 1, 2, 3 and adding the equation x**=x*to (7).
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1. Introduction. Well known results|| relate the continuity proper-
ties of a real function f(x) to the degree of approximation to f(x) by
trigonometric sums and by polynomials in x. In more recent years
further resultsY have related the continuity properties of a complex
function f(2) to the degree of approximation to f(z) by polynomials
in the complex variable z. The object of the present note is to obtain
some new results lying on the border line of these two general fields
of research.

To be more explicit, if f(2) is analytic in theannulus p > l z| >1/p<1,
the degree of convergence on |z| =1 of the Laurent development of

t O. Veblen, 4 conformal wave equation, Proceedings of the National Academy of
Sciences, vol. 21 (1935), p. 484.

1 P. A. M. Dirac, Wave equations in conformal space, Annals of Mathematics, (2),
vol. 37 (1936), p. 429.

§ Presented to the Society, September 6, 1938,

[l Due especially to S. Bernstein, Jackson, Lebesgue, Montel, and de la Vallée
Poussin.

9| Due especially to J. Curtiss, Sewell, and Walsh.
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f(2) is intimately connected with the continuity properties of f(z) on
the two circles |z| =p and |z| =1/p. This fact is already known
(Bernstein, de la Vallée Poussin), if f(z) has poles or certain other
singularities on those two circles, and is established in the present
note if f(2) or one of its derivatives satisfies a Lipschitz condition
on |z| =pand |z| =1/p.

Once the latter connection is established, standard methods involv-
ing suitable conformal transformations enable us to study the rela-
tion between polynomial approximation to an analytic function f(z)
on the segment —1=<z=<1 and the continuity properties of f(z) on
the largest ellipse whose foci are +1 and —1 within which f(z) is
analytic. We also make application to the relation between trigo-
nometric approximation on y=0 (with z=x-4y) to an analytic func-
tion f(2) with period 27 and the continuity properties of the function
on the lines y = +5b bounding a region within which f(z) is analytic.

2. Approximation on the unit circle. We prove the following theo-
rem:

TuEOREM 1. Let f(0) be periodic with period 2w, and suppose the
numbers @, and by, (not necessarily real) are given so that

A L
sa(0) = ‘ + Z (@nr cos kO + b,y sin k6),
k=1
with the relation, for n=1,2, - - - and for all 6,
(1) | 76) — 5.(6) | < M/mwretipn, 0<a=s1,p>1,

where p is @ non-negaiive integer and M is a constant. Then the function

2) F(z) = lim [cno -+ i (cn—rz~* + cnkz’“)],

n— E=1
2enk = Qnk — ibnk, zcn,-k = Qu; + ibnk,

cotncides with f(0) on the circle Izl =1, with =cos 01 sin 8, and F(z)
is analytic in the annulus p> lz] >1/p and continuous in the corre-
sponding closed region. For z1 and 2, on [zl =p or 1/p we have*
(3) [F®(5) — F®(z5) | < L | 21— 22]2- |log| 21 — 22| |8,

where B=0 1f a <1, and B=1 if a=1, and where L is a constant inde-
pendent of 21 and 2..

* The notation F®(g) indicates the pth derivative of F(z), if >0, and the
function F(z) itself for p=0. Here and below, such derivatives on the boundaries of
regions of analyticity are considered in the one-dimensional sense.
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Inequality (1) written for successive indices implies
| $n41(0) — 5a(6) | < 2M /mrtectipn
for all 8, an inequality which we write in the form
| Pria(z) — pa(z) | < 2M /mrtatipn, for |z| =1,

where $,(2) is the expression in square brackets in (2), a polynomial
in z and 1/z of degree #, equal to s,(6) on ]zl =1. An easily proved
lemma* then yields

| pria(z) — pua) | < 2Mp/urtett,  forp = |z| = 1/p.
In particular, on the two circles |z| =p and Izl =1/p we may write

1

prtetl | (4 1)ptetl

IF(Z)_Pn(Z)’§ 2Mp|: +...]<Ml/np+a.

The function $,(2) (not necessarily real) is, on ] zl =pandon I z| =1/p,
a trigonometric polynomial in # of order #» with z=pe® or z=p~le¥,
so that by the results of de la Vallée Poussinf the function F(z) satis-
fies on |z| =p and lzl =1/p a condition with respect to 0 of form (3);
hence (3) itself is fulfilled.}

It is a corollary to our proof of Theorem 1 that the sequence s,(6),
if defined off the circumference ]z| =1 as the function p,(z), con-
verges uniformly to F(2) in the closed annulus p= ]z] =1/p, with an
error not greater than M/n?*e,

In the direction of the converse of Theorem 1 we prove the follow-
ing theorem:

THEOREM 2. Let the function F(z) be analytic in the annular region
bounded by the circles |z| =p>1 and |z| =1/p and continuous in the
corresponding closed region, and let F(P(2), p a non-negative inieger,
satisfy a Lipschitz condition§ of order o on [zl =p and [z| =1/p. Let
us set

) Fz) = X ast, p> 5| >1/p;

k=—w

* Walsh, Interpolation and Approximation by Rational Functions in the Complex
Domain, American Mathematical Society Colloquium Publications, vol. 20, New York,
1935, p. 259.

t Legons sur I’ Approximation, Paris, 1919, chap. 4. The results in question are
equally valid for real and for complex valued functions.

I See for instance Walsh and Sewell, this Bulletin, vol. 43 (1937), pp. 557-563.

§ That is to say, let (3) be satisfied with §=0.
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then with the notation av=cy+c_, br=1(ck—c—r), we have on |z| =1,
with z=e%, the relation

Qo

) F(e?) — [7 + f: (ax cos k0 + by sin ko):H < M/nvtepn,
k=1

where M is a constant.

In the usual proof of the validity of the Laurent development (4),
it is established that we may write for p>|z| >1/p the equation
F(z) = F1(2)+ Fu(2), where

Fi(2) = Xoas®, |z| <p;  Falz) = X cuz®, |z > 1/p.
k=0 k=1
Under the present conditions on F(z), the function Fy(z) is analytic
on Iz' =p, so that the function Fi®) (z) = F®(g) = F)® (2) is continu-
ous on |z| =p and satisfies on |z| =p a Lipschitz condition of order a.
Similarly the function F»(® (z) is continuous on lzl =1/p and satisfies
on Izl =1/p a Lipschitz condition of order a.
By the continuity of Fi(z) on lz[ =p and of F(z) on |z| =1/p, we
may write
1 F1(t)d Fq(b)dt
1(t)de P> 0. 1 2(f)

cp = — = Cr = —

. Ed ) .
2wid |y=p EFFL 2wiJ jy=yyp BFTT

y k<0

whence for ] z| <p, by the uniform convergence of the series involved,
we have

n 1 L Zk
©) P = 3 ast = o— Flw( > —-)dt.

T |t)=p kent1 LEF!

If P,(¢) is an arbitrary polynomial in ¢ of degree #, we have

P.(tdt
f =0, k>mn,
|tl=p fian"
so that, for lzl <p, (6) may be written
n 1 o zk
(1) Fulz) — 2 st = — [Fi(2) — Pn(t)]( > ——) dt
k=0 2wi Y [)=p beny1 BFFL

A consequence of the Lipschitz condition on Fi® (3) on |z| =p is
that there exist* polynomials P,(¢) of respective degrees » with

* J. Curtiss, this Bulletin, vol. 42 (1936), pp. 873-878. The proof is based on
methods due to Bernstein, Jackson, and de la Vallée Poussin.
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| Fs()) — Pa(d)| < M'/mrte, t] = o,

where M’ is independent of # and of £. Thus equation (7) yields
Fi(z) — 2 azt | < M"/nrtepr, |2 =1,
k=0

where M’ is independent of # and of z. A similar and similarly
proved relation for Fa(z) yields the inequality (5) and the theorem.

A remark due to Sewell* concerning degree of convergence of
Taylor developments applies to the degree of convergence of the
sequence )_s_ocxz® to Fi(z) on the circle ’zl =p, and also to the degree
of convergence of the sequence D s _,ciz* to Fi(z) on the circle
Iz] =1/p, so that we obtain

F(z) — D cigh | < (M log n)/nr+e, for p = ! z| =1/p,
k=—n
where M’’’ is independent of # and z.

It is a matter of indifference whether in Theorem 1 we prove and
in Theorem 2 assume that F(»(z) is continuous merely on the circles
|z| =p and |z| =1/p or that F® (z) is continuous in the closed region
p=|z| Z1/p, for the one condition implies the other.t A similar re-
mark applies to Theorems 3-6.

3. Approximation on the segment —1=<z=<1. The analog of
Theorem 1 is the following theorem:

THEOREM 3. Let f(z) be defined on the segment —1=2=1, and let,

for n=1, 2, .-, a polynomial P,(3) in z of degree n exist such that
on the segment —1=z=1
| f(z) = Pu(z) | < M/nr+atipn, p>1,0<a=s1,

where p is o non-negative integer. Then the function f(z), if suitably de-
fined, is analytic throughout the interior of the ellipse v whose foci are
—1 and +1 and whose semi-sum of axes is p; moreover f(3) is continu-
ous in the closed interior of v and on v satisfies the condition

® | (1) — fP (@) | < L | 21 — z|= |log| 21 — 22| |8,

where =0 if <1 and B=1 if a=1, and where L is a constant inde-
pendent of 21 and z.

* This Bulletin, vol. 48 (1935), pp. 111-117, Theorem 4.
1 This follows by consideration of the functions Fi(z) and F:(3) from the results
of Walsh and Sewell, loc. cit.
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We map the z-plane onto the w-plane by the transformation
2= (w+w™1)/2. Under this transformation the image in the w-plane
of the segment —1=<z=<1 counted twice is the unit circle || =1, the
image in the w-plane of v in the z-plane counted twice consists of the
two circles |w| =p and |w| =1/p, and the image in the w-plane of
the interior of v in the z-plane counted twice is the annular region
p> | wl >1/p. The polynomial P,(z) corresponds to a polynomial in w
and 1/w of degree #; that is to say, considered as a function of w it
is precisely of the form of the function #,(z) introduced in the proof
of Theorem 1, with c,x=c¢n,—. It follows from Theorem 1 that the
transform of f(2) (considered as a function of w)defined in the annulus
as the limit of the sequence P,(z2) (considered as a function of w)
satisfies a condition of form (3) with respect to w on the circles
|w| =p and |w| =1/p and is symmetric in w and 1/w. The function
f(2), the transform in the z-plane of the limit in the w-plane of the
sequence P,(z), is single-valued interior to 7, is obviously analytic
interior to vy except perhaps for —1=<2z=1, and is analytic on that
segment because continuous there in the two-dimensional sense. By
the analyticity of the transformation z= (w-+w=!)/2 on ]w| =p and
lw| =1/p, inequality (8) follows, and the proof is complete.

As a corollary to this proof we remark that the sequence P,(2) it-
self converges uniformly to f(z) on and within +, with an error not
greater than M,/nrte,

In the direction of the converse of Theorem 3, immediate applica-
tion of Theorem 2 yields the following theorem:

THEOREM 4. Let vy denote the ellipse whose foci are —1 and +1 and
whose semi-sum of axes is p, let the function f(2) be analyiic interior to 7y
and continuous in the corresponding closed region, and let fP(z), p o
non-negative integer, satisfy a Lipschitz condition of order o, (0 <a =1),
on . Then for n=1,2, - - - there exists a polynomial P,(2) of degree n
in z such that |f(z)—Pn(z)| < M/nrtepr, (—1=52=1), where M is a
constant independent of n and z.

Under the transformation z= (w-+w=1)/2, the function f(2) corre-
sponds to a function of w which is analytic in the neighborhood of
lwl =1 except perhaps on that circumference, continuous in the two-
dimensional sense at every point of |wl =1, and hence analytic on
|w| =1 and throughout the annulus p>|w| >1/p. The function
fl(w+w1)/2] is symmetric in w and 1/w, so that the corresponding
Laurent polynomials used in the proof of Theorem 2 are in this case
symmetric in w and 1/w and hence are polynomials in z; Theorem 4
follows from Theorem 2.
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It is not without interest to notice that the successive approximat-
ing Laurent polynomials that here present themselves in the w-plane
are of the form X_y_ci(w*+w=*), where ¢ is independent of #, so that
the approximating polynomials P,(z) of Theorem 4 are of the form

i Cka(z) }

k=0

where ¢y, is independent of #, and where T'x(z)=w*+4w* is a poly-
nomial of the set studied by Tschebycheff: T4(z) =2, Ti(z)=2z,
To(z) =422—2, T3(2) =833 —62, - - - which are mutually orthogonal on
the interval —1 <2 =1 with respect to the norm function (1—32?)~/2
and are also orthogonal* on 4 and on every ellipse confocal with vy
with respect to the norm function | 1—z2| -1z,

As in the proof of Theorem 2, we have, for z on and within v, the
relation

) = 2 aT4(a)

k=0

= (M’ log n)/nv*e,

where M’ is independent of # and 2. The expansion D s ocsTs(2) of
f(2) on v converges uniformly to f(z) on v and hence is an expansion
of the usual form in terms of orthogonal polynomials:

ckf | Tu(z) |2 | 1 — a2|12 | ds| = f @& Tw(@) | 1 — 22|12 | dz.

Results analogous to Theorems 3 and 4 for the case that f(2) is uni-
formly bounded interior to v or is analytic interior to ¢ with poles
or certain other singularities on v are due to Bernsteinf and to de la
Vallée Poussin (op. cit., chaps. 8 and 9).

4, Approximation to a periodic function on the axis of reals. A con-
formal transformation different from that used in Theorems 3 and 4
will now give further results from Theorems 1 and 2.

THEOREM 5. Let the function f(z) be periodic with period 2w, and let
there exist trigonometric polynomials 1,(2) of respective degrees n such
that we have for all real z=x+1y

| f(z) — tu(a) | < M/mrretipn, 0<a=1, p>1,

where p is a non-negative integer. Then the function f(2) can be analyti-
cally extended so that it is analytic throughout the band | yl < log p, is

* Walsh, this Bulletin, vol. 40 (1934), pp. 84-88.
t Legons sur les Propriétés Extrémales, Paris, 1926, chap. 3.
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continuous in the corresponding closed region, and on the lines y= + logp
satisfies condition (8).

The transformation w=e* carries the line y=0 into the unit circle
|w| =1, the band |y| <log p into the annulus p>|w| >1/p, the func-
tion f(2) into a function analytic and single-valued in that annulus,
and the trigonometric polynomial £,(2) on y =0 into the trigonometric
polynomial £,(6) on | w| =1 with w=e%. The hypothesis of Theorem 1
is satisfied, and an inequality of form (3) on the circles |w| =p and
|w| =1/p leads to the conclusion of Theorem 5.

The given sequence ¢,(2) can be expressed on y=0 as a sequence of
polynomials in w=e* and 1/w, with z=x=0:

7 7
sin kz = — — (e%* — ¢74%) = — — (wr — w™F),
2( ) 2( )

cos kz = 3(et*? 4 ¢7ik2) = F(w* + wk).

These equations are then valid even if vy is different from zero.

It follows from the proof of Theorem 1 that the sequence ¢.(2),
expressed in trigonometric form, converges in the closed region
|y| <log p, with an error not greater than M,/nrte.

THEOREM 6. Let the function f(3) be periodic with period 2w, let f(3)
be analytic in the band | y( <log p, where z=x-+1y, and continuous in the
corresponding closed region, and let f(P(2), p a non-negative integer,
satisfy o Lipschitz condition of order o, (0<a=1), on the lines
y= +log p. Then there exist trigonometric polynomials t,(2) of respec-
tive degrees n such that we have for all real 2

| /(&) — ta@) | < M/nrtepr,
where M is a constant independent of n and 2.

The detailed proof of Theorem 6 is readily supplied by the reader
by use of the same transformation w=e?* and the method of proof
of Theorem 4. It is of interest to note that the function £,(2) appears
also for complex values of z as the sum of the first 41 terms of a
series of the form

1 d .
By a0 + 2 (ax cos kz + by sin ks).

k=1

As in Theorem 2, we have
| f(2) — ta(2) | = (M log m)/nrte,  for | y| < logp,

where M’ is independent of z and z.
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From the orthogonality of the functions w* on !'wi =p it follows

that the transformed functions e#*?, k= - - -, —1,0,1,2, - - -, form
an orthogonal set on the line segment y= —log p, (0=<x=<2w), with
respect to the norm function |dw/dz| =|dei*/dz| =e~v. This norm

function is a nonvanishing constant on the segment and may there-
fore be omitted. Thus

27—1ilogp
f itz ¢ile. dy = (), k&1,

—ilogp

where k and [ are integers, positive, negative, or zero. Of course this
orthogonality condition holds on any interval xo <x < x0+2m, y=1,,
the respective limits of integration being xo-+1y, and x4 274 2y,.

The set e?** is closed (with respect to the class of continuous func-
tions) on the interval xo < x Zx,+2m, y =19,, as is seen by transforma-
tion to the w-plane. On every interval xo<x=xo+2m, y=1yo,
[yol =<log p, the sequence

1 n n
ta(z) = —Z—'ao + Z (ay cos kz + by, sin kz) = E crethe,
k=1 =—n
26k = ar — 1bk, 26..k, = ag + ibk,

is the sum of the first 2z+1 terms of the uniformly convergent formal
development on that interval of the function f(2) in terms of the
orthogonal functions e*?, so that the coefficients are given by for-
mulas of the usual type:

e2kvo zot2mtiye
a="" & f(5) - ds,
x|

27 o+1v0

where on y =y, we have ¢i? = g=ikz = ¢~*% (cos kx —1 sin kx).

Analogs of Theorems 5 and 6 have been established by de la
Vallée Poussin (op. cit., chaps. 8 and 9) for the case that f(2) is
bounded for I yl <log p or has poles or other singularities on the lines
y= *log p.

There is an obvious discrepancy of unity in the exponents of # that
appear in Theorems 1 and 2, in Theorems 3 and 4, and in Theorems 5
and 6. This discrepancy is inherent in the nature of the problem, as is
shown by examples that the writers will publish on another occasion.
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