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Two rational automorphs Ai and A2 of ƒ may be called right-
equivalent if there exists an integral automorph 7 of ƒ such that 
A1I — A2. If (Tu Ui) and (T2, U%) belong to the same set* of solu­
tions of (5), the corresponding automorphs (with t = Ti/m, 
u = Ui/m) are readily seen to be right-equivalent. 
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The notion of a recursive function of natural numbers, which 
is familiar in the special cases associated with primitive recur­
sions, Ackermann-Péter multiple recursions, and others, has 
received a general formulation from Herbrand and Gödel. The 
resulting notion is of especial interest, since the intuitive notion 
of a "constructive" or "effectively calculable" function of 
natural numbers can be identified with it very satisfactorily. J 
Consider the operation of passing from a function p(xi, • • • , 
xn, y), such that for each set of values of xu • • • , xn the equa­
tion p(xu • • - ,xn,y)=0 has solutions for y, to the function 
uey[p(xu ' ' ' , xn, y)=0]" of which the least solution is 
Xu ' ' ' , xn- We have shown that the (general) recursive func­
tions are the functions which are derivable from the primi­
tive recursive functions by one application of this operation 
and of substitution.! Herein we note the related result, that the 
recursive functions are the functions obtainable by repeated ap­
plications of the operation just described and of substitution 
from the three particular functions x-\-y (sum), x-y (product), 
5„* (Kronecker delta). This result follows from the other by an 
adaptation of an argument used by Gödel in proof that every 

* For definition of set, see Pall, Transactions of this Society, vol. 35 (1933), 
p. 491; or Dirichlet, Vorlesungen iiber Zahlentheorie, §87. 

t Presented to the Society, January 1, 1936. 
t See A. Church, An unsolvable problem of elementary number theory, 

American Journal of Mathematics, vol. 58 (1936), pp. 345-363, §7. 
§ S. C. Kleene, General recursive functions of natural numbers, Mathe­

matische Annalen, vol. 112 (1936), No. 5, IV and V. 
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primitive recursive relation is arithmetic, which we now pres­
ent.* In doing so, we duplicate in part the analysis of primitive 
recursive functions given by Hubert and Bernays.f For the 
notation and terminology, see our cited article. 

DEFINITION 1. Let C denote the least class of functions 
such that x+y, x-y, 5 / , U?(xi, • • • , xn) eC, if 0(yu • • • , ym), 
Xi(f), ' ' ' ,Xm(ï)eC, then0(xi( ï) , • • • , Xm(ï))eC, and if pfe, y)eC 
and (ï)(Ey) [pfe, y) = 0] , then ey \pfa y)=0]eC. 

Instead of the identity functions Z7?(#i, • • • , xn) — X{y a sec-
ond substitution schema 0(xi(ï)> X2OJ)) niay be introduced. 

Using the identity functions, we can replace substitutions 
which do not fall under the given schema by series of substitu­
tions which do thus, Six, <j>(x, y, z), \p(z, y)) = 6(Uiz(x) y} z), 
0O> y, z),\f/(W(xf y, z), U2

z(x, y, z))). 
DEFINITION 2. A relation eC if its representing function eC 
Analogously to Gödel's I - IV: 
I. The functions C(x), S(x), Ui

n(x1, • • • , xn)eC. Every func­
tion (relation) obtained by substitution of functions which eC 
for variables of functions (relations) which eCeC. If the relation 
R&, y)eC and (ic)(Ey)R(ic, y), then eyJRfa y)]eC. 

II . If the relations R, SeC, so do R, R\/S (hence also R&S). 
I I I . If the functions 0(f), ^(ty)eC, so does the relation 

0(f) =M) . 
IV. If the function 0(j) and the relation R(x, X))eC, so do the 

relations (x) [x<</>($)—>R(x, tj) ] and (Ex) [x<</>($)&R(x, ty) ]. 
Proofs. C(x)=ey[x-y = 0]. Let a(x) =ey[ô* = 0] . Then 

a(0) = l, a ( l ) = 0 . S(x)=x+a(C(x)). For II we see that, if 
pQt) and a(tj) are the representing functions of R and 5, a(p(%)) 
is the representing function of R and p(£)-<r(ty) is the repre­
senting function of R\/S. Let y(x, y) =a(ô£ ). Then y(x, #) = 0 
and y(x, y) = l for x ^ v . I l l holds since y(<f>(i), ^(tj)) is the 
representing function of 0(£)=^(ty). I*1 proof of IV, we have 

(x)[x<0(3c)->JR(x,t))]=€x[jR(x,t))Vx=0(jç)1=0(^), 
(Etf)[*<0(ç)&R(tf, ^ ) ]= (^ ) [ ^<0( î ) ^ jR(x , t))]. 

V. x < y c C #=3>(mod w)€C 

* Kurt Gödel, Über formal unentscheidbare Satze der Principia Mathematica 
und verwandter Système I, Monatshefte für Mathematik und Physik, vol. 38 
(1931), pp. 173-198, Satz VII . 

t Hilbert-Bernays, Grundlagen der Mathematik, vol. 1, pp. 412-421. 
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For 
x<y = (Ez) [z<x + 18cx = y-\-z], [x^y(mod n)] 

= (Ez) [z<x+y + l&{x=zy+z-n\/y = x+Z'n} ], 

(see Gödel, p. 191). 
VI. If the relation Xo =</>($.) eC, the function <£(£)eC. 
For 0 (j) = exo [x0 = 0 (f) ]. 
VII . If 0(ï) is a primitive recursive function, the relation 

#o =0(f) eC. 
The proof is by induction with respect to the number of ap­

plications of schémas (1) and (2) in the primitive recursive 
definition of <p(jc) (see Kleene, Def. 1). First, the proposition 
#o = 0(£)eC holds if </>($) is one of the functions S(x), C(x), 
U?(xiy • • , xn), by I and I I I . Second, if it holds for 
0(yi, ' * * , y*), Xi(?)» * * * » Xm(f), then xi(s), • • • , Xm(l)eC by 
VI, and it holds for 0(xi(ï), * * * , Xm(ï)) by I. Third, suppose 
Gödel, p. 192, 2 holds, where ^(x2, • • • , xn), M(#I> ' ' ' J #n+i) 
have the property in question. Following Gödel's discussion, 
Hilf satz 1 holds with n > d, since d is determined first, and n is any 
number which satisfies the congruences n = ƒ»• [mod ( 1 + (i + 1 ) d) ], 
(i = 0, • • • , & —1). Again, x = [w]p€C. If P(xo, • • • , xn)=xo 
= 0 ( # 1 , • • • , ffw), 5 (X 0 , X2, • • • , X n ) = X 0 = ^ ( X i , • • • , Xn), 

T(xo, • • • , xn+i)=Xo=/jL(xi1 • • • , xn + i ) , the relation on page 
193 can be restated as follows: P(xo, • • • , xn) =XQ= [^V"]I+.D(»I+I)> 
where N stands for en[(Ed) [d<n&{S([n]d+i, x% • • • , ffn) 
&(k)[k<Xi->T([n]1+d(k+2)yk, [»]1+d(*+i),^2, • • • , x n ) ] } ] ] a n d D 
stands for ed{5([iV]d+i, x2, • • • , *»)&(*) [k<Xi-+T([N]i+d(k+2), 
k, [N]l+ )]}. I t follows that P(xo, • • • , #»)eC 

VIII . Every primitive recursive function eC (by VI, VII) . 
IX. Every recursive function eC (by VIII , I, Kleene IV). 
X. Every function which eC is recursive. 
This follows from the recursiveness of x+y, x-y, oy* and func­

tions obtained from recursive functions by substitution, and 
Kleene V. Combining IX and X, we have the following result. 

XI . The class C of functions is identical with the class of 
recursive functions. 
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