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NORMALS TO A SPACE Vn IN HYPERSPACE 

BY NOLA L. ANDERSON AND LOUIS INGOLD 

1. Introduction. The authors consider here a generalization 
of known results relating to the curvature vectors of a pair of 
mutually orthogonal curve systems on a general two-dimen­
sional surface 52 in hyperspace. Several phases of this generaliza­
tion have been given in papers presented from time to time* 
but the more connected account here given seems desirable. The 
generalization is of a two-fold nature: first, to vector systems, 
or curve systems, in n dimensions, and second, to systems not 
necessarily orthogonal, f 

The results have been presented as they are related to the 
usual type of ^-dimensional geometry, namely, a geometry in 
which tangent vectors ƒ»• to curves of parameter xl may be ob­
tained by differentiation from a fundamental vector or func­
t ion/ . The fundamental tensor gij is determined by the formulas 
fi-fj = ga, where the product on the left is a scalar product if a 
vector notation is used, or an integrated product if the function 
notation is employed. The discriminant \gu\ is assumed to be 
different from zero. 

In the present paper, certain abbreviations are used, but the 
notations are essentially the same as in the paper just cited. 
There is also a slightly wider interpretation given to the Maschke 
parenthesis expressions. Thus in the vector (fa1 • • • an~x) the ak 

* The paper in the form here offered is the outgrowth of work begun in two 
papers presented to the Society: First normal spaces in Riemannian geometry, 
by Nola L. Anderson, presented at Lawrence, Kansas, December 1, 1928, and 
Invariant normals to a space Sn contained in a function space, by Nola L. Ander­
son and Louis Ingold, presented at Des Moines, Iowa, December 31, 1929. 
All the results had been secured and the general organization had been dis­
cussed, before the sad death of Professor Ingold on January 25, 1935 (see this 
Bulletin, vol. 41, p. 181). 

t A brief discussion of these ideas for orthogonal systems was given by 
L. Ingold in the paper A symbolic treatment of the geometry of hyperspace, 
Transactions of this Society, vol. 27, pp. 574-599, but the treatment was in­
adequate because of the necessity of restricting the discussion to a fixed point 
of the space. Those unfamiliar with the methods and notations may be re­
ferred to this paper, where other references will be found. 
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are regarded as arbitrary covariant vectors or vector fields of 
components a f, and the parenthesis denotes l/g1 /2 times the 
determinant whose first column consists of the ƒ< and whose 
column headed ak consists of the af. The more usual case in 
which the ak denote functions of the coordinates and in which 
af denotes dah/dxl is of course a special case. 

When n covariant vectors a1, a2, • • • , an are used, the vectors 
(fa1 - - - al~lai+l • • • an) will be written in the abbreviated form 
(fAi). Other abbreviations will generally be clear from these two 
illustrations* and the context. Where other equivalent notations 
for the vector or symbol ƒ are used in parenthesis expressions, 
the context will show how many notations of the different types 
are present. The expression (ƒ</>) (<j>A t-), where the ƒ s and </>'s 
denote equivalent notations for the fundamental function or 
vector/ , must contain just one notation </> and n—\ notations/ , 
since the Ai stands for n — 1 columns. The unabbreviated form 
would be 

(Z1/2 • • • fn~l<l>)(<l>ala2 • • • a*-V + 1 • • • a"). 

The expressions 

(/i . . .fkai . . . a»-*) a n d (ƒ! . . .fkbi . . . 6n-*) 

may be written simply (fa) and (ƒ&), where the context shows 
how many of the a's and 6's are present. The angle 6 between the 
two ^-dimensional forms just given is defined by the formulât 

WW) 
cos 6 = — 

[(<M2(#)2Ji/2 

The use of distinct notations of <ƒ>, \f/ instead of ƒ in the denomina­
tor is not strictly necessary here. 

We need only the angles w -̂ between the vectors (fAi) and 
(fAj), and the angles cet?- between the (n—1)-dimensional vec­
tors (fl • • • fn-xal) and (f • • • fn~W). 

It will be convenient also to introduce notations for certain 
frequently occurring invariants. Thus S will denote the paren-

* The letters ƒ, <f>, \J/, 6, • • •, with upper indices where necessary, will be 
used as equivalent notations for the fundamental function or vector. 

t See Anderson, The trigonometry of hyper space, The American Mathemati­
cal Monthly, vol. 36, pp. 517-523. 
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thesis (ala2 • • • an) divided by the product of factors of the form 
[(am\l/)2/(n —1)!]1/2 for m = l, 2, • • • , n. In some of the formulas 
a second set of a 's: a'1, a'2, • • • , afn are used, and Sf is formed 
from these as S above is formed from a1, a2, • • • , an. 

Sr will be used to denote [(<Mr)2]1/2 divided by the product 
of factors of the form [(am</>)2/(n— 1)!]1/2 except that the one 
factor [(ar(f))2/(n—l)\]112 for which m = r is to be omitted. 

The invariant corresponding to 5 constructed from 

a1 • • • ar~la'mar+l • • • an 

will be denoted by 
The invariant corresponding to Sm but constructed wholly 

from the an, • • • , a'n will be denoted by Sm • These invariants 
are easily expressed in terms of trigonometric functions in the 
two and three dimensional cases.* 

2. Curvature Vectors. Let there be given any vector field a, 
that is, a vector a which is a function of the coordinates x\ 
Also consider a set of vectors (fA ;) constructed from the cova­
riant set am

k as described in the introduction. Let a denote 
a/(a a)1 / 2 , so that à is a unit vector, and let Si denote arc length 
along any curve having the vector (fAi) for a tangent vector; 
then da/dsi will be called the curvature vector of the vector a 
with respect to S{. I t is evident that the curvature of a with re­
spect to Si is the same as the curvature of ha, where h is any 
scalar. 

The vectors (f</>) (6$) (6A t) have the same direction as the vec­
tors (fAi), so that the curvatures of these two with respect to 
any direction are the same. We wish to compute the components 
of the curvature vectors of (fAi) with respect to Sj which are 
orthogonal to all of the (fAi), that is, normal to the space Vn. 
The unit vector in the direction of (ƒ<£) (d<j>) (6A f-) is obtained by 
dividing by its magnitude (n—l)\[(0Ai)2]112, and the deriva­
tive of this unit vector with respect to Sj consists of several terms 
all of which are tangent to Vn except 

_ (e<t>)(BAj)((f<t>)Ai) 
if (n - lyX^AiY^AjYYi2' 

* They may also be interpreted trigonometrically in space of higher number 
of dimensions. 
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and these are clearly normal to Vn. They are therefore the nor­
mal components required. 

We may consider in a similar way the normal components of 
the curvatures of the vectors {f<j>){<t>ai) with respect to Sj. It is 
easily shown that the product (J4>) faa*) (fa*bl • • • bn~2) = 0, 
where the bj are the components of covariant vectors for each 
k, but since (f<f>) (<t>al) belongs to Vn we say that it is a space 
normal to all of the vectors (falbl • • • bn~2). When ai is a func­
tion of the coordinates and am

i = dai/dxm
f the vector (ƒ<£) (<£a*) is 

a normal in Vn to the hypersurface a1 = constant. If we proceed 
as above, we obtain the normals* 

((/*M/)(***) 
Ha = [ ( » - l)!(aty)2(M*)*]1/2 

The vectors Ni3- and >&ƒ will be referred to as the first and 
second set, respectively, of normal curvatures of the system of 
covariant vectors a\ I t is readily seen that Nij = N,i\ however, 
Ha^Ha in general, but still certain relations must exist among 
the normal curvatures of the second set because, as we shall 
show, they are linearly expressible in terms of those of the first 
set. 

3. Relations among the Normal Curvatures. Introducing the 
factor (axa2 • • • an)==(a) in both numerator and denominator 
of the expression for Na\ we have 

(a)M(fiAt)((f<l>)A,) 

(a)(n- l)![(M<)»(M,)*]i/« 

By use of the identity 

(a)(6(1)) = Y, 0 1 * • * ar~ldar+l • • • an)(aT<j>), 

this reduces after some rearrangement to 

'7 h («-DitwiMj)8]'" 
* Other normal curvatures, of course exist. If arc lengths of curves tangent 

to the vectors (/0)(<^a*) are denoted by cr*, the curvature of these vectors with 
respect to <ij is clearly another example, and undoubtedly interesting relations 
involving these curvatures analogous to those given in the text would exist. 
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a n d th is is readi ly reduced to 

Nij = Z ( - l ) r + 1 - ^ COS UriHrj. 
r=l S 

In order to express, conversely, t he Jsfo/ in t e rms of the Na, 
we m a k e use of t h e iden t i t y 

which gives 

(/*)(*<*) •=» ( - l ) ^ ( ^ * ) ( o r 0 ) [(Mr)2]1 /* ( /4 r ) 

[(» - Wo**)*]1'* ZÎ (<*)[(» - i)!OV)2]1/2 [(Mr)*]1'2' 

T h e componen t s normal to Vn of t he der iva t ives wi th respect 
to Sj of t he two sides of this equa t ion are equal ; hence 

= v ( ~ i ) r + 1 ( ^ ) ( q ^ ) [ ( ^ , ) 2 ] 1 / 2 

*" k (a)[(»-l)l(.W]»« *"' 
and th is readi ly reduces to 

Hij = Z ( - l ) ^ 1 - ~ C 0 S « r ^ r / . 

In two dimensions consider t he sys tem of curves a1 = const . 
A t each po in t th is sys t em consists of j u s t one pair of curves . 
T h e r e is a single angle CO12 = OLn = co ; of course, a)ii = co22 = 0. T h e 
two sets of formulas for Na a n d 7s[»,- are 

N i l — COS CoJSkl Nu ~ COS 0)N21 
Nu = > Hu = : > 

N12 

COS CO 

sin co 

— cos < 

sin to 

- N u -
sin co 

cos co7v[i2 — 

J0K22 

H21 

• N 2 2 

#12 = N21 = : Hu = 

N21 = 

iV22 = — — > N22 = 

sin co 

iVi2 — COS C0A^22 
. ; 

sin co 

cos o)Nn — N21 

sin co 

cos co7Vi2 — ^22 
sin co sin co 

T h e following are sample formulas in three d imens ions : 
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Nu = (l/S)(sin A JSJji — sin B cos 7^21 + sin C cos jffT&i), 

Hu = (l/S) (sin ANu - sin B cos CN21 + sin C cos BNn). 

4. Normal Curvatures of two Systems. In this section we obtain 
formulas connecting the normal curvatures of the first set be­
longing to a system a1 with those belonging to another system 
an. We multiply numerator and denominator of the expressions 
for Nu by the square of ( a ' V 2 • • • a / n ) , 

= mieAtXifrtAiXa'y 
ij (a02[(M*)8(My)2]1/2(« - 1)! 

By making use of the identities 

((/*M,)(a') = £ ( - l)*(a' '4,)((/*)4), 
r==l 

(M<)(o') = Z (~ l)-+,(a'"^<)(M»), 

we have 

r=n m= „ - (-l)'+»(^)(a'M,-)(a'^ i)(M'M)((/0M;) 

#« = z z - («')'[(M() ,(M,) ,]1"((i - 1)! 
1/2 

rtt ~ i (a')
2[(M,)2(^,)2]l/2 

r = = n m = n o o o ' o ' 

Z ( - Dr+m ^ ^ #«.. 

This is the formula desired. It is a generalization of the for­
mulas connecting the normal curvatures of two orthogonal fami­
lies of curves on a two dimensional surface with those of a second 
orthogonal family. It is a generalization not only to n dimen­
sions, but also to systems not necessarily orthogonal. A similar 
procedure leads to the formula 

H« - ( - l)-+m y „ JC. 

Consider the case of two curves on a surface, a — const., 
b — const., meeting at an angle co, and let a' = const, pass through 
their point of intersection P making an angle a with a = const. 
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Also let b'= const , pass t h rough P m a k i n g an angle /? wi th 
a = const . T h e n we m a y wr i te 

sin (co - a) sin (co - /3) 
N12 = — Nn 

sin2 co 

sin a sin (co — 0) + sin /3 sin (co — a) sin a sin 0 
H — Nu H — N22. 

sin2 co sin2 co 

Th i s formula gives t he normal cu rva tu re s of a n y two curves 
t h rough P in t e r m s of t he normal cu rva tu re s of a n y given pair 
of curves a = const . , b = const . , and the angles which the differ­
e n t curves m a k e wi th a = const . T h e same formula t akes care 
of all cases. T h u s to ob ta in N'n m a k e j8 = a ; to ob ta in N& m a k e 
P = a. 

T o ob ta in t h e usual formulas for two or thogonal sys tems 
m a k e CO = TT/2, and then in t u r n (1) (3=a, (2) j3 = a + 7r/2, (3) 
place @ = a a n d t hen replace a b y a + 7r/2. W e now have the 
following known formulas .* 

(1) iVii = cos2 aNii + 2 sin a cos aiVi2 + sin2 0^22, 

(2) Nu = sin a cos a(N22 - Nn) + (cos2 a - sin2 a)Ni%, 

(3) 7V22 = sin2 aNii — 2 sin a cos aN 12 + cos2 aN22-

W e ment ion finally t h a t in th is general two-dimensional for­
mula for N12, if a is k e p t cons t an t while j8 varies , t he formula 

, sin (co — /3) ., 
]yu — |^sm (w __ a) Nu + sin aNn] 

sin2 co 

_| . |^sm (w _ oOiY^ + sin aiV22j 
sin2 co 

shows t h a t N12 lies in t h e p lane of the two fixed vectors 

sin (o) — a)Nu+sin aNu and sin (co —ce)iVi2+sin CXN22. 

NEWCOMB COLLEGE, TULANE UNIVERSITY, AND 
T H E UNIVERSITY OF MISSOURI 

* See Wilson and Moore, Differential geometry of two dimensional surfaces in 
hyper space, Proceedings of the American Academy of Arts and Sciences, vol. 52 
(1916), pp. 270-364. 


