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SPACE INVOLUTORIAL TRANSFORMATIONS OF
THE GEISER AND BERTINI TYPES*

BY L. A. DYE

1. Introduction. One form of generalization of a plane involu-
tion is a space involutorial transformation in which each plane
of a pencil is invariant and in each such plane there is a plane
involution of the same type. Particular examples of this for
Geiser and Bertini involutions have been given by Carroll,t
Snyder and Lehr,} and Sharpe and Dye.§ I shall discuss a more
general form for space involutorial transformations arising from
these plane involutions by means of a mapping on a cubic sur-
face.|| The Bertini transformation obtained has the signature

120n-+34+6¢ 120n-+40

+ (0, 0) + Clanss;

the Geiser transformation has the signature

T120n4s1t!

Iz4n+193l24"+n+3t + o + C§2n+6-

2. The Geiser Transformation. In an involutorial space trans-
formation of the Geiser type, let xs=MAx; be the equation of the
invariant pencil of planes, and let I¢ be the Geiser involution
in the plane x;=Ax;. Choose one of the fundamental points of
Ig as O=(1, \, 0, 0) on the line /=x3=x,=0, and map the I¢
on a cubic surface F; by means of the bilinear T3 defined by
the matrices

(1) |(@irys) (aizys) (aisys) (asayd)]],
) | (@rixs) (a2iws) (asiws) (aws)|,

* Presented to the Society, December 27, 1934,

1 E. T. Carroll, American Journal of Mathematics, vol. 54 (1931), pp. 707-
717, and vol. 56 (1934), pp. 96-108.

1 V. Snyder and M. Lehr, American Journal of Mathematics, vol. 53 (1931),
pp. 186-195.

§ F. R. Sharpe and L. A. Dye, Transactions of this Society, vol. 36 (1934),
pp. 292-305.

|| For a discussion of the mapping of a Geiser or a Bertini plane involution
on a cubic surface, see H. F. Baker, Principles of Geometry, vol. 6, pp. 122-130.
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where here and in the rest of the paper only the first row of de-
terminants and matrices is written; the second and third rows
are obtained by replacing a;; by b;; and c¢;;, respectively. To
the plane x4 = Ax; corresponds the surface

3) F; = l (@iy:) (@iays) (aid yi)| =0,

where a’s=ai+ ey The point O goes into the point P=(D,),
where the D; are the third-order determinants of the matrix
[]afl ay a"u”, and where ajj=ain+Na. The image of the
line 7 is the cubic curve Cs'—-=-H(ai1y,') (aizyi)H =0. The pairs of
corresponding points of the Geiser involution J¢ on the sur-
face F; are determined by the pairs of intersections with F; of
lines through P.

In the J¢ on F; the image of P is the cubic curve cut from F;
by the tangent plane p at P. The equation of p is

4) | (ai1y:) (aiDy) (aisDy)| = 0.

The quadric cone H through C; with vertex at P has the equa-
tion

(35) | (ah1y:) (aizys) (aisDy)| = 0,

and meets F; in a residual cubic which is the image of C;. The
invariant curve of the Jg¢ is cut from F; by the polar quadric of
P with respect to Fs. This quadric K has for its equation

6) I (airy:) (aieDy) (d:'syi)| +| (airy:) (aizys) (dil3Di)l = 0.

If a;j, bi;, and c¢;; are polynomials of order #» in \, and if \ is
replaced by x:/x3;, then the surfaces y;=0 in the (x) space are
of order 3n+ 3. These surfaces have / as a 3zn-fold line and con-
tain a curve Cig,y¢ of order 12746, of genus 24n-+3, which
meets ! in 12n points. Since any plane through / is invariant
under the Geiser space transformation, there is a pencil of homa-
loidal surfaces consisting of the pencil of planes through / and
the images of / and O. The equations of these image surfaces are
obtained by replacing y,;in the equations of H and p by the third-
order determinants of the matrix (2). Since H, p, and K are of
orders 12n+3, 12n+7, and 12%+44 in \, respectively, they cor-
respond to surfaces of orders 12n+8, 122410, and 127-+10.
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The table of characteristics of the space involutorial transforma-
tion Jasnq19 can now be written:

12047421 12n49

O~ F12n+1o:l + 0 + C12n+6,

12n+3+¢ 12n+4

I~ Fignys:l +0 + Ci2n+6,

60n+26+6¢ 60n+32

7
Ciante ~ Foontas:l + 0 + Ciznts,

24n+114-3¢ 24n+414

S1~ Ssnt19:l + 0 +Cf2n+6,

12n4442¢ 12n+-6

K12n+1o:l + 0 + Ci2n+6;

where the coefficient of ¢ indicates the number of fixed tangent
planes at a point of . The image of the Cig.ts is obtained by ap-
plying the transformation to an Sasnq19.

The parasitic lines of the transformation consist of the tri-
secants of Cignie which meet /, and the bisecants of Ciznis which
pass through O. The number of trisecants of a C,, which meet a
line  having 7 intersections with C,, is*

(m —2)[h — m(m — 1)/6] — i(h —m + 2) + i(i — 1)(i — 2)/6,

where 7% is the number of apparent double points of C,. The
number of trisecants of Cisuts which meet I is 24n+8. In order
to obtain the number of bisecants through O, it is necessary to
set up a correspondence. Given a point u on the line /, there
are h'=h—12n(12n—1)/2=36n-+7 bisecants through it which
determine %’ planes N\. Given a plane N through / there are six
intersections of Cis, ¢ with it not on / and hence fifteen bise-
cants which determine fifteen points u. In the (\, u) correspond-
ence there are »’'+15=36n+422 coincidences. There are then
36n+22 bisecants of Cignys which meet O, and the total num-
ber of parasitic lines is 607+ 30.

Let ¢ be the number of parasitic conics of the transformation,
and let n be the number of parasitic cubics. The complete inter-
section of two surfaces of the web of Ss+19 is made up of

(24n + 19)% = 24n + 19 4 (24n + 11)2 4 9 + 9(12%n + 6)
+ 60n + 30 4 8¢ + 27y

* L. A, Dye, this Bulletin, vol. 41 (1935), pp. 109-110.



518 L. A. DYE [August,

curves, and the complete intersection of an Sasu119 and the
Kign410 is made up of

(24n + 19)(127 + 10) = 12 + 10 + (122 + 4)(24n + 11)
+ 6 + 6(12% + 6) + 60n + 30 + 4¢ + 9y

curves. The solution of these equations is {=24n-416, n=0;
therefore there are 24n+16 conics and 607+ 30 lines of the sec-
ond species in the Ip4nq19.

3. The Bertini Transformation. The methods of the last sec-
tion are now used to study an involutorial space transformation
of the Bertini type. Let the invariant pencil of planes have the
line /=x3=x,=0 as axis. In a plane x;=Ax; let O=(1, u, 0, 0)
and O=(1, —p, 0, 0), (u2=N\), be two fundamental points of
the Bertini involution I in the plane. The Ip is mapped on the
cubic surface (3) by means of the 7’3 defined by the matrices
(1) and (2). The images of O and O are P=(D;) and P=(D,);
D; and D; are the third-order determinants of the matrices
llati an as ayl|, llaty @y am au||, where aii=au+pan and
dn =aa—pai. The image of [ is the C; given by the matrix equa-
tion “ (aiys) (aizyi)“ =0. _ _

The tangent planes to F; at P, P are p, p and they have as
equations

p = (ai1 ) (@11 Dy) (aisDy) | = 0,
# = (@1 D)@ y)(aia D) | = 0.
We now define two numbers d, d as follows:
d=pD) = | (air D3) (@i1D;) (dis D) l,
d = p(Dy) =| (air D;) (6irDs) (aisDy)

The residual intersection R of the line PP with F; has as co-
ordinates (dD;—dD;). The equation of the tangent plane to
Fsat Ris

r = d* + d* — dd{ | (airy:) (@1Ds) (dis D) |
+ | (¢i1D3) (@i y3) (aisDy) |+ | (@i D) (diaDi)(aks v:) |} = 0.

The pairs of corresponding points in the Bertini involution
Jp on Fj are cut out by the conics tangent to F; at P and P.
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The image of P in Jp is the sextic cut from F; by the quadric
having contact with F; at P and contact of the second order at
P. Its equation is

H = @%d[| (airy:)(ai1D:) (aisys) |
+| (ahy)(@hy)(@isD) | 1+ pr = 0;

similarly the quadric which determines the image of P has the
equation

H = &*d[| (aiDy) () (aisyy)|
+ | (@i y:) (@hys) (aisDi)|] + pr = 0.

The cubic curve C; corresponds to a cubic cut from F; by the
quadric through C; and touching F; at P and P. This quadric
has the equation

L =] (ahys) (ahy) 4] =0,

where 4, B, C are the second-order determinants of a two
column matrix whose columns are made up of the second-order
determinants of the matrix H(d,lei) (a,%Di)I and the matrix
l(@iiD;) (aisDy)||. The web of quadrics which touch F; at P
and P cuts F; in a web of sextic curves of genus two which is
invariant under Jp. The locus of an additional point of contact
with F; of quadrics of the web is the invariant nonic of Jp. It
lies on the cubic surface K which has the equation

pH — pH = 0.

If the aj, b;j, and ¢;; are polynomials of order # in A, the sur-
faces H, H, L, and K are of orders 48n+13, 48n+13, 24146,
and 36#-+9 in \. When X is replaced by x¢/x3, then as in §2 we
can write the table of characteristics of the involutorial space
transformation li,45 as follows:

24n+T+¢
I~ F24n+12-l

(O, 6) ~ F96n+33:l
'l264n+76+12t

96n+26+451

C12n+6 ~ F264n+112
120n+34+4-6¢
Sy~ S120n+51-l

36n-+9+38¢
K36n+18 1l

+ (0, 0)
+ (0,0)
+ (0,0)
+ (0,0)
+ (0,0)

24n+8

+ Crante,
+ Clants,
+ C1132n+6;
+ C(li2n+6,
+ Cf2n+6°

—, 96n+4-31
—.264n+488
— 120n+40

—, 36n+12
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The parasitic lines of the transformation are of three types.
(a) There are the 24n-48 trisecants of the Cignis. (b) The bi-
secants of Cisnys through O or O are parasitic. In a plane A
through / there are fifteen bisecants through the six points of
Ciznis not on [, which determine fifteen points u on /. Given a
point u on I there are ' =36n+7 bisecants of Ciznys through it
which determine %’ planes N\. In the (A, u) correspondence there
are 15424/, (24, since u?=N\), coincidences, or 727+ 29 positions
of the points O, O such that bisecants of Ciznps may be drawn
through them. (c) In each of the 12# planes determined by / and
the tangents to Cisnqe at its 12# intersections with /, the Bertini
involution in the plane breaks down, and the line / is shed off.
Hence there are 12 parasitic lines consecutive to ! in these 122
planes. The total number of parasitic lines is 1087+ 37.

To determine the number of parasitic conics and cubics we
take the complete intersection of two Siznisi and an Siggnis
with Ksentis.

(1207 + 51)% = 120n + 51 + (120 + 34)2 + 36 + 36(12% + 6)
+108% + 73 + 8¢ + 27n,

(120n + 51)(36n + 18) = 361 + 18 + (367 + 9)(120n + 34)
+ 18 + 18(12% + 6) + 108% + 37 + 4¢ + 9.

The solution of these equations is {=144n-+47 conics and
n=84n+27 cubics. The fundamental curves of the second
species of the involutorial transformation Iysn451 consist of
10872437 lines, 1447447 conics, and 84n-+427 cubics.
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