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Choose 7 to be a prime g represented by C and prime to d.
Then g(g) =2 if C is ambiguous, g(g) =1 if C=C-L. If a form f;
is associated with a form g; not in C or C™, fi(p?q) =og:(g) =0.
Hence, by (2) and (3), p?%q is represented in exactly
n{p—(d'lp) }o—1 classes K, where 7 is 1 or 2 according as ¢ is
represented in only one (ambiguous) or two (reciprocal) primi-
tive classes of discriminant d'.
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1. Introduction. Two nX n matrices 4 and B, with elements
in any field F, are said to be similar in F if there exists a non-
singular # X% matrix S, with elements in F, such that S—'4AS=B.

Ingrahamt has given a method for finding the most general
solution, with elements in F, of the matrix equation

P(X) =4,

where P(X) is a polynomial with coefficients in F, and 4 is a
square matrix with elements in F. A certain set of dissimilar
solutions X, X, - - -, X were obtained in terms of which the
complete system of solutions was seen to be in the form S—1X S,
where S is commutative with 4. The X,’s are obviously com-
mutative with 4.

The purpose of this investigation is to determine the con-
ditions under which two #X# matrices C and D are similar
under transformations of the group [S] of non-singular matrices
S which are commutative with a certain #X# matrix 4, where
the matrices C and D are also commutative with 4. We then
seek to describe possible canonical forms to which such matrices

* Presented to the Society, September 4, 1934, This paper with proofs and
detail that are omitted here, is on file as a doctor’s thesis at the Library of the
University of Wisconsin.

t On the rational solutions of the matrix equation P(X)=A, Journal of
Mathematics and Physics, vol. 13 (1934), pp. 46-50.
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may be reduced. At this writing the reduction has been com-
pleted with the exception of one case, the nature of which will
be made clear. Procedures may in any case be given, however,
for determining whether or not two particular matrices are
similar under the group [S]. Such procedures lead to the neces-
sity of solving a set of linear equations, a procedure which be-
comes involved and fails to give general results.

2. Matrices Commutative with A. Let T be any non-singular
square matrix. The condition that A C= C4 is equivalent to the
condition that GH=HG, where G=T"1'AT and H=T-'CT.
Thus A may be considered in classical canonical form con-
sisting of zeros except for square matrices 4;, (¢=1,2, .-, 7),
along the main diagonal. The elements of 4 ; are zeros except for
the characteristic roots a; (not necessarily in F) of 4 on the
main diagonal and possibly 1’s in certain positions on the first
diagonal below. Further, consider «; different from «;, if 4 is
different from j.

The matrix C is commutative with 4 if and only if it is zero
except for principal minor matrices C; of the same dimension
and in the same position as 4;, (¢=1, 2, - - -, 7), where the form
of C; is determined by the condition that 4 C=CA if and only
if A;C;=C;A;. Further, if S is also in the form just referred to,
then S—!CS =D is again of the same form with S7!C;S;=D;.

We are thus led to a consideration of the case in which all the
characteristic values of 4 are the same, in particular, we may
assume them zero. The elementary divisors of 4 are then

.. "
)\"l’ )\nz, ) A ™

where we may assume #;=#;y1, (1=1,2,- -, m—1).

We will describe the frequently displayed form of the most
general matrix C commutative with 4 in this form:*

Cask I. If 4 has the single elementary divisor A™, then C is
an n; X ny diagonalized matrix (c;;), where ¢;; is arbitrary except
for the conditions

Cij = 0: (1‘ <.7)7 Cij = Citl,i+1, (l)] = 1’ 27 RN (4 W 1)

Cask II. In the more general case that A has m elementary
divisors we will consider C to be a matrix of matrices Ci;,

* Cullis, Mairices and Determinoids, vol. 3, part 1, sec. 242,
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(#,j=1, 2, - - -, m), where the block Ci;, of order n;, is as de-
scribed in Case I. The block C;;, ©<j, will be an #;X#n; matrix
in which the first #;—n; rows are zero and the remaining #; X#;
matrix is of the same form as Cy;. If 1>, Ci; will be an 7n;X#n;
matrix in which the last #;—#»; columns are zero and the re-
maining 7;X#n; matrix is of the same form as C;;. Define the
p's as follows, if 1 <j: p;j=p;s=n;—n;, p;;=0. The elements of
C;; will be indicated by c;j. If the element occurs in the rth diag-
onal of the indicated square portion of C;;, then k=2(r—1)+4p;;.
In order to illustrate, let the elementary divisors of 4 be A\
and \2. We will then assume 4 and C in the following forms

0 0 0 0O ciue 0 0 0 0
1 0 0 0O iz ¢io 0 ci;n O
A=|0 1 0 0 0}, C=| cus cuz cuo €123 12
00 0 0O ez O 0 ca20 O
0 0 01O ca1iz3 Cc2i1 O Caza  Cazo

We may now define certain unit matrices in terms of which
C may be expressed. Let e;;r represent the matrix of the same
dimension as C with ¢;;x=1 and all other elements zero. We
may then write C in the form

(1) C =2 cipeize, (,5=1,2,--,m),
%,7,¢
and t—p;;=0,2, - - -, 2(n;—1), where l is the greater of 7 and j.
The multiplication table for these basal units e;; is as follows:
{0, jFET,
€3 kCrst = .
Ciektt, J =71

If 2+¢>2(n;—1)+p,;, where [ is the greater of 7 and s, then
ei,a,k+t=0-

3. An Isomorphism. At this point we will establish an iso-
morphism through which we are led to a consideration of mat-
rices of reduced dimension whose elements are certain poly-
nomials corresponding to the blocks C;;. To C as expressed in
(1) we make correspond a matrix P of the form

(2) P = (Pi:'<'Yz)'Yp‘i); (1')] =1,2,-.- ) m))
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where
Pii(v?) = cijw + Cijura¥? + Cijwra¥* + -0,

with w=p;;. The product of P and Q=(Q:;(y?)vy*i) is deter-
mined as usual and then the polynomial in the 7th row and jth
column is reduced modulo y2%‘*~V+s; where I is the greater of
7 and j.

The correspondence is obviously preserved under addition
and scalar multiplication. To establish the preservation of the
correspondence under multiplication, it is convenient to con-
sider all m Xm matrices of the type P with «* in the 7th row
and jth column, where £ —p;; =0, 2, - - -, 2(n;—1), (Il the greater
of ¢ and j), and zeros elsewhere, as a set of basal units in terms
of which matrices of type P may be expressed with scalar coef-
ficients. Indicate such a matrix by fi;x. Let e;;x correspond to
fiix. Since the multiplication table for these basal units is the
same in each case the isomorphism is established.

It can be shown that the determinant of P is a polynomial
in 2 and that P~!exists and is of type (2) if and only if |Pl #0
mod ¥.

4. Reduction to a Semi-Canonical Form. We proceed with the
reduction of matrices defined by the isomorphism by transforma-
tions with non-singular matrices of the same type. Consider

Q = (Qsi(y¥)vrsi),

where
Qii(v) = quit + Quieey* + - - -, (t = pij).
Suppose
pus = 0, but pu—1,. # 0 and p,,41 # 0,
if defined for some u <v <m. Let
©)) q = (gin), (j=uu+1, - u+9).

Let F; be the field obtained by enlarging F to include the roots
of the characteristic equation of ¢. We will from now on restrict
ourselves to the field F; instead of F. For some suitably chosen
matrix = (¢;;0) we may reduce ¢ to its classical canonical form

¢ = t"'gt = (giz).
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Using
T = (Ti(yDv%i), (6, 7=1,2,+--,m),

where

Tii(v?) = tijo, (hj=wu,u+1, -+, u+09),
and otherwise

T;;(v?) is zero for ¢ % jand 1 for ¢ = j, .

we obtain

P

T=QT = (P:j(vH)yri),
where
Pii(v®) = pijw + bijwra¥? + -0 -,
(4,j=1,",m;w=py),
pio = gijo, (i =wuu+1,---, u+t0).

This argument may be repeated for any u for which (3) is true.
All elements above the main diagonal are now congruent to
zero modulo v. Let G(\, ¥?) be the characteristic equation of P,

GO\ vY) =| P =N | = goQ\) + &0y + - -,

where
go\) = IT (Pizo — N) = gro(N)gaoN) - - - gao(N),
=1
gio()\) = ()\i — )\)”, ()\,‘ ## \; when 7 % ]),
that is, the N\; (¢=1, 2, - - -, 5), represent the distinct values of

pio, G=1,2, -, m). We will denote by the set r; those j for
which Pji0=)\i-

G(\, v?) may be factored as follows.
GO‘, 72) = G‘io\: VZ)H'i()‘) 72), (i = 1, 2’ Tty S),

where

G:(\, 0) = gio(N), H;(\, 0) = hio(\) = fI gio(\).

i=1, j=i



1935.] REDUCTION OF A MATRIX 379

Such factorization may be made to depend upon the fact that
the resultant* of %;(\) and g;(\) is not zero.
We now examine the matrix product

G,'(P, ‘YZ)H"(P, “/2) = 0

The columns of H;(P, v?) are vectors orthogonal to the matrix
Gi(P, v?). The elements in the main diagonal of G;(P, 0) are
congruent modulo ¥ to

=0, 7 in the set 7;,
gio(\5) . .

# 0, 7 not in the set 74;
above the main diagonal the elements are congruent to zero.
The elements in the main diagonal of H;(P, 0) are congruent
modulo v to

h;o(kf){?é 0, ].m t}Te set 74,
=0, J not in the set 7;
above the main diagonal they are congruent to zero.

Pick vectors &4, i, -+ -, &ir,, (6=1,2, - - -, 5), as the columns
numbered j of H;(P, v%), where j is in the set 7;. This will de-
termine Y j.i7;j=m vectors &; We propose to use &,
(j=1,---,7r),as ther; (¢=1,2, - -,5s), columns of the trans-
forming matrix S. This insures that .S is of admissible type.
Further,

lSlEHhiO()‘i)7_é0m0d'Y2; (i=1’2y""s;jin7'i)-

Therefore S—! exists, and the vectors §&;;, (1=1,--. |, s;
j=1,.--,7), form a complete vector space.
It can be proved that the following lemma holds.

LEMMA. Every vector n satisfying

G,(P, 72)77'_‘0’
where 1 is any one of the numbers 1, 2, - - - | s, is expressible as
follows:
n= 2 aiij, (a; are polynomials in v?).

=1

where the a; are polynomials in y2.

* Bécher, Introduction to Higher Algebra, pp. 195, 196.
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We refer to the columns of S, picked and ordered as above, as
vectors &;, (1=1,2, - - -, m).

Let !, =1, .., m), represent the rows of S~L. Then the
vectors 7/ and £; form a biorthogonal system.

'
ng
S-1PS = N P(El) E?a e ;Em) =R = (ka)’
n;n’
where Ry;=nP¢;. If £; is one of the set (§i0, £i1, -+ +, &ir,), then

Gi(P) 72)P£i = PG,(P, 72)£i = 0;
and P, is orthogonal to G;(P, v%). Hence, by the lemma above,

L

PE)’ = Z a‘lgi)
l=1
and 7,P§;=0 for any k not one of the set 7.

Thus in R, any element R;; corresponding to the intersection
of P;; and P;;, where p;:05 p;;0, has been reduced to zero.

The complete solution of the problem may now be shown to
rest upon the reduction to canonical forms of matrices M in
which the elements along the main diagonal are congruent to
each other modulo vy and those above the main diagonal are
congruent to zero. If the elements m;;(y?)y#i of M are con-
gruent to zero modulo v*i*? for all 7 greater than j, we may
repeat the preceding reduction using y2(M —my10l). Otherwise
at this writing no general reduction has been obtained in this
case. The problem, however, is still under consideration.
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