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A RELATIONSHIP IN SPHERICAL HARMONICS
BY J. H. WEBB

It is known that a solid spherical harmonic about one set of
axes can be expressed as a solid spherical harmonic with con-
stant coefficients about a new set of axes whose origin is dis-
placed from that of the first. A new relationship has been found
for making this transformation and a proof is herein given.

Consider the two sets of cartesian coordinates x, y, 2 and
%1, ¥1, 21, whose origins O and O, are separated by a distance .
Let the two axes x and x; be coincident, but let the positive
sense of the two axes be opposite. Consider the point S which
has the two sets of polar coordinates defined by the equations

%1 = p1€0S Oy = piu1, ¥ = pcosb = pu,

Y1
%1 = p18inf; cos ¢;, 2 = psin @ cos ¢.

p1sin @, sin ¢y, ¥y = psinfsin ¢,

The transformation to be obtained may be expressed sym-
bolically as follows:

(1) °ipi—(mvl-l)ym(.utly ¢1) = if"‘(p)y’”('u’ ¢)’

in which Y, signifies the usual spherical harmonic. Such a
transformation has been given previously by B. Datta.* The
new relationship which has been found to give the transforma-
tion (1) and which appears to have been unnoticed before is

P (1) am—n<1 o 1)

(2)

— = — 2\n/2
e @ (m—ny (1 — u?) Ipmn

b dur pi)’
in which @) designates the term (—1)"7*/(m—n)l. A
proof of this relationship follows.

Relative to the partial differentiation on the right side of (2),
p1is to be expressed in terms of p, u and k. At certain stages of

the calculation it will be convenient to express p; by means of
the equation

* Téhoku Mathematical Journal, vol. 15 (1919), p. 166.



604 J. W. WEBB {August,

3 ~=— 3 (i)kPkoo,

p1 k=0 \A
and at others by the equation

1
4) — = [p% = 2php + B2]7V2 = R-L,

P1
Differentiating pi! as given by equation (4), with respect to u,
n times and dividing by (ok)", gives

dnpit

A
(oh) "

=1.3...(2n — 1)R-GntD),

and this may be simplified so as to read

ampit p"
n = ¢(n)

(5) k- aun p12n+1 ’

in which c(n) designates the term (2#)!/(2"n!). Furthermore by
the law of sines, (see Fig. 1),

(6) (1= s = (1= uw'ﬂ(ﬂ)".

p

Fic. 1

Substituting the above value in the right side of equation (2)
and replacing the left side by its value from the defining equa-
tion
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P (u) (1= ud)™® 9"Pr(us)
m+1 - pf""’l 3#1" ’

Q]

P1
we obtain in place of equation (2) the equation
(1 — p)"% 0"Pu(u) gm-n

2! —_ m—n 1 — nl2 I ——(n+1)’
@) o e = Sl = ) )

and this may be written as

1 0P (1) gm-n
= @(m-n)c(n) —
plm+n+l aﬂlﬂ Qpm—n

pi—(2n+1) .

It has been shown* that the following equation is true:

@ TP __om) [ nomnon o)
Our m — 2[2n + 2(m — m) — I]MI
(m—n)ym—n—1)(m—n—2)(m—mn~—3) m—n—4
242+ 2m—m) — 1] 2n+2m—m) — 3] _]

Therefore to establish equation (2), it is only necessary to show
that the equation
gm—n 1 a"Pm(,U,]_)

pl—-(2n+1) —_
ahm prrtH  our

© (= 1)mme(n)

is true. This can be shown by an induction argument applied to

the parameter (m—mn). First note that the proposed formula is

true for (m—n)=1. Then m=n+1 and the proposed formula

reads

(10) c(m) i R-@ntD) = ¢(n 4 1) LI
oh plz n+2

or

R—(2n+3)(h — pﬂ) = ”lpi-(2n+2).

Replacing (A—pu) by piu1, we easily verify that this equation
is an identity. Therefore, let the validity of the proposed equa-
tion, for index (m—n), be assumed and show that it holds
when (m —n) is replaced by (m —»n-1). That is, let the follow-
ing equation be assumed:

* Byerly, Fourier Series and Spherical Harmonics, 1893, p. 197,
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6m—npi—(2n+1)

(p1ur)™ ™
. {Zn + 2(m — n) — 1}(WT

m—=n)m —n—1) (o)™ "
2[2% + 2(m — n) — 1] pyl2nt2(m—n)—1]

a1 -

m—n)ym —n—1)m—n—2)(m—n—23)
2-4[2n + 2(m — n) — 1][2n + 2(m — n) — 3]

(prpy) ™4
pyl2nt+2(m—n)=3] '
Equation (11) differs formally from equation (9), whose validity
is to be established, in that the coefficient of the square bracket
on the right side has been modified in form. The purpose of this
modification is to bring into explicit evidence the parameter
(m—mn) to which the induction process applies. Replace piu: in
(11) by its value, (k—pu), differentiate once with respect to %
and replace (A—pu) in the resulting equation by (piu1). The re-
sulting equation is
gm—ntl
— m—n+1____
( 1) 6 h m—n+1

T = (2n 4 1)2n +3) - - -

“A2m + 2(m — n) + 1}[M{n—n+1
(m—n+1)im— n)

(12) - Iy —— 1]”1m—n——l
m—n+1)m—n)m—n—1)(m—n—2) o _
2.4[2%—lh2<”"_7‘)""1][2%-I-2(m—n)--1]Ml _l

By comparing equation (12) with (11), it is seen that wherever
(m—mn) occurs in (11), (m—n+1) occurs in (12), thus proving
the validity of equation (11).

If now pi ! be replaced in equation (2) by its value as given by
equation (3), the result is
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Prn(ﬂ om—n | Q9n ) k
(13) - 1) = a(m-—n)(l - Nz)nm_‘ _P_
P1m+1 ahm—n hn aMn 0 hlc+1

Differentiating with respect to u and %, we obtain

Polu) $_ Py =
= k = Agnm

(14) —
ptl b (m — )l (n 4+ E)! pmtitt P

For the special case n=0, (14) reduces to the form*

Pon(py) e (m+ k)l p* ©
B =0 mlk! hm+k+1P’“(”) = gakOm-T

(15)

prm™tt

The formulas (14) and (15) furnish a means of obtaining the
desired transformation (1). In fact the left member of equation
(1), written in full, is

(16) ZAOM ZakOm + Z[Anm cos n(180° — ¢)

m=0 k=0 n=1

+ Bum sinn(180° — ¢) | D ctinm.
k=n
By an interchange of the indices m and &, and by noting that
cos 7(180—¢) =(—1)" cos n¢p and sin #(180° —¢) =sin ne, (16)
can be thrown into the desired form,

an > I:ZAOIcamok + > > (Anux cos ng + B,y sin n¢)amnk:|,

=0 L k=0 n=1 k=n

and it can be shown that such a rearrangement of terms in the
triple series is legitimate providing the 4,; and the B,; are
bounded. It is to be noted that 4,,=(—1)"4 ..

In conclusion, I should like to express my thanks to Professor
Warren Weaver of the University of Wisconsin for his helpful-
ness and interest in the above work.

WiLLiaMs COLLEGE

* See Whittaker and Watson, Modern Analysis, 4th edition, p. 400, ex. 7.
t See B. Datta, loc. cit., p. 170.



