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THE LATENT ROOTS OF A MATRIX OF
SPECIAL TYPE

BY JOHN WILLIAMSON

1. Introduction. In this paper the latent roots of a matrix,
each of whose elements are suitably restricted rational functions
of a square matrix 4, are discussed. In particular a theorem is
proved about the latent roots of such a matrix, which reduces in
the simplest case to the familiar theorem on the value of the
latent roots of a rational function of a matrix 4. The third
section illustrates the fact that the values of circulant determi-
nants, and of determinants composed of blocks which are them-
selves circulants, can be easily deduced from their matrix prop-
erties.

2. Latent Roots. Let A be a square matrix of #» rows and »
columns and let A;, Ng, - - -, N\, be the latent roots of A, where
the N\; need not be distinct. Then by a well known theorem on
matrices* there exists a non-singular matrix X, which trans-
forms 4 into a matrix whose elements in the leading diagonal
are the latent roots of 4, while all the elements to the left of the
leading diagonal are zero. This may be expressed by the matrix
equation

ST ST
(D P

(1) XAX ! = = A.
0 0 -« -\,

It follows from (1) that, if f(4) is a rational function of the
matrix 4, of which the denominator is non-singular, the matrix
X transforms the matrix f(4) into a matrix of the same type
as A, where the elements in the leading diagonal are f(\.),

), - -+, f(An). Or
(2) XfA)X—1 = f(4),

* A. Wintner, Spektraltheorie der unendlichen Matrizen, pp. 2022,
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where the elements to the left of the leading diagonal in f(A) are
all zero. If now

3) B = (4, (7’:.7 =12,.--, m),

denote an m-rowed square matrix all of whose elements are
n-rowed square matrices 4;;, B is a square matrix of order mn
in the elements of the matrices 4;;. If

Y = (Xii)’ (1:7j= 1) 2,"',1%),
is a matrix of the same type as B, where X;;=0, if 7#j, and
X=X, then by simple multiplication
(4) YBY ! = (XAUX—I).

In particular, if 4;;=f;;(4) be rational functions, whose de-
nominators are non-singular, of the original matrix 4, then

() C = (fii(4)) = M[A4]

is an nm-rowed square matrix of the same type as B. It follows
from equations (2), (4), and (5) that

(6) YCY-! = (Xfi;(A)X™Y) = (fi;(A)) = D.

Accordingly the latent roots of C are the same as the latent
roots of D. But the latent roots of D are the roots of the equa-
tion ID—)\E[ =0, obtained by equating the determinant of the
matrix D —\E to zero. If A denote the determinant of D —\E
and if, for brevity, the element in the 7th row and the jth
column of A is indicated by (4, j), it follows from (2) and (6) that

(sn+a,rn+ 1) =0,if a > 1, (r,s=0,1,---,m— 1),
(s + 4, rn + 1) = for1,r1(N) — 8N, (t=1,2,--,n).

From A a new determinant A’ is formed by taking for the rows
and columns of A’ in succession the

1st, (» 4+ 1)th, 2% + 1)th,- - -, (n(m — 1) + 1)th,
2d, (»+ 2)th, (2» + 2)th, - -, (n(m — 1) + 2)th,

(7)

nth, 2nth, 3nth, - - -, mnth,

rows and columns of A. Thus, by (7), A’ is a determinant in
which all the elements in the first 7 columns vanish except



1931.] LATENT ROOTS OF A MATRIX 587

those in the first m rows; all the elements in the second m
columns vanish except those in the first 2m rows, and in general
all the elements in the 7th set of m columns vanish except those
in the first 4m rows. Therefore A’ is the product of the # de-
terminants formed from the first m rows and the first m columns,
from the second m rows and the second m columns, etc. But by
(7) the determinant formed from the kth set of # columns, and
the kth set of m rows of A’ is

Fuu\e) = N f12(\p) <o fim ()
Sfa1(\) Saax) — N+ fam(Ng)

’

| (M) Sma(Ar) “o o fmn(AE) — A

or more shortly |f.s(\r) —5,3)\[, (r,s=1,2, - -, m). Hence with
the notation of (5)

(8) A = fIl M[N] = NE| .

But, as A differs from A’ by at most a sign, A’ =0 is equivalent
to A =0 and accordingly the latent roots of D and therefore the
latent roots of C are the nm roots of the # equations obtained by
equating the x factors ] M\] ——)\El of (8) in turn to zero. Since
the roots of the equation | M [\;] —AE| =0 are the latent roots
of the matrix M [\:], the following theorem is true.

THEOREM 1. If A be an n-rowed square matrix, whose latent
roots are M, Ne, + + -, My and C=(f,s(4)) be a square matrix whose
m? elements are themselves n-rowed square matrices, which are
rational functions, with non-singular denominators, of the original
matrix A, then the latent roots of the matrix C are the nm latent
roots of the n m-rowed square matrices (frs(A\r)), (k=1,2, - - - n).

COROLLARY 1. If m =1, this theorem reduces to the well known
theorem that the latent roots of fi1(A) are fii(\x), for the latent root
of the one-rowed square matrix fii(\) is obviously fuu(\g).

COROLLARY 2. If n=1, the square matrix A may be taken to be
the number 1 and the latent root of 1, considered as a matrix, as 1
itself, so that in this case the theorem simply reduces to the defini-
tion of the latent roots of a matrix.
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If F(M[\])=N[\]=(g.(\)) is a matrix polynomial in the
matrix M[\], it is easily shown that F(C)=N[4]=(g,.(4)).
Hence by Theorem 1 the latent roots of F(C) are the nm latent
roots of the #n m-rowed matrices F(M [\¢]), (¢=1,2, - - -,n).In
factif F(C) is a rational function of C of which the denominator
H(C) is non-singular, the latent roots of F(C) are the nm latent
roots of the #» matrices F(M [\:]). But, the determinant of F(C)
is the product of the latent roots of H(C) and therefore is equal
to the product of the determinants of the #» matrices H(M [\:]).
Hence H(C) is non-singular if the #» matrices H(M [\;]) are non-
singular. Accordingly this proves the following theorem.

THEOREM 2. If A and C are the matrices of Theorem 1 and if
F(C) is a rational function of C with a non-singular denominator,
the latent roots of F(C) are the nm latent roots of the n matrices
F(M[\)), (B=1,2, - - -, n). Moreover, the denominator of F(C)
1s non-singular if and only if the denominators of all the matrices
F(M[\]) are non-singular.

Theorem 1, though perhaps presented in its most interesting
form, is a particular case of a more general theorem. For the
proof of Theorem 1 it is not essential that the functions f;;(4)
be functions of the same matrix 4. In fact for f;;(4) in Theorem
1 we may write f;;(4:;) without essentially altering the proof,
provided that the same matrix X transforms all the matrices 4 ;;
into matrices of type A. Thus we have the following theorem.

THEOREM 3. If A;; is an n-rowed square matrix, whose latent
roots are NP, N2, - - -, N®, and if for all values of i, j=1,
2, -+ -, m the same non-singular matrix X transforms the matrix
Asjinto a matrix of type A with N, NB, - - - | ND as its leading
diagonal, then the latent roots of the matrix

D = (fif(Aii))y ('l’] =1,2,---,m),
are the nm latent roots of the nm-rowed square matrices

(k)
(fiio‘ii ))’ (k = 1) 2: t '}1).
3. Applications. Lete;;, (4,j=1,2, - - -, n) denote the matrix
whose element in the 7th row and the jth column is 1, while all
other elements are zero. Further let e, denotee;; if k>n,s>n,
but k=7 and s=j mod #. Thus the matrices E, defined by
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(9) Er = Zei,€+r = €u,atry

=1

where the o’s are summation suffixes, are non-singular matrices.
Since the matrices e;; obey the rule of multiplication, we have

(10) €ijCkm = 5,‘"6,:",,
(11) E,E, = €a,at168 p+s = Ca,atris = Erys.

Hence by repeated applications of (11) with s=1 and r=1,
2, -, r—1,

(12) Elr = E,-, Eln = Eo = E,

the unit matrix.
If now

f(%) = a0+ a1x + a2 + - - - + @p_g2™Y,
by (12)
f(Ey) = aoEy + a1E1 + a2E: + - - - 4 @n—1En1.
But by (9)

@9 5] Qs+ Qp—1
Apn—1 Qo ay - Gp—2

f(El) = Ap—2 Gp—1 Qo * * An-3 |,
ai as as - Qo

that is, f(E,) is a matrix whose determinant is a circulant and
may be for brevity called a circulant matrix. If fi;(x) =2 _1—s a¥x*
and 4 = E;, the matrix C defined by (5) is a matrix whose com-
ponent matrices f;;(E;) are all circulant matrices. By Theorem 1
the latent roots of C are the nm latent roots of the matrices
M [N\i], where the \; are the latent roots of E;. But the latent
roots of E; are the nth roots of unity wi, ws, - - -, w,. Hence the
latent roots of C are the nm latent roots of the » matrices
M[wk], k=1, 2, .-, n In particular the determinant of C is
the product of the latent roots of C so that

(13) lc| = kﬁllM[wk] | = fI!fu(wk)l .

k=1
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If m=1 in (13), this result reduces to the well known theorem
on the value of a circulant,* while if m>1 formula (13) is the
statement of a result proved by Zariski on the value of a de-
terminant composed of circulants.}

If, with the previous interpretation of the notation e;; we
define

n
Ey = 2. %iiis,
=1

then

n
Ef = D ®lip1 -+ Gipr164,i0r)
=1

where x;=x;, if =j mod %, and Theorem 1 gives the value of
another type of determinant, which, for » =4, is the determinant
of the matrix

AoX1%2X3%4 @1¥1 a2%1%2 A3X1X2X3

A3X2X3X4 AoXaX3X4X1 A1X2 Aa%X2X3
(14) f(Ey) =

A2X3X4 A3X3x4%1 QoX3X4X1%2 Q1%

a1X4 A2X4X1 A3X4X1X2 AoX4X1X9%3

Since the latent roots of E; are now p;, where the p; are the nth
roots of the product x1x2, - - -, %, the value of the determinant
of such a matrix is [1,2,f’(ox), where f’(x) is the polynomial f(x)
with its constant term replaced by a.x*. If E;=A4, but m>1,
Theorem 1 gives the value of a determinant composed of m?
blocks of the type (14), where the a; may vary from block to
block, but the x; must remain the same,
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