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A NOTE ON A SYSTEM OF EQUATIONS WITH
INFINITELY MANY UNKNOWNS*

BY L. W. COHENT

If the system of equations
(1) x; + Z QigXe = Vi
k=1

is considered as a transformation on the space (x;) such that
Zi°=1|xk|7’ converges for some p>1, then we must require
that > ;o |aw|?/®V converges for every i.f If we further
require that this transformation carry (x;) into (y;) of the same
space, we are led to consider the inequality

@ [Zini] s [Simtr]”

i=1

[ {g[ger]

obtained from (1) by the Hélder and Minkowski inequalities.§
The convergence of the double series on the right is a sufficient
condition. Since p and p/(p—1) are separated by 2 if not equal
to it, we will consider p<2. It will appear in IV below that
in the case p=2, the matrix of the transformation is the
transposed of that of (1). For the system (1), under the condi-
tion that

* Presented to the Society, October 26, 1929.

t National Research Fellow.

t Landau, Uber einen Konvergentzsatz, Gottinger Nachrichten, 1907, pp.
25-27.

§ These are respectively

S| anba] = [ 22| an|?]ve[ 22| ba|pien]enip
[Zfan+balr]vr < [Xlaa| 2]ve+ [Zoul?]vz,  (p>1).
See F. Riesz, Les Systémes d’Eguations Linéasres - - -, Paris, 1913, p. 45.

and
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0 p—1
(3) 2 [ 2 | a l”"”’”] converges, 1<p=2),

=1 k=1
we state the following theorems.

TuEOREM 1. The system (1) is equivalent to (that is, has the
same solution as) one which has an absolutely convergent de-
terminant A in the sense of von Koch.

THEOREM 2. If A#0 and Y iy | y:|? converges, then the solu-
tion is obtainable from the new system by Cramer’s rule and is in
the same space.

THEOREM 3. The inverse of (1) is equivalent to a system with
an absolutely convergent determinant whose elements satisfy (3).

THEOREM 4. If (1) is transposed, it becomes equivalent to a
system with an absolutely convergent determinant and irans-
forms the space (x1), where Y |x%x |1’/<1’—1> converges,(p/(p—1)=2),
into the same space. The transposed system has the properties
of Theorems 2 and 3 with p replaced by p/(p—1) and 7 and k
interchanged.

Theorems 1 and 2 are slight extensions of results obtained
by Bébr,* while 3 and 4 seem to be new.
We first establish the following lemma.

LeEMMA. If, in the determinant A = |5¢k+a,~kl, (2, k=1,2, - - ),
2ittlas| and 20203050 |au [PV Y, (G2 k; 1<p=<2), con-

verge, then
© [ w® 1/(p—1)
@ S| Slaalr] T
k=1 L =1
L p—1
®) S| Srautmen |7 (=),
k=1 L i=1

v - 1(p=1)
(6) D |Aik|”]

=1 L k=1

converge and lim; A ;;=A, where A ;;, is the cofactor of aq.

* Bébr, Eine Verallgemeinerung des v. Kochschen Satzes + + -, Mathemati-
sche Zeitschrift, vol. 10 (1921), pp. 1-11. Bobr’s conditions on (1) are that
e | i | and D242, I a,-k[ pI=D]p=1(; %k; 1 < p £2)converge. The absolute
convergence of the determinant is established and the solution is obtained by
indirect methods involving the theory of limited linear and bilinear forms.
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Proor: The determinant and its minors converge absolutely
and the following relations hold :*

(7) i [ i I ik |p/(p—1)]p_ = g7,

i=1 k=1

(¢ # k),

© © 1/(p=1) ,
(8) > [ >l a] p] = 7p/=1) < gp/—D)
i=1

k=1

had X p/(p—1)
(9) Z [ Z 11’1,1% Y zn;¢n+1|:|
19,

inp1=1 o ig=1
0
e I N D PR MR 2 C s
Intr=1
) ) P
(10) Z [ Z Iilai% ) in;in+1]
i1 Logg, L =1
o0
S o0P 3y g | P,
i1=1
where I’I:l, ’1:2, ey, Tn} in+1|= Iaili#izia [ ai”.-n+l| if all the

subscripts are distinct and is zero otherwise.

By the interchange of a finite number of rows or columns
in A4, its diagonal can be made to differ from that of A in
that 1+a;, and 14a;; are missing and a;; occurs. Then A4y
may be expanded as a sum of infinite products of the form

(11) C1:1C25 " * " Cmiy H Cup s

p=m+1
where c5; is the general term of A, (j1, jo, - -+, jm) is @ per-
mutation of (1, 2, - - -, m) and the c,, are on the diagonal of

A ;. If we replace, in each product®, ¢p; by 81;+ar; and expand,
we obtain new products in the a;;. Each of these except for
sign is a product of a; or |k, Ty oty g z| (n=1) multiplied
by a product of circular products of A.f If we put P=
II(1+ | |), where the product is extended over all circular prod-
ucts of A, we may write, P being finite,

* Bébr, loc. cit.
t See F. Riesz, loc. cit., pp. 33-35.
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(12) | da|S=P{lasl+2 (X lkiy-ee0in; il)},

=l iy, e, ip=1

(¢ #k). Using the Holder inequality and (10), we obtain

0
(13) D L kyinyda, e, dsi
T1y 00, in=1
0 0
= Dl ksi| 20 ldn,de, o, g
i1=1 19, ,in=1
© (p—1D/p
< [ S| ks p/(p—n:l
i=1

o w0 pTjl/p
[ Z{ Z lil,i%"';in;il}]
=1 fg,enesin=1
(p—1)/p
[ Z| k; z1|p/<p—1>:| I: Zl i1 1|P:|

11=1 11=1
Combining this with (12) and making the assumption that

o<1, we have

(14) |4y < P{ | o

[ iﬂl - [p/(p—l)](p—l)/p[ iél y ilﬂ]w}

(k # 1).
Let us consider a fixed # and apply the Minkowski inequality:

(15) [ i|Aik|"””_”](p_l)/p P( ;21 {lakil

i=1

1 (p=1)/p © 1/pY »/ (p=1)\ (—D/p
] Simapen ] Sk )
1p=1

1—0¢ i1=1

© (p—1)/p
<P { Z | @xs | p/(p—n}

i=1

P (p—D/» 0 0 1/(p—1)\ (p—D/p
+ =] il {Z[lelﬂ] b

—OL =1 =1 =1

IIA
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Since |k; 41|= |asi,| or O according as é1%or=Fk, we have,
using (8),

) (p—1)/p
(16) [ Z| Aik|”’“’“”:|
=1
11—+ 7 © (p=1)/p
s (P EI) Blawbion} T G,
- a

i=1

Then raising to the pth power, summing as to k and using (7),
we have

p—1

(17) é[ glAiklv/w—w]
= (P—— ot T) i [ Elam p/(p-n] -

k=1
1 — 4
< (Pa ———fii) , (i # F).
1—o¢
If we set |k, 41, * * +, dus, s | = |6n; 3| |Bydy, - -, 40} dn]

and use (9), we are led to

(18) i [ Igl A |” ]1/0’—1)

i=1

IA

1 — p/(p—1)
<Pr—-——l+a> (b 4).

Hence we have established (5) and (6) in case 0 <1. This
restriction may be removed as follows. Since

Z[ Zlaklﬂ“ﬂ-”} . (k= i),

i=1

converges, there is an integer m such that
© —1

(19) > [ Zlamlw—”] <5 (b 5 3).
k=1

t=m+1

There is a number ¢ (0 <t<1) such that
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(20) p [ Zlealron] <

N!,_.

If we multiply the first m rows of A by ¢, then in the new
determinant A’, 6 <1 and (5) and (6) hold for A’. Both de-
terminants and their minors are absolutely convergent. If
the A, are the cofactors of the elements of A’, they differ
from the A, in that the first m or m—1 rows are multiplied
by ¢. But ¢ being less than 1, we have in any case

(21) tm| Aw| S 1AL,

and consequently

0 0 p—1
> [ | A | p/(p—l)]
k=1 1

i=

1A

© © =p—1
t—mpz [ Z iA,ik |/ (=1 _lp ,
(22) 1 S (i # &),

0 0 1/(p—1)
[ S1aal ]
=1 k=1

i=1

o o , 1/(p—1)
_S_t—mp/(p—l)z |: Z'Ai’ﬂlp:l ,
k=1

so that (5) and (6) hold in general.

Finally we show that lim; A;;=A. Since A is absolutely
convergent, we have A=Y 7 (8;x+ai)A i for all . From the
Hélder inequality we get

(23) |A— (1 + aw)dul| = i | @ird x|

d (p—1)/p 0 1/p
= [ Zlaiklp/(p_l)} I: ZIAiklp:I R (k£ 1).
k=1 k=1

Applying the inequality A!/?Be-DIr<(1/p)A+[(p—1)/p]B,
(4=20,B=0, p>1), we have
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p—1
(24) A= (14 ai)dii] (l/p)[ Z] ag |P/=D ]

k=1

© 1/(p—1)
+ [(p—l)/pJ[ ElAiklp] , (k= ).

k=1

Now in consequence of (7), (22), and the fact that lim;a;;=0,
we have

(25) lim; 4, = A.

We return now to our system (1) under condition (3).

I. It follows from (3) that lim;a;;=0. Hence there is an 7,
such that for >4y, 1/2<1/(1+a) <2. Weputd;=1 for 154,
and d;=1/(14a;) for 1>4,. Multiplying the <th equation
of (1) by d:, we obtain

(26) x; + Zcikxk =2, O+ cie = di(dix + ai); z: = diyi),
k=1

which has the same solution as (1). Since the d; are bounded
and the ¢;;=0for 7> 1:0, Zi:l ‘Cu | and E;I [E;:;l |Cik ‘p/(p_l) ]p_l
converge. It follows that (26) has an absolutely convergent
determinant.

II. We solve (26) by Cramer’s rule. Let A% be the determin-
ant obtained by replacing the jth column of A= ]6,~k+c,-k l
by the z; and consider-

27 AD 4 Zc i AR = Zz .Cii + Zc,k Zz iCit

k=1 i=1 k=1 i=1

= Z % [C” + Zcikcik:l

i=1 k=1

= D zbiA = g4,
i=1
where C;;, is the cofactor of §;c¢:,. This formal procedure is justi-
fied if the double series involved converges absolutely. But,
from the Holder inequality, we have
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(28) 2 lepl 221 2:Cul = Zlcﬂcl{ | 2:Cai | + 20| :Cix | }
k=1 =1 k=1 t=1

(1 # k on the right)

< Z|c,-k|.{lzkckk1
k=1
o 1/p o (p—1/p
+] Sl [ Sieatmoen]
=1

o 1/p o o (p—1D)/»p
+[ sl TSl Zical o]
v k=1 . t=1
o 1/p 0 (p—1)/p
s| Stale] | Srent o]
k=1

x * p—1\1/p
. {C—{—( Z I: Z[Cilclp/(p~l)j| ) }’ (i#k)7
k=1 =1

where C is the least upper bound of the |Ciz|. The lemma
by (5) guarantees the convergence of the double series on the
right and hence our series converges absolutely. We have then
the solution x,=A® /A, That the solution is of the required
type results as follows, since Y_r; lxk [P=E;°_1 ]A(’f>/A ll’:

o p
(29) |A<k>1p§[ Z|zicik|]
=1

0 14
= [Iszkk[—!— S| 2Ca I] , (i k on the right),

i=1

e 1/p
(30) [ 2o lam lp]

[ ({2l mcer ] )
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(¢#k on the right). The lemma again yields the convergence
of the double series on the right.

III. In order to obtain the inverse of (1), we consider the
inverse of (26)

(31) 2k + Z'Yikzi = xk, (ir + vae = Cir/d).

=1
The inverse of (1) then is

Vi N Yik
32 Ty Sy =
S PP R
Here lim;vy;=0 and D2 ([ ['y,-k |”/(1’"1)]"‘1 (¢%k) con-
verges. A set of constants 6,(1/2 <8, <2) may be determined
as in I so that, in the system

(33) Vi + Zailcyi = Uk,

=1

we have

didr
(34) dir + aa = (0ur + 'Yik)T; ur = didrr,

1

8
(35) am=0@>kMImH§EqHML (i k).
From (35)it follows that D%, |e; [and 202y [Do 21 s |p12=0 Jo-1
converge. Hence the system (33), equivalent to the inverse
of (1), has an absolutely convergent determinant.
IV. If (1) is transposed, it becomes

(36) xr+ Daaxi = Y.
=1

From (3) it follows that 1/(p—1)=1 and we have, applying
the Minkowski inequality if the equality here does not hold,

o [ Erer] T
< :1 |: i| air | p/(p—l)]p_l_

it k=1
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Therefore 12, laik I” converges for every k and (36) is a trans-
formation on the space (x;), where Z,-’;llxilp/“'*” converges
and p/(p—1)=2. For any such (x;), we have

@ [ Tinlron] " s[ Shwgres]

. [1 + { ki::l I: gldw l p]ll(ﬂ—l)}(p—l)/p]’

and hence the (y;) is in the same space. On the other hand,
given (y;) in this space, we find an equivalent system (26")
as in I having an absolutely convergent determinant and ob-
tain the solution from (26’) by Cramer’s rule as in II, (6) of
the lemma being used. The discussion of the inverse of the
transposed system follows that of III.

(p—1)/p

PRINCETON UNIVERSITY

EXAMPLES OF SURFACE TRANSFORMATIONS
BY P. A. SMITH

The purpose of this note is to illustrate by examples certain
points in the structure analysis of surface transformations,
and at the same time to point out certain unsolved problems
which appear to be fundamental in this connection.

Every (1-1) continuous transformation of a surface S into
itself admits* a closed invariant set of central points which
possesses certain properties of regional recurrence and which is
determined essentially as follows: the points of .S move under
indefinite iteration of T and its inverse T_;, toward a certain
closed invariant set M! which in general is a proper subset of .S;
M?! contains a proper subset M? related to M* as M*' is to S.
Continuing thus, we finally arrive at a first set M" such that

* The definitions and theorems used implicitly in this note are to be found
in detail in Birkhoff and Smith, Structure analysis of surface transformations,
Journal de Mathématiques, vol. 7 (1928). With regard to regular regions,
see also P. A. Smith, Regular components of surface transformations, to appear
shortly in the American Journal of Mathematics.



