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SOME PROPERTIES OF SPHERICAL HARMONICS*
BY H. BATEMAN

A Newtonian potential V(x, y, z) can often be derived from
a four-dimensional potential W(x, y, 2, w) by forming the

definite integral
1 ]
V= -—f Wdw.
TV

Thus, if W is the reciprocal of (x—x0)24 (y—y0)2+(z—20)?2
+ (w—w,)?, where xo, ¥o, 20, wo are real constants, the Newtonian
potential V is the inverse of the distance between the points
(x, v, 2) and (x, ¥o, 20). There is thus a simple correspondence
between the charges giving rise to the two potentials, the
point charge in the three-dimensional space, S;, being simply
the projection of the corresponding point charge in the four-
dimensional space S;. With suitable restrictions this method of
projection may be applied to surface distributions of charge in
S; and we shall consider in particular the case of a continuous
distribution over the spherical surface

¥+ y* + w? = a?, z=0,

when the surface density depends only on x24y2. In this case

W = fr f " (a%/R?)f(cos 6) sin 6d6d¢ ,
0 Yo

where f(cos 0) is the function giving the law of density and
R?=(w— acosh)?+ 22+ (x — asinfcos$)?+ (y — asinfsing)?.
To reduce the integral to a simpler form we write

cosf = ¢, ¥ + y? = p?, p? +w? = 72;
then

W = (wa/7)U(X, v,2),
where

* Presented to the Society, June 20, 1929.
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v= [ 1620+ x4 v,

Z = ws/(2ar?), X4 V24 722 = (st — 4a%?)/(4a’r?),
s?= x4 y2 + 22 + w? + a’.
Now, when (X, ¥, Z) are regarded as rectangular coordinates
in a new space S;*, the function U is the Newtonian potential
of a.rod of line density f({) and so it is advantageous to intro-

duce spheroidal coordinates &, 7, of the prolate type, by means
of the equations

cos £ cosh g = Z = ws¥/(2a7?) >

sin £ sinh g = (X2 + V212 = p(s* — 4427212/ (2a7?) .
We then find that

cos £ = w/T, cosh n = s2/(2ar) .
If P,(u), Qn(o) are the usual Legendre functions, the potential
U = Qa(cosh n) Py(cos £)
gives rise to the four-dimensional potential
W = w(a/7)Qu(s%/ (2a7)) Pu(w/7).

This is a particular case of the theorem that if H(x, vy, w) is a
homogeneous function of x, y, w of degree —#n—1 such that

0*H  9*H  9*°H
+ + =0,
dx? dy? dw?

and T is a function of z and 7 satisfying

) 2T  2n OT +62T 0
or? T 0T 022 B

’

the product W= HT is a four-dimensional potential. It should
be noted that the equation (1) is satisfied by 77P,(s2/(2ar)) and
77Q.(s%/(2ar)). To ascertain the nature of the function V
derived from W we note that when p =0 the potential V becomes
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f°°d_w 0 <z2 + a2+ wz) f f 2aP,(u)du
¢ e W " 1224 a? + w? — 2apw
Pr(p)dw
o[
o (W — aw)? + a*(1 — u?) + 32?

=aqa 7rf [22 + a2(1 — u?) ]‘I/ZPn(/.L)du

= 207Cp: gam(| 3| /), (n = 2m),
=0, (n=2m+1),
where
1:3- .- -2m—1)
Cm = )
2:4- - -(2m)
and where
w120 (2 1
i) = DX Dy
22D (2 + 3/2)
1
- —;2 -
(m + " + " + 1 =+ a)

is the type of Legendre function used for the standard harmonics
associated with an oblate spheroid, the notation being that used
in Lamb’s Hydrodynamics, Sth edition, p. 124. The change of
the order of integration in the repeated integral in the above
analysis is easily justified when 22> ¢2>0 because Weierstrass’
test may be used to establish the uniform convergence of the
infinite integral in the range —1=u=1.

The function V is the potential of a circular disc charged with
a surface density [a2/(a2— p?)|}/2Py. [(1 —p2/a?)1/?], the charges
on the two sides being equal. By introducing the spheroidal
coordinates o, u, defined by the equations

Z2 = auo, p= d[(l — w1+ 02)]1/2,

the potential V may be expanded in a unique manner in a
series of spheroidal harmonics of type 4,P.(u)g.(c); and by
putting u=1 it is easily seen that V is identical with the
harmonic 2a7CnPon()gen(c). Hence

*d
(2) f _Z.UQZm(SZ/(ZaT))Pgm(‘ZJU/T) = 27|'CmP2m(l")q2m(U\ .

— 7T
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This is a relation between spheroidal harmonics of the prolate
and oblate types.
On the disc we have ¢ =0, and since 2¢s»(0) =7 Cn, the value

of Vis
Vo = 72aC 2 Pom(s).

Another relation, which is obtained by the method of projection
from .Sy, may be mentioned here. If r2=ux24y2+422 p2=x2-+y2

1 ® dw 22 + w? — p? x
(3) ——f Pn( i ) = Cn7'_2n_1P2n<'—'> :
TV (P wh)" N2+ w? + p? r

If w=7 tan e, it is easily seen that the integral is of the form
r~2»~1F(z/r), where F(») is a polynomial. Since the integral
represents a Newtonian potential, F(») must be a constant
multiple of P,,(v) and the constant multiplier may be identified
with C, by putting p=0.

The associated relation

1 ® d 2 2 . 52
(4) _—f w Qn<z + w 14 ) = Cnr—2n——1Q2"<—z—>
1 J e (2 4 w?)rh 22 4 w? + p? r

is more difficult to prove. The integral may be shown by
differentiation to be a Newtonian potential and the substitution
w=r tan e indicates that it is of the form r=2"=1[4,0u(z/7)
+ B.P;.(2/7)], where 4, and B, are constants to be determined.
Now Q2.(0) =0, P5,(0)=(—1)"C,, hence B,=0 if

0 dw wZ — p2
& foo (p* + 1fz)2)"“Qn(zz)2 + p2> -

To establish this relation we make use of the expansion

(6) ithn(u) = (1 — 2k + k®)~12sinh=! [(v — k) (1 — »2)=1/7)
" [n] <1, (m1<»v<),

which is readily derived from the formula* defining Q.(»),
namely,

1 3 (=Dn 6"(1 r—l—z>
7 —Ou—) = —1 .
™ r"+1Q <r> 271! 927 \2r Ogr— z

* E. W. Hobson, Proceedings of the London Mathematical Society, (1),
vol. 22 (1891), p. 438. (This reference was given to me by G. N. Watson.)
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The expansion indicates that Q,[(w?—p?)/(w?+p?)] can be
regarded as an odd function of w and so the truth of (5) becomes
manifest. To determine the value of 4, we shall first obtain
another integral for the same Newtonian potential by making
use of the fact that if the function W=F(x, y, 22—1¢?) is a
solution of the wave-equation

?2w + 2w " aw 9w
x? ay? 92 o’

the integral

a
1 t+4z

-—f Flx,y,2* — (t — r)t]dr

2 t—z

is in many cases a solution of Laplace’s equation. Instead of
enumerating a set of sufficient conditions to be satisfied by F
we shall simply remark that the conditions (indicated by the
differentiations under the integral sign) are evidently satisfied
in the present case (when # is a positive integer) because the
integrand in the integral now to be considered is a polynomial:

1 tte 2 2]n powt =
® 3 - e[S

= (= DrCor 1 Q2,(3/7) .

The integral evidently represents a function of type r—2*1F(z/r)
and is zero when z=0, consequently it represents a constant
multiple of »—2771Q,,(z/r). The constant multiplier may be
determined by differentiating with respect to z and making use
of the relation

Q’2n(0) = ("’ l)n/cn-

This may be proved by differentiating the relation (5) with
respect to z and then putting z=0 and using the expansion

(9) h(1 + K= sinh=1 b — 1/(1 + h2) = 3 (= 1)*1hn/Cy.

Multiplying the relation (4) by a?" and summing from #=0 to
7=, we obtain the relation

¢ dl o
10 [ e - S a0/,

— r¢ sin? 6)'/2
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where 72 =(p+a)2+22, r2 =(p—a)?+22 and 7, sin ¢ =z. This
relation holds for p=a.

Calling the potential function on the left of (10) v, we note
that if (4) is correct, there must be a relation of type

1 00
Y = ——f dwla* + 2a2(z? + w? — p?)
TV o

v

a.

2 2 2 . 52
+ (,2 + .w2)2]—1/2 sinh—1! [a t2tw P :I p

2p(22 + w2>1/2

To test this relation we first put p=a. It then becomes

f /2 do
0 (4a? + 2% cos? )1/2

=y v -
o o [(8 + ) (2 + w? + 4a?) |12 S 2a )

This relation may be checked by expansion in powers of 1/a,
making use of the expansion

(=2 + w?)w]

(11) (% + w? + 4a?)-1/2 sinh—l[ 5
a

i (_l)n (22 + w2)n+1/2
5 n+ 1C. (20)
This will serve as an outline of a method by which the relation
(4) may be established.

It should be noticed that by making use of (7) the series on
the right of (10) may be expressed in the form

(12) —J[ 6]{11 r—l—z}
v—oaaz 2r0gr—z’

and, since*

1 r+ 2z T «
(13) — log = — —f eV o(kp)dk,
27 r— 2 2 J,

the last expression may be replaced by a definite integral. The
appropriate formula is

* Watson, Bessel Functions, p. 387.
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1 ]
= — —2-1rf e *Jo(ka)Yo(kp)dk, (p > a > 0),
(14) L e
= — ?wf ek Vo(ka)Jo(kp)dk, (a > p > 0).
0

G. N. Watson has kindly mentioned that the function v is also
expressible in the forms

1 ) T
V= — —f dkf e %Y o(kR)dp
<15) 1 0 T Oco
= — —2-f quf eV o(kR)dk, (R%* = p*-+ a® — 2pa cos ¢),
0 0

the repeated integral being absolutely convergent.

Formula (14) is easily checked by noticing that v is a sym-
metric function of p and ¢ and that a correct result is obtained
by putting p=0. That the result is also correct for p=a is
seen by making use of the well known formula*

2 )
(16) Jo(ka)Yo(ka) = — —f Jo(2ka cosh #)du.
Ty
The equation then becomes
f (4a? + cos? 6)~1/%dg = f (22 + 4a? cosh? u)~1/%du.
0 0
1f we first put p=a in v and then make z=0 the result is 7/(4a)
but if we first put 2=0 and then make p—a the result is zero,
a result which is in agreement with the fact that v is an odd

function of z.
It is interesting to note that

0, (p>d>0),
= —1/(2a), (p=a>0).

(17) f w]o()\a) Vo(Ap)d\

The value of the integral for p <a has been obtained for me by
G. N. Watson. When 0<p<aitis

* N. Nielsen, Handbuch der Theorie der Cylinder Funktionen, p. 215.
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_ e <1>
Ta a
where K and 7K’ are the quarter periods of elliptic functions
of modulus k. It should be observed that

(18) ﬂligl_lo fwfo()\a)lfo()\p)d)\ = —1/a.

When p<0, a>0, p=ce‘* (6>0), Yo(\p)=Y(\o)+2iTo(\o),

the value is
2 7 47 T
-2k (—)+—k ~>
Ta a T \a
for 0 <a and [4i/(no)|K(a/o) for 0 >a. When ¢ =a the integral
is divergent.
Watson remarks that a combination of (15) with (13) gives
the simple formula
1 T d v+ 2z
(19) y = — —¢ log

2rdy 7 r—z

(" =2+ RY).

Two other simple expressions for » may be obtained by using the
known formula*

2 )
(20) Vo(a) = — —-f cos (x cosh #)du, (x > 0).

The result is that

o«

du[(z + ip cosh u)? + a2]-1/2, (p

v

a),
(21) v = real part of
du[(z + ia cosh u)? + p2]-112, (p < a).

0

Here v is the potential corresponding to a surface density pro-
portional to 1/(ez) on the cylinder p=a. The discontinuity in
the surface density at the plane =0 is responsible for the dis-
continuity in v. We have actually

* When p>a>0 the result is easily deduced from Nielsen’s formula (12)
on p. 193 of his book.
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(22) { [61)/6p],,=a+o - [6‘0/6p],,=a__0 = — 1/(a3),
['v(P7Z)]P=a,2=+0 - [”(P;Z)]ﬁ=a.z=—0 = m/(2a) .

The behavior of the potential would be precisely the same if the

surface density proportional to 1/(az) were distributed on the

sphere 7 =a instead of the cylinder p=a. The potential in this
case can be expressed in the forms

( © (_l)n 7'2"+1
1 = 2n+1 y = )
= X S P/ 50
(23)
00 (_l)n a2ntl
v = Z Pnyi(2/7), (rza).

l @2n + 1)C, r2nt2

For r<a we have, indeed, v1=v. This may be seen by making
use of the relation

(24) —ftm —<¢->]P[Z;:f$:;]

_ (_ 1)n72n+1 ( 2 )
(2n + 1C, P )

which is proved*in the same way as (8) when use is made of the
relation

(25) Paua(0) = (— D)Y/[(2n + 1)C].

CALIFORNIA INSTITUTE OF TECHNOLOGY

* Watson, Bessel Functions, p. 180.



