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ON QUANTIFIERS FOR GENERAL PROPOSITIONS*
BY C. H. LANGFORD

General propositions are commonly constructed in terms
of the two applicatives “some” and “every.” These ap-
plicatives occur singly in propositions of the form (Hx) - ¢x,
for at least one value of x, ¢x holds, and (x) - ¢x, for every
value of x, ¢x holds, and in propositions involving more
than one variable constituent when these propositions are

of the form (@x, - :,n) -f(x,---,n) or (x,-:-,n) -
f(x, - - -+, n). Whereas, in propositions of the form
Ex, -, 0 (v, ---,m) sz, -+-,m) -
ORI P A I S TR |
or .
(, -+, 0) (y,---,m) (z---,m) -
R P R A TR B

each of the applicatives may have a single or a multiple
occurrence.f There are, however, in the traditional treat-
ment of general propositions, four quantitative functions
of a property ¢z, viz., Every x is such that ¢x, Some x is
such that ¢x, No x is such that ¢x, and Noi-every x is such
that ¢x. These applicatives occur in the formulation of
the syllogism in connection with functions of the form
¢xdy¢Yx, and they were, it seems, never carried beyond
propositions involving a single applicative. In what follows
we shall be concerned chiefly to exhibit the formal properties
of general propositions and of general propositional func-
tions when they are expressed directly in terms of the
quantifiers no and not-every.

* Presented to the Society, May 1, 1926.

t All of the functions which occur in the present discussion are first-
order functions; their quantified constituents are all variables which
denote individuals. This limitation is, however, merely a matter of con-
venience. The properties of functions to be exhibited are the same whether
the quantified constituents denote individuals or functions.
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Any function which involves a single occurrence of an ap-
plicative may be said to be singly quantified. Thus (x) - ¢x
is singly quantified, asis (x, - - -, n) - ¢(x, - - -, »). Any
function which involves a multiple occurrence of applica-
tives, the same or different, may be said to be multiply
quantified. Thus (x) : (%) - ¢(x, ¥) is a multiply quantified
function, as is (x)(@y)(2) - ¢(x, ¥, 2). The first of these
functions is doubly quantified, while the second is triply
quantified. Functions involving # occurrences of an ap-
plicative, the same or different, will be said to be n-tuply
quantified. The terminology introduced here is to be under-
stood to apply also to propositions; any value of an n-tuply
quantified function is an #n-tuply quantified proposition.

(2) : () -d(x,9) : = :(x,9)-¢(x,y) and (F=) : @) -o(x,) :
=:(gx,y)-0(x,y).
(x,“',m)i()’,"';”)-d’(x,"‘,M;y,"':”):

= :(x’ T, MY, o, n)d’(x’ T,m Yy, '7”)
and

(ﬂx, te ,m)(ﬂy’ te ')n)'¢(x7 C,m Yy, ';n) :

= :(ﬂ'x’ .. .,m;y’ .« ‘,”)-d)(ﬁC, .. .’m; y’ .. .’n).

Accordingly, when two occurrences of the same applica-
tive are juxtaposed the variables may be combined under
the same applicative. This reduces the degree of quantifica-
tion of the function. In a function no further reducible
no two occurrences of the same applicative will be juxtaposed.
Such functions will be said to be in reduced form.

~(x)-¢x. =. (Fx). ~¢x and ~ (Fx).¢x. =.(x). ~¢x,

from which it follows that the sign of negation can be re-
moved from before any quantifier.

~@, e, D@y, -, m)(z, - - -, )

ce e f(xy Ly My By e, Wy )
is equivalent to

@x, - - -, 0 (- -,m) Hz, -, m) -

Nf(x,...’l;y,...’m;z,...’n;...)
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and, of course,
N(Hx’...'l)(y,...’m)(gz’...’n)...

J@o, oy by, mig, ey my )
is equivalent to

(x,---,l)(Hy,-'-,m)(z,-n,n).--

~fQy By g e g ),

Accordingly, to get the contradictory of a proposition in-
volving a single complex quantifier in “some” and “every”
change every universally quantified constituent of the
proposition into a particular and every particularly quanti-
fied constituent into a universal and take the negative of
the function.

Let “No « is such that ¢x” be denoted by [x] - ¢x and

“No x, - - -, n are such that ¢(x, - - -, n)” by [x, - - -, n]
¢(x, - - -, n). Then
[x] - 92 - =  ~(@x) - ¢x- =- () - ~oz, and

[x,,n]¢(x,,n) -~(ﬂx,~--,n)
’¢(x;"';”)'E'(x"":n)'~¢(x;"'}")-

“Not every « is such that ¢x” may be written {x} - ¢,

and “Not-every %, - - -, n are such that ¢(x, - - -, n),”
{x, ceey, n} - ¢(x, - - -, n). Accordingly,
{2} 02 = ~() ¢x-=-(@x)  ~¢=,and
{x,...’n}.¢(x’...’n).5.~(x,...,n)
.¢(x,...’n).E.(gx’...,n)
co~p(m, e, m)
Since (x) - ¢x - = - ~(dx) - ~¢x, any proposition in

terms of “some” and “every” can be expressed in terms of

“some” and “~”. Thus

() (@) () (Tw) - f(x, 3, 2, w) - = - ~ (Hx)~(Ty)~(Hz2)
N(Hw) 'f(x: Y, % ‘ZU)

* The applicative {x} was suggested to me by Dr. H. M. Sheffer, as
was the notation used in both cases.
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and

@x) () (H2)(w) - f(x, 9, 3, w) - = - (Tx)~(Ty)~(Tz)
~Hw) - ~ f(x, 3, z, w).

And since [x] - ¢x - = - ~ (Hx) - ¢x, we have, as an equiva-

lent of the first of these functions, [x] [v] [2] [#] - f(x, ¥, 3, w),
and, as an equivalent of the second,
N[x] [y] [Z] [w] -~ fx, 3, 2, w).
Let

(%, -, D@y, ---,m) -z ---,n)

ORI T R O )
be a function in reduced form. In thisfunction the variables
of widest scope are quantified universally, and the degree
of quantification of the function is even.

(x,"',l)(Ey,"‘,m)"'(HZ,"',ﬂ)
flmy e sy, e, My g, e, m)
.N(ﬂ'x’...,l)N(H‘y,...’m)...N(ﬂ'z’...,”)

i

‘f(x,"‘,l;y,"',"l;"';Z,"',”)
E.[x,...’l][x’...,m]...[z,...,n]
D (CARREIN S AR (SERRNE SERRIS OF

This last function is expressed in terms of the applicative
[ ] alone, and it does not involve “~?” in the quantifier.
Every change of bracket has the force of a change of quantity
from universal to particular or from particular to universal.
This is so because the force of [ ] is negative. For example,
the proposition “Every element has a successor,” which
may be written (x) : (dy) - x<y, is equivalent to “No
element is without a successor,” which may be written
[] : [y] - x <3y, there is o x such that no ¥ is such that x <y.
Propositions whose variables of widest scope are quantified
universally do not entail existence; that is to say, they
would be true if there were not at least one element within
the range of significance of the variables.

Let (xv"'»l)(gy"":m)"’(zs"'n)
'f(x,"',hy,"',m;"';Z,"'y”)
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be a function in reduced form. Its degree of quantifica-
tion is odd and its variables of widest scope are quantified
universally.

(x, -, D@y, -+, m) (2, - ,n)
Sy oo Ly, e My 2, e, 1)

=~ @x, ) ~ @y, m) e~ (T, -, 0
S R R S L TR )

= fa, -, 0y, -, m]--[z, -,
T 2 I TR B

Here “~" appears before the elementary function, but it is
not involved in the quantifier. For example, in connection
with serial relations, the proposition “Every element has
an immediate successor” may be expressed by

@@E@NE:2<y:a<z-y<z- V- -z2<z-3<y,
which is equivalent to
[x][y][z]:~(x<y:x<z~y<z-V-z<x-z<y).

Let (&x, -, 0y, ---,m) - (z---,mn)

fQxy e Ly, e my iz, W)
express a function in reduced form. The degree of quanti-
fication is even and the variables of widest scope are quanti-

fied particularly. The function is equivalent to

NN(HW,:Z)N(H)’;M”)’V(?I%;")

'Nf(x)"')l;yr"'7m;"';z""yn):

which is equivalent to

O [ FR PP P S
-Nf(x,...’l;y’...’m;...;z’...,n)_

Here “~7” appears before the entire function. This is
necessary since [ | is universal and the function to be
expressed is particular in respect of its variables of widest
scope. Propositions of this form entail existence; they
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would be false if there were not at least one element within
the range of significance of the variables.

@x, -, Dy, -, m) (g3, -, n)
f(@y el e My 5B, e, W)
= ~~@x, D) ~"y, e m) e~ (T2, e, 1)
cf(xy Gy, e M s, e, 1)
=~z [y, ym] e, 0)
S(®y o by, My 3B, e, 1)

It is clear that if a function is to be expressed in terms
of [ ] it must be in reduced form. Functions expressed
in terms of “some” and “every” have a multiplicity of
forms which do not appear in functions on [ ]. Thus

@@ @) - f(x,y,2,9) - = - (x,9)(T2)(Tw)
- flx,9,2,)

c= (0)(N@z,w) - f(®,y,5,w) - = (%,9)(Tz,w)
- f(x,y,2,).

Any one of these functions is equivalent to
[x:y][z:w] : f(x;y;z:w);

and there is no other equivalent form in this quantifier;
a change of bracket is always significant, and no two func-
tions differing as to degree of quantification can be strictly
equivalent.

Since (Hx) - ¢x - = - ~ (x) - ~ ¢x, any function in
“some” and “every” can be expressed as a function in
“every” and “~”. Thus

(%, -, D@y, -+ ,m) -Gz, -+, n)

(O N S Y TR )
=i~~~ e, D)~y m) e~ (2, e, B)
o f(y ey, e My 3B, e, 1),

and since

{x’ te ';”} c @z, e eym) = ~(wye e ym) - P(wy e, m),
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this function is equivalent to

~ay o s m) s, e n)
‘Nf(x,"‘,l;y,"',m;"';Z,"',ﬂ).

Here we cannot dispense with “~7” as affecting the entire

function, since the force of the applicative { }, when it
occurs in the first place, is particular, whereas the applica-
tive in the first place of the function to be expressed is
universal.

(x,"',l)(ﬂy,"',m)"'(zw",”)

RN L Y T )
cm e~ (@, D)~y e, M)~ (3, e, 1)
Cf(@, e Uy, e M 52y e, 1)
c=~fry o Uy, o, mb e, e, a)
cf(®y ey, My g, e, ).
Also,
@z, -, Dy, -, m) - (Gz, -, n)
RN T )
=~ (o, D)~ m) e~ (g, W)
Como (s, e by, My 38, e, )
E-{x,---,l}{y,-~,m}~--{z,---,n}
Y €I A B I OR
And
@x, -, Dy, ,m -z, -, n)
N O T S S )
=, )~ (Y, )~ (5, e, 1)
N (€I A S N )
E-{x,---,l}{y,~--,m}-~{z,-~~,n}
@y e Ly, e My 35, e, 1),

Heretofore we have been concerned with functions which
involve a single complex quantifier, and in which, ac-
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cordingly, any two variables have interdependent scopes,
and each variable has within its scope the whole of the
elementary function. There are two kinds of functions
which do not have this form. (1) A function may be such
that, although any two variables have interdependent
scopes, at least one variable does not have the entire ele-
mentary function within its scope. The function

() by -V - (Hx) - Y(x, 9)
is such a function; or the function
() 19y -V - (Hx) - ¢

It is to be noted, with regard to this latter function, that
since Y« is within the scope of (y), the variable y may occur
in Yx. (2) A function may be such that at least two vari-
ables have independent scopes. Thus

() : (Ex) - ¢(x,9) - V - (3) - ¥(, 2)
and

(@) - ¢y -V - (H2) - ¢z
are such functions.

It is clear that any function can be so expressed that “~7”,

when it occurs, does not have any quantifier within its

scope. For ~(x) - ¢px - = - (Hx) - ~ ¢x and ~(Tx) - ¢x
c=(x) -~ ¢x, and ~(px - ¥y) - = - ~pxV~yYy and
~(px\Vyy) - =« ~ ¢x - ~¢¥y. Now it can be shown that

for any function there is a function in a single complex
quantifier which is equivalent to it,* so that every function
can be expressed in this form. We may consider functions
of the first kind first. Let ¢x and ¥y be functions such that
¢x does not involve the variable y. Then (y) - ¢x\V ¢y
entails ¢x - \V - (3) - ¥y. Conversely,if px - \VV - () « ¥y,
then(y) - ¢xV¢y;sothat(y) - px\VYy:=:éx - V - (¥) - ¢¥y.
Similarly, (Hy) - ¢x\Vpy : = : ¢x - V - (Ty) - ¢y. Also
() - dx-Yy:=:¢x:(y) - ¥y and (y) - dx - Yy :=":
¢x : (Hy) - Yy. By a repeated application of these equiva-
lences it is possible to transform any function of the kind (1)
into a function which involves a single complex quantifier.

*See Principia Mathematica, vol. I, *9.
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In dealing with functions of the kind (2), we may require
the equivalences just given, but some one or more of the
following relations are always necessary: (x) - ¢x : (3) - ¥y
p= () () cdx Yy (Fx) - px : (Fy) oYy o=
Hx) : (@y) - dx-Yy; (®) -dx-V - () Yy =: (%) :
() - dxViy; (%) - ¢x -V - (Hy) ¢y : = (Tx) : (Hy) -
¢x\Vy¢y. Ineach of these equivalences, as in those which
follow, it must, of course, be true that ¢x does not involve
the variable y and that Yy does not involve the variable x.
(x) - px : (Hy) - ¥y entails (x) : (y) - ¢x - Yy and
(Ex) : (v) - ¢x - Yy entails (x) - px : (Hy) - ¥y, so that
(%) - dx : (Hy) -y : = : (Hy) : (x) - px - ¥yy. But it is
to be noted that although (x) - ¢x : (Hy) - ¥y entails
(%) : (Hy) - ¢x - ¢y, itis not the case that (x) - ¢x : (Hy) - ¥y
follows from (x) : (Hy) - ¢x - yy. This relation will be
dealt with in detail presently since it involves a point about
which mistakes have frequently been made. (x) - ¢x) -
V - (@) - ¢y entails (x) : (Hy) - ¢px\V ¥y and (x) : (Ty) -
¢x\V/Yyentails(x) - ¢x - VV - (Hy) - ¥y,sothatthesefunctions
are equivalent. But, although (Hy) : (x) - ¢x\V ¢y entails
(x) - px -V - (") - ¥y, (Hy) : (x) - px\V ¢y does not follow
from (x) - ¢x - VV - (y) - ¥y. By a repeated application
of the foregoing equivalences any function of the kind (2)
can be expressed in a form which involves a single complex
quantifier.

We have noted that (Hy) : (x) - ¢x\V ¢y does not follow
from (x) - ¢x - VV - (y) - ¥y and that (x) - ¢x : (Hy) - ¥y
does not follow from (x) : (Hy) - ¢x - ¥y. It has been
pointed out that propositions of the form (x) - ¢x would be
true if there were not at least one individual within the
range of significance of the variables. For (x) - ¢x entails
~(Hx) - ~ ¢px and ~(Hx) - ~¢x entails (x) - ¢px; (Hx) -
~¢x entails ~(x) - px and ~(x) - ¢x entails (Hx) - ~¢x.
Accordingly, (x) - ¢x and (dx) - ~¢x are proper contra-
dictories, — (x) - ¢x - VV - (Hx) - ~ ¢x is necessary and
(x) - ¢x: (Hx) - ~ ¢x is impossible. Now the proposition
(Hx) - ¢x - V - (Hx) - ~ ¢px is not a necessary proposition.
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It is empirically significant in that it entails the existence
of at least one individual, and this is not a fact which is
certifiable on formal grounds alone. If it is not the case
that (x) - ¢x would be true if there were not at least one
value for x, then (x) - ¢x entails (x) - ¢x. Accordingly,
(x) - ¢x - V - (Hx) - ~ ¢x entails (Hx) - px - V - (Hx) -
~@x, and this latter proposition is necessary since it follows
from a necessary proposition. But it is not the case that
Hx) - ¢x - V - (Hx) -+ ~ ¢px is a necessary proposition.

It follows that the function (x) : (Hy) - ¢x\VV ¢y does not
make an existence demand. Any value of this function
may be read: It is false that there is at least one value of
(Hy) - px VY, say (Hy) - ¢px1V ¥y, such that (Ty) - ¢y
is false. This will be true if there are no values. On the
other hand, any value of the function (Hy) : (x) - dx\V ¢y
may be read: There is at least one value of (x) - ¢x\V ¢y,
say (x) - ¢x\V ¢y, such that (x) - x\V/¢¥y: is true. This
requires at least one value for y. Accordingly, these two
functions are not strictly equivalent.

We have shown that any function can be so expressed as
to have a single complex quantifier. It follows that every
function has either the form

(x,"‘,l)(ﬂy,"‘,m)(z,"';”)"'f(x:"',l;

y’-ln,m;z’--a,n;nhn)
or the form
(3'90;"'J)(}’;"',m)(HZ,"',")"‘f(x;"';l;

y}"'im;z’°"’n;"')'

The first of these functions can be expressed in terms of
[ ] alone and the second can be expressed in terms of { }
alone. Consequently, any function can be so expressed as
to have one of the forms
[x)"‘yl][y:”'xm][zy"':"]”'f(x;"'115

Yy M B, e M)

{x,-‘-,l}{y,--',m}{z,u-,n}---f(x,-w,l;
y’c--,m;z,---,n;c.c).
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In accordance with these forms, any function of whatever
degree of quantification can be given in terms of a single
applicative. One of every pair of mutually contradictory
propositions can be given in terms of [ ] alone and the

other can be given in terms of { } alone. [x, - -, ]
 flx, - - ~,n)isequivalentto~{x, . -,n} - ~f(x, o0, m)
and {x, e, n}-f (¢, -+, m) 1is equivalent to
~ %, - ,n] -~f( ---,n). Similarly, [x, - - -, 1]
[y, - ml [o ooy m] oo F, ooy d; yy e, m
Z, -, W .---)isequivalenttON{x, e, l}
{y,-—~,m} {z,~-~,n}---~f(x,-~-,l;y,---,m;
g, +--,n;---Yand {x, - - -, 1} {y, - -, m} {z -, n}
ce o f (% by, e, myg -, m; ) is equiva-
lent to ~fx,---,1] [y,---m] [5---,n]

~ by, myg e,y ).

The function (x) - ¢x is a generalization of the con-
junctive function ¢x; - ¢xs + ¢x3 - - - ¢x,, which involves

a finite number of the values of ¢x. Similarly, (Hx) - ¢x
is a generalization of the finite disjunctive function
dx1V X2V dxsV - - - VPxn.
In precisely the same way [x] - ¢x is a generalization of
~PRy -+ ~PRy + ~PXg ¢ ¢+~

Now this latter function has the same force as Sheffer’s
“stroke” function plq,* when plg is rendered ~p - ~q.
Accordingly, [x] - ¢x is a generalization of ¢xi|¢xz, when
interpreted ¢x; is false and ¢x. is false. Similarly, {x} - Ppx
is a generalization of

~ox1V ~PxsV ~dasV - - -V ~Pkn.
This function has the same force as the “stroke” function
plq in its alternative interpretation ~p\/ ~q;so that { x}-px
generalizes gbxl[quz in this interpretation.

HARVARD UNIVERSITY

* See H. M. Sheffer, 4 set of five independent postulates for boolean
algebras, TRANSACTIONS OF THIS SOCIETY, vol. 14 (1913), pp. 481-488.



