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ON THE RELATIVE CURVATURE OF TWO
CURVES IN V,.*

BY JOSEPH LIPKA

1. Definitions of Geodesic Curvature. In any space of n di-
mensions ¥V, whose first fundamental form is given by t

(1) dSz = Zu:aikdx,dxk,

the geodesic curvature x of a curve ¢ at a point P may be
defined in one of the two following ways:

(1) Draw the geodesic ¢ tangent to ¢ at P and on g and ¢
lay off from P equal infinitesimal arc lengths 8s; let Q and Q be
the extremities of these arcs on ¢ and g respectively; then i

@) ¢ = lim 299

(ii) Consider an infinitesimal element PQ = ds of ¢ and the
geodesic ¢ having this element in common with ¢, i.e., as @
approaches P as a limit, ¢ and ¢ will approach tangency at P;
the immediately following elements of ¢ and g will not in
general coincide but will form at @ an infinitesimal angle 8w;
then §

3) k= lim 2

Q—P os

Both these definitions lead to the same analytical expression

* Presented to the Society, February 24, 1923.

1 Throughout this paper all summations extend from 1 to = for the
indicated subscripts.

I This definition is that given by Voss, MATHEMATISCHE ANNALEN, vol.
16. Cf. Bianchi, Geometria differenziale, 2d ed., vol. 1, p. 363.

§ This definition, or an equivalent one in terms of the parallelism of
Levi-Civita, was given by the author in a paper, Sulla curvatura geodetica
delle linee appartenents ad una varietd qualunque, RENDICONTI ACCADEMIA
pEr LincEr, vol. 31 (1922).
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for the geodesic curvature «, viz.,

S [zp [

ik r
d%x, vk | daiday
[ ds? +Z{ } ds ds ]
where {%,*} is the well known Christoffel symbol of the
second kind.
It is the purpose of this note to generalize the above pro-
cedure by replacing the geodesic ¢ in (i) by any other curve &

tangent to ¢ at P, and (ii)) by any other curve ¢ having an
infinitesimal element P@) in common with c.

(4)

2. Generalization of the First Definition. We have any two
curves ¢ and ¢ tangent at P and two equal infinitesimal arc
lengths PQ and PQ (= 8s) on ¢ and @ respectively. Let the
coordinates of Pbe z, (r = 1,2, - - -, n), those of @ and Q— (de-
veloping in powers of 8s) be, respectively,

. + z./0s + 3z, (8s)2, r=1,2 ---,m),
x. + z,/0s + 33./(85)2, r=12 ---,m),
(disregarding infinitesimals of higher order than the second),
where the direction of the common tangent at P is given by
x, = da,/ds (r = 1,2, ---, n), and where «,”” and %, are the
values of d%t,/ds® computed at P for ¢ and ¢ respectively.
The differences of these coordinates are
3@ — ,')(8s)%,
and hence we have for the distance Q@ the expression

Q)2 = X (ardola" — &) (2" — £")(55)/4,

where (a,¢)o represents the values of the coefficients a,; at
the point @, i.e.,

(5) (art)q Ar + dart 6 +

Therefore we have

(6) [ lim 2—%] = ;an(wr" — &)@/ — &/).

o—r (05)*



1923.] RELATIVE CURVATURE 347

3. Generalization of the Second Definition. We have any
two curves ¢ and ¢ having an infinitesimal element PQ = és
in common (i.e., as @ — P, the curves ¢ and ¢ will approach
tangency at P). The immediately following elements QR
and QR of ¢ and ¢ will form an infinitesimal angle 8w at Q.
Let the direction PQ have for parameters x,” = dx,/ds (r = 1,
2, ++-, m), le.,

(7) Zta,tx,’xt’ = 1.

The directions of QR and QR may be expressed by the param-
eters x,/ + x,/'8s, x,’ + %,’6s (disregarding infinitesimals of
higher order than the first), bound by the relations

{r T (@doler + a88)(wd + w/'8s) = 1,

(8) zr;(art)q(xr, + 51-5//58) (mt’ + it”és) = 1.

L
The angle 6w between these two directions at € is given by
cos dw = D ()o@, + a./'8s) (i + £,'55).
Tt
Using the first identity (8), this becomes
9)  cosdw =14+ D (ar)olx, + x,"8s) (& — x¢'")ds.
rt
Subtracting the identities (8), we have
22(“”)@(‘”7’ + x,”6s) (2" — x/")ds
7t
+ D)@ — &)@/ — xi")(85) = 0,
Tt
and introducing this into (9), we find
(10) cos dw =1 — 3D (ar)o(@,” — &) (& — &) (5s)%
T
On the other hand,
an cos dw=1— 3(8w)?+ ---.
Comparing (10) and (11), we deduce that

2
12) gimp(% ) = Panla — &)@ — 3.

We note that the right members of (6) and (12) are identical.
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4. Relative Curvature. The expression

(13) ;a”(wrﬂ — i’r") (xtn - -t")
has an interesting geometric interpretation. Let us set
(14) 4,=Y { ik } el

® | 7

We may then write (13) in the form
;am[(xr"-{—AT)— @&+ A) (" +A)— @+ A44)]
(15) = ;art(xr”'i‘Ar) (xt”"*"A t)'l' ;art(jr""‘Ar) (:E&”"*‘A t)
=2 @@+ A,) @+ A)).
T
We here introduce the geodesic curvature « as given by (4),
and the direction of the principal geodesic normal to a curve
¢ at a point P as given by the parameters *
(16) b0 =L@t 4, =120,
so that
San(e + A)@E + A) = k-k 2 a.uPa® = k-k cos 6,
4 rt
where 6 is the angle between the principal geodesic normals
to ¢ and ¢ at P. Then (15) or (13) takes the form
an k2 4+ k2 — 2k« cos 6.
Finally, combining (6), (12) and (17), we have

. 2QQ .. 8
(18) lim Z%g=gflp£= \/x2 + k2 — 2kk cos 6.

Q—>P
If, in the definitions (i) and (ii) of § 1, we replace the
curve ¢ and the tangent geodesic ¢ by any two tangent
curves ¢ and ¢, we shall say that the limiting expressions in
(1) and (2) define the curvature of ¢ relative to ¢ or the relative
curvature of c and . ' We may now state the following theorem.
Given any two curves ¢ and ¢ in V, tangent at a point P.
Let k and k be their respective geodesic curvatures and let 6 be the
angle between their principal geodesic normals at P.  Then the
relative curvature \ of ¢ and ¢ at P is given by
A= 2+ k% — 2k« cos 6.
MassacHUSETTS INsTITUTE OF TECENOLOGY
* Bianchi, ibid., p. 364.




