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where H is a (“homogeneous’) set having relative exterior
measure 1 ot every one of its points, and Z s of measure zero.

We obtain a particular case of our theorem if we assume 4
to be a measurable set. Exterior measure will then be re-
placed by measure, and relative exterior measure by “relative
measure.” We thus have

CoROLLARY 2. The relative measure of a measurable set is
1 at every one of its points except possibly at those of a set of
MEASUTE 2ET0.

Corollary 2 is equivalent to a theorem of Lebesgue-Denjoy.*
The present note, therefore, also gives a very simple proof
of this important theorem.

So far the author has not succeeded in proving the theorem
of this note for higher dimensions, although there seems to be
little ground for doubting its validity in n-space.
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In this paper a form of Green’s theorem is considered which
applies, on the one hand, to the boundary of any set E,
measurable Borel, and relates, on the other hand, to potential
functions which satisfy a general integral form of Poisson’s

equation,
an ds = fd ,
f( ) s oz, y)

where a(x, y) is some function of limited variation in (z, y).
In particular it can be used in mathematical physics in
problems in which mass (or electric charge) is not distributed
continuously.

Let Vi(z, y), Va(x, y) be two potential functions defined and

* Lebesgue, Legons sur I’Intégratlon, pp. 123-124, and Denjoy, loc cit.,
pp. 132—137 “Relative measure’’ is equivalent with Denjoy’s * epals-
seur.” Lebesgue’s considerations are indirect (as far as the theorem in
question is concerned), being based on properties of integrals. Denjoy’s
proof is direct, but still comparatively involved and long.
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“differentiable’’* in the fundamental square J(0 £ a2 <1,
0Sy=1);let

av, 6V1 vV, vV,

=27 - U "= = — U
oz 1 ay 1, ox 2 2

9y
be summable with their squares in J.
Furthermore assume that u;, us satisfy Ry; vq, v2 satisfy Rs.

R;. The total variation of u(z, y) varying y(0 Sy < 1)isa
function of @, finite nearly everywhere and summable
in(0sx<1).

R.. The same as R;, with » in place of %, and with the réles
of « and y interchanged.

In a previous papert the author has shown that, under these

restrictions, we may express

Q—Iﬁ s = f uyde + vidy
B(E)

sz ON
f dal.
E

In the present paper it is further proved that

in the form

Vo —--—cls = f Vodoy + [ (urus + v109)dady.

B(E)

Consider a rectangle r (¢ < a2 < b, ¢ £y < d) contained in J.

We have
b
f wdx = f [ui(z, ¢) — ui(z, d)]dx
B(r) a

= — fbd:cfddyul(x, Y).

In this f dyui(z, y) may be regarded as a Stieltjes integral

with y as variable, which, by R, exists for nearly all values
of 2 and is summable in . Then

— j{:bdx'f dyui(z, y) = Ida'(x, Y)

* De la Vallée Poussin, Cours d’Analyse, 3d ed., vol. 1, § 147.
1 P. J. Daniell, this BurLETIN, NoV., 1918.




1919.] A GENERAL FORM OF GREEN’S THEOREM. 355

will be an absolutely additive function of rectangles r. Simi-
larly

. d
[ way= [“1:6, ) — wia, iy

B(r)
d b
= f dyf dxvl(x, 2/)
= fda”(x’ y):

f uldx + vldy = fda(x: y):
B(r) ”

where a = o’ + o/,

For nearly all values of z, (8V5/dy) = — u is uniformly
bounded with respect to y, by R;. Then, for nearly all
values of @, Va(x, y) is an absolutely continuous function of y
and must be of limited variation in y.

By a theorem on integration by parts,*

d d d
- f dy(Vgul) = - f V2dyu1 - f uldsz

d d
= — f Vaodyu, + f Urtedy,

for nearly all values of =.

Again since V, is “differentiable” at every point of J, it
is continuoust and uniformly bounded.

If max|V,| = K, the total variation of V,u;, varying
y(0 £ y £ 1) will be not greater than

1
K X variation of u; 4+ f | wue | dy.
0

Uy, Ug are summable with their squares in J, so that wu, is
o]

also summable in J, or | |wus|dy is a summable function
0

of x where it exists (nearly everywhere). Then Vou; will also
satisfy R, and similarly Vv, will satisfy R,.

*P. J. Daniell, Transactions Amer. Math. Society, October, 1918.
1 De la Vallée Poussin, ibid.
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Combining the various facts, we then obtain

b d
f Vgu]_dx = - f dx f d,,(Vgul)
B(r) a ¢
b d b *d
- — f de f Vadyus + f do j wrisdy

= f Voda!' + f urtedady.

The change from repeated to double integrals is legitimate, in
the first integral (Stieltjes) because V3 is uniformly continuous,
in the second because uyus is summable in J. Similarly

Vandy = f Voda!" + f v10odady.

B(r)

Then

Ve(uida + v dy) = f Vodeoy + f (usue + vyv2)dady.
B(r) Jr r

This is an equation in which all three expressions are absolutely
additive functions of rectangles, and Vauy, Vav; satisfy Ry, R,
respectively; therefore for any set E, measurable Borel,
contained in J,

V, ?—I‘/—lds = f Vadoy + f (urus + vivo)dady.

B(E)

This was the theorem to be proved and we can rewrite it in
the form

Vzéréds = szdal + f(grad Vy1-grad V3)dS8.

Oorollary 1. Interchanging Vi, V, and subtracting,

f ( V2 aaVl Vl 66V2) ds = f Vzda]_ - f Vldaz
BUE)

Corollary 2. Instead of this make V; = 7, =

V(ifds = f Vda + fgrad2 Vds.
E E

By 0N
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Three dimensions. The case of three dimensions is more
valuable in applications, and the proof is exactly similar.
We content ourselves with the mere statement. [Our previous
notation is altered; w, takes the place of v;, and vy of — u;.]
Let Vi, V3 be two potential functions, defined and “differen-
tiable” in the cube J 0 2 <1, 0y <1, 02 <1);
let the six partial derivatives be summable with their squares
in J; and let 8V,/0x, dV2/0x satisfy Ry; 9V:/0y, dV./oy
satisfy Ry; dV1/0z, V.02 satisfy Rs.

R;. The total variation of w varying (0 L2 <1) is a
function of (y, 2) finite nearly everywhere and sum-
mablein 0 Sy £1,0<2<1).

Rs, R;. The same as R; with », w in place of » and with
cyclical interchanges of z, y, 2.

If the element of normal is drawn outwards,

f aaVl ds = f dauy
B(r)

is an absolutely additive function of rectangular parallelo-
pipeds r and a; (z, ¥, 2) is a function of limited variation in J.
Then we can define for any set E, in J, measurable Borel,

al, f
dS= | d
B(E) an E “

and Green’s theorem becomes

V26—Kl-d8 = [Vﬂlc[l + f (grad V;-grad Vy)d vol.
B P

B(E) on

The two corresponding corollaries follow immediately.

Rice INsTITUTE,
Housron, TExas.



