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corresponds to the other ray tangent, and recalling Wilczyn-
ski’s theorem, we are led at once to the final form in which we
stated the geometric characterization of conjugate nets with
equal point invariants. This characterization may of course
be established analytically, and independently of Wilezynski’s
theorem, so that, on the basis of our general theorem, Wil-
czynski’s characterization may then be obtained from ours.
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THE question of the differentiability of asymptotic series
seems not to have received adequate treatment.* Writers on
the theory of asymptotic convergence content themselves
always with stating that if P(x) has the asymptotic repre-
sentation

P(x) ~ a0+ ax + a2+ + - + aua® + -+,

it may not have a derivative at all, and that even if a deriva-
tive does exist, the derivative may not admit of asymptotic
development.

A failure to distinguish between the real and complex do-
mains, in this connection, is responsible for a serious lacuna,
which it is the purpose of this note to fill.

Let P(x), defined in a sector with vertex at the origin, be
analytic within the sector, in the neighborhood of the origin,
and continuous on the sides of the sector, and at the origin.
Let P(x) have the asymptotic development of finite order

P(@) = ao+ ax + a2 + « -+ + ana” + e(x)2n,
where n > 2 and where e(x) goes to zero with . We say that

* Since writing this note, I have ascertained by correspondence with
Professor Birkhoff that he was familiar with and had used the result given
here, but failed to publish it, being under the impression that it was con-
taigz% in an article by W. B. Ford (Bull. de la Soc. Math. de France, 1911,
p. .
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P’(x), the derivative of P(x), which, of course, exists in the
interior of the sector, exists also at the origin relative to any
sector within the given one, and that in the inner sector P’(x)
has the development

P'(z) = a1+ 2052+ 3agz® + - - - + (0 — Dap—12"* + e(2)2™ 2.

The proof is simple. Putaz = 1/y. Then P(1/y) is defined
and is analytic, for sufficiently large values of y, in a sector
S, which is very simply related to the sector of definition of
P(z), and has the asymptotic development

P(lfy) = ao+ Ly 2+ L+ +f<1/y>
We have
4 —_a_ 2 nan _me(lfy) 1.d (1
P(1fy) +1d (4,

Consider now any sector S’ interior to S, the sector of definition
of P(1/y). For sufficiently large values of y any point of S8’
is at least at a distance of unity from the sides of §. For any
such point in §’, we have

e(1/0)dg

E(1/ ) 271"& (§ —_— y)z )

the integration belng made around a circle of radius unity,
so that

< M,

l %e(l/y)

where M is the maximum modulus of €(1/y) along the circle.
Since €(1/y) goes to zero as y becomes infinite, it is clear that
we may collect the last three terms in the expression above
for the derivative of P(1/y), and write

a1 20 (n— Dana  a(lfy)
P Yy) = —2_2%2__ . _ — ,
W) = v v y" y"
where a(l/y) goes to zero with 1/y.
Reverting now to P(x),
) = & dy_ _ .9
P(x) = djl/P(l/y) de = ygdyP(l/y)
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and finally
Pl(x) =a,+ 22+ -+ + (n — Dapaz™? 4+ a(x)a" 2,

which is the asymptotic development sought. Also it results
easily from the fact that P’(x) approaches a; as « goes to zero
that the derivative at the origin exists and is equal to a;.

It is interesting to notice that a single differentiation has
lost us two terms of the development of P(x).* However, if
P(x) has an infinite asymptotic development, it is clear that
P’(x) will also have an infinite development, and in fact that
the development of P(x) can be differentiated formally any
number of times.

The above proof applies, of course, to other domains than
sectors; for instance, we might use the horn angle obtained
by an inversion relative to the origin, and a reflection across
the real axis of the infinite strip between any two parallel lines.

Lastly, it is important to notice that we have also estab-
lished above the differentiability in the complex domain of
asymptotic developments in descending powers of the variable.
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GasTOoN DARBOUX was born in 1842 at Nimes, a place of
interest to mathematicians because here from 1819 to 1831
Gergonne edited his Annales, and incidentally exerted a great
influence on the development of geometry. At the age of
eighteen Darboux went to Paris, in whose intellectual life
he had a prominent part for fifty-seven years. As a student,
first at the Ecole Polytechnique and then at the Ecole Normale,
his unusual mathematical ability made him conspicuous. His

*The loss of the term ma,x*!is only apparent. This can be shown
by taking the radius of the circle of integration above equal to k| y |, where
k is some number independent of y. I prefer the proof above because of
its applicability to more general domains than sectors.



