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THE HESSIAN OF THE CUBIC SURFACE.
BY DR. J. I. HUTCHINSON.

(Read before the American Mathematical Society at its Fifth Summer
Meeting, Boston, Mass., August 19, 1898.)

§1. A special form of the Hesstan, the coordinates of which are
expressible in terms of hyperelliptic functions.

Let [w] (1=1,2,,6) be a set of six simultaneous
half periods (or briefly, six half periods) forming what
might be called a Weber Sextuple, i. e., a sextuple having no
more than three half periods in common with any Rosen-
hain sextuple.*

Also let # be an even theta function of order four and
characteristic zero, vanishing (of the second order) for the
six half periods [«]. Every such function can be expressed
linearly in terms of four functions of the same kind. De-
noting these latter by «,, =,, «,, z,, it is evident that between
them exists a homogeneous algebraic equation of the fourth
degreet

M Sy 2, @y @) = 0.

Interpreting this equation geometrically as representing
a quartic surface, we observe that to the remaining ten half
periods correspond ten nodes on the surface. Also, since
there are ten theta functions of the first order
¥ (=12, -,10)

J

which vanish for three of the half periods [w,], the ten
equations

(2) ’95 =0 (j=1,2,-,10)

represent ten lines on the surface f. § It is apparent that
the ten nodes and the ten lines form the vertices and the
edges of a complete pentahedron, and hence the surface f is
the Hessian of a cubic. It is not the Hessian of the most
general form of the cubic, however, since that depends on

* Such a sextuple corresponds, as Weber has shown, to six independent
nodes of the Kummer surface, from which the ten remaining nodes can
be determined.

tSee Humbert, ‘‘Théorie générale des surfaces hyperelliptiques,’’
Liouville’s Journal, 1893, p. 460.

1 Tbid., p. 48.

2 Ibid., p. 44.
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four essential constants, while the equation f= 0 contains
only three.

‘Without attempting any general study of algebraic curves
traced on the surface f, I will mention some of those of low-
est order which appear to have properties of interest.

The function %! vanishes of the second order for three
of the half periods [e]. A theta function of the second
order and characteristic zero which is required to vanish for
the three remaining half periods is completely determined.
Denoting this function by ¢, the equation

(3) 62 =0

is the hyperelliptic equation of a conic on the surface f.
Further, since the product #; 6{” is an even function of the
fourth order and characteristic zero which vanishes for all
six of the half periods [v,], and hence is linearly expres-
sible in terms of the codrdinate functions =, it follows that
the conic 6 lies in a plane which is tangent to f along the
line .

Suppose ¥, 4, %, ¥, represent four lines lying in one of
the planes of the pentakedron. The product of these four
theta functions is therefore linearly expressible in terms of
the coordinate functions, and vanishes to the second order
for the six half periods [»,]. Hence the function

2 2 2) (92
OPODOPHP

vanishes to the fourth order for the same half periods and
is accordingly expressible as a quadratic function of the
coordinates. Hence the corresponding four conics lie on a
quadrie, constituting its complete intersection with f. There
are five such quadrics.

It is possible to determine a function of the third order
6% which vanishes of the first order for the three half
periods that annul 4, and of the second order for the three
remaining half periods [w,]. The function so determined
contains one remaining arbitrary parameter. Hence the
equation

@) 6P =0

represents a family of plane cubics lying in the planes hav-
ing the line ¢, for axis. Let 6,, 6, denote for brevity two
functions of the family (4). It is possible to choose (in
two ways) three of the functions occurring in (3), say
6 0P 0P so that 690209 - 0,0, shall be a function van-
ishing to the sixth order for the half periods [w,], and
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hence expressible as a cubic function of the codrdinates.
Therefore, any two curves of the same family (4) lie on a cubic
surface which meets f elsewhere in three of the conies (3).

If 9, %, ¥, represent three lines which meet in a point,
the product #%#, evideatly vanishes of the second order
for two of the half periods [,], of the third order for two
others, and of the first order for the remaining two. Every
function 6§ of the fourth order, and of the same charac-
teristic and odd or even with 4%, vanishes of the first order
(or higher) for the four half periods last mentioned above.
The arbitrary constants in the general function of this class
can be so chosen that the product 479,565 vanishes of the
fourth order for each of the half pemods [@,], and hence is
expressible as a quadratic function of the coordinates in-
volving one arbitrary parameter. It follows from this that
the equation

©) 60 == 0

represents a family of biquadratic curves formed by the in-
tersections with f of a family of cones touching f along one
line and intersecting it in two others. As in the case of
cubic curves, it is easy to see that any two curves of the same
family lie on a cubic surface which touches f along two straight
lines.

There are evidently 15 families of such biquadratics cor-
responding to the 15 characteristics different from zero, and
15 pairs of families of cones containing them.

A second class of biquadratic curves is determined as fol-
lows : Suppose #, # , ¢, ¥ correspond to four lines forming
a gauche quadrﬂateral Let 6., be a function of the
fourth order, and such that the product &4 @965, is an
even function of characteristic zero and Vanlshmg to the
fourtk order for all of the half periods [»,]. Then

(6) Oty = 0

represents a family of o' biquadratics having the property
that any two curves of the family lie on a cubic surface passing
through two conics on f.

Each of the 15 families (6) corresponds to one of the fifteen
SJamilies (5) in such a way that any two curves, one from each of
two corresponding families, lie on a quadric. For, a pair of
planes can be chosen (in two ways) so as to contain the four
lines ¢, ¥, ¥, 4. 'These two planes intersect in a line, say
G,y and each 1ntersects f in one other line, say %, and 4,
Hence 995,89 6 9, can be expressed as a quadratic function
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of the codrdinates, and accordingly 66, can also be so
expressed.

A third class of biquadratics is determined by the even
functions 63, of the fourth order and characteristic zero
which vanish of the fourth order for one of the half periods
[o], and of the second order for four other half periods.
Let [«] be the remaining half period. Then, it is possible
to find three functions of the form 44’ 4,0, 626, each
of which vanishes of the fourth order for [w] and of the
second order for all of the other half perlods except [«].

The product of 6% with any one of these three functions is
expressible as a quadmtic function of the coordinates and
hence

(M o =0

represents an ! of biquadratic curves which lie on a family
of cones touching f along two lines ¥, and ¥, on a famlly of
cones touching f along a line 4, and mtersectmg it in a conic
6®, and on a family of quadmcs intersecting f in two conics
o, ‘" and 6. It can further be shown that these curves
also lie on a family of cubic surfaces which touch f along a
line and intersect it in six other lines.

The 30 families of biquadratics (7) are evidently associ-
ated two and two, so that two curves, one from each of two as-
soctated families, lie on a quadric surface.

I will stop to notice only one other class of curves, a
family of o ® sextics first mentioned by Steiner.*

If 6 be an odd function of the sixth order and char-
acteristic zero, determined so as to vanish of the third order
for each of the half periods of the given sextuple, then

(8) 69 =0

represents a family of «?® sextic curves having the property
that any two curves of the family lie on o cubic surface. Since
the six edges of a tetrahedron formed by any four planes of
the pentahedron is a degenerate sextic of the family (8), it
follows that this family of sextics lies on five families of
cubic surfaces each family of which intersects f in the six
edges of a tetrahedron.

The equation of the hyperelliptic surface f can be derived
without difficulty by expanding the coordinate functions in
the neighborhood of a pair of half periods and equating to

* Steiner, “ Ueber die Flichen dritten Grades,’’ Crelle, vol. 53 (1857),
p. 141.
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zero the coefficients of the lowest powers of the infinitesimals
occurring in the assumed form for the equation of the
Hessian. For the sake of brevity I will employ a notation
slightly modified from that used by Humbert in the memoir
already quoted. Denoting the four columns

1100

1,0,1,0
by the digits 1, 2, 3, 4 respectively, the symbol (12), for
example, will be used to denote the theta function of the
first order with characteristic [1j] ; while, numbering the
columns in the reverse order, the symbol 12 will denote

the pair of half periods represented by the characteristic
00

(0
Taking the equation of the Hessian in the form given by
equation (9) of the next section, and selecting 11, 22, 33, 21,
31, 14 for a sextuple of half periods [w], we may assume

w=(11)(12)(31)(32)
z = (13)(24)(32)(41)
y = (11)(21)(13)(23)
2 = (21)(31)(24)(34)
w = (12)(23)(34)(41).
The linear relation between these five functions is found to

be
U= aw 4 fr -+ ry + 0z

where, using the bracket to denote the value of the en-
closed function for zero arguments,

o= [QQ@?)@] P [<24><42_><;);§2
R RCECEHICES N N (22)(34)(43) 1/

[(11)(33)(24)] o= — [(11)(24)(42)] )

(32)(34) (44) (22)(23)(32)
The ratios of a, b, ¢, d, ¢ are found to be

a b e d

P ;='—ﬁ; P g) g="-

§2. Euwtension of the Preceding Results to the General Hessian.

The results of the preceding section are easily shown to
be true without any modification for the general Hessian.
The equation of the Hessian may be written
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(9) F= azyzu + bwyzu + cwzzu + dwryu 4 ewayz = 0,

where w, z, ¥, 2, u represent the five planes of the pentahe-
dron. The equation is unchanged in form by the group of
120 permutations made simultaneously on the two sets of
letters w, z, y, 2, u, and «a, b, ¢, d, e.
The plane which touches F along the line wz has for
equation
bw + ax = 0.

The conic in which this plane meets F also lies on the cone
cau + dyu + eyz = 0.

Denote this conic by fwz}. The nine other conics may be
denoted in a similar manner by {wy}, §xyi, ete.

As was seen in §1, the four conics whose symbols have a
common letter, say jwz}t, jwy}, fwz}, jwu}, lie on a quadric
surface, since (9) can be put in the form

(10) &’F= (bw + ax) (cw + ay) (dw + az) (ew + au) — W' @,
where
Q,, = bedew® + aw(cdex + bdey + beez + bedu)
+ o*(dexy + cewz + cdau + beyz + bdyw + bezu).
By means of the permutations

(wz) (ab), (wy)(ac), (w2)(ad), (wu)(ae),

we obtain four other quadrics @,, @, @,, @,, each of which
intersects I in four conics.

Passing now to the family of cubic curves lying in planes
through the line wz, it can be shown that any two curves
of the family lie on a cubic surface passing through the
three conics {wy{, {wz}, {wul. For this purpose multiply
both members of (10) by an arbitrary constant «, and add
and subtract on the right member the term

a’ZQw(w + zx} (w + le)’
z and » being arbitrary constants. We have

0 F=M— ¢’ Q, (w+ 2z)(w+ »'z)
where
M= a(bw 4 az)(cw + ay) (dw + az)(ew + au)
+ Q [(w + =) (w + ) — aw].
It is now necessary to determine « in such a way that M

shall contain the factor dw + ax. This being done, the
equation takes the form
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(bx — a) (b7 — a)-&*F = (bw 4+ azx) C

11 — @, (w + ) (w4 #'z)

where

C= (bx — a) (0¥ — a) (ew 4 ay) (dw + az) (ew + au)
+ @ [axd'z + w(ax + ax’ — bzx')].

The function Cis unchanged for the group of permuta-
tions of order six made simultaneously on the two sets of
letters y, z, w; ¢, d, e. Hence there are 122 = 20 different
families of [cubic surfaces of the same type as C. Two
such families of cubic surfaces are associated with each of
the ten families of plane cubics, since by the substitution
(wz) (abd) equation (11) takes the form

(bxr— a) (b — a)&®F = (bw + ax) (' —0*Q (w + =) (w + #'z),

where (' is the result of applying the substitution to C after
multiplying by a proper constant.

As a special case of the preceding result, we have for
x» = 7' the theorem :

With each family of plane cubics is associated two families of
cubic surfaces, each of which intersects I in three conics and touches
F along the family of cubic curves.

Consider next the family of cones

R=y(ez+ du) — uz =0

which touches F' along the line zu and intersects it in the
lines yz, yu. It intersects F besides in a family of biquadra-
tics which lie also on the family of cones

8= y(bw 4+ az)+ (¢ + Nwzr = 0,
since I can be put in the form
F=wiR + 2ul.
Let R, §' denote the functions R, § when 2 is replaced by
a new value /. Then the equation
— X (bw+ ax) R+ (¢ + V) (ez + du)S
= — 2(bw+ ax) R + (¢ + 2)(ez + du)§
=oy(bw + ax)(ez + du) + AWzu(bw +ax)
+ (e + ) (e + Y)ww(ez + du) = 0

represents a cubic surface containing the intersection of R
and §, and also the intersection of B’ and ', and evidently
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tangent to these cones (and hence tangent to F') along the
lines wx and zu.

‘When 2=/, we have as a special case of the above:
With each of the 15 families of biquadratic curves is associated a
Jamily of cubic surfaces of which each surface is inscribed to F'
along two lines and o biquadratic of the associated family.

Consider the gauche quadrilateral formed by the lines
wu, xz, zu, wz. The family of quadrics containing these
four lines is represented by the equation

N, =wzx + 2z2u = 0.
The most general equation of the quadric containing the
lines vz, yu, and the conic {wz} is
Py, = y(bw + ax) — A(czu + dyu + eyz) = 0.
The intersection of IV, and P, lies on F), since
F= N, P._,— N,_,Px.

Any two biquadratics of the family so determined lie on
a cubic surface whose equation has the forms

e(bw + ax) Ny + [bw + ax — ¥ (ez + du)] P,
=c¢(bw + ax) Ny + [bw 4+ ax — A(ez + du)] Py
= (bw + az) (axy + bwy + cwx)

— (ez + du) [Az(bw + ax) + ¥ P, ] =0,

showing that the cubic, besides containing the biquadratics
whose parameters are A and ¥, also contains the two conies
{wzl and {zu}. For A= 2 we have in the above equation a
family of cubic surfaces which touch F along the family of
biquadratics.

Each family of the second class of biquadratic curves s associ-
ated with a family of the first class so that any two curves being se-
lected, one from each famaly, o quadric can be found which contains
them both. This result appears at once when F takes the
form

F= N\R + z2u[M2u — ly(du + ez) + Ywz

+ axy + bwy + cwz].

The family of cones K, having their vertices at the point
wyw and touching F along the lines wy and wu has for equa-
tion

12) K, = 2 + ewy + cwu + ayu =
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A second family of cones K’ touching F along the line zz
and meeting it in the conic {yu} is represented by the equa-
tion

(18) K\ = M axz + bwz + dwz) + (ey + cu) (dz + bz) = 0.

The two cones K, and K’y which correspond to the same
value of 2 intersect in a biquadratic lying on F' since

G;(}nl —_— )»)F= K)\K)\l, —_ I{)\'K)\’

where K,,, K,/ are the functions of equations (12) and (13)
with 2 written in the place of 2.
Also the family of quadrics

(14) Ly = (azx + bw) [A(dw + az) + d(ey + cu)]
+ ab(czu + dyu + eyz) =0

which meets F'in the two conics jwz} and {we} intersect it
also in the family of biquadratics defined by K,, since

.Z()‘L)\' —_ I{,\/L)\ = 0,2(1’ -_— ))F.
Finally the family of cubic surfaces
Iy = — dwxz 4+ dayu + byzu =0

which touches F' along the line xz, and meets it in the line
wy, wu, XY, 2U, Yz, ur, also contains the same family of bi-
quadratics, since

F= w['>\+ xyK)\,

The functions K,, K’ are unaltered by the permutation

group

L, (yu)(ee), (w2)(bd), (yu)(wz)(ce)(bd).
It therefore follows that there are 30 families of biquadratic
curves generated in the same manner as the above mentioned
family. Consider in particular the family obtained by ap-
plying the permutation (ay)(zu)(bec)(de) to the preceding
equations. Denoting by K, K’, etc., the left members of
the new equations and writing » in the place of 2, we have

Tfn = pw® 4+ dwr 4+ bwz 4+ axz
K\, = p(ayu + cwu + ewy) + (dw + b2) (ey + cu)
L, = (ay + cw) [n(ew + aw) + e(dx + b2)]
+ ac(bzu + exz + dzu).

Any two curves, one from this family and one from the family
preceding, lie on o quadric surface.
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For F can be written in the form

aF = K, K, — w'J
where
J = Apw® + 2(bwz + dwx 4+ axz) + p(ayu 4 cwu + ewy)
+ (bz + dx)(ey + cu).
Also, wpF = KVK,' — J-(dx + b2) (ey + cu),
and a(bede — abdr — acep)-F = Ly L, — Q,J.
The thirty families of biquadratic curves of this class are
associated in pairs in the manner just described.

The five families of cubic surfaces mentioned in the pre-

ceding section which intersect F' in Steiner’s family of sex-
tic curves have for equations the following :
C, = rexyz + (x — ADbyzu + (x — p)exzu + (x — v)dayu = 0,
C, = lewyz + (2 — »)ayzu + (A — p)ewzu + (A — v)dwyu = 0,
C, = pewzz + (n — x)azzu 4+ (p— VDdwzu 4 (p — v) dwaeu = 0,
C, = vewzy + (v— 2)azyu + (v — Dbwyu + (v — 1) cwzu = 0,
C, = xawyz + bwyz 4 pewrz 4 vdwry = 0.

These five functions are connected by the linear relation
aC, + b0C, 4+ ¢C, + dC, = eC,.

That all five cubics intersect ' in the same family of sextics
is shown by the identities
WF=wC + uC, IF= 20,4+ uC,
pF=yC + uC,, vF =20 4+ uC,
ete., ete.
The family of cubic surfaces
=+aC, + 2bC, + p'eC, + vVdC, =0

passes through the sextic s common to C,, C, C,, C,, and
cuts out of F a family of o ® other sextics, /, ¥, ¢/, v being
arbitrary parameters. These belong to the same family
with s, since C may also be written

C=xl/ + C) + pdC/ + vdC/,

where C/, C/, C/, C/ are the cubics C, C, GC, C, with
%, A, 1, v replaced by ', X, ¢/, v/, and represent four surfaces
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passing through the sextic s’ whose parameters are »/, /, p/, v/,
Hence : Any two curves of the above mentioned family of sewtics
lie on a cubic surface.

As a special case we have for ¥ =, /' = A, p/ =p, v =
the theorem of Steiner : A cubic surface can be inscribed to the
Hessian F along any sextic curve of the family.
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ON THE SIMPLE ISOMORPHISMS OF A HAMIL-
TONIAN GROUP TO ITSELF.

BY DR. G. A, MILLER.

(Read before the American Mathematical Society at its Fifth Summer
Meeting, Boston, Mass., August 20, 1898.)

Ir all the operators of any group ¢, of a finite order
¢, are transformed by each of the operators of one of its
subgroups they are permuted according to a substitution
group that has a 1, « isomorphism to this subgroup. The
value of « will, in general, be different for the different sub-
groups and it will assume its maximum value « when @,
is transformed by all of its operatorz. The a, operators
of ¢, that are commutative to each one of its operators
constitute an abelian characteristic subgroup of ¢,. Hence
the factors of composition of ¢, are the prime factors of «,
together with the factors of composition of the correspond-
ing quotient group I,.

I, is evidently simply isomorphic to the substitution
group which is formed by all the permutations of the oper-
ators of @, when every operator of (4, is transformed by
each one of its operators. This substitution group must
always be intransitive, since each operator is commutative
to itself and hence the substitution group cannot contain
any substitution that involves all the elements of the group.
‘When @, is a simple group each of the transitive constitu-
ents of this substitution group must be simply isomorphic
to G,.

From the fact that the given substitution group which is
simply isomorphic to I, must be intransitive and does not
contain any substitution whose degree is equal to the de-
gree of the group we may easily derive some important



