
1 8 9 8 . ] STRUCTURE OF HYPOABELIAN GROUPS. 4 9 5 

THE STRUCTURE OF THE HYPOABELIAN 
GROUPS. 

BY DR. L. E. DICKSON. 

(Read in abstract before the Chicago Section of the American Mathematical 
Society, April 9, 1898.) 

1. THIS paper gives a marked simplification both in the 
general conceptions and in the detailed developments of 
the theory of the two hypoabelian groups of Jordan and of the 
writer's generalization * to the Galois field of order 2n of the 
first hypoabelian group. I t is important, especially for 
the generalization, to give these groups an abstract defini­
tion independent of the theory of ' ' exposants d'échange, ' ' by 
means of which Jordan derived them. The crucial point in 
the simplified treatment lies in the discovery of the explicit 
relations 

1 ...m 1... m 

2 af#? = m, 2 «W + < + /V + Tx + <Y = ™, 

satisfied by the substitutions of the simple sub-groups J and 
Jv respectively, but ruling out the remaining substitutions 
of the total hypoabelian groups G and Gv We may there­
fore avoid the dependence made f in §§ 274 and 289 upon 
the last book of the Traité (see §672, page 506). 

Basing the investigation upon the groups J and Jv which 
are to be proved simple, and not upon G and Gx as in the 
earlier treatments, we wholly avoid the delicate analysis 
and calculations necessary in §§275 and 290. For the first 
hypoabelian group, the sub-division into cases is diminished 
one-half. For the second hypoabelian group, decided 
simplifications may be made in §§284, 286-8. Some errors 
have been detected ; thus the groups G and Gx do not have 
the same order, as stated in Jordan, §279. §291 is wholly 
wrong. 

2. The groups G and G1 are sub-groups of the simple X 

* " T h e first hypoabelian group generalized,'' The Quarterly Journal 
of Mathematics, 1898. 

f The indefinite references in Jordan remained an enigma to me unt i l 
quite recently. Jordan himself could not recall them upon my personal, 
request last year. 

t Dickson : "A triply infinite system of simple groups," The Quarterly 
Journal, July, 1897. 
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Abelian group H composed of the linear substitutions on 
2m indices in the G.F[2B], 

^ ' = 2 . («,% + >-/%), 
(1) 

i = l 
(i = l , - , m) 

>»£(#%+'/%), 
whose coefficients satisfy the relations : 

(*)v (*) 

(2) 

ay y ocwy 

A; 

i = l W = o, X 
v « ) v (*) I 
' j ' k 

= o, 

= 0, 

I n virtue of these relations the reciprocal* to (1) is : 
m 

( l ) - ' 
3=1 

( i = l , - , m ) 

^/ = 2(A°^,+ ^°\) 
so that we reach a set of relations (2X) by replacing in (2) 
«/*>, 0/>, rp, dp by respectively $/», &<», yV\ aV\ 

Among the substitutions (1) occur the following (where 
only the indices altered are written): 

T 

PART I . — T H E GROUP J", §§3-10. 

3. Consider the group generated as follows : 

j = [MM, Jsriij)k (*,i = i, - , w / t + i ) } , 
where ^ runs through all the quantities of the ffF[2n]. 
J contains QifJ,\j the transformed of JV<>/f\ by MjMk, and 

* Jordan, g 218. 
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also Bitj,\, the transformed of QitJ'\ by MtMh. Further, J 
contains the substitutions 

* * , j = = Qfci, i Qi,j, i QJ, h i? 

J-1, fi J- 2, ju. = = ^ 1 - ^ 2 - M , 2 - ^ 1 , 2, ^~1-^'l, 2, /m«" l , 2,/A *• 

Having T1>fX,T2)tl, J contains its transformed by P u and hence 
contains the product 

•^l,fx.-*-2,fx.' J-2, / x , - l -*3 , JUT1 " - * 3 , /u,-M,/a — -*l,/t*2« 

Thus if w =̂  3, J contains all the substitutions 

QUtX, RiJtX, NUtK, MtMj. 

4. THEOREM. TAe group J consists of the totality of substitu­
tions (1) which satisfy the relations* (2) and 

m m 

(3) J ' = l 
V ' » l . . . w 

2 a f dp = m. 
i, i 

First, we prove that, if 2 be a substitution (1) which satis­
fies the relations (2) and (3), then will also MrM£ and 
Nr,8,\X satisfy them. I t will then follow by induction that 
every substitution of J satisfies the relations. The product 
Nr>s>x% when expressed in the form (1) has the coefficients 

«ƒ> = «ƒ>, #*>-#«> ( t , j = , l , - , m ) , 

r? = ri\ */<>=*;* ( v = l , - , m ; j + r , s ) , 

Z m — y W 4 . Xa <•*>, 7 ( i ) = r W + A« (i) 

_ __ 0 = 1 ? *•• 5 #0 
r r ' ' s " s s ' ' r 

m m 

Thus 2 « / V = 2 «/'Vf + «r • ̂ «s + «. • *«, = 0, 
l . . . m 1 . . . m m 

2 «,w*f = 2 « W + * 2 O W 4- « W ) = m-
i, j i, ,ƒ i = 1 

*The conditions that a substitution (1) have the absolute invariant 
m 

i=zl 

in the GF[2n~\ are seen to be the relations (2) and (3), omitting the last 
one 2öd=m. The first hypoabelian group G is thus completely defined 
by the invariant 2 &%. 
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The product MrX satisfies the first set of conditions (3), 
but not the last one, since its coefficients a, etc., give 

1 . . .TO zzz zzz 1 . . . TO TO 

2 «,m*/> = 2 «/^/> 4- 2 (rr
(%m - <W'>) = m + l. 

But the product MrM8X evidently satisfies all of the condi­
tions (3), the modulus being 2. 

Inversely, every substitution (1) satisfying the relations (2) and 
(3) belongs to the group J". 

We first find a substitution 8 in J which replaces £x by 

TO 

where 2 a'y! = 0. 

If «/ =4= 0, we may take for 8 the product 

-M, a x ' H / l , 2, a a ' - " 1, 2, y a ' " ' ^ 1 , TO, am'-^l, m, ym'» 

If a/ = 0, ^/ =4= 0, we may choose for 8 

-M.Yi'"1 §2, 1, Va'-Rl, 2, a 2 ' " ' H/i», 1, ym'-Kl, ™, a m ' ^ A ' 

Finally, if «/ = r / = 0 0* = 1, - , * - 1), < or r / + 0, there 
exists by the preceding cases a substitution S' in the group 
J, replacing £& by fv We thus take # = 8'Plt k. 

Thus, if X denote the given substitution (1), we may 
set X = : $2 '? where X' *s a n e w substitution leaving ^ fixed 
and, by the proof above, satisfying the relations (2) and 
(3). Let X' replace ^ by 

TO 

ƒ/ = soy *,+*;*,), 
.7 = 1 

where by (2X) and (3), 

(4) <y = i, ft'+ / V V + ••• + * : *.' = <>. 

A substitution in J leaving ?x fixed and replacing rjx by ƒ / is 
given by 

Setting Xf = 8'Xv Si will be a substitution leaving £x and 
^ fixed and satisfying the relations (2X) and (3). Hence 
it takes the form 
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m 

J 'Z* (i = 2, - , m ) 

with conditions for the coefficients analogous to (2) and (3). 
Proceeding similarly with %v we find ultimately that 

since a substitution altering only %m and r\m and satisfying 
(2) and (3) is of the form Tm>a. 

COROLLARY. The substitutions Mi = (^i >?.) do not belong to 
the Group J. 

5. The order Qm>n of J is readily determined. The num­
ber of distinct functions fx by which the substitutions of J 
can replace $x is P « , » - - l , if Pw,« denotes the number of 
solutions of 

But <r / = ^ < r / + ••• + «>„/==^ 

gives (2n+1 — l)Pm_i , n sets of solutions when A = 0, and 
(2n — l)(2n(2m-2) — P m _ l w ) sets of solutions when A runs 
through the marks 4= 0 of the OF [2W]. Thus 

Pm,n = 2»Pm_lf n + (2" - l)2»<*—>. 

By (4) the number of functions ƒ is 2w(2wi~2). Thus 

Enumerating the substitutions of the form Tm> a, we have 

Hence 

From the above investigation we derive the recursion for­
mula 

P8tn - 1 = 2w(Ps-i,n - 1) + (2n - 1) (22^~1> + 1), 

the initial term Px,n— 1 being 2(2n — 1). Then by induc­
tion we derive the result 
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JP |n— 1 = (2™ - 1) (2W(8~1) + 1). 

We thus obtain for the order of J the simple formula 

Q, =(2nm 1 ^ T(<2?n{m—l) mmmmm -j\02n(w — l)"j r/o2n(m — 2) mmmm -i \o2n(«t — 2)"j 

... [(22n —1)22"]. 

Simplicity of the group J", §§ 6-9. 

6. Let J be an invariant sub-group of J not the identity. 
By the proof in the Quarterly Journal, 1. c , §4 , I contains 
a substitution not the identity and replacing $x by a£ r 
Further, if m ̂  3, /contains a substitution not the identity, 
leaving £x and TJ1 fixed. The proof differs slightly from § 5 
of the paper cited. Thus, for case (1), we may suppose Sx 
to be commutative with every substitution of J which leaves 
Sv rjv £2 fixed. Equating the two values by which ^E2,3> A and 
R% s, A 8t replace y2 and the two by which they replace %, we 
have 

Equating the two values by which /Ŝ Qĝ A and Qs,a,\8l re­
place ?8 and the two by which they replace %, we have 

*/ - «.'"?, + r,'"*M %' = /*,"*, + * , \ 
Applying the conditions (2) and (3), 8± takes the form 

U ' = £2, *,' = * ,+ «/"*» %' = % + K"e»" 
where* /?2" = <"/?2 '" + /?4"<V' + - + /5m"<V'-

The demonstration may now be completed as in The Quar­
terly Journal In the proof of case (2) we need only make 
the .trivial variation of replacing Mz by M2MZ which is per­
missible since M2 leaves £2 + % unchanged. 

7. Applying again the reasoning of §6 we conclude that, 
if m = 4, /conta ins a substitution leaving Sv rjv £2, y2 fixed ; 
finally, that I contains a substitution leaving fixed 

£<> ?< 0 ' = 1 , - , m —2) . 

Transforming it by Px> „t-^,™, we reach a substitution 8 of 

* I do not find that a2
fn must be zero, so that & would reduce to 

Ti,aBi,2,i when m = 3, as stated by Jordan. 
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/a l ter ing only $v rjv £2, rjr Applying the conditions (2X) 
(3) we see that it has the form 

«V = «i^i + n \ + «2% + n% ^ = ^ + ^ 

+ W* + *iï» 
V = <% + ri"*i + «i% + r>"v„ < = K% + ^ \ 

+ K% + àj\. 
8. Ij m > 2, the group I contains a substitution Ra h p. 
Case I : r / + 0 . Transform S by Tlt y i '-i P2' w Q2, 1>y/ 

we reach a substitution S1 in J which replaces Sx by r1
f"1r}1 

but otherwise of the same form as $. 
If >SX, be commutative with M2MV it reduces* to 

2l, yx'MxM2Q2} i,j8a'-Bi, 2, £„'• 

Case ( I J : /32' = 0. If ^/ = 1, J conta ins -M^i^ a n d there­
fore i ts t ransformed by JVlf 2f x §i, 2> lt g iving JBlt 2>1Q2i lf x (Case 
I I I ) . If r / + 1 , I contains 

r l f WM, M2P1) r
1 Tlt yxlMxM%Plt 2 = Tlt yi, T2yW~\ 

a n d hence i t s t ransformed by M2MZ giving Tltyx'T2>yx'. T h i s 
i n t u r n Blf2,\ t r ans forms in to P I , 2 , A ( I + Y I ' 2 ) 2 \ , Vl'^2.7l'. H e n c e 
I conta ins È1)2>\(ï+yx'

2)^l. 
Case ( I J : /V + 0. If w > l , a m a r k p<=$=l, 4 = 0 exists. 
T h e t ransformed of Sx by T2)P will no t be commuta t ive 

w i t h M2My If n = 1, I conta ins 

{MXM2 Q2> lf 1Rlt a, 0 " ' JPi, 2 ^ " A ft, i, A , 2, iP1( 2 = Pi, 2 ft, i, i, 

when by Jordan, p. 204,11. 15-17, /contains ft,i,i. 
If, however, 8X be not commutative with M2MS, I contains 

S^M.M&M.M^l which leaves Sv «•>, % fixed (CaseI I I . ) . 
Case I I . yi = 0, a2' and y2' not both zero. 
J contains a substitution T leaving £x fixed and replacing 

^ by 
ai ' fi + r/^i + «2^2 + rfri ; 

viz, if < + o , r=rl|ft|/ft,1|ftx.; 
while, for y2

f + 0, TEE J f ^ J P , , Yg, Ç2, 1( ax>. 

H e n c e 8X = T~*ST replaces £x by £2 a n d leaves £8, ^3 fixed. 
If /Sj be no t commuta t ive w i t h P I , 2 , A , I conta ins 

8{~ 1 P i , 2, A ^ P l , 2, A + 1 

which leaves £x fixed (Case I I I . ) . 

* I do not find that ft7 must = 0 as stated in Jordan, p . 204, 1. 1. 

8: 
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If Sx be commutative with Eh 2| \ it reduces to 

-Pi, 2 Q2, 1, 8/-Pl, 2, J8/. 

Then 7 contains 

•Pi, A -Pi, 2$i~1 = Qi, 1,Si' $1,2,s/• 

But, when £/ = 0, I contains Plt 2Rlt 2| ̂  whose transformed 
by Öi,2,i leaves ^ fixed (Case I I I . ) . 

If 5/ == 1, /conta ins 

§2, 1, 1 H?l, 2, 1 = P i , 2 §2, 1, 1? 

when, as in Case (I6) , /contains <2s,i,i. 
If £/ =f= 0, •+-1, the transformed of Q2> lf ôl' Qi, 2, sx' b y Tlf p gives 

Ç2, i,«p-i §i, 2,sP, so that / contains 

Q2, l, ôp-1 Qi , 2, Ôp * Q2,1, Ôo- ~l § 1 , 2,8<r> 

which, for o- = /?(1 + <52) 4=0, reduces to 

2 \ , 1+52/271+52. 

Case I I I . r / = «/ = r2' = 0. 

"We may verify in detail that S reduces to 

*1 , aj'-P^l, 2, j8a' ft, 1, V Z2, a2"« 

Transforming this by T2~a^B1>2>x, we obtain 

-Pi, 2, A(l + a i 'a 2 ") ^ 1 , ax ' ^2 , a2"-Pl, 2, j32' §2 ,1 , 82 ' • 

Thus if a/aj" 4=1, /conta ins JRi^.xa+ax'a,") + *• 

For a2" = a/"1, I contains [writing a for a/ and dropping 
affixes] 

O = -£l1( 2)ap*£2, l,afi-M, a.J-2,a > 

•Pi, 2-L2,abJ-2,a-Ll, 2 = = J-l,a^J-2,a-t^l, 2, j3 § 1 , 2,8» 

Hence / contains their product 

T T = Rlt 2, /3 (1 + a) Qi, 1, a8 Ql, 2, 8-

Transforming TTby Jfx Jf3 and the result by P M , we obtain 
respectively, 

Ql, 2, /3(l + a)-tVl, 2, a5-Pl, 2, 8? §2,1 , j8(l+a)-tVl, 2, 018-^1, 2, 8* 
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Hence I contains 

$2,1, /3(l+a)Ql,2, 0(1+a). 

Thus if /5(1 + «)=j=0, I contains some B1)2)P [see end of 
Case I I ] . If /?(1 + a) = 0, the transformed of F by Tlt <& 

gives $2, l„ôa^Ql, 2, Sc^, 

so that we reach an JRi|2,p unless £ = 0. But for £ = 0, 
/5(1 + a) == 0, S reduces to jR1)2)]8or 2\>a jT2|a,-i giving in 
either case an Bh 2, P • 

9. Having a substitution of the form JBa,6fP, J will contain 
its transform by 2 ^ , giving Ba>h>pK-i. Thus J contains 
•#«, I , A O = arbitrary). Transforming it by Pjt bPa> « we reach 
jRi,ifx. This M.Mk transforms into QU,A> which in turn MjMk 
transforms into NiJt\. Finally, #1,2,1,-̂ 1,2,1, transforms 
-#1,2,1 Q2,1,1 into M^. Hence /coincides with J, which is, 
therefore, a simple group. 

10. For m = 2, we may define the sub-group J" of index 
2 as follows : 

J^{M1MË} JVif,fA, e l f ffA, JTlfxh 

for it then contains also the substitutions 

Blt2,k = M^M.N^^M,, 

Qt, 1, 1 = ft, 2, 1 ft, 2, liVl, 2,1 JfiJf,JVif 2, 1 Çlf 2, 1, 

- * 1 , 2 ==i ^2,1,1^1,2,1^2,1,1' 

The order of J is seen to be 

i (P 2 , n - 1) 22* (P l t n - 1) = |2-(22- - 1)}». 

PART I I . — T H E GROUP J"1?* §§11-21. 

11. Confining ourselves to the ftFp1], consider the first 
hypoabelian group J' on the indices #2, •••, xm. Denote by Jx 
the group obtained by extending Jf by the three substitutions 
MXM2, LXMV U, viz. : 

LXMX : < = ft, ft' = â  + ft. 

^^ / 3 / = x2 + ft, ft' = ft + ft, 

' U / = ^i + 2̂ + ft? ft' = 3i + ft + a2 + ft. 
* J*! is a sub-group of the Abelian Group (for jp = 2) ; for 

U= Plf 2L1Q2,1. î^V-
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12. THEOREM : Every substitution* of J"x is included among the 
linear substitutions 

m 

(1) \ ' 1 (t = l - m ) 

whose coefficients, taken modulo 2, satisfy the relations :f 
m m 

(5) .Sa /%» + <> + c« = 2 bJHp + &/* + d/«> = dw 

0 * = 1 , - , m) 

(6) 2 o/°*° + < + 6/ + «/ + <*,' = m, 

m addition to the relations (2 ) [when written in roman letters']. 
Writing the relations (5) for the reciprocal of (1) we have 

m m 

which must be a consequence of the relations (5) and (2). 
Since the theorem is true for L1MV U and the substitu­

tions of J' [see § 4 ] , it follows by induction if we prove that, 
when any substitution 2 satisfies the above relations, US 
and L^Z also satify them. 

Expressing LYMJ1 in the form (1), it is seen to have the 
coefficients a/**, &/*>, etc., where 

5/*> = e/o, ^ ) = a/o + c/<>, &/*> = d/«>, d® = 6X
W + d/0, 

â / } = < , ^ w = o/°, bv^b®, If^d® (? = 2 , - , m ) . 

The expression on the left of (6), when built ina/°, 6/°, etc., 
reduces to m, on applying (6), in virtue of the relations 

m m m 

2 o^b® = 2 «,(%(<) + 1, 2 « W + c/ + d/ = 1. 
i = l i = l i = l 

*The conditions that (1) shall leave 
m 

xi + 2/1 + 2 xiyi 
i=l 

invariant modulo 2 are seen to be the relations (2) and (5). This in­
variant thus characterizes the second hypoabelian group Gu 

t Following Kronecker's notation, 
ôn = i, <yM=o(t + i ) . 
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Similarly, US has the coefficients 

< ) _ am + e2<«, ^ = e» + c2
w, 

Jm = J, m + d«\ d® = d®.+ d®, 

~a\m = a® + <> + C <« = <» + a2« + e« + «,«, 

6,« = 6/*-) + &2<*> + d2<«, d2«> = &/« + 62« + d® + d.% 

< = <>, £ƒ>=&ƒ>, f> = ef, d/«-<*/«> <j = 3 , - , m ) . 

Thus 
w 

i = l 

equals 

2 « « v 0 + W + afdi<) + W O 
i = l 

m m 

+ 2 « V + <V0 + 2 «W + WO-
The last two sums being zero, this reduces to 

m 

a/ + b( + 1 + < + V + 2 ( W + «WO +1-
i = l 

Also 
< + V + V + <Ç' = < + V + 6/ + d/. 

Hence [72 satisfies the relation (6). A like result may be 
proven for the relations (2) and (5). Hence the substitu­
tions (1) satisfying the relations (2), (5), (6) form a group. 
This abstract definition of our group is independent of Jor­
dan's theory of " exposants d'échange," from which also 
the group property follows. 

13. I t is interesting to note that it is impossible to gener­
alize to the 6rjP[2n], n > 1, the group of substitutions (1) 
satisfying the relations (2), (5), (6). 

Thus, the coefficients of Lx Mx I satisfy (5) only if 

( O ' + Gi(i) = °> ( W + di{i) = °> 
i. e., if c® and d^ belong to the GFQ1"]. Similarly, by con­
sidering M1 Lx 2', we find that a/f) and b® must be integers. 
Likewise the coefficients of U2 satisfy (5) only when 

«>)2 + a® + «'02 + <> = 0, 
i. e., if a2

(i) also belongs to the OF{2r\. By considering 
P^UP^S, we find that a8

<0 must be integers, etc. 
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Further no generalization is gained by extending Jf by * 
Llt\Mv since Llt'\Lh XLX!\ satisfies (5) only when X = 1. 

14. Inversely, every linear substitution (1), satisfying the rela­
tions (2), (5), (6), belongs to the group Jv The proof varies 
only slightly from Jordan, §§ 279-281. At the end of 
§ 279, we replace the three products by 

S'TJM^ ffMLMtUMlMv LJdflTJMJi» 

where S' is the substitution in J 7 which replaces y2 by 
m 

If a! = cj = 0 (j = 2 — m) we take for 8 respectively : 

LXMV 1 , LXMX • . M ^ . 

At the end of §280, we take for /S", 

SM^U2 or ~8MXM,U\ 

according as 6/ — 1 or 0. 
15. The order Qm' of the second hypoabelian group Jx is 

not equal to the order Qm of the first hypoabelian group 
J"n=1 as stated by Jordan, §279. In § 2 8 2 t h e reference 
should be to § 259 and not to § 260. Thug the number of 
solutions of 

in 

2«/c/ + K + i) (c/ + i) = o 
is P =22 m~1 + 2w~1. 

Hence QJ = 2PJ>m_1Qm_l9 

where i2m_x = (2™-1 - 1 ) (22m~* - 1)22M~4 - ( 2 2 - l ) 2 2 . 

The order of the group Jx is thus 

fiw'= ( 2 m + l ) (22m~2 — l)2a,w-;2(22m-"4 — l ) 2 2 m ~ 4 - (22—l)22. 

Simplicity of Jv §§ 16-20. 

16. I n the main, I will follow Jordan's developments in 
§§283-86, but will replace §§287-89, in which a couple of 
small errors occur, by a simpler method, and finally wholly 
avoid the elaboration left to the reader in § 290. 

I n § 283 the treatment of the case c/ == 0 will not verify, f 
* For the notation see The Quarterly Journal, July, 1897. 
| A simple correction suffices for Jordan's proof. Thus, I contains 

S~1L1
/~1SLl

f which leaves^ fixed and reduces to the identity only when 
S itself leaves x1 fixed. 
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If a/ = ej = 0(j = 2 ••• m), $ leaves â  fixed. In the con­
trary case, we may suppose, for example, that a8' = 1. We 
may thus suppose that a2

f = c2' ; for, if not, the transformed 
of 8 by N2) 3 replaces #x by 

a1
fx1 + aa'a?2 + (c2' + a8')?/2 + a > 8 + (c8' + a/)y8 + -

in which the coefficients of x2 and y2 are equal. Thus I 
contains the substitution leaving x1 fixed 

8, == S-XM^M^SM^L^). 

If #j is the identity, on comparing the values by which 8 
and MJj^MfiMjtJj^ replace yv we find that 

xi = (W + O (^ + 2/2) + dixv 
where by the relations (5), 

(V + <)2 + d/ = 1. 
Since # does not leave ô  fixed, it replaces xx by #2 + y2. 

Hence I contains 8, the transformed of S by JV2> 3, which 
replaces x1 by #2 + y2 + T/3. Using this 8 in place of the 
former 8, the product denoted by 8X will not be the identity 
a.nd will leave xx fixed. 

17. "We proceed as in §284, where the greater part of 
case 3° may be deleted. Indeed, the substitution ^ given 
at the top of p. 210 is not hypoabelian ; for a substitution 
replacing y2 by x1 + y2 + P(x2 + x3 + yz) does not satisfy the 
relation (5), 

0 = 2 / W + K' + d" = P + f + 1 = !• 
18. As in §285, /conta ins the substitution 

which, on expansion, becomes 

A. j < = V» Vl = x2 + 2/2 + 3̂ + V» 
\x3=y2 + y*> y*' = y2 + *v 

The substitutions _B = _B - 1and 0 of Jordan, p. 210, are 
seen to belong to our group Jv Thus I contains 

/ xi = xv Vi = xi + yi + xu 

( < = xu y8' = «1 + ^ + y.-



508 STRUCTURE OF HYPOABELIAN GROUPS. [Juty? 

Hence I contains MXM2XMYM2 = M1XMl and, therefore, also 
A~1M1M2(M1XM1)M2M1A which gives the substitution 

/ a/ = xv x2' = x2 + y2 + #3 + yv < = xx + x2 + y2J 

Y: I Vl = ®i + 2/i + 2̂ + 2/3> 2// = »i + *2 + 2/2 + 2/3> 

( 2/s' = 2/2 + *V 

Hence I contains the substitutions 

Z= (Jf2M3P2,3)-Tif2lf8P2,3 • Y~ Qt,2M2M3P2,s, 

B=C~lZC • Y, 

S[( i , *.«„ . ) - 1 £( i > , , .&, . ) - 5 ] 3 = £3>2(Ç2,32?)3 = e „ „ 

as seen by a simple reduction using the fact that B is com­
mutative with M2MSP2> 8. 

Containing Q3;J, J contains all the substitutions of Jf 

(see §§3 and 9) . 
19. The substitution ( UM2yMxMzP2 s transforms N2 3 into 

G = G-1 (Jordan, bottom of p. 211). ' 
The group Jx contains the substitution * 

/ xi = 2/2 + x* + Vu Vi =x2 + v» 

Ux= U-1 } x2' = x, + y1 + xs + Vu y2 = xx + xs + yv 

\ xs = 2/1 + x2 + y2 + »8, 2/3' = 2/1 + 2̂ + 2/2 +2/8-

But Ĉ  transforms M2MV JSf2>iR2>dQ2>^2)8, and JVai8 into re­
spectively X ^ , MXM2Q^2N2^ and'JP (bottom of p. 211). 
Hence I contains MXM2 and, therefore, MXMS and conse­
quently the products : 

LYM^ M,MY^ LXMV 

P2,,FP2tB • MXM2 - G • MXM, - e 2 ) 3^ 2 ) 3= Ü1 

Hence i" coincides with Jv which is, therefore, simple. 

20. For m = 2, J^ is of order 60 and is generated by f 

MXM2, LXMV U, MlUMv 

We proceed as in Jordan, §279. If a2e2 = 1, C7 will re­
place xx by fx = x2 + y2. If a/c/ = 0, we have three cases : 

O) <*=o, < = i . 
write C7i for the French capital U (p. 211, 1. 13). 

t We may drop M1UM1 from the list of generators ; for, 
Ü • M1UM1 = L1Ml • MXM2 
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Then will 
UMXM2, M1UMV oTLJtJJM^. 

replace xY by /1? according as respectively, 

a/ = 0, c,' = 1; a/ = 1, c/ = 0 ; or a/ = c/ = 1. 

(2) a2' = l , c / = 0 . 

We choose respectively 

M2MX . MJJMV MJIJJM^M» LXMX - M2MX - J f , ^ . 

(3) a/ - c2' - 0. 

We take respectively 

LXMV 1, J C ^ • M1Mr 

Continuing as in Jordan; § 280, we seek a substitution S, 
which replaces yx by b1'x1 + yx + 6/#2 + d2'y2, where &2'c£/ = 0' 
without altering xv 

( i ) V = d2> = 0. 

According as 6/ = 0 or 1, we take 

8' = 1 or J^Jf, - LXMV 

(2) 6/ = 1, d/ = 0. 

We take respectively 

g = (MJJMyM^ or Jf^ET1. 

(3) 6/ = 0, d; = 1 

We choose respectively 

S = u^ilf2C72 or M.L, - MxM^MJJM^MxMr 

Since no power of M1UM1 reduces to £7, which is of period 5, 
J^ contains more than one cyclical sub-group of order 5. 
Hence * Jx is simple. To put it into the form of the icosahe-
dral group, we may set 

82 = UMXM2, 8B = UMJJM% = LXM19 8, = M2U~lM2, 

where 8é is of period^'. I t follows that #2$3$5 = 1. 
21. We have reached the interesting result that the simple 

group Jx on m indices is obtained by extending the group 

* Burnside : The Theory of Groups, pp. 107-8. The statements of 
Jordan $ 291 are thus wholly wrong. 
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J ' on m — 1 indices (a simple group if m — 1 > 2) by the 
simple icosahedral group of degree 60. 

The lowest orders of the simple groups J and Jx are seen 
to be as follows : 

&/ = 60, fl,' = 26 • 34 • 5, 
a / = 212 - 3* - 5 • 7 • 17, ÖB' = 220 • 36 • 52 • 7 • 13 -17, 

QStl = 2 6 - 3 2 ' 5 ' 7 = i-8!, ^ x = 2 1 2 . 3 5 ' 5 2 . 7 , 
flM = 2 2 0 - 3 5 - 5 2 - 7 - 1 7 ' 3 1 , ^3,2==212-34-52. 7-17, 

flM == 224 • 35 - 54 • 7 -13 -172, ÖM = 218 - 34 - 5 - 73 • 13 - 73. 

Denote by (m, ?i, jp) the order of the simple* group of 
linear fractional substitutions of determinant unity on 
m — 1 indices in the GF[pn~]. We thus find 

ÛM = (4, 1, 2) = (3, 2, 2) , ÛM = (4, 2, 2) . 

U N I V E R S I T Y OF CALIFORNIA, 
J/arcA 8, 1898. 

ON THE HAMILTON GROUPS. 

BY DR. G. A. MILLER. 

( Read before the American Mathematical Society at the Meeting of April 
30, 1898.) 

ACCORDING to Dedekind a Hamilton group is a non-Abelian 
group all of whose subgroups are self-conjugate.f If the 
order of such a group i sp^p^p* 3 — (pv p^ pv •• being prime 
numbers) it must be the direct product of its subgroups of 
orders p ^ p / s , p^3, ••• since each of these subgroups is self-con­
jugate and no two of them can have any common operator 
except identity. J Each of these subgroups is either Abelian 
or Hamiltonian. We proceed to prove that one of the given 
prime numbers must be 2 and that every subgroup whose 
order is a power of any other prime number must be Abe­
lian. 

Suppose that G represents a Hamilton group of order pn, 
p being an odd prime number. We may evidently select 
a in such a manner that all the operators of G whose orders 

* Dickson : Annals of Mathematics, 1897, p . 136. 
f Mathematische Annalen, vol. 48 (1897), p. 549. 
J Cf. Dyck : Mathematische Annalen, vol. 22 (1883), p. 97. 


