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vanish identically ; whence not only 

but also 

ç > - A i 2 

is a root of <p = 0. 
Whence 

- R i = K V - O =^33 [ (»o + ^2 » i+" a <o 8 - ( » o + ^ + w \ y ] 

= -V—3 V A , 
2.9 

where A = (x0 — x1)
2 (x1 — x2)

2 (xl — x2)
2 is the discriminant 

of (1) . Thus the suite (/5) has the character (_£>). 
Y A L E U N I V E E S I T Y , 

N E W H A V E N , CONN. 

ON CERTAIN SUB-GROUPS OF THE GENERAL 
PROJECTIVE GROUP. 

BY PEOFESSOE HENEY TABEE. 

[Read at the January meeting of the Society, 1896. ] 

§ i 
In what follows a linear transformation homogeneous in 

n variables as 
X\ —— a, i X-. ~\~ a.. „ x„ ~j~ • • • ~\~ a., x » 
X2 ==a2l ^ i + a22 X2 "f" ' * * + a>2n X

nl 

Xn=anl Xi + an2 X2 + ~' + a
nn Xn> 

will be denoted by the single letter A. If xv x2, etc., are 
the Cartesian coordinates of a point in n-fold space, the 
transformation A is a homogeneous strain ; and the totality 
of transformations A constitutes the group of homogeneous 
strains in n-fold space. If we consider only transformations 
A of non-zero determinant, we obtain Lie's general linear 
homogeneous group. The group of transformations A of de­
terminant + 1 is termed by Lie the special linear homo­
geneous group. 
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If B denotes the transformation 

xr" = brl » / + br2 x2' + - + brn xn' ( r = l , 2, - w), 

the transformation resulting from the successive application 
to w-fold space of A and B (in the order named), defined by 
the system of equations 

n n n 

< ' = 2« Ki ail * »1 + Xi hi <*a ' X2 + - + S« &n ^ ' Xn 

( r = l , 2 , . . - n ) , 

will be denoted by J5 J.. 
If the transformation B is identical with A, this may be 

indicated by writing B=A ; and in this case the transforma­
tion BA=BB may be denoted by B2. Similarly the trans­
formation resulting from the repetition m—1 times of the 
transformation B (that is, the transformation resulting 
from m successive applications of B) may be denoted by 
Bm

7 which may be termed the mth power of B. 

If for r, s = 1, 2, ••• n, 

J5 is the identical transformation. The letter J will be em­
ployed to denote the identical transformation. We have 
IA = AI— A. We may denote the transformation for 
which 

by pi; and the transformation pi. A, defined by the equa­
tions xr

f=p arl xx + p ar2 x2 + **• +p a
rn

x
n (f = 1? 2, ... n) may 

be denoted simply by p A. In particular, the transformation 
defined by the equations 

xr'= — arl xx — ar2 x2 — ... — arn xn (r = 1, 2, ... n) will be de­
noted by—A. 

The transformation B is infinitesimal if 

6 ^ 1 + c ^ , &„=c„tt (r + 8), 

where crr and crs are constants, and S t is an infinitesimal 
quantity. 

Following Sylvester, I shall say that the nullity of B is m 
if the minor determinants of order n—m + 1 of the matrix 
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•• bnn 

are all zero, but not all the minors of order n-m. 
If we denote by Ax the transformation 

X-\ — ( QJ-[\~~~A ) X-. —j~ Ct-.y 9Cy ~\~ • ' ' CL-. X , 

x2' =a21 xY + (a22—A) x2 + ••• + a2n xn, 

xn' == anl x1 + «n2 %2 + -" + (»„„—-0 #n> 

where A is a root of multiplicity p. of the characteristie equation 
of A, 

^ 1 2 ? 

a 0 0—s-
= 0, 

the nullity of JLA is at least one, and cannot exceed p. If the 
nullity of Ax is equal to /*, the nullity of A{, A\, etc., is also p. 
On the other hand, if the nullity of Ax is less than p, the 
nullity of A\ is greater by one, at least, than the nullity of 
-4A ; and the nullity of successive powers of Ax increases 
until a power of exponent v is attained whose nullity is p. 
The nullity of the (v + l)th and higher powers of Ax is then 
also p. If we denote by 

PlJ P2<> " ' / V - l > P'V = P, 

respectively, the nullities of 

A A 2 ••• AV~1ÂV 

we have 

Pl = P2 — ̂ l i ^ 8 — /'2 = ..- =/*„ — / V l U . 

I shall term the numbers pv p2 — pVi the numbers belonging 
to the root X of the characteristic equation A. We can al­
ways find a transformation J. which shall have any com­
plex number X as a root of its characteristic equation, and 
any set of numbers, subject only to the above conditions, as 
the numbers belonging to that root. To subject the num­
bers belonging to any root of the characteristic equation of 
A to any condition other than those given above, is of 
course, equivalent to imposing certain conditions upon the 
coefficients of A. 
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The real linear homogeneous group G, for n variables, and 
the group (öï of real projective transformations in (n—1)-
fold space are connected as follows. If the variables xlf x2, 
etc., are regarded as the homogeneous coordinates of a 
point in (n—l)-fold space, the real linear transformation 
A homogeneous in the %'s determines a corresponding real 
projective transformation iH in (n—l)-fold space. In the 
determination of this projective transformation, we are con­
cerned only with the ratios of the coefficients of A ; conse­
quently, the transformations A and pA of group G (where 
P is any real number) correspond to the same projective 
transformation gl. The identical transformation / a n d the 
transformation pI of group G correspond to the same pro­
jective transformation J, the identical transformation of 
group HSf. Let B be a transformation of group G corres­
ponding to the real projective transformation ÎS: if A — Hm, 
then E = Î3m; and, if & = i5m, then PA = Bmîov some real 
quantity p. Consequently, if either A or pA is the mth 

power of a transformation of group G, the corresponding 
projective transformation %L of group 18K is the mth power of 
some transformation of this group, and not otherwise. 
Further, if B is infinitesimal, the corresponding projective 
transformation 43 differs infinitely little from the identical 
transformation of group ®f. Therefore, if either A or pA 
can be generated by the repetition of an infinitesimal trans­
formation of group G, the corresponding projective transfor­
mation of group (ffir can be generated by the repetition of 
an infinitesimal transformation of this group and not 
otherwise. 

If 6? denotes the group of real linear transformations of 
determinant + 1 homogeneous in n variables (the real 
special linear homogeneous group), every transformation 
A of group G determines a (corresponding) transformation 
of group 18*. Ifn the number of variables is odd, there is 
a one to one correspondence between the transformations of 
group G and the transformations of the real projective 
group. For in this case (that is, if n is odd), if J. is a real 
linear transformation homogeneous in the variables corres­
ponding to the real projective transformation <H, the trans­
formation A = - A, where a denotes the real ntn root of 

a 7 

the determinant of A, is a transformation of group G and 
the only transformation of this group the ratios of whose 
coefficients are the same as the ratios of the coefficients of 
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A. Consequently, when n is odd, if A is the mtn power of a 
transformation of group G, the corresponding real projec­
tive transformation $1 is the mth power of a transformation 
of group (ffir and conversely ; also if A can be generated by 
the repetition of an infinitesimal transformation of group G, 
31 can be generated by the repetition of an infinitesimal 
transformation of group (ffi, and conversely. On the other 
hand, if n is even, and if the determinant of A (the real 
linear transformation homogeneous in the variables, deter­
mining the real projective transformation 30 is positive, 
there are corresponding to 31 two transformations of group 
G obtained by dividing each coefficient of A by either the 
positive or by the negative real nth root of the determinant 
of A ; but if the determinant of A is negative there is no 
transformation of group G corresponding to 3U 

In the Comptes Bendus, volume 94, Sylvester showed that 
every transformation A of non-zero determinant is the mth 

power for any positive integer m of some transformation B. 
That is, if A is any transformation of non-zero determinant, 
a transformation B can always be found, for any positive 
integer m, such that A = Bm. In his paper, Sylvester also 
gave a formula expressing the coefficients of B as algebraic 
functions of the coefficients of A. From a subsequent the­
orem of Sylvester's,f it follows that, if m is sufficiently 
great, we may take B to differ as little as we please from 
the identical transformation. 

For real linear transformations homogeneous in n varia­
bles we have the following theorems. 

Theorem I. If the transformation A is real and of non-zero 
determinant (or of determinant -f 1), a real transformation B of 
non-zero determinant (or of determinant + 1 ) can always be 
found of which A is the (2 m + l)th power for any odd number 
2 m + 1. But in order that A may be any even power of a real 
transformation B of non-zero determinant (or of determinant + 1 ) , 
it is necessary and sufficient that all the numbers belonging to each 
negative root of the characteristic equation of A shall be even. 
Therefore, in order that the real transformation A of non-zero de­
terminant (or of determinant + 1) may he any even power of a 
real transformation B of non-zero determinant (or of determinant 

* Throughout this section, by transformation is meant a linear trans­
formation homogeneous in n variables, 

f Johns Hopkins University Circulars. 
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+ 1 ) it is necessary and sufficient that A shall be the second power 
of a real transformation of non-zero determinant (or of deter­
minant + 1). 

Theorem I I . If A is the second power of a real transformation 
of non-zero determinant (or of determinant + 1 ) , a real transfor­
mation B of non-zero determinant (or of determinant+1) can al-
ivays be found which shall be as nearly as we please equal to the iden­
tical transformation, and such that for some positive integer m suf­
ficiently great Bm shall be equal to A. Consequently, any trans­
formation that is the second power of a real transformation of non­
zero determinant can be generated by the repetition of a real infin­
itesimal transformation; and, in particular•, a transformation that 
is the second power of a real transformation of determinant + 1 
can be generated by the repetition of an infinitesimal transforma­
tion of determinant 4- 1. 

Theorem I I I . If the real transformation A of non-zero deter­
minant (or of determinant + 1) is not the second power of a real 
transformation of non-zero determinant (or of determinant + 1), 
nevertheless, a real transformation B of non-zero determinant (or 
of determinant + 1 ) can be found whose coefficients are algebraic 
functions of a parameter t such that A shall be the limit towards 
which the transformation B2 approaches as t approaches zero, pro­
vided the multiplicity of each negative root of the characteristic 
equation of A is even. 

If A is any root of the characteristic equation of the real 
transformation B, and if, for r, s = l , 2, .-n, 

11 — 6 I <C e, I b I O (r=4=s)î 
I rr | ^ " I rs \ V I / " 

where e is any positive quantity, then provided e is suf-
ciently small, the absolute value of 1—A may be made as 
small as we please ; and consequently no root of the char­
acteristic equation of B will be negative or equal to zero. 
Therefore, by Theorem I, if e is sufficiently small, B is 
the second power of a real transformation BY of non-zero de­
terminant ; and, in particular, if B is of determinant + 1, 
Bx may be so chosen that its determinant shall be equal 
t o + 1. For any positive integer m, Bm is equivalent to the 
second power of Bx™; that is, Bm=(B\)m=(B1

m)\ Whence 
we have the following theorem. 

Theorem IV. The repetition of a real infinitesimal transforma­
tion results in a transformation which is the second power of a real 
transformation. In particular, the repetition of a real infinites­
imal transformation of determinant + 1 results in a transforma-
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tion which is the second power of a real transformation of deter­
minant + 1. 

F r o m Theorem I I I follows: 

Theorem V . By the repetition of a real infinitesimal trans­
formation, we may approach as near as we please to any real trans­
formation A of non-zero determinant, provided the multiplicity oj 
each negative root of the characteristic equation of A is even. In 
particular if these conditions are satisfied, and if the determinant 
of A is + 1, we may approach as near as we please to A by the 
repetition of a real infinitesimal transformation of determinant + 1 . 

I f t h e t ransformation A is no t the second power of a real 
t ransformation, i t m a y be t ha t — A is t he second power of a 
real t ransformation. T h e roots of the characteris t ic equa­
t ion of — A a re the negatives of t h e roots of the character­
istic equat ion of A. Whence follows from Theorem I : 

Theorem V I . In order that the real transformation — A oj 
non-zero determinant shall be the second power of a real transfor­
mation, it is necessary and sufficient that the numbers belonging to 
each positive root of the characteristic equation of A shall all 
be even. 

§3. 
I n t h e Bulletin for J u l y , 1894,1 pointed out t h a t no t every 

orthogonal subst i tut ion can be generated by the repetit ion 
of an infinitesimal or thogonal subst i tut ion, and if G is t he 
group of proper or thogonal subst i tut ions I showed t ha t 

Theorem V I I . If we designate a transformation of the group G 
as of the first or second kind according as it is or is not the second 
power of a transformation of the group, then every transformation 
of the first kind is the mth power of a transformation of the group 
for any positive integer m, and can be generated by the repetition 
of an infinitesimal transformation of the group. By definition no 
transformation of the second kind is any even power of a transfor­
mation of the group. Nor can any transformation of the second 
kind be generated by the repetition of an infinitesimal transforma­
tion of the group. But every transformation of the second kind is 
the (2 m -j- l) ' f c power of a transformation of the group for any 
odd exponent 2 m + 1. 

I n a note a t t he end of th is paper , I ment ioned t h a t 
Theorem V I I was t rue of t h e group of l inear t ransformations 
homogeneous in n variables t h a t t ransform into itself a bi­
l inear form (of non-zero de te rminan t unders tood) wi th co-
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grediant variables. This was afterwards demonstrated for 
an alternate bilinear form in a paper published in volume 
46 of the Mathematische Annalen. 

In a paper presented to the American Academy of Arts and 
Sciences, April, 1895, I have shown that Theorem V I I holds 
for the class of linear transformations homogeneous in n 
variables that transform a bilinear form (of non-zero de­
terminant) with contragrediant variables into itself. The 
transformations of this class that are commutative form a 
a group for which also Theorem V I I holds. 

My attention has recently been called to a note in the 
Bulletin for November, 1893,* stating that Professors Engel 
and Study have found that not every transformation of the 
special linear homogeneous group for two variables can be 
generated by the repetition of an infinitesimal transforma­
tion of that group. There is nothing in the note to show 
that the real special linear homogeneous group is referred 
to.f 

I learn from Prof. H. B. ISTewson that he has found that 
not every transformation of the real projective group can be 
generated by the repetition of an infinitesimal transforma­
tion of that group. This discovery suggested the extension 
of Theorem V I I to other sub-groups of the projective group. 
I t follows at once from Newson's discovery that not every 
transformation of the real linear homogeneous group can be 
generated by the repetition of an infinitesimal transformation 
of this group ; and further that not every transformation of 
the real special linear homogeneous group for an odd num­
ber of variables can be generated by the repetition of an in­
finitesimal transformation of this group. For could every 
transformation of either of these groups be generated by the 
repetition of an infinitesimal transformation of that group, 
then, as pointed out in § 1, every transformation of the real 
projective group could be generated by the repetition of an 
infinitesimal transformation of this group, which is not the 
case. 

I t follows from Theorems I , I I and IV, that Theorem V I I is 
true for the real linear homogeneous group for n variables, 

* Page 66. 
f Theorem VII holds for the special linear homogeneous group in two 

variables; and the transformation a/ = — x + y, y/ = — y is not the sec­
ond power of a transformation of this group, and therefore cannot be gen­
erated by the repetition of an infinitesimal transformation of this group. 
From the note i t would appear that the identical transformation 
x/ = x, y/ — y, and the involutional transformation x/ = — a?, y' = — y 
can not be generated by the repetition of an infinitesimal transformation 
of the group, which is erroneous. 
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and also for the group of real linear transformations of de-
derminant + 1 homogeneous in n variables (the real special 
linear homogeneous group) ; and, from what is stated in the 
latter part of § 1 , that Theorem V I I holds for the real pro­
jective group. 

In volume 26, pag3 364 of the troeeedings of the London 
Mathematical Society , I have sh own hat in order that an or­
thogonal substitution may be of the first kind (that is, in 
order that a transformation of the orthogonal group may be 
generated by the repetition of an infinitesimal orthogonal 
transformation), it is necessary and sufficient that either 
— 1 shall not be a root of the characteristic equation of the 
substitution or that the numbers belonging to the root — 1 
shall all be even. In a paper read at the Summer Meeting, 
1895, of the American Mathematical Society (to appear in the 
Quarterly Journal of Mathematics) I showed that a transfor­
mation of the group of linear transformations homogeneous 
in the variables that transform an alternate bilinear form 
with cogrediant variables into itself will be of the first kind 
under the same conditions.* 

By Theorem I, in order that a transformation of the real 
linear homogeneous group (or of the real special linear 
homogeneous group) shall be of the first kind it is necessary 
and sufficient that the numbers belonging to each negative 
root of the characteristic equation of the transformation 
shall all be even. 

Therefore, by § 1, in order that a transformation of the 
real projective group shall be of the first kind, it is neces­
sary and sufficient, either that the numbers belonging to 
each positive root of the characteristic equation of the trans­
formation shall all be even, or else that the numbers belong­
ing to each negative root of the characteristic equation shall 
all be even ; provided there are both positive and negative 
real roots. Otherwise no condition is necessary. 

In the article in the Bulletin on orthogonal substitution 
above mentioned I showed that by the repetition of an in­
finitesimal orthogonal substitution we can approximate as 
nearly as please to any proper orthogonal substitution of 
the second kind. In the above mentioned paper in the 
Mathematische Annalen I showed that by the repetition of an 

* In the paper I also showed that every orthogonal transformation of 
this group is of the first kind. Also, if <$ denotes a bilinear form of non­
zero determinant with cogrediant variables, and J 7 its conjugate ; and if 
neither the determinant of <# + J 7 nor of J — J 7 is zero, that then every 
linear transformation homogeneous in the variables that transforms Jf 
into itself is the mth power of such a transformation for any exponent m. 
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infinitesimal transformation of the group of linear transfor­
mations homogeneous in the variables that transform an al­
ternate bilinear form into itself we can approximate as 
nearly as we please to any transformation of the second 
kind belonging to this group. 

From Theorem Y it follows that by the repetition of an in­
finitesimal transformation of the real linear homogeneous 
group (or of the real special Hnear homogeneous group) we 
may approximate as nearly as we please to any transforma­
tion of the second kind belonging to this group, provided the 
multiplicity of each negative root of the characteristic equa­
tion of this transformation is even. 

Therefore by the repetition of an infinitesimal transforma­
tion of the real projective group we may approximate as 
nearly as we please to any transformation of the second kind 
belonging to this group, provided that either the multiplicity 
of each positive root of the characteristic equation of this 
transformation is even or else that the multiplicity of each 
negative root of the characteristic equation is even. 

Worcester, Mass. 

POSTSCRIPT. 

The general real linear group and the special real linear group. 
The totality of linear transformations 

2// = arli/1 + ar22/2H \-&r,n-iyn-i+ a,.,n ( r = l , 2,-n-l) 

for which the determinant 2ztaua22"'aw-i, n-i is n ° t zero 
form a group termed by Lie the general linear group. The 
sub-group of transformations for which the determinant 
v i a n a ^ - a , ^ ] ^ ^ i s + 1 , Lie terms the special linear group. 
These two groups are obviously identical with the two 
groups of linear transformations A that are respectively of 
non-zero determinant and of determinant + 1, homogene­
ous in n variables and defined by the equations 

xr
f = arlx,-{-ar2x2-{ \-arnxn ( r = l , 2,-Wr-ï), 

For the general real linear group, and for the special real 
linear group, Theorem V I I holds.* The conditions neces-

* Every transformation of the general linear group is the mth power of 
a transformation of this group for any exponent in, and can be generated 
"by the repetition of an infinitesimal transformation of this group, if we 
consider transformation of this group both imaginary and real. The same 
is true of the special linear group. 
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sary and sufficient that a transformation A of the general 
real linear group (or of the special real linear group) may 
be of the first kind are that the numbers belonging to each 
negative root of the characteristic equation of A shall all be 
even. By the repetition of an infinitesimal transfoimation 
of the real linear group we may approximate as nearly as 
we please to any transformation A of the second kind be­
longing to this group, provided the multiplicity of each 
negative root of the characteristic equation of is A even, 
but not otherwise. In particular, if these conditions are 
satisfied (but not otherwise), and if A is of determinant 
+ 1, we may approximate as nearly as we please to A by 
the repetition of an infinitesimal transformation of the 
special real linear group. 

Special linear homogeneous group. Let A be any linear 
transformation (real or imaginary) of determinant + 1 ho­
mogeneous in n variables, that is, let A be any transforma­
tion of the special linear homogeneous group. Let 

A'=rx e , X"—r2e , etc., 

(where 0U 02, etc., are the smallest positive arguments of 
À', i", etc.,) be the roots of the characteristic equation of A 
of respectively multiplicity m', m", etc. Since the deter­
minant of A is + 1, we have 

nm' r2
m" = i , 

m' 01+m"02 + = 2kn, 

for some positive integer h. 
If &=0, the transformation A can be generated by the 

repetition of an infinitesimal transformation of the special 
linear homogeneous group. The conditions in general 
necessary and sufficient in order that A may be generated 
by the repetition of an infinitesimal transformation of this 
group are somewhat complicated ; they depend upon k, and 
upon the numbers belonging to the roots A of the character­
istic equation of A. The conditions may be exhibited as 
follows. 

Let the numbers belonging to À' be 

m/, m2', mV_i, m!V= mr ; 

let the numbers belonging to A" be 

m-i'y ra2", m'V'-i, m'V'= w!''; 
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etc., etc. Form a diagram corresponding to X' by arrang­
ing m' dots in rows and columns so that there shall be v1 

rows respectively of 

m/, m2'—m/, m'v'—mf„>-i? 

dots. The number of columns will then be m\. In one 
column there will be v' dots. Let the number of dots in 
these nil columns be respectively 

Pi,P*', !>'«',.* 

* If the numbers belonging to V are 5, 9, 13, 16, the diagram corres­
ponding to V is 

* * * * # 
* * * * 
* * * * 
* * * 

and p/ =p/ =pj = 4, j>4' = 3, p5 ' = l> 
Next form a diagram corresponding to A" by arranging m" 
dots in rows and columns so that there shall be v" rows re­
spectively of 

m/', m2"—niif, m"v>>—m'V'-u 

dots ; and let the number of dots in these m" columns be 
respectively 

pi",p,n, p"*>h 

Proceed in the same way to form diagrams corresponding 
to the other roots of the characteristic equation of A. 

Let now ô be the greatest common divisor of the p's. 
Then if h contain ô, A can be generated by the repetition of an 
infinitesimal transformation of the special linear homogeneous group 
and not otherwise. In particular, if m', m", etc., have no com­
mon factor, A can be generated by the repetition of an in­
finitesimal transformation of the special linear homogeneous 
group. 

If the transformation A can be generated by the repeti­
tion of an infinitesimal transformation of the special linear 
homogeneous group, A is the mtn power of a transformation 
of this group for any exponent m. 

If ài is the greatest common divisor of h and #, then A is 
the mth power of a transformation of the special linear homo­
geneous group for any exponent m that contains no factor 
of d except a factor of <̂ ; but for no other exponent is A 
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the mtJl power of a transformation of the special linear ho­
mogeneous group. In particular if m is relatively prime to 
n, the number of variables, A is the mth power of a trans­
formation of the special linear homogeneous group. 

If A cannot be generated by the repetition of an infinitesi­
mal transformation of the special linear homogeneous group, 
the mth power of A can be generated thus, provided m con­
tains s/& (the quotient of d by the greatest common divisor 
of d and k), but not otherwise. 

March 4c, 1896. 

NOTES. 

A REGULAR meeting of the American Mathematical Society 
was held in New York on Saturday afternoon, February 29, 
at three o'clock, the President Dr. HILL, in the chair. 
There were eleven members present. On the recommenda­
tion of the Council, Mr. HARRY BROWN EVANS, University 
of Pennsylvania, Philadelphia, Pa., was elected to member­
ship. The following papers were read : 

(1) Professor M. I. PUPIN: " On the integral of the dif­
ferential equation 

d2y dy d2y 
dtf dt ~ dx2 

under certain boundary conditions occurring in the theory 
of long electrical waves." 

(2) Professor E. H. M°ORE : "A two-fold generalization 
of Fermat's theorem." 

In the absence of Professor Moore his paper was read by 
the Secretary. 

AMONG the courses for the summer semester at Berlin are 
the following—Professor Fuchs: Introduction to the theory 
of differential equations; Introduction to the theory of 
functions ;—Professor Frobenius : Theory of numbers ( second 
course); Theory of determinants;—Professor Schwarz: Ana­
lytical geometry; Applications of the theory of the elliptic 
functions; Hyper-geometric series; Mathematical collo­
quium;—Professor Knoblauch, Theory of the elliptic func­
tions; Theory of curved surfaces; Theory of space curves; 
—Professor Hettner : Introduction to the theory of infinite 
series, products, and continued fractions;—ProfessorHensel: 
Concerning the transcendentalism of e and7r; Higher alge-


