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1 Introduction

Large N dualities in the context of closed and open topological strings on
different CY3-fold backgrounds have been the source of much excitement
recently [1, 2]. These dualities have interesting consequences for both N' = 2
and N/ = 1 D=4 field theories which can be geometrically engineered using
the type II strings and D-branes on the CY3-folds [3, 4, 5, 6]. One example
of large N duality, which will be relevant for our purpose, is the calculation of
the partition function of A-model topological closed strings propagating on a
CY3-fold from the partition function of topological open strings on a different
CY3-fold [7, 8, 9]. The CY3-fold on which the open strings propagate is
obtained from the CY3-fold which is the background of the closed topological
strings by multiple conifold-like transitions on the exceptional curves [7]. The
open string theory on the dual CY3-fold reduces to a Chern-Simons theory
on each of the $3’s [10], obtained by the transition from exceptional curves,
plus corrections coming from holomorphic curves with boundaries on the
3-cycles [8, 9].

The A-model topological string amplitude (the log of the topological
closed string partition function) is the generating function of Gromow-Witten
invariants of all genera and therefore is the answer to an enumerative prob-
lem [11]. It also has a physically interesting interpretation in the N' = 2
D=4 theory obtained by compactifying type IIA strings on a CY3-fold: the
topological string amplitude gives certain holomorphic corrections to the ef-
fective action of the four dimensional theory [11]. In the context of geometric
engineering of gauge theories the genus zero amplitude, in a certain limit,
computes both the perturbative and instanton corrections to the prepoten-
tial of the N' = 2 gauge theory [3, 4].

In this paper we show that it is possible to obtain the exact instanton
partition function [14, 15, 16, 17] ! of the N' = 2 SU(2) SYM [12, 13] by
taking the field theory limit of an open string partition function. The topo-
logical open strings propagate on a CY3-fold which is obtained by multiple
geometric transitions from the local F,, CY3-folds used in the geometric
engineering of the N = 2 SU(2) SYM theory [4, 3]. The instanton parti-
tion function obtained in this way agrees exactly with the partition function
proposed recently by Nekrasov [15] and calculated in [17]. Moreover, the
complete open string partition function agrees with the A-model partition
function of local Fy obtained by Nekrasov from an index calculation [15].

!By instanton partition function, Z(%), we mean the field theory limit (see section 2)
of the topological string partition function gf\g*ng such that the prepotential of the
field theory is given by limp_o h?log Z(h). An intrinsic field theory definition of this is
given in terms of the topological twisted four dimensional theory [15].
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A more general partition function can be obtained by taking the Chern-
Simons coupling constant to be different for different 3-cycles as opposed
to the usual identification of the Chern-Simons coupling constants with the
string coupling constant, ﬁ = gs. The field theory limit of this partition
function agrees with the generalized instanton partition functions proposed
by Nekrasov [15, 16].

The paper is organized as follows. In section two we briefly review the
geometric engineering of A/ = 2 SU(2) SYM theory from local F,, CY3-
folds. In section three, we review the geometric transitions at the heart
of the open-closed large N-duality [8]. We consider the case of local IP? in
detail, and use these results to motivate the expected transitions for local ',
3-folds. In section four, we evaluate the Chern-Simons partition functions
for the local Hirzebruch surfaces. We obtain the partition function in a form
that is well-suited for taking the field theory limit. In section five, we show
that the field theory limit of the partition function gives an exact expression
for the instanton partition function which agrees with the expression given
by Nekrasov and is the same for all local F,,. We also show that the full
partition function, after some rearrangement of the factors, is exactly equal
to the A-model expression given by Nekrasov [15]. In the appendix, we fill in
some details on the geometric transition in the case of local IP? and give some
curve counting functions which can be used to determine integer invariants
of three and four instanton contribution to higher genus corrections.

o =0

Topological closed strings_— ~ g~ N =2 SU(2) SYM
(A-model) on local F,

world-sheet instantons

section 2 space-time instantons

section 3 large N-duality section 5

Topological open strings g Chern-Simons theories
on deformation of local Fy, gection 4 with Wilson line insertions

world-sheet instantons
with boundary

Figure 1: Outline of paper.
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2 Geometrical engineering of pure N = 2 SU(2)
theory

The Calabi-Yau threefold compactification of type IIA strings provides a
very powerful way of studying N' = 2 D=4 quantum field theories [3, 4]. The
prepotential of the D=4 theory is given by the genus zero topological string
amplitude of the corresponding Calabi-Yau threefold. The gauge symmetry
in the field theory arises from D2-branes wrapping collapsing curves in the
CY3-fold. Thus to get a particular gauge symmetry one has to study a CY3-
fold with the appropriate singularity. We will restrict ourselves to the case
of SU(2) gauge symmetry and only discuss the relevant CY3-folds for this
case.

Geometrical engineering of pure N/ = 2 theories with SU(2) gauge sym-
metry was studied in [3, 4]. The relevant singularity is of Ay type, i.e. of
the form C?/Z,. The local CY2-fold T*IP* develops this type of singularity
as we take the area of the base to zero. To obtain an effective 4 dimensional
theory, we need to fiber this space over an additional IP'. We hence choose
a Hirzebruch surface F,,, as the compact base of the local CY3-fold. The line
bundle over this base which leads to a total space of vanishing first Chern
class is the canonical line bundle. For m > 2, the total space of the canonical
line bundle contains additional compact 4-cycles, aside from F,,. Although
for this reason we will restrict attention to Fy, 1 and Fo, our results hold
for general m as well. For m > 2, the partition function derived in the next
section allows us to obtain the invariants of those curves lying in F,,.

Let us now briefly review the field theory limit. To obtain this limit, we
push the string scale to infinity. By asymptotic freedom of the 4 dimensional
gauge theory, the gauge coupling hence goes to zero. Since the 6 dimensional
and the 4 dimensional gauge coupling are related via the area of the base P!
of the Hirzebruch surface, the field theory limit requires large base size. At
the same time, to keep the mass of the W-bosons, given by the area of the
fiber (remember that the gauge symmetry enhancement occurs when this
area shrinks to zero), finite in the limit in which the string scale is taken to
infinity, we must consider the small area limit of the fiber. Since the running
of the gauge coupling is dominated at weak coupling by the logarithm of the
W-boson mass, these two limits are related as Tp ~ —log TF, where Tp and
Tr denote the Kahler parameters corresponding to the base and the fiber of
the Hirzebruch surface.? In fact, by invoking the discrete symmetry of the

2Here Ty, Tr are the quantum corrected Kiahler parameters i.e., they are solutions of
the relevant Picard-Fuchs equations that go like Ty 5 =ty +>., Cn,me” " where
ty, s are the Kéhler parameters occurring in the linear sigma model description of local F.,.
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gauge theory (left over from the anomalous U(1) R-charge), we know that

the n-instanton contribution ~ e ¢ is accompanied by a factor (%)4" [18],

where a parametrizes the VEV of the scalar field breaking the SU(2) gauge
symmetry, a ~ Tr. Retaining all instanton contributions in the field theory
limit hence requires scaling the Kahler parameters as

pA

5 )4, Qp =e TF = e 2Pa (1)

Qp=e 7 =(
Here, A is the quantum scale in four dimensions, and the parameter ( is
introduced such that the field theory limit corresponds to 8 — 0. In section
5, we will be taking the field theory limit of the topological partition function
Zg?g _2Fg. It turns out that we obtain finite contributions from all genera
if we scale the string coupling such that g := €9 = PP f will serve to
distinguish between the contributions at different g, (the notation is chosen
in accordance with [15]).

The prepotential of the theory has both 1-loop perturbative and non-
perturbative (instanton) contributions,

o
A

F= ~Fclassical + ~fl—loo + CL2 Cel— 1k . 2

et Lald) )

The k-instanton contribution to the prepotential, ck(%)‘lk , comes from world-

sheet instantons wrapping the curves {kB + mF | m = 0,1,2,---} and is

therefore captured by the field theory limit of the genus zero topological

string amplitude [4]. From the expansion of the genus zero topological string
amplitude

o) NO
Ry(Ts,Tr) = Py(Ts,Tr)+ Y. ) —nkTp—nmTr - (3)
(hm)£(00) n=1

(here P3(Tp,TF) is a cubic polynomial from which one gets the classical
contribution to the prepotential) it is clear that the k-instanton contribution
is proportional to the regularized sum ) N(Okm)’ where N (Ok,m) is (up to a
sign) the Euler characteristic of the moduli space of the D-brane wrapped on
the curve kB + mF'. In section 5, we will see that these sums can be easily
obtained from the Chern-Simons theory arising in the open string geometry
dual to the closed string geometry of the CY3-fold used in the geometric
engineering of the SU(2) theory.

There are various ways of obtaining the closed topological string ampli-
tudes: localization, B-model calculations, or large N duality with topological
open strings. Direct localization calculations are difficult since we want to
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sum up the contribution of all curves kB +mF for a fixed k, B-model calcu-
lations can sum up the contribution of all curves to the k-th instanton sector,
as was discussed in detail in [19], but become more difficult for large k£ and
for higher genus. We will therefore use the large N duality with topological
open strings on a deformed CY3-fold background to determine the exact
instanton partition function. This method yields all higher genus contribu-
tions to the closed string partition function simultaneously. More precisely,
the all genus closed string free energy was shown in [20] to have the following
integrality structure

closed 2929 2F Z ZZ ))29 2 —nEw (4)

3€H2(X) 9=0n=1

The Chern-Simons calculation yields all Gopakumar-Vafa invariants N g up
to a given degree in X.

3 Closed to open transition

Open topological string theory on a local CY X is related to CS-theory in
the following way [10]: a CS theory lives on every Lagrangian submanifold
of X on which open strings can end. In addition, contributions from strings
wrapping compact holomorphic curves in X and ending on these subman-
ifolds are captured in the CS theory by insertions of Wilson lines: these
compute the holonomy of the CS-connection around the boundaries of the
holomorphic curves. Since the U(N) gauge bundles over the Lagrangian
submanifolds are required to be flat, these Wilson lines calculate invariants
of the homotopy class of the curves.

Enumerating the compact holomorphic curves of a complex manifold is
usually a very difficult problem. The crucial ingredient in calculating closed
world-sheet instantons using Chern-Simons theory following the methods of
[8] consists in deforming the local Calabi-Yau which is the target space of the
closed topological string to obtain a geometry in which the compact holo-
morphic curves are under strict control: they are isolated cylinders and their
multicovers, stretching between certain of the Lagrangian submanifolds. The
basic local model for this deformation is the conifold transition, which we
briefly review.

On the closed string side, one considers the bundle O(—1)&O(—1) — PL.
Taking the volume of the IP! to 0 yields the singular geometry of the conifold.
This space is described by the equation zy = wv in C*. String theory on
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this space is not singular if we turn on the NS-NS 2-form. This setup is
described by a purely imaginary complexified Kéhler parameter t of the IP!,
t= iﬁ:% (this choice will not be a limitation on what we can compute on the
closed string side, as the partition functions are holomorphic in ¢, i.e. can
be obtained for arbitrary value of ¢ by analytic continuation). The singular
geometry allows a deformation, described by zy = uv + p, p € C, which
replaces the singular locus of the conifold by an S? with volume p. Since p
is a complex structure moduli, the A-model amplitudes we are considering

do not depend on it.

If we introduce an additional C valued variable z, s.t. z = zy and
2 = uv + u, we can visualize the deformed geometry as a R? x T2 fibration
over C as follows. At each value of z, we have a real plane. One real axis is
parametrized by gluing the two half-lines || € [\/]z[, 00) and |y| € [\/]z], )
at |z| = |y| = v/]2], the other analogously for u and v. As far as these real
planes are concerned, nothing special happens at z = 0 and z = u. This
is not true for the T2 factor of the fiber. The compact T2 is coordinatized
by the phases of z, y and wu, v, with the transition functions ¢, = —¢y,
¢y = —¢y, on the overlaps at |x| = |y|, |u] = |v| respectively. We see that
a cycle degenerates along a line in the real plane at the values z = 0 and
z = p. This geometry is encoded in Fig. 2.

The S? of the deformed conifold is given by the T2 fibration over the real
line z =t,x =y = Vt,u=v = /f— p for t € [0, u] which connects the two
degeneration loci. Note that the only holomorphic curves in this geometry
ending on S3, i.e. intersecting the S along a circle, have constant z value.
This will be an important constraint in finding the compact holomorphic
curves in related geometries with several Lagrangian 3-manifolds, to which
we now turn.

3.1 Local P?

As a concrete example, consider O(—3) — IP2. Though the base contains
three IP's invariant under the torus action (these are given by (a: b : 0), (a :
0:0),(0:a:b)), they are in the same Weyl class as the hypersurface divisor,
i.e. are not exceptional and hence cannot undergo a conifold transition. To
obtain a manageable geometry for the CS theory, i.e. a geometry of the
type referred to above, we blow up the three toric fixed points of the base,
obtaining a local del Pezzo B3. Using standard methods, detailed in the
appendix, we find three patches with which we can cover the singular limit
of this geometry in which the size of the three exceptional curves is taken
to 0. Each patch is described by 4 variables, x,y, u, v in the first patch, the



464 Instanton Counting and Chern-Simons Theory

Re(z)

ul = vl = /|2 = ul, 2)

é 2]

[0]

= lyl = V/Iul,

|
= [vl =0,z =p)

(] = [yl = 0,

ul = |v] = V/]pl, 2 = 0)

Figure 2: Deformed conifold; a cycle of the T2 fiber degenerates along each of the
red lines (the horizontal, vertical line respectively in the two lower planes).

corresponding variables tilded, primed in the second and third patch, satis-
fying one constraint equation, xy = uw in the first patch, the tilded, primed
version of this equation in the second, third patch. The transition functions
between these patches are given in the appendix. The three exceptional di-
visors we have obtained in this way can undergo a conifold transition. We
perform the following deformations

Ty = uwv+p, (5)
Ty = uv+pe, (6)
2y = u +pe. (7)

The resulting geometry is depicted in Fig. 3).

As in the conifold case, we now introduce a new variable z such that
2z =xy = 2y = 2’y + p1. For this system of equations to be consistent,
we must also deform the transition functions between the patches. This is
done in the appendix. An important feature of this construction is that the
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L
o y/ 2 \

Figure 3: Deforming flopped local Bs. The lines Lo, L1, Lo encode the degeneration
locus of the T2 fiber in the real plane at z = 0, j11, ito respectively.

relation between the phases of the complex coordinates in the overlap of
the different patches, as given by the transition functions, is encoded in the
relative slopes of the lines Lo, L1, Lo in Fig. 3. As the two cycles of the T2
fiber are given by the phases of these coordinates, the slopes of these lines
allow us to read off which cycle of the T2 is degenerating in the real planes
at z =0, z = py, and z = po.

Lines in the complex z-plane connecting the points z = 0, z = 1, 2 = po
have a T? fibered over them with a cycle degenerating at either end. Each
of these T? fibrations over an interval form a closed 3-manifold, which has a
convenient description, with regard to the CS evaluation [21, 8], in terms of a
Heegaard splitting [22]. This splitting allows us to describe the 3-manifolds
as obtained by gluing two solid tori together along their surface using an
SL(2,7Z) map (SL(2,Z) encompasses all self-diffeomorphisms of a torus up
to homotopy). To this end, we divide the interval I connecting the two
points in the z-plane into two intervals Iy, I». Iy and Iy coordinatize the
depth direction of the two solid tori. The torus worth of points at each
depth ¢ € I or i € Iy is identified with the fiber over the corresponding
point of the interval I. The two endpoints of I, over which the T2 fiber
degenerates, correspond to the depth 0 points 911 N OI or 915 N A1 of the
solid tori. To obtain a correct realization of the T2 fibration over I, we must
in the final step glue the two solid tori together such that the appropriate
cycles are identified. Let us introduce a basis for the second homology of the
three T2s in the game, A and B for the T2 fiber over I, such that the cycles
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degenerating at the endpoints of I are A and aA+bB, A; and B;, i = 1,2 for
the tori comprising the surfaces of the two solid tori, such that A; and A, are
the cycles which become trivial when we fill in the tori. Hence, we need to
identify A with A1 and a A+ bB with Ay. This fixes two of the entries of the
SL(2,Z) gluing diffeomorphism between the surfaces of the two solid tori.
Next, we would like to fix the B; cycles to be the S's along which the two
compact holomorphic annuli intersect the 3-manifold. Note that since the
A; cycles of the fiber are degenerate along the holomorphic curves, multiples
of these can be added to the B; at will. Hence, the above identifications fix
the SL(2,7) gluing diffeomorphism only up to this ambiguity,

1L o\ A\ [(abd 1 o\" [ 4 ®)
1 1 BQ o c d 1 1 Bl ’
where nq and no are arbitrary integers. In the CS framework, the cycles
B; + n;A; are wrapped by Wilson loops. The integer ambiguity (ni,n2) in

the choice of these matrices corresponds to a framing ambiguity in the CS
picture which we will fix by hand.

It is not hard to show that the three 3-manifolds arising in our geometry
are all S3s. 3 After the deformation, we hence arrive at an S? situated at
each vertex of the original web diagram. This geometry contains compact
holomorphic curves. These curves end on the S3s. The same considerations
as in the conifold case show that any such curve must therefore have constant
z coordinate. By choosing the complex deformation parameters appropri-
ately, we can ensure that the S3s pairwise intersect only in one point in the
z-plane (recall that z is a complex coordinate), and that these intersection
points all coincide with values of z at which some cycle of the T2 fibration
degenerates (in other words, the finite intervals which represent the S3s in
the z-plane only touch at their endpoints). Arguing patchwise, we can easily
see that the only compact holomorphic curves in the geometry thus obtained
(annuli and their multicovers) have axes along the line in the R? plane along
which a cycle on the T2 degenerates: in the first patch, say, at z = 0, we
must satisfy zy = 0,uv = —p; and furthermore, we want to intersect the S°

3This is done by an analysis of the first fundamental group of the 3-manifold obtained
by gluing the two solid tori [22]. Let us briefly sketch how information on the 3-manifold M
can be obtained from considering 71 (M). By the Seifert-Van Kampen theorem, this group
is generated by the disjoint union of the generators of the two tori modulo the relations
imposed by the gluing diffeomorphism. In the notation above, these two generators are B
and Bz (or more precisely the images of these cycles under the embedding of the surface
tori into the solid tori). By equation (8) and the triviality of the embedded cycles A
and Az, BY = 1. Hence, if |b| # 0,1, m1 (M) contains a torsion element. In particular, M
cannot be S3. A more careful analysis [22] shows that the only 3-manifolds one can obtain
via the construction described above are S, S? x S, and Lens spaces Ly.
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at x = ¢, u = —v in a circle. It is not hard 1to show that thlis is only possible
for x =y =0,u=s"for s € C, |s| > |pu1]2m or |s| < |pi|2m.

We must establish the relation between the open and closed geometry
parameters: the complex Kéahler parameters ¢; of the blown down exceptional
IP's of the closed string geometry are the ’t Hooft couplings on the open
string side, t; = iﬁfﬁz In addition, we have the Kéhler parameters r, of the
curves in the base that do not partake in the conifold transition. On the
open string, the corresponding parameters classically should be the areas of
the world-sheet instanton annuli r; stretched between the S3s (the geometric
data on the open string side also includes the volumes of the S3s, which are
however complex structure moduli and therefore not relevant for the A-model
amplitudes). To relate the CS-partition function we obtain on the geometry
of Fig. 3 to the closed string partition function of local IP?, we must consider
the limit t; — oo (again, we are deforming K&hler parameters; the reason we
can do this without impunity is that the closed string partition functions are
holomorphic in these parameters). For this limit to exist, we will see that
the Kéhler parameters 7} of the non-exceptional curves of the closed string
geometry must receive contributions, in the mapping from open to closed
string parameters, from the 't Hooft couplings in addition to the expected
contribution from the area r; of the annuli. It would be interesting to see
this more directly, e.g., as suggested in [8], by utilizing the GLoM approach
employed in [23] to prove the large N-duality in the conifold case.

From this example, the path we would like to follow for a local CY on
any toric base is clear: we would like to blow up the vertices of the toric fan
(these correspond to fixed points of the torus action), then perform a conifold
transition on each of the exceptional curves so as to obtain a 3-manifold at
each such vertex. 4 This gives rise to Feynman-like rules for computing the
closed string partition function, as pointed out in [24].

3.2 Hirzebruch surfaces

The geometries that will be relevant for the field theory application in this
paper are the canonical line bundles over the first three Hirzebruch surfaces
F,, ® . These surfaces are IP' bundles over a IP! base. Fy is the trivial bundle

“That this deformation is always possible is suggested by analogues of Fig. 3. However,
since we argue patchwise, care needs to be taken that the deformed patches can consistently
be glued together. This will require deforming the transition functions in addition to the
constraint equations in each patch.

Sfor m > 2 the surface F,, is accompanied by other 4-cycles in the non-compact CY3-
fold. For these cases, the partition functions that we will write down give only the contri-
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IP' x IP!. The toric fans and web diagrams for these local CYs are depicted
in Fig. 4.

F
F {
B B
F F B
B+F B+2F
B F
F
local Fy local Fq local Fy

Figure 4: The fans and web diagrams for the canonical line bundle over the first
three Hirzebruch surfaces.

The second homology Hs(F,,,Z) of the Hirzebruch surfaces is spanned
by the cycles B and F', represented by the base and fiber. The intersection
numbers of these cycles are

B*=-m,F?=0, B-F=1. (9)

To obtain an open string geometry, we blow up the vertices of these
diagrams and perform the conifold transition on the exceptional divisors
thus obtained.® This is illustrated diagrammatically for the case of Fq in
Fig. 5.

Note that in blowing up local Fy, the fan of the geometry is no longer
convex. In the web diagram, this manifests itself in terms of crossing lines.
The local CY hence contains additional 4-cycles. It would be interesting
to check explicitly whether this affects the deformation argument. The fact
that we obtain the correct invariants using the open geometry we naively
obtain from such a deformation suggests that this is not so.

bution of curves in [F,, to the total partition function.

5Note that the base of F; is an exceptional curve. In fact, F; and B, i.e. P? blown
up at one point, are isomorphic. Hence, to calculate the partition function of F;, we could
perform the conifold transition on this exceptional curve and only two additional ones
obtained by blowing up the two vertices at which F' and B + F intersect in Fig. 4. This
yields exactly the geometry of local B3 that we considered in the case of local IP2. To
regain Fi, we now would send two of the three Kahler paramters ¢; of the exceptional
curves to infinity [8]. We can even obtain the partition function for Fz from this geometry,
by sending the appropriate combination of Kahler parameters to infinity.



A. Igbal and A. Kashani-Poor 469

Us Uy
B D N
2 e U3 U3
F F
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— & B € £4 (]\1
A 2 ~orr2
U? | U3

Figure 5: The large N transition in the case of Fy. The U; indicate Wilson loop
insertions in the CS theories as explained in section 4.

4 Chern-Simons partition function for local Hirze-
bruch surfaces

In this section, we compute the CS partition functions Zcg, with the ap-
propriate Wilson loop insertions, based on the geometries obtained from
deforming the local Hirzebruch surfaces F,,, m = 0,1,2 as outlined in the
previous section. We will follow closely the discussion of [8] where the case of
local Fg was discussed in detail. According to the large N duality conjecture,
these computations should reproduce the closed topological string partition
functions (4) for the respective local CY3-folds. We will use this equality in
the next section to determine the Gopakumar-Vafa invariants of the closed
geometries as well as to study the field theory limit of the compactification
of type ITA on them.

We will start by discussing the case Fp which was studied in detail in [8].
The open string geometry is depicted in Fig. 5. The Chern-Simons partition
function for the full geometry is given by [8]

4

Zes(ri, Nisq) = /H(DAiGSCS(Ai))O(U%U21§7“B)(9(U22,U§;7“F)
=1
O(U3, Uy r)O(US, Uy ). (10)

Here, log O(U,V;r) is the correction to the Chern-Simons action coming
from annuli of length r with boundary on two S3’s [8](note that we have
taken 11 = r3 = rp and r9 = r4 = rF in equation (10) in accordance with
the Fy geometry),

nr

o, Vir) = exp{z en TeU"TrV ™"} = Z e IR TrpU TrgV =t (11)
n=1 R
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U ]’ computes the holonomy of the CS-connection A; along the boundary ~;
of a compact holomorphic annulus ending on the j-th S2 (in the cases we
consider, there will be two curves 1 and v per S3),

U;f =Pexp ¢ A;. (12)

i
The last equality in equation (11) follows from an application of the Frobe-
nius formula. The sum is over all representations of the special unitary
group, [ counts the number of boxes in the Young tableaux of the repre-
sentation R. This identity allows us to write the partition function (10) as a
simple sum of products of partition functions of the individual CS-theories,

Zes(ri,Nizq) = (OUE,U3;75)0U3,Uy;rr)OUS, Uy 75)OUZ, Ul Tr))
_ Z e—rB(ll+l3)—TF(l2+l4)WR1R4()\4’q)WR4R3()\3,q)

R123.4
WRSRQ (>\27 q)WR2R1 ()‘17 Q) . (13)
Wk, R, are expectation values in the individual CS theories with 't Hooft

coupling t; = ,fﬁjj\\% = log \; (recall that ¢ = e'9%, hence )\; = ¢™¥?), given by

WRiRj (A q) = <TrRi(U1)Ter(U2)> : (14)

In the following, we will reserve the notation Wg, g, for the special constel-
lation of curves v; that occurs in the case of Fy in each of the four S3s, at
zero framing (i.e. ny = ng = 0, in the notation of equation (8)): the ; wrap
orthogonal cycles, hence form a Hopf link. The Hopf link invariants W, g,
can be easily calculated using the results of [25, 26].

As explained in the previous section, we need to consider the limit A\; —
oo in order to recover the partition function for Fg, and later for F; and Fs.
The leading power of X in Wg, r,(), q) is AUr11R2)/2 8] Hence, Zcg naively
diverges in this limit. We remedy this by scaling r; together with A;, such
that the appropriate linear combination of these parameters is finite in the
A; — oo limit. We interpret these linear combinations as the renormalized
Kahler parameters of the closed string geometry. They are given by

TB:TB+t2;t3=TB+¥, (15)
TF:TF—Ftl—;tz:T‘F-I-tg—;M. (16)
The CS partition function for local Fy now becomes
Zcs(@QB,Qr;q) = Z Qg(hHS)Q}(leWle(Q) WraRrs(q)
Ri23.4

WR3R2 (Q)WR2R1 (Q) ) (17)
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where, as before, Qg = e 18, Qp = e~ TF, and we have defined
WRZ-RJ' (q) - )\h—>nolo )‘_(lri_lj)/zWRiRj ()‘7 Q) : (18)

We can simplify this expression and perform two of the sums over represen-
tations explicitly. To this end, we introduce the quantity

KR1R2 (Q) = Z QIRWRlR(q) WRRz (Q) . (19)
R

In terms of Kg, r,(Q), the CS partition function in equation (17) becomes

Zos(Qp, Qi) = Y QBT Kr,r,(Qr)°. (20)

R1,Ro

We will denote the trivial representation by a point. From our discussion
in the previous section, we see that the function K.. yields the partition
function of the closed string on the local CY T*(IP!) x C. Below, based on
the explicit evaluation of this case in [8], we will make an ansatz for the
form of Kr, g, (Q) in the case of arbitrary Ry and Ry which will drastically
simplify the computation of this expression.

Diagrammatically, we can depict Kg, r,(Q) as in Fig. 6.

N
.

Figure 6: KRle (Q)

To evaluate the CS partition function for local Fy and local Fs, we need
similar expressions for the diagrams to the right of the dashed lines in Fig. 7,

as depicted in Fig. 8. If we denote these contributions by K I(%TE%Q(Q% we can
express the partition function for local F(,,) as

m [ l ml m
Z4 (@B, Qri0) = Y. QF QP Kr o (QR) Kk, (QF), (1)
R1,R2
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5 N N

B " B+F B+2F

a) b) c)

Figure 7: Splitting local F,, into KI(%TI)% contributions.

(m+1,-1)

Figure 8: Kz(glz)zz

l
where the factor of Qg "2 appears since the rational curve associated with
the two parallel internal lines of the web diagram are B and B + mF for
local Iy, (see Fig. 4).
The open string geometry which can be used to determine K J(LETJ)LBQ(Q) is
shown in Fig. 9 and is given by

l +1
K@) = lim Net T (T, Uy O(Us, U ) Tr Uy 1) (22)
lp. +l Ip+l
= Jim 3 QAT War(h @A T Wary(A\q)
— 00 R

(_1)m(lR1 +1R2)q%(fm2 —KR;) ’

where Q = e™". The m dependent factors stem from a choice of framing

ny = —ng = m, n] = —ng = —m at the two vertices respectively. 7 This
choice was made by hand by matching the lowest Gopakumar-Vafa invariants
we obtain with those calculated in the literature using localization methods.
It would clearly be desirable to justify this choice intrinsically.

"In the notation of [8], this corresponds to the choice of gluing matrices 7= S~ T~™
and T77L571T77L.
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R, AL
I U

R AL
7 U

(m,—1

Figure 9: The open string geometry which determined K }({?])%2 (Q).

Comparing to equation (19), we obtain

i, (Q) = (1) (m i) g3 (sre =) g, (Q). (23)

The CS partition function in equation (20) now becomes

m l l ml m
Z((JS)(QBaQF, Z QR1+R2Q Rz( 1) (Ir, HlRry)

R1,Ra
g2 "R ) K g, Q). (24)

In order to evaluate Kpr, r,(Q), we need to calculate the leading order con-
tribution in A to Wg, g, (), ¢). We include the necessary formulae for com-
pleteness. For a derivation of the following relations, we refer the reader to
the cited references and the recent review article [27].

The leading order contribution to Wg, g, (A, q) is given by [25, 26, §]
Wiy (4) = Wiy (9) 422 5,2 (Ba (1)) (25)

Here, ;' and p? are the Young tableaux associated to the representations

Ry and Ry. S, is the polynomial S, = det M,,, where the r x r matrix M,,

r being the number of columns in u, is given by M(“) = (a Y +j— BT

denotes the transposed Young tableaux to u, i.e. Wlth columns and rows
interchanged. The a; are the coefficients of ¢ in the expansion of E,, given
by

J
nlzl :11+qt

d —j
o (1250, (26)

d

wao) = ot I P I g @0

1<i<j<d i=1 v:l
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where [z] = ¢*/? — ¢~%/2, d denotes the number of rows in the tableau s, j;
denotes the number of boxes in the i-th row of y, and kg is given by

kr=1Ir+ Y pi(pi — 2i). (28)

In the next section, we will take the field theory limit to get the instanton
partition function. For this reason, it is important to know how Wg(q)
behaves in the limit ¢ — 1. Since [z] &~ (¢ — 1)x in this limit, the first
product on the RHS of equation (27) is finite in this limit, but the second
diverges as (g — 1)7'&. It follows that

Lr(q)
(¢ —1)r~

where Lr(q) is finite at ¢ = 1 and given by

Wi — Wi +j—i
= 11 HHU_Hd (30)

—1
1<i<j<d ‘7 i=1v=1

Wr(q) = (29)

If both Ry and Ry are the trivial representation, then, as pointed out
above, Kr, r, computes the closed string partition function for the CY3-fold
T*(IP') x C. The partition function for this geometry was obtained in [8]
and has the form

Exp{ZB Q" Bal)) = sy = = B

Notice that K..(Q) diverges in the field theory limit. For non-trivial Ry, Ro,
we can parametrize K, g, in the form

Kpira(Q) = K(QWr (0Wry (0)Exp{)_ 1,5, (0)Q"} - (32)

n=1

It is natural to expect that

frir, (@) = Irpe(0") ), (33)

n

even for non-trivial representations (the intuition behind this ansatz is that
the @ n-dependence stems from having contributions from a single iso-
lated curve and its multicovers, which is a generic feature of the geometries
to which the K 1('%7?1)'%2 contribute). We have explicitly calculated the first few



A. Igbal and A. Kashani-Poor 475

terms of K g, for some non-trivial representations and found the results
to be in agreement with this ansatz. Using this ansatz, calculating the sum
over all representations in Kpg, g, is reduced to determining a single term in
the series, the coefficient of (). This can easily be determined to be

WR1 O WD Ro> 2
le R> (q) WRl WRQ WD ( )
d
— 1+ (g—1) u] —j -
(¢ - )2{ Z::
da 2 . . q
1+@-D> (@7 g} - ——
j=1 (q - 1)
The above expression for fr, r,(q) can be simplified to the following form,
frira(@) = (4—=244¢")fr (9 fr:(0) + fri (@) + fry(q)
> Cu(Ra, Ro)d", (35)
k

where

d

frl@)=fr(0) = D VU V0+g++-+¢"), (36)
d HMj
e

The following properties of the function fr,r,(q), which are easily read off
from equations (35) and (36), will be useful later,

frrrr(@) = frir(a7'), (37)
frir,(1) = Y Ci(Ri, Ry) =g, + g,

de1R2 (q) _ _ kry + KR,
a | = > kCr(R1,Ry) = R
k
Using the above form of fr, r,(q), we get
KR1R2 (Q) = K(Q)WRl WRz H(l - qu)_Ck(RhRQ) ) (38)

k
and thus, the partition function is given by
269 = KXQr) Y Qg Qi (i)
R1,R2
Wi, (W5, (a)
Hk(l _ quF)QCk(RLRz) ’

q% (HRl —Ii]—‘{?)
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Notice that, as a consequence of having performed two of the sums over
representations in Z (Cn;) explicitly, the above expression allows us to compute,
at every order in (g, the dependence on Qr to all orders. At given n, we

thus obtain the Gopakumar-Vafa invariants N (qn m) for all m.

5 Counting curves and instantons

We now want to use the results obtained in the previous section to compute
the Gopakumar-Vafa invariants of the local Hirzebruch surfaces and to study
the field theory limit of type ITA string theory compactified on these spaces.

The closed string partition function for a CY 3-fold X, equation (4), can
be put in the following form

oo 00 Ng qn —g)
) = S b0 = 3 S5 ORI e

EEHQ 9 0n= 1

where ¢ = €% and w is the quantum corrected Kéhler form on X. The
integer invariants Ng are essentially Gopakumar-Vafa invariants, related to
the invariants N{ introduced in [20] by Ng = (—1)97'NZ. Recall that
Hs(F,,,7) is spanned by the homology classes B and F of the base IP! and
the fiber IP! respectively. The exponential in the partition function hence
takes the form e (FTBHTr) — QukQni The generating functions of the
topological string amplitudes defined above can then be written as

& NO n
Fclosed(T37 TF Z Tl Fq 2 QF
n=1
Z QB Z Z 2 29 f(k/r (QT ) (41)
k=1 9=0 r|k
where
=D NE " (42)

fék)(x) is the generating function for the genus ¢ invariants of curves kB +
«F. In the field theory limit, the first term in equation (41), coming from
multicovers of F', gives the perturbative contribution to the prepotential as
was shown in [4]. We will see that computations in Chern-Simons theory on
the open string side determine the generating functions of invariants fék)(x)
in a straightforward way:.
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In subsection 5.3, we will take the field theory limit of the CS partition
function directly, i.e. without the intermediate step of expressing it in terms
of A-model quantities. We will see that, after a slight manipulation, it is the
same as the expression given by Nekrasov [15].

5.1 Curves

To extract the generating functions (42) for the Gopakumar-Vafa invariants
from the CS partition functions (39), we need to equate the appropriate
coefficients of Qp in Zapseq = €Felosed and Zog. To this end, we introduce

the functions G and Zj, such that

G(q", nw)
chosed = EXP{Z (43)

= K. .(Qr) ovExp{Z ZQ PGr(q", QF)}

and
Zos(Qp,Qriq) = K2(Qr) Y Q3Zk(Qr,q) . (44)
k=0
Then
e NQ 1—g
Glgw) = Z Z q_zfz 29 € e (45)
YeH3(X,Z) g=0
NO g
- %QWZQ%GR(%QF),
(¢—1) P
where
= 1
k(@ QF) = ZZ 2 2g QF Z (g2 — ¢~ 1/2)2- 2gf (Qr) .- (46)
m=0 g= 0 g=0

We have used the fact that N (90 m) ™ 04,00m,1, which was already pointed out
in [4].% For Zj, specializing to Fy (the cases F; and Fy can be treated anal-
ogously; the results are quoted in the appendix), we obtain from equation
(39)
Wi, W,
Zk‘(qa QF) — Z Hm(l _ meF)2Cm(R1,R2) .

{R1,R2|lp, +lry=Fk}

(47)

8[4] only considered the case g = 0. The &,,0 reflects the fact that a higher genus surface
cannot be mapped holomorphically into a sphere.
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Thus Zgpseqd = Zcs implies that N (% = 2 (consistent with [4]) and

G1(4,Qr) = Z1(0, Q). (43)
Gola, Q) = %2(0, Q) ~ 5 71(0, Q6 — 571(6 QR).

Gsla,Qr) = Za(0,Qr) + 371(0: Q) — Z1(0, Q) Za(a, Qi) — 371(6°, Q).
Gala, Qr) = Z4(a,Qr) ~ 174(0. Q) + 71(0,Qr)*Za(a, Qr)

~71(q,Qr)Z3(q, QF) — %Zl(% Qr)’ — 322((12, QF) + %Zl(qz, Q7)*.

The functions Zx(q, QF) are easy to determine. From the above relations,
we find that (for k =1,2,3,4)

(k)
by (x)
k _ g
fP (@) = A= g)torih2 (49)
where the functions Pg(k) (x) are finite at © = 1. This behavior will become
important when considering the field theory limit in the next subsection.

k=1: In this case, since all curves B+mF' are of genus zero, it is possible
to obtain the invariants N, +mp directly. The moduli space of curves is just

P21 and therefore N(g1 m) = —(2m 4+ 2)64,0, hence we expect
1 2 1
1P (@) = oo FP(@) =0. (50)

This is exactly what we obtain from Z1(q, QF).

k=2: In this case, by calculating G3(¢q, QF), one can give an exact ex-
pression for all invariants,

(3g + 6)z9tL + (69 + 8)x972 + (3g + 6)x973

2) (1) =
fy" (@) (1 —2)%9t6(1 + 2)? (51)
k=3:
+4773)
3)(y _ 9T Hg" ()
fg7 (@) (1—2)29710(1 2 + 22)2° (52)
where H 53) (x) is such that
g+3—[737]
H®(z) =HP (1/z) = > At (53)

k=—g—3+[2]
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8(x3 + 273 +46(z? + 272 +100(z + 2z~ 1) + 124, (54)
68(z> 4+ 27%) +336(2? + 272) 4+ 692(x + 1) + 880
12(x* + 27%) +436(2® + 273) + 1874(2* + 272)

+3736(x + 27 ) 4 4732,

156(z* + 27%) + 2496(z® + 27%) + 9515(2* + 272)
+18464(z + 2~ 1) + 23120,

16(z° + 7°) + 1304(z* + 27*) + 13368(2® + 27?)
+46118(2% 4+ 272) + 87180(x + 2~ ) + 107852,

276(x° + 27°) + 8920(x* + 2™*) + 68388(x3 + 273)
+217040(2? 4 272) + 399888 (z 4 1) + 489312,

22O (2)
(1 _ $)2g+14(1 + x)2g+6 :
10(2° + 27°) + 208(z* + o~ *) + 1472(2® + 273) (56)
+5072(x? + x72) 4+ 10310(z 4+ 2~ 1) + 12864,
300(x% + 275) 4+ 5392(2® + 27°) + 38977(x* + 27%)
+156500(z> + 273) + 397376(2* 4 272)
+681628(x + =) + 812710,
116(2® +278) + 7114(2" + 277) + 105688(2® 4 279)
+768492(x5 4 £7°) + 3394424(z* 4+ z7%)
+10082352(2® + 27%) + 21285960(x? + z~2)
+32970906(z + 2~ 1) + 38079720,
15(2'0 + 2719) 4 4560(2” 4+ 279) + 146856(2® + 27°)
+1891720(2" 4+ 27 7) + 13702561 (2% 4 27°)
+64651284(2° + 27°) 4 214971644(x* + %)
+527911700(x> + 73) + 985697328 (2% + 272)
+1424513408(z 4 2~ 1) + 1608879864 ,

(55)
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HY () = 1560z +27'1) + 120984(z'° + 2719) + 2793760(2° + 272)
+32488976(% + 27%) 4 233788052(2" + 7 ")
+1156821600(x° 4 27%) + 4187974036(2° + )
+11538312784(z* + 2~ *) + 24830267172(2® + 27%)
+42464519560(z* + 2~ 2) + 58354404732(z + 1)
164833791552, (57)

HY(2) = 276(2" + 27 13) + 62765(x'2 + 27 12) 4 2707868(2 " + 2~ 1)
+50597066 (2" + 710) + 545520996 (2" + 277)
13898919969(x® 4 27%) + 19995586316(x" + 27 7)
+77346747002(2® + 275) + 233315291868(2> + 27°)
1561626870823 (x* + x~*) 4 1096392376436(2> + %)
+1755278206204(2? + 272) + 2321514065296 (= + =)
+2547127635094 .

5.2 Instantons

In the last subsection, we saw that the generating functions for Gopakumar-
Vafa invariants counting curves kB + [F' with fixed k can conveniently be
extracted from the open string partition function. As pointed out above,
the world-sheet instantons wrapping these curves contribute to the k gauge
instanton correction to the prepotential of the N/ = 2 theory.

From the expansion of the relevant part of the topological string ampli-
tude

n(l—g)

Enstanton(QB: QF; gs) = Z Z Z 2 29 Q nm ) (58)

(k;m)£(0,0) g=0n=0 "

and recalling the field theory limit (1) as § — 0, we see that the divergence
of f(k)(Q") ~ (272974 (see equations (42), (49)) is exactly cancelled by

nk
the 3 dependence of (Qigzg ~ [n+29=2 for the case of single wrappings,

n 1)
n = 1. Multiwrapping contributions vanish in the field theory limit.
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The k-instanton contribution is thus given by Fr,

_ PR Z 2@5)
A
_ 2k
= a (a) Ck
where
(k) (1
1 Py

h2 29 92g9— 2+8k a29”

The coefficient of A~2 in the expansion of ¢ (h, a) is the k-instanton contribu-
tion to the prepotential. The coefficient of A is the k-instanton contribution
to the coefficient of the [ TrR%r term in the effective action arising when the
field theory is coupled to gravity. For the N' = 2 D=4 SU(2) theory this
has been confirmed by comparing the results from the topologically twisted
theory and matrix model calculations [19, 28]. The field theory interpreta-
tion of the coefficients of A2972 (g > 1) in the expansion of cj(h,a) are as
yet unclear (recall that these stem from the higher genus topological string
amplitudes; in the low energy limit of type IIA, they describe the coupling
of the graviphoton to R%).

From the results of the previous subsection, we can easily calculate the
first few instanton contributions.

Since fg(l)( ) = 04,0 = )2, we get

alha) =555 (61)
For cy(h, a), we extract Py2 (1) = 3¢ + 5 from
£ )__(39-F6)m9+1—%(GQ—FS)x9+2_%(39_F6)$g+3 )
g - (1 _ x)2g+6(1 T x)g .
Thus we get
1 3g+5
co(hya) = Z o T
15 1 , 11 LT
- h__4 * 21342 T 2184 + 219,6 +-- (63)

For c3(h,a) we have, from equation (55), the following expansion up to
g =10,
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= 1 PP
cz(h,a) = ZhQ—Zg 229+22 ;29
g=0
1 3 1 R2117  K*293 KO 8413

2O T 3xolig? T qiam T m T F3 0%
R® 3261  h'959465 K2 400493 A4 1184499
10 926 +ﬁ 930 +F3x231+ﬁ 934

h'® 650505 ~ h'® 68040919
al8 933 T a20 3 x 938

(64)

For c4(h,a) we have, from equation (58), the following expansion up to
g =10,

00 4)
1 A0
ca(h,a) = Zh2—2g 929+30,29
9=0

1 1469 1647  hK2171201  h* 985823
ﬁ 931 + 929 ,2 + g 934 + ﬁ 935
4_§f42777927 jf1112053387 §i31147794293

a8 239 ql0 239 T al2 241

R12 5785079481 A% 460910273265

al4 242 alb 047

K16 568311318115  A'® 22248943631667

P R ¥ R S T 550 +ooe o (65)

5.3 Field theory limit of Chern-Simons partition function

In the last subsection, we expressed the gauge instanton contributions in
terms of curve counting formulas (equation (60)), i.e. with the interpretation
of the field theory as the low energy limit of type ITA in mind. We can equally
well express the complete instanton partition function by taking the field
theory limit of Zgg)(Q B,Qr;q) in (4) directly, i.e. without the intermediate
transcription to closed string quantities. In this spirit, it would be interesting
to formulate a direct relationship between the three dimensional CS and the
four dimensional N = 2 theory.

Unlike the previous subsection, we will here consider all three cases I,
m = 1,2, 3 simultaneously. It will turn out that all m dependence cancels in
the field theory limit, as expected, provided we introduce a sign factor when



A. Igbal and A. Kashani-Poor 483

relating the field theory to the geometric parameters, in the following way

Qp = (-1

It would be interesting to justify the factor of (—1)"" intrinsically.

' Qr=e, g=e (66)

Using these relations in equations (32) and (29),

Kpir,(Qr) _ Lrl(a) Lr(9) 10 - ¢F@r)CxtRta) | (67)

K..(QF) (¢ —1)!m1 (g — 1)'re

we obtain in the limit 8 — 0

- .
?Tcgff) ~ (Bn)m HRQ{ R (1 >£R2<1>1;[<2a5+ﬂkh) litntie) 4 0(B)},

1 L ()Lr(1 )
B ﬁ2m1+2m2{ Rhgm)ﬂiz( )H(2@+kh) @l 4 O0(8)}, (68)
!

where we have used the fact that >, Cix(R1, R2) = lg, + lg,. Thus,

 Z8(Q8,Qriq)
Zsve(haih) = i = o
R1,R2 2\/ﬁ Hk(2a + kh)20k(R1’R2) ’

where the m-dependence cancels as promised. Hence, from equation (66)
it follows that all local [F,,, 3-folds yield the same results in the field theory
limit for all genus.

5.4 Relation with Nekrasov’s conjecture

The above instanton partition function agrees with the partition function
proposed by Nekrasov [15] and recently calculated in [17]. To see this, recall

that Zgg) (T, Tr,q) is given by

(m)
ZCS (TB7 TF7 Z QlRl +lR2 leRg ( ) (lR1 +lR2)
K.(Qr)? o
W2 W2
B rrytrny) il . (70)
(1 — QoD
We have used kpr = —rg. The term K..(Q)? gives the 1-loop contribution to

the prepotential in the field theory limit. We have divided the Chern-Simons
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partition function by K..(Q)? so that we only get the instanton contribution
in the field theory limit. Now using the definition of Wg(q) given in equation
(27) and the following identity

. Cq o dp) o
H i —pi+ig—i H [wi — pj +5 — i ﬁﬁ 1
(71)
where y; = 0 for i > d(u), we see that for ¢ = e
o inh B — i —
W2(q) = 27 %rgrn/? H sinh 5 (s — pj + J z)' (72)

; no. .
ij=1 sinh %(] —1)

Note that care is required in treating the infinite product in order to obtain
the factor 27%% correctly (e.g. by recourse to the RHS of equation (71)).
One can also check that the following identity holds, though we have not yet
been able to derive it algebraically,

H(l _ quF)—2Ck(R1,R§F) — Q;lRl_lRZ 9—2(lr, +l32)q—%(ﬁR1—'iR2) (73)
k
H sinh %(azn + (s — pony +J — 1))
sinh 2 (az, + h(j — i)

cln=1,24;j>1.
I#n.i.j

Again, the infinite product is to be interpreted along the lines of equation
(71). We have set Qp = e 2% and aja = —ag = 2a. Putting this all
together, we obtain

Zgg*) (T, Tr = 2af3;q = e — Z((—l)m—Q—B )R FR, leR2

K.(Qr)? . 24Qrp F

g Bty H ﬁ sinh g(@ln + A — pinyg + 5 — 1)) '
sinh g(aln + h(j —1))

In=1,2i,j=1

For m = 0 (local Fy) this yields

© .18 .
0) ) Lo sinh 5§ (aim, + Mg — i + 5 — 1))
Zpg = K.(Qr)* Y ¢lmtin _ ] (74)
oS l,g,Q,-El sinh 5 (ai, + h(j — 7))

where

QB Qp >
(’D = = .

= gigs =g (75)
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This is exactly the form of the partition function derived by Nekrasov from
an index calculation in [15] ?. In the field theory limit Qp = (%) with
86— 0, we get

Zsu(2)(A,a;h) = limg_g (77)

Z(Cn;)(TB = 4log(%) Tr =2a8;q9 =¢ ﬁh)
K.(

F)?

— Z (é)4(1121+l122) H I in + (i — pnj +J — 1) ‘

2 a h(j —1
R1.R» In=12ij=1 i+ h(j =)

The fact that the expression is equal to the one given in equation (69) follows
from the § — 0 limit of the identities given in equation (71) and equation
(73).

The above partition function is a limit (h; = he = k) of a more general
partition function discussed in [15, 16, 17]. On the CS side (open string side)
there exists a natural way of defining a more general open string partition
function by taking the coupling constant associated with the CS-theory on
each 3-cycle to be different. This more general partition function is given by

Zes(q1, 42, QB Qr) = Y QR KR py (01,02, QF)®, (78)
Ry 2
where
_ lr
KR r,(q1,92,QF) = Z QFWR,r(q1)WRR, (q2). (79)
R

For ¢ = g2 we get back the original partition function. Again we make an
ansatz

KR, Rr,(q1,92,QF) = Wr, (01)Wr, (02)Exp{ [}, r, (01, 42) Q% } » (80)

where

leRz (ql ) q2)

leRQ(Q17Q2) n

%A generalization of this to SU(N) was also given by Nekrasov [15]

N oo . B8 j 3
h & (aim + Aps — pnj + 5 — 1))
Z ity il : = - (76
su(p,B) = Z 2 II 11 sinh £ (i, + h(j — 1)) i

I,n=11i,j=1
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Equating the coefficients of Qr in equations (79) and (80) then yields
Wry n(q1) Wa,r,(¢2)

, -W W
fR1R2 (ql C_I2) WRl (q1) WRQ (Q2) O (ql) O (q2)
d1
V192 pi=j _ —j
= 14+ (1 —1 7
G- Dp_Di @ );(Q1 a’)}
& j j 4192
14 (g2 —1 g 7 —aq;7)} — 82
The above expression can be Simpliﬁed to the following form
_ Ja24q [q1 g2 — 1
fR1R2(q17q2) — a1 g — fR1( ) @ G — 1fR2(q2)
(@ —1)(g2—1)
+ NG fri(q1) fr,(q2)
= Z Ckl,kg (R17 R2)q11QS2 I
kl,kzezﬁ-%
where fr,(q) = 2?1:1 U DA 4qg+---gu ).
Then this more general partition function is given by
Wi (Q1)W}22 (¢2)
Zes(q1,a2,QB,Qr) = Y QR : 2 (83)
1%:2 [Tk, (1 — 4 b2 Q) *ra e (R FR2) -
In the field theory limit we get
A sty 41) £h (1) L3, (1)
Z(Nashy he) = 2(5) (1 2)—171% h2l22
Ri2
T 20 + haky + hokg)~2Frire (R - (84)
k1,k2

where we have used -, . Chy, (B1, R2) =11 + lo.
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Appendix

Details for local P,

a7 01
04
()] o6
o g =0
5 o3 6

Figure 10: The fan and web diagram for Bs.

From the toric diagram Fig. 10, we can read off the following o model
charges

(1 1 1 -3000)
( 0 -1 -1 1100)
(-1 0 -1 1010)
(-1 =1 0 100 1)

The monomials invariant under the four U(1)s encoded in these charges are
generated by the following set

2 2 2 2 2. .2
{T12023T425627, TIT2T4TEXT, T1TZT4T5XT, TTZTATETG, (85)

x%x3x4x§x7, x1x§x4x5x%, w%x3x4x§x7}
We cover the geometry with the 3 patches
Patch I x3,25,2¢ # 0 (86)

Patch II: zq,xg,27 # 0
Patch III: zo, x5, 27 # 0 .
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In each patch, the invariant monomials are generated by the following set

127 T2Z7
Patch I: r=""L gy = madrgaieg, u = 2L, v = ririvgrsad
L3T5 T3T6
— Ty =uv (87)
~_ I3Ts - - _ T2T5
Patch II: F=200 = dlrwgwer?, 4= =2, b = alawsrgaiay
1T T1Z6
— Ty = uv
xr3T6 T1Ze
Patch III: 2’ = ===, ¢/ = xw%u%x%, =" = :U%:Eguxg:w
ToX7 ToX5

/ )
— 2y =u.

The transition functions in the overlap of the patches can easily be read off
from these equations:

1 o 7 -
==, Yy = TU0 , u= =, v=1I0, (88)

T 0]

/
~ Zz ~ i ~ 1 ~ 2,/
==, J=vyu 0=—, v =u"v",

u u

2

/ v / ;X )
d=—, yY=ury, W==, ===

Ty u v

Note that the relation of the phases of the coordinates in different patches
can be read off from the web diagram. We now perform the following defor-
mations on the constraint equations

xy = wv+p, (89)
I = o+ po, (90)
2yt = WV 4 . (91)

To enforce the relation z = zy = 2y = 'y + p1, we must also deform the
transition functions,

1 y -

T==, Yy = TUv + pol , u:g—g, v=2I0, (92)
T 0 Iv

. - u . .

J"Zav yzy/u/—l—,ul—/, u:_/7 UZUQU/)

;v 1 / K2 / v / K22

T = : =ur(y ——), =0 V=—Wy——
v y (y—="7) = =)

These deformations maintain the phase relations of the coordinates in the

three patches.
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local F

Here we list functions Hén) (z) forn=3,4and g =0,...,15.

H (@)

20(2% +270) + 2860(x° + 27°) + 54344(2x* + 7 %)
4338204 (x> 4+ 273) + 1000022(z 4 z72)

+1797108(x + 2~ 1) + 2177844

428(x% + x7°) 4+ 23152(2° + 27°) + 306968(x* + z~*)
+1629392(2 + x73) + 4532536(2? + 7 2)

+7953136(2 + 2 1) 4 9556104

24(x" + 27 7) + 5296(x% + 27%) + 161552(2° + 275)
+1643952(x* + 271) 4 7688416(2 4 273)

+20272814(2 + 272) 4 34777628(x + 1) 4 41468492 ,
612(z" + 277) 4+ 49736(2° + 27°%) 4 1020652(z” + 2~°)
18462384 (x* + x7%) 4 35667972(2® + 27%)
189686864(2% + x72) 4 150623428(x + 1) + 178358464 ,
28(2% + 27%) + 8804(z" + 77 + 393728(2% + 276)
+6006028(2° + x7°) + 42249200(2* 4+ 2~ %)
+163151268(x> + 27%) + 393139474(2 4 272)
+647251192(x + 1) 4 761564668,

828(2% + 278) 4+ 94240(27 + =7 7) + 2772832(x% + 279)
+33511552(z° + 27°) 4 205862000(z* + 2~)
1737434848 (2> + 272) + 1709869228 (2% + 272)
+2763195520(x 4+ 2~ 1) + 3232117936,

32(x + 27%) + 13576(2® + 27%) + 836744 (2" +277)
+17934000(2® + 276) + 179430424(2° + 27°)
+983373728(x* + 27 %) + 3299321448(2% + 27?)
+7386742102(x? + 272) 4+ 11731393228(z + 1) + 13647278764,
1076(x” + 279) 4+ 163256(2® + 278) + 6521908(z" + 27 7)
+108732192(x5 + 279) 4 929691024 (25 + 75)
+4620614976(z? + 2~) 4 14631592752(2® + 273)
+31725047776(2% + 27 2) + 49571743936 (x 4+ = 1) 4 57373130752,
36(z" + 2719 + 19804(2” + 27%) + 1608728(2® + 278)
+46170268(2" + 27 7) 4 626678580(2% + 27°)
+4690016816(x° + 2°) + 21410770496 (z* + z~%)
+64389042000(2® + 27%) + 135558792610(x2 + =~ 2)
1208614265444 (x + 1) + 240290143540 ,
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1356(2% 4 2719 + 264400(2” + 27%) + 13772840(2® + z7°)
4303539824 (z" + 27 7) + 3467940668(z° + 27°)
+23141374272(2° + 27°) + 98036368128(z* 4 2™*)
+281441631392(x% + 27?) + 576623540332(x? + 272)
+874793870512(x + 2~ 1)

+1003092794248 .

20(x + 271%) + 20776 (2" 4+ 271) + 1802422(2'? + 27 1?)
+55118752(x'2 + x71%) + 887791786(x'! + 2~ 11)
+9032681160(2'% + 2719) + 64154932056 (2" + %)
1338318599184 (2% + x7%) 4 1379961590592(27 + 2~ 7)
14479333446968(2° + %) + 11809327834558(2% + 275)
+25665330292512(z* + x7%) 4 46479319690946 (2> + z72)
+70678653611736(x% + x~2) 4 90710040683380(x + =~ 1)
+98545938094688

4266(x'6 + 2710) + 839844(z' 4+ £71°) + 43543660(z1* + z714)
+1056778816(x'® + 2713) 4 15241810336(2'% 4 2712)
4148139062508(x ' + z71) + 1046335719584 (210 + 2710)
+5642396903464(2” 4 27%) + 24036080776384 (x> 4 2~°)
182894576962384(x" + ") + 235675324886872(x5 + 27%)
+559907882759836(x° + 2°) + 1122949968857408(z* + z~*)
+1915763227378616(2> 4 273) + 2795404761655196(2% + 22)
+3501738224591460(2 + 2~ ") + 3773935482414956 ,

496(2x'® + x718) + 27391227 + 2717) + 25434960 (2 "¢ + 2719)
4947885136 (x5 4 2715) + 19453650776(x'* + 1)
4257567625014 (23 + 2713) + 2412441992944 (z'? 4 z712)
+16956815818608 (! 4 271 + 93128479478936(2'° + 1)
+411350743539242(2° + x7°) + 1492803031085792(x® + 27°)
+4523350413679026(z7 + 27 7) + 11586657433749704(2° + 275)
+25330337013080364(x° + x~°) + 47609815386901776(x* 4 2~*)
+77364284922244622 (x> + x73) 4+ 109129776774805848(2 + 2~ 2)
+134003186940618748(z + 1) + 143470224614509472 ,
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HP(2) = 25 +272) 4+ 61316(2" + 27 19) + 11068374(x'S + 2719)
+652429176(2*" 4 2717) + 19259125692 (216 + 2710)
+347810000852(x® + 27 °) 4 4300723919714(x'* + 2z~ 1)
+39070905330120(z " + 27 13) + 273457920809930 (' + 27 12)
41524969346570920 (! + 711 + 6945674565624384(2'0 4 2719)
+263257650262280089 (z” + 27%) + 84243018258047546(2® + 2~8)
+230185454300541696 (2" + 27 7) + 541844957793011864 (2 + 2~%)
+1106543100329064720(x° + x75) + 1971231278784742349(x* + %)
+3076166028299942844 (x> + x73) + 4218295082475696624 (x> + x~2)
+5093897002657007052(x + 1) 4 5423687898801824948 ,

Hig(z) = 8982(z%" + 2721 + 3578472(2%° + 720) + 348034206(z'® + 2719)
+15037643104(2"® + 2718 + 372747895080(2 ' + 2~ 17)
+6084321194460(x'® + 271%) + 71140851380158(x > + 2~ 19)
+629960905795240(x ™ + 271) 4 4392643781205418 (2 4 27 13)
+24815217549021088 (2 + 27 12) 4 116039047539664182(2 't + x~11)
+456636168407024952(x'% + x71%) + 1532000433014962822 (2" + 2~?)
+4427463940221909760 (x5 + x78) + 11113497261742849754(x" + 27 7)
+24391020745301746344(2° 4 27°) 4 47054462823805306748 (2 + 27°)
+80129270910314118520(2* + 2™*) 4 120842120340657126960 (x> + ~2)
+161785295782709385240 (% + 272) + 192612749016106866042(x + =~ 1)
+204120388510473361224 ,

Hi(z) = 776(2® + 272) 4 847738(2% + 2722) + 144344832(2*" + 2721)
19357879388(22° + 272Y) 4 321867505044 (x10 + z~1%)
+6960563372879(z'® + z718) + 104659625277760(2'7 + =~ 17)
+1167957443029360(z® + 71%) + 10119596098395264 (x> + 1%)
+70330233541355881(x* + 27 ) 4 401754102187227592(2'? + 1)
11922054663797082448 (212 + x712) 4- 7815436357972473172(x' + 271
+27328823525971791460 (20 + 271°) 4 82962081227932553344 (2 + 277)
+220327585105407247080(® + 278) + 515123507705963450920(x" + 2~ 7)
+1065676633098908467490(x5 + 79) + 1958880323008004536300(z° + z~°)
+3209930502325208372372(x* + %) + 4701228070777034064356 (2> + 273)
+6165909219169186575432(x? + x~2) + 7251680674388081571600(x + 1)
+7653871498185950485200
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Hip(x) = 30(x® +272°) +142952(x** + 2724) + 46397758(2% + 27 2)
+4666992904(x?* + 27 22) 4 226254790488 (2! + z721)
+6528038807672(2%" 4 2720) 4 126479209707000(2" + 2719)
+1776522953134224 (28 4+ 2718) + 19057077119890680 (27 4 2~17)
+162049457830972496 (¢ + x71%) + 1122934839735652880(x® + 2719)
+6476817384316875496 (x4 + 27 1*) + 31612278725628725440(x*? 4 2~ 13)
+132300992609304637960(x'? + x71%) + 479854874693771928080 (! + 2~ 11)
+1521505193447041212400(2*0 4 2710) 4 4247761951357534695194 (2% + 279)
+10503538092109971310456(x® 4 2~%) + 23116405003776992480010(2" + 2~ ")
+45463376413349088082344 (x5 4 27°%) + 80165702837137187676152(2° + 2°)
+127072760262836311167104(2* + 2~*) + 181450624018663596285928 (2 + %)
+233770042020772015684072(2% + 2~ 2) + 272031823542995558909304(2 + =~ 1)
+286109526001880184530336 ,

Hiz(z) = 16248(x0 4 2726) 4 11441484(2® + 2~2%) 4 1867609602(2>* + z~2%)
+130313168272(2% + 272%) 4 5068617330184(x?* + 2~%2)
+127122681176684(z* + x721) 4- 2249626573376071 (x2° + 2~2°)
+29833194044232700(2'? + 2719 + 309352842642427198 (2 '8 + z71%)
+2587963124320382488 (27 + 2717 + 17886698663434866553 (26 4 2716)
+104041685392475379304(2'® + 271°) + 516863496360020461678 (x4 + 2~ 14)
+2219175312759092765388 (23 4 2713) 4 8315148255251476062787 (' 4 27 '2)
+27408849538963007252540(x ' + z711) 4+ 80010468270453478393296(2'° 4 2~ 19)
+207995282777817187829848(2” + 27%) + 483761555487399956706890(2® + %)
+1010575072306854645122796 (2" + ") + 1902256171458206034909248 (° + 27°)
+3235110563313776191505496(2° + 7°) + 4981575619223563155734966 (" + 2~*)
+6957331918466546588154936 (x> + 73) + 8824248101674959733825220(2% + 272)
+10173350240915563250118496(z + =) + 10666791272137599144340470

Hiy(z) = 1116(z% + 2728) + 2123034(2?" + 2727) 4 597858776(22¢ 4 22°)
+61694966866(2%° + 2~ 2) + 3280150367480(x** 4 22*)
+107249898982190(x? + 27 23) 4 2398456260768240(2%2 + 222)
+39334297729267612(x" + 272) 4 496590877057032204(x%° + 720)
+4999965296583002358 (212 + 2719) 4 41233256060532653688 (' + £ 718)
+284316242947879915100(z'" + 2717) 4 1666176504493064118336(2'¢ + 2~16)
+8408482528507356296876 ("0 4 27 1°) + 36936675268551592344472(x* + 27 14)
+142494162691476258768526(23 4 2713 + 486350783413982018389556 (1% + %)
+1477790555674438148532576 (21! + 27 11) 4- 4018472087633195293071392(210 + 719)
1+9822352746135144088586634 (2 + 27%) + 21662099226298401054640968 (8 + %)
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+43239893498911642392701526(x" + ") + 78327490163691445755024792(2° + 2~°)
+129044537123542177935391914(2° + 27°) + 193702544707394610401774948(2* + 7~ %)
+265286854476302190398619068 (2 + 2~ %) + 331854109645644252336639088 (2% + 2~ 2)
+379452019419503320388448152(x + =~ 1) + 396769857245681885554908928 ,

His(z) = 35(z% +27%0) 4+ 286744(2° + 272%) + 151909916 (28 + 2~28)
+24014981300(z*" 4+ 2727) + 1776678078197 (x*® + 2~29)
+76462540562016(2° + 2 2°) + 2171568812362050(x>* + 2~ **)
+44128251927349080(x* + 2~ 2%) + 678229429084167029 (2% + z~2?)
+82055061961991846889 (2! 4 2~2') 4 80513486253657266932(2%° 4 2~2°)
+655602921413643536680(x? + x~ 1) 4 4511043260336323140811 (% + 2~ *¥)
+26612229682448017966692(z"" + 27 17) 4 136204891358039983634884 (x'® + 27 19)
+610736662112601476054180(x® + 2~ '%) + 2418823210255342971140237 (24 + 2~ 4)
+8519606663089707541414760(2 "3 + 2~ 13) + 26842281493690029147172220(2 2 4 2~ '2)
+76023106991445943817131912(x ' + 2~ ) + 194367691907203562148213795 (20 + 2~ 19)
+450207515759262474725900584 (2 + 2%) + 947630554842568898139897502(z + 2~%)
+1817312857981270397216413376(z" + 2~ ") + 3182248997707767165484154515(2® + 276)
+5097338277427026638104847412(2° + 27°) 4 7480058119725431973984814452(2* + 27 4)
+10067787731012537908374528440 (x> 4+ 2~ ?) + 12440072163092579373241505125(22 + 2~ %)
+14120405833090393940001592152(x + 1) + 14728907025122899597601666232 .

local T,

Here we list the functions H én) (x) forn =3 and g = 0,---15. The invariants
of local Fy and local Fy are related to each other for curves with even wrap-
ping number on the base, as can be seen easily by using the affine F's Weyl
symmetry of local % K3. Thus the n = 4 case for local F'; can be derived

from the functions H 54) (x) defined in the previous subsection.

HP(x) = 348(2"/2 4+ 27/2) 4 14800(2"/2 + 279/2) (93)
+151712(2/2 + 277/%) 4 626785(z>/% + x7%/2)
+1412346(2%/? + £73/2) + 2075489 (/2 4 27 1/?) |

HP(2) = 2222 4 2713/2) 1 3956(2'/2 4 27 11/2) 4 96574(2%/2 4 2~9/2)
+778054(2/% + £77/2) 4 2906210(>/? + £75/2)
+6311298(23/% + 273/%) 4+ 9127550(V/% 4+ 271/2) |
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516(x'%/2 + 2713/2) 4 34576(21Y/2 + 2711/2)

+576860(x/2 + 27%%) 4 3862860(z"/% 4+ 7 7/?)
+13270807(2%/% 4+ 275/2) 4 27851098(z%/% 4 273/2)
+39687211(z'/? 4 271/2)

26(x/2 4 271/2) 4 6904(23/? 4 £713/2)

+257348(xM/? + 7 1/2) 4 3236514(2%2 + 279/2)
+18699598(z /% 4+ 277/%) 4 59831120(z°/% 4 27°/2)
+121660400(z>/% 4 273/2) 4+ 170998970(z1/% 4 z~/2) |
716(2'%/? + 271%/2) + 69360(2'3/2 4 2713/2)
+1717944(2'/? 4 271/2) 1 17331516(2%/2 4 279/2)
+88704772(x7/? 4+ 277/?) + 266850161 (%2 4 27°/?)
+526995098(2%/% + 27%/2) 4+ 731312489(z/2 + 271/?)
30($17/2 + 33—17/2) + 11020(0%15/2 + x_15/2)

+582314(2"%/2 + £713/2) 1 10602230(2 /2 4 2711/2)
+89528346(x%/2 4+ 27%/2) + 413833342(27/? 4 277/?)
+1179215768(2>/% + 27°/%) 4 2266727282(>/% + 273/2)
+3108299684(z'/? + 71/,

948(z'7/% 4+ 7 17/2) 1 125232(2"%/? + 17 1%/2)
+4318452(x"3/% 4 2713/2) 4 61670124 (212 4 27 11/2)
+449427764(2%/% + 279/%) + 1903914844 (27/? + 277/?)
15169507095 (> + 27°5/2) 4 9691341866 (> + 273/2)
+13142378339(z /2 + 271/2) |

34('%2 + 2719/2) 4+ 16496 (2" 7/ + 27 17/2)
+1172832(z'%/2 4 271%/2) 4 29239874 ('3/% + £713/2)
+342547768(x /2 + 27 11/?) 4 2204219504(2%% + 279/?)
+8656118128("/% + &~ 7/?) + 22505083592(2°/% + 27°/?)
+41221499060(z*/? + 273/2) + 55320776984(z"/ + z71/?),
1212(22 4+ 2719/2) 4 209296 ('7/? + 2717/2)
+9589584(x1%/2 4 £715/2) 1 184678652(21%/2 + 27 13/2)
+1833812848 (212 + £71/2) 4 10604121856(2/2 4 27%/2)
138955683296 (x7/2 + 2= 7/%) + 97377061565(2/? + x7%/?)
+174547100714(2%/2 + 27%/2) + 231970177529(z/? + 27 1/2) |
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H{g) (x) = 38(z2/2 4 z72Y/2) 4 23524(21%/2 4 z~19/2)
+2165078(x /% 4+ z717/2) 4 70882310(21%/2 + £715/2)
+1104236060(x'%/2 + 271%/2) + 9526203334(2 /% 4 7 11/2)
+50192855128(2%/2 + 279/2) + 173767515352(27/% + 2~ 7/2)
+419069234222 (/% + £75/%) + 736192496108 (/% + 273/2)
+969443089694 (/2 + z71/2) .

local Fy

By invoking the affine Eg Weyl symmetry of local % K3 as above, the invari-
ants of Fy can be related to those of Fy via

NgB—i-kF(FO) = NSB+(k+n)F(F2) : (94)

Our computations of Fy invariants using the large N duality are in exact
agreement with this formula.
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