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COMPARING CORRESPONDING DIHEDRAL ANGLES ON
CLASSICAL GEOMETRIC SIMPLICES*
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Abstract. In this article, we prove a theorem comparing the dihedral angles of simplexes in the
hyperbolic, spherical and Euclidean geometries.
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1. Introduction. It is well known that given any spherical (or hyperbolic) tri-
angle in dimension 2, one can decrease (or increase) its inner angles to obtain an
Euclidean triangle. The goal of this paper is to establish this general fact for all di-
mensions. This study was motivated by the study of the volume of convex polytopes
in classical geometry in terms of dihedral angles. Interesting related topics can also
be found in [Luo2, Luo3].

By a space of classical geometry, we mean the n-sphere S™, the Euclidean n-
space E™, or the hyperbolic n-space H". For simplicity, they will be collectively
denoted by K™. A classical geometric n-simplex Z in K™ or simply a K™-simplex
is the geodesic convex hull of (n + 1) points 21, 22,..., 241 in K™ so that these
points are not lying in any (n — 1)-dimensional totally geodesic submanifold. These
n + 1 points are called the vertices of the simplex Z. As a convention, we always
consider simplexes with vertex labelled. That is, the simplex Z is represented by
the (n + 1)-tuple (21, 22, ..., zn41) € (K™™', where z denotes the i-th vertex. In
addition, two simplexes are equivalent if there is a K"-isometry taking such an (n+1)-
tuple to another.

We will compare the dihedral angles of simplexes in classical geometries. Let
Z = (z1,22,...,2n+1) be a K"-simplex. We denote the codimension-1 face opposite
to the i-th vertex z; by F;(Z) = (21, ..y, iy oy 2n+1) € (K™)". Then the dihedral
angle (;;, for ¢ # j, is the angle between the faces F;(Z) and F;(Z). Let S and 7
be two K"-simplexes (not necessarily the same K") of dihedral angles o;; and 7
respectively. It is said that S < 7 if and only if 0;; < 7;; for every 4, 5. If in addition,
there is a pair of ¢ # j such that o;; < 735, then S < 7.

In this article, we are going to demonstrate a theorem which may be roughly
abbreviated by H" < E™ < S™.

THEOREM (COMPARISON OF SIMPLEXES). There is a natural partial order on
n-simplezxes in these spaces of classical geometry according to dihedral angles. More
precisely,

M1 For every S™-simplex S, there is an E"-simplex £ such that £ < S.

M2 For every H"™-simplex H, there is an E"-simplex £ such that H < .

M3 For every E™-simplex £, there is an S™-simplex S and an H"™-simplex H such
that H < € < S.

*Received June 7, 2006; accepted for publication November 15, 2007.

tDepartment of Mathematics, The Chinese University of Hong Kong, Shatin, Hong Kong
(thomasau@cuhk.edu.hk).

fCenter of Mathematical Sciences, Zhejiang University, Hangzhou, China; Department of Math-
ematics, Rutgers University, Piscataway, NJ08854, USA (fluo@math.rutgers.edu).

§Department of Mathematics, Rice University, Houston, TX77005, USA (stong@math.rice.edu).

203



204 T. K.-K. AU, F. LUO AND R. STONG

Ma if &1, & are E"-simplezes such that £ < &, then & and & have exactly the
same corresponding dihedral angles.

REMARK. The statement M4 above might have been known for long. To our
knowledge, it was posted as a problem in [Riv2] by Rivin and a composite solution
was given later in [LL]. It had also been proved by Richard Stong independently. In
addition, the theorem is trivial for n = 2.

The statements M3 and M4 are proved in §2 by considering suitable variations
of Gram matrices. The proof reflects variational properties in addition to simply
angle comparison. In a certain sense, Euclidean Gram matrices lie in the common
boundary of spherical and hyperbolic ones. In §3, we will prove M2 using geometric
comparison. A given H™-simplex in the disk model always determines an inscribed
(n — 1)-sphere. This sphere in turns is inscribed by the desired E™-simplex and the
dihedral angle comparison follows naturally from Gauss-Bonnet Theorem. Both the
above methods do not work for proving M1. On the one hand, the method of varying
Gram matrices fails because we do not have control of the signs of cofactors. On the
other hand, unlike the case of an H"-simplex, tangent hyperplanes of a S™-simplex
do not necessarily bound a compact region. In order to geometrically construct the
desired E"-simplex, it requires more subtle technique. The idea is to “extend” or
“enlarge” the dual of the given S”-simplex. Then take the Euclidean dual of the
“extended” simplex and perturb a little bit if necessary. The details will be discussed
in §4.

2. Gram Matrices. The Gram matrix G = G(Z) of a K"-simplex Z is an
(n4+1) x (n+ 1) matrix with entries — cos(;;, where (;; is the dihedral angles of Z
with the convention (; = . It is clearly symmetric and has diagonal entries equal
to 1. Since the function — cos(-) is monotonic increasing on (0, 7), it is also natural
to say that two Gram matrices (a;;) =< (b;;) if their corresponding entries a;; < b;;
for all 4, j.

REMARK. This matrix is sometimes called angle Gram matrix to distinguish it
from the so-called length Gram matrix.

First, let us recall a clarification of the relation between Gram matrices and
classical geometric simplexes. It was first proved in [Mil] and it can also be found in
[AVS] and [Luol]. There are also interesting related works, [Dia, RH, Riv1l, Riv3].

THEOREM 1. Let A be an (n+ 1) X (n+ 1) real symmetric matriz with diagonal
entries equal 1 and let c;; be the (i,§)™ cofactor of A.
1. A is the Gram matriz of an S™-simplex if and only if A is positive definite.
2. A is the Gram matriz of an E™-simplez if and only if det(A) = 0, all principal
n X n submatrices of A are positive definite, and all ¢;; > 0.
3. A is the Gram matriz of an H"-simplex if and only if det(A) < 0, all principal
n x n submatrices of A are positive definite, and all c;; > 0.

For simplicity, we may refer to the above cases of Gram matrices as spherical,
Euclidean, or hyperbolic Gram matrices.

Using continuous variation of Gram matrices, we are able to show that an Euclid-
ean simplex sits between a hyperbolic and a spherical ones.

THEOREM M3. For any Euclidean n-simplex £, there is a hyperbolic n-simplex
‘H and a spherical n-simplex S such that H < £ < S.
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Proof. Let € be an E™-simplex and G = (g;;) be its corresponding Gram matrix
with cofactors ¢;;. In other words, by Theorem 1, G satisfies the following three
conditions, det(G) = 0; ¢;; > 0 for all 4, j; and all principle n x n submatrices of G
are positive definite.

Let P = (pi;) be the (n+1) x (n+1) matrix in which every diagonal entry is 1 and
pi; = —1forall i # j. Let A(t) = (a;;(t)) be the path in the space of (n+1) x (n+1)
symmetric matrices defined by,

A =1 -G +tP  te[o1].

It is clear that the eigenvalues of the principal n x n matrices of A(t) and the cofactors
¢i;(t) of A(t) depend continuously on the entries of A(t) and hence in ¢. Thus, for
sufficiently small ¢ > 0, the principal n X n matrices remain positive definite and
¢ (t) > 0. Moreover,

n+1
S et AW = Y e(t)aly() = 3 et)(-1 — i)
i,j=1 1#]

d
Since ¢;;(0) > 0, we have o7 [det A(t)],_, < 0 and det A(t) < 0 for sufficiently small

t > 0. Thus, again by Theorem 1, A(t) corresponds to the Gram matrix of a H"-
simplex H. Clearly, a;;(t) < gi; for i # j.

To obtain an S"-simplex S, one simply takes another matrix P which has all
entries p;; = 1 for all 4, j. This clearly produces a;;(t) > ¢;; for i # j. The argument
is exactly the same as above with the only difference that det(A(t)) > 0. As a result,
A(t) corresponds to the Gram matrix of a S"-simplex S. It is then concluded that
H=<E<S. O

REMARK. From the proof, we actually have S and ‘H which have dihedral angles
arbitrarily close to those of £.

The Gram matrices also provides another proof for the “rigidity” of Euclidean
simplexes given by Stong.

THEOREM M4. If & and & are two FEuclidean n-simplexes such that £ < &,
then they are similar.

Proof. Let & and & be two Euclidean n-simplexes such that & < &. Further-
more, let G1 and G2 be their corresponding Gram matrices and A(t) = (1—t)G1+tGa,
t € [0,1] be a path in symmetric matrices joining the two Gram matrices. We also
denote the cofactors of A(t) by ¢;;(t).

By Theorem 1, all principal n x n submatrices of G; and G5 are positive definite
and det(G1) = 0 = det(G2). Thus, both G; and G; are semi-positive definite. As a
consequence, A(t) is semi-positive definite for all ¢. In particular, det(A(t)) > 0 for
all t € [0,1]. Let f(t) = det(A(t)). It is obvious that

() = S (det(A(1) = 3 (cos g — cos i) ey (1),
i#]

where «;; and (3;; are the dihedral angles of the simplexes &£ and & respectively.
Note that for all 7,j, a;; < B;;, thus cosa;; > cos3;;. Suppose there is a pair of
corresponding dihedral angles a,q < B¢, then we will derive a contradiction.
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Since G1 and Gy are Euclidean Gram matrices, for all ¢, j, we have ¢;;(0) > 0 and
¢;;(1) > 0. As a consequence,

F'(1) > (cos apg — cos Bpq) cpe(1) > 0.

Together with the fact that f(1) = 0, there is a small € > 0 such that f(¢) < 0 for
t € (1 —¢,1). This contradicts that f(t) > 0. Hence, for all 7, j, one must have
aij = fBi;. O

3. Gauss-Bonnet. To show that a hyperbolic simplex is dominated by an

Euclidean one, it only requires a simple geometric construction and an angle com-
parison based on the Gauss-Bonnet Theorem.

THEOREM M2. For every hyperbolic n-simplex H, there is an Fuclidean n-simplex
E such that H < £.

Let ‘H be a H"-simplex in the Poincaré disc model D™ of the hyperbolic space.
Let S C D™ be an inscribed hyperbolic (n—1)-sphere of H. Without loss of generality,
by a hyperbolic isometry, one may assume that the in-center of H is the origin and
so S is an Euclidean sphere with center at the origin.

Let u1,...,un+1 € D™ be the points of tangency of S to the faces of H. They are
also considered as Euclidean vectors from the origin. Let us first give an algebraic
description of the geometry of the vectors.

LEMMA 2.

1. Any n vectors among {u1, ..., ups1} are linearly independent.
n+1
2. The system of linear equations Z ziu; = 0 has only a 1-dimensional solution
i=1
space of the form (x1,...,%n41) where x;x; > 0 for all i,j. That is, the x;’s
are all of the same sign.

Proof. Let Wi,...,Wpy1 C D™ be codimension-1 hyperbolic hypersurfaces tan-
gent to S at ui,...,up41 respectively. That is, each W; contains an (n — 1)-face
of H. Since H is nondegenerate, the first statement is evident; otherwise, there will
be n such faces intersecting in a 1-dimensional geodesic but not a vertex.

Suppose the second statement is not true. By simple Linear Algebra, there is a
vector v satisfying (v,u;) < 0 for all ¢ = 1,...,n+ 1. Take a hyperbolic geodesic L
from the center of S along the direction v. This geodesic makes an angle > 7/2
with each w;. If L intersects some Wj, then L, u;, and a geodesic in W; will form a
hyperbolic triangle with angle sum > 7. Thus L does not intersect any of W;. This
contradicts the fact that the hypersurfaces W; bound a compact simplex. O

REMARK. Note that in the disk model, the geodesic L from the center is also an
Euclidean ray. Thus, the same argument proves an analogue of the second statement
in E™.

Proof of M2. Let Pi,...,P,+1 be the Euclidean codimension-1 hyperplanes
in R™ tangent to S at uy,...,u,+1 respectively. Then by Lemma 2, an E™-simplex £
is bounded by P, ..., P41 with the origin as its in-center.

Since each P; has normal vector u;, the dihedral angles &;; of £ are given by

<ui7 uj>

& =7 — Z(u;,uj) =T — arccos .
Y v [l [l
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As in the above lemma, we continue to use Wi,..., W,11 to denote codimension-1
hyperbolic hypersurfaces with normals wuy, ..., u,4+1; and these W;’s bound the hy-
perbolic simplex H. Let n;; be the hyperbolic dihedral angle between W; and Wj.
Consider the Euclidean 2-plane P through the origin spanned by the vectors u; and
u;. Then by the construction P is perpendicular to both P; and P;. Let D? be the
intersection P N D". Then D? is a totally geodesic hyperbolic 2-plane perpendicular
to W; and W; (see the figure below).

The intersections of D? with W; and W; respectively produce two geodesics 7; and
7v; in D?. These two geodesics together with the geodesics u; and u; from the origin
form a hyperbolic quadrilateral in D? with inner angles m — &;,7/2,7/2,1;;. By
Gauss-Bonnet Theorem, it follows that their sum is less than 7. Thus n;; < &;; and
hence H < £. O

4. The Sphere. In this last section, we will deal with spherical simplexes. The
following convention will be adopted. Let S™ be the unit sphere in E"*!; E"* =
E" x {0} C E"*! and S"~! = S" NE".

THEOREM M1. For any spherical n-simplex S with dihedral angles o;;, there is
an Buclidean n-simplex £ with dihedral angles &; such that &;; < 045 for all i, j.

The strategy of the proof goes as follows. Let S C S™ be a spherical simplex
with dihedral angles oy, ¢,7 = 1,...,n 4+ 1. Consider its dual S"-simplex S* =
(U1,...,0n41) € (S*)"™'. By duality, the spherical distance between the vertices is
given by dg» (v;, vj) = m—0;5. We will move the vertices v;’s appropriately to increase
the distances ds» (v;, v;) until it becomes the so-called spherical dual of an Euclidean
n-simplex. The Euclidean n-simplex will have dihehral angles smaller than o;;.

In the rest of the section, for a k-ball B C S™, by a hemi-sphere in 0B, we refer
to a closed (k — 1)-ball in B of the same radius as B.

First, let us recall briefly the dual of an Euclidean n-simplex £ in E™. The
following is a well-known fact. See, for instance, [Luol] for a proof.

LEMMA 3. Given n + 1 points wy,...,wp11 € S"~1 C E", the convex polytope
E={z€eE": (x —w;jw;) <0 for all i}, which is bounded by the tangent planes to
S*1 at w;’s and contains the origin, is an Euclidean n-simplex € if and only if
{wi,...,wayr1} does not lie in any hemi-sphere in S*~1.

We call (wy, ..., wyt1) € (S”‘l)n+1 the spherical dual of £. Note that the (i, j)"
dihedral angle of £ is m — dgn (w;, w;).
Second, we need a process of extending the sides of a geodesic triangle on S™.

LEMMA 4. Let Ty be a spherical triangle of angles a, b, ¢ and corresponding
opposite side lengths x(0), y(0), z(0). Let T; be a I-parameter family of spherical
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triangles obtained by extending the lengths of two sides from x(0) and y(0) to x(t)
and y(t) respectively in the same growth rate x'(t) = y'(t) = g(t) > 0 while keeping
the angle ¢ fized. If x(t) + y(t) < =, then the length z(t) of the third side satisfies
z(t) > 2(0).

N

S

Proof. According to the spherical Cosine Law, for each T}, we have
cos z(t) = cosz(t) cos y(t) + sinx(t) sin y(t) cos(c).
Differentiating with respect to ¢ and grouping terms, we have

2'(t)sin z(t) = o' (t) sin z(t) cos y(t) + y'(t) cos z(t) sin y(¢)
— 2 (t) cos x(t) siny(t) cos(c) — y'(t) sin z(t) cos y(t) cos(c)
= g(t) (1 — cos(c)) sin(z(t) + y(t)) > 0.

Thus, z(t) keeps increasing as long as the condition z(¢) + y(t) < 7 holds. O

To begin the proof, consider the dual simplex S* = (v1,...,vn41) € (S7)"T! of
the given one §. Let Bs; C S™ be the spherical n-ball of the smallest radius con-
taining S*. Without loss of generality, assume its center is located at the south
pole s = (0,...,0,—1) € E**1, Evidently, its radius < m/2 and there are at least two
vertices among v;’s lying on the boundary of Bs. By permutating the vertex labels,
we may assume that vy,..., v, € 0Bs for 2 < m < n+ 1, while v,,4; € int(Bs) for
i>1.

For each vertex v; € S*, let ~;(t) be the unique geodesic ray from s to —s
through v; such that 7;(0) = s, (1) = v, and ~(t) = ~j(t) for all 7, j. Let S*~" be
the equator S" N (E" x {0}) and £ = min {¢ : ~;(t) € S"~! for some j}, that is, the
first time that some +;(t) reaches the equator S*~!'. Denote u; = 7;(f) for all i. Note
that by the construction, the vertices uy,..., %, € S* ! and Upmi1, ..., Uner lie in
the open hemi-sphere S™ N (E™ x [—1,0)) of S™.

As a corollary of Lemma 4, we have,

COROLLARY 5. Fort € (1,t], ds(vi(t),7;(t)) > dsn(vi,v;) fori # j. In partic-
ular,

dsn (ui,uj) > dsn (’Ui,’Uj) =T — 0jj-

PROPOSITION 6.
1. The set {v1,...,vm} does not lie in any open hemi-sphere in OB;.
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2. The vectors ui,...,un+1 do not lie in any open hemi-sphere in S™. In par-
ticular, the vectors uq, ..., un4+1 are linearly dependent.

Proof. To prove the first statement, we suppose otherwise. Then there is a unit
vector w so that the inner product (w,v;) > 0 for i = 1,...,m. Now move the center
(1—t)s+ tw
[[(1 —t)s + tw]|
using (w,v;) > 0 for ¢ = 1,...,m shows that ds»(w;,v;) < r = radius(Bs) for all
j=1,...,n+1 and for small ¢ > 0. This contradicts the assumption that B has the

smallest radius.

To see the second statement, suppose otherwise that wuq, ..., u,41 lie in an open
hemi-sphere in S”. Then the open hemi-sphere intersects S”~! in an open hemi-
sphere. Since uq, ..., U, are in S~ !, it follows that wui,...,u,, also lie in an open
hemi-sphere in S*~!. The spherical radial rays from s determine a radial projec-
tion from OB, to S™~! such that each v; is projected correspondingly to wu; for
i = 1,...,n+ 1. Furthermore, the radial projection sends hemi-spheres to hemi-
spheres. Thus, vy, ..., v, also lie in an open half (n —1)-ball in 0B,. This contradicts
the first statement.

Since any n + 1 independent unit vectors in S™ lie in an open hemi-sphere, the
last statement follows. O

s along the great circle w; = where t € (0,1). An easy calculation

First proof of M1. By proposition 6, there is an n-dimensional linear subspace P
of E"*! containing the set {u1,...,un+1}. Then these points lie in the (n — 1)-sphere
denoted by ST~ = S*NP. Again by Proposition 6, {u1, ..., u,;1} does not lie in any
open hemi-sphere of S’ffl. Now, we may make use of the following lemma to finish.

LEMMA 7. [GL, Lemma 5] Let {uy, ..., upt1} C S"~1 which does not lie in any
open hemi-sphere of S"~t. For every e > 0, there is a set {wy,...,wp11} C S*71
such that it does not lie in any hemi-sphere of St and ds» (w;,u;) < € for all i.

1
By this lemma, for ¢ = 3 min {d(u;, u;) — d(vi,v;) 1 i # j}, we find the points

Wiy ooy Wpt1 € S?_l such that d(w;,u;) < e for all ¢ and {wy,...,w,11} does not
lie in any hemi-sphere in S7~*. By the choice of €, we have d(w;, w;) > d(v;,v;) for
all i # j. By Lemma 3, £ = {z € P: ((x — w;),w;) <0} is an Euclidean n-simplex
whose dihedral angles are given by 7 — d(w;, w;) < ™ — d(v;, v;) = 03j.

This completes the proof of Theorem M1. O

The position of the center s of B in the dual simplex S* has interesting geometric
implication to the construction of the required E"-simplex. In fact, due to the con-
vexity, we always have s € §*. The crucial information is given by whether and how
s lies in 0Bs. The following two propositions describe the geometric configuration
about the vertices v;’s, the corresponding u;’s and the center s.

PROPOSITION 8. The followings are true when s lies in the interior of S*.

1. m=n+1.
2. Bs is the n-ball circumscribing S*, i.e., v; € OB for alli=1,...,n+ 1.
3. The set {uy,...,unt1} does not lie in any hemi-sphere of S"~1.

Proof. The first two results follow directly from a special case (¢{ = n + 1) of
Lemma 10 below. To get the last statement, one only needs to follow the argument
of Proposition 6. O

Note that the converse is not true, i.e., even if m = n+ 1, one may have s € 9S*.
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PROPOSITION 9. The followings are true when s lies on the boundary of S*.

1. There is an integer £ < n with 2 < ¢ < m < n+ 1 such that £ — 1 is the
minimum dimension of a face of S* which contains s.

2. s lies in the interior of the face of S* determined by vy, ..., vp.

3. s is the center of a geodesic (£ — 1)-sphere circumscribing {u1, ..., ue}.

4. {u1,...,ue} is the vertex set of a compact Euclidean (£ — 1)-simplex with the
ortgin as circumcenter.

5. {ur,...,u} CE™ x {0} is of rank (£ — 1) and {ues1,...,Unt1} is linearly
independent. In addition, {uy,...,us, ..., uny1} is of rank n.

The following lemma is useful in the proofs of both propositions.

LEMMA 10. If the center s of By lies in the interior of the ({—1)-face (vy,...,v¢)
for some £ <n+1, then Bs NG is the (£ — 1)-ball circumscribing (v1,. .., ve), where
S s the totally geodesic (£ — 1)-sphere containing {v1,...,ve}.

Proof. 1t is sufficient to show that vy,...,v; € 0Bs. If 0B; NG = &, then we are
done. If 0B; NG # &, suppose some of v;’s lie in the interior of By in S™. Without
loss of generality, let k < ¢ and {vy,...,vx} C OB, while vg41,...,00 € Bs. Since
s lies in the interior of (v, ..., v¢) and radius(Bs) < /2, it does not lie in the geodesic
(k —1)-sphere spanned by vy, ..., v;. By the proof of Proposition 6, we may perturb s
to s’ and have a ball of smaller radius. O

Proof. [Proof of Proposition 9] Let £ — 1 be the lowest dimension of a face of
(v1,...,Un4+1) that contains the center s. Obviously, £ > 2 and by the minimality
of £, s lies in the interior of the face. Without loss of generality, assume this face
has vertices {v1,...,v¢} and it determines a totally geodesic (¢ — 1)-sphere &. By
Lemma 10, Bs NG is the (¢ —1)-ball circumscribing {v1,...,ve}. Thus, £ < m. Using
the same argument as in Proposition 6, we can see that {uy,...,us} does not lie in
any open half (¢ — 1)-ball of & N'S"~!. Thus, it determines a compact Euclidean
(¢ — 1)-simplex. The last statement now follows from the nondegeneracy of S* and a
dimension count. O

Based on Propositions 8 and 9, we are now giving a more explicit alternative
proof for Theorem M1.

Second proof of M1. First, let us consider the case that s € (S*)°. By Proposi-
tion 8, By is the circumscribe n-ball of $* and for all 4, j, we have

dgn (ui,uj) > dgn (Ui,’Uj) =T — 0jj-
Moreover,
{ut, ... Uupy1} CS"H CE™ x {0} C E"TL;

but it does not lie in any closed half (n — 1)-ball of S*~1.

Let € be the subset of E™ x {0} bounded by the codimension-1 hyperplanes tangent
to S*~1 at the u;’s. Since the u;’s do not lie in any closed half-space, these tangent
hyperplanes bound a compact Euclidean n-simplex € in E™ x {0} with dihedral angles
&; = m —dsn (us,u5) < 0y5. So, € is the required Euclidean n-simplex.

In the case that s € dS*, by Proposition 9, statement (4), there exists a; > 0,

¢

i=1,...,¢, such that Zai u; = 0. Take arbitrarily small 6 > 0 and let
i=1
W — Ui — 0 (Ugg1 + -+ + Unt1) i=1,...,4,
’ Us; t=0+1,...,n+1.
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One may choose b; > 0 as follows,

bi:{ (Ii/(Zi:laq) 1=1,...,¢;

5 i=0+1,... . n+1.
Then,
n+1 Y4 @ l n+1 n+1
PRUTTID PRI JUULES SNNS SE]
i=1 i=1 Eq:l Qq i=1 Zq 14q j—pi1 i=0+1
Next, we will prove that one may choose § > 0 such that any subset of n vec-
tors among {wq,...,...,wp41} i linearly independent. We will consider the subset
{w1,...,Wq,---Wns1} in the cases that ¢ < £ or g > ¢+ 1.
n+1
Let ¢ </ and Z x;w; = 0. Substituting the expressions of w;’s, we have
qF#i=1
n+1
leuz—k Z 3:-—52% u; = 0.
=041
24 J;ﬁq

Observe that if ¢ < ¢, by (5) of Proposition 9, {u1,...,¥%q,-..,Unt1} is linearly

independent. The above equation implies that z; = 0 for all i # q.
n+1

In the case that ¢ > £+1 and Z z;w; = 0 for some z;’s and a certain § > 0. We
q#i=1
claim that only one specific § may have nontrivial x;’s. By substituting the expressions
of w;’s, we have

‘ n+1 ¢
(%) E Tiu; — 0 E z; | ug + E ) E z; | u;=0.
i=1 i=0+1 j=1
i#q
Since {u1,...,u,+1} has rank n, the above equation has a one-dimensional space for

the coeflicients. If there are 1,2 > 0 and corresponding xgl), 161(2) which satisfy the
above equation (x), one can conclude that

4 4
(51 = 62 or Z.’L’El) = Z(E§2) =0
=1 i=1

We will rule out the second alternative. Suppose there is a non-trivial set of x;’s with
Zle x; = 0 such that (x) holds. Then, equation (x) becomes

n+1

leul + Z x;u; = 0.

i=0+1
i#q

By (5) of Proposition 9, the vectors {ul} _, and {ul}lTJrl span direct summands.
Thus, we must have simultaneously

Y4 n+1
E T;U; = 0, E T;U; = 0.
=1 i=0+1

i#q
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However, leul = 0 together with le = 0 contradict that wuq,...,us form a
compact Ezucllidean simplex. Consequelitlif, one must have §; = da.

Thus, by [GL, Lemma 4], there is sufficiently small § > 0 such that the vertices
w;, i =1,...,n+1 span an n-dimensional space L, C R"*! and they define a compact
Euclidean n-simplex in L. Furthermore, ||w; — u;|| can be made arbitrarily small. Let
& be the Euclidean n-simplex in L dual to w;’s. In other words, if w;’s are normalized,
€ is bounded by the tangent hyperplanes to S*NL at w;. Its dihedral angles &;; satisfy
that |&;; — (m — £;5)] < e for arbitrarily small e > 0. Hence,

fij < 7T—€ij +e< W—dgn(’ui,vj) = 04j-

This completes the proof of the theorem. O
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