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Abstract. In this paper, we give a complete proof of the Poincaré and the geometrization
conjectures. This work depends on the accumulative works of many geometric analysts in the past
thirty years. This proof should be considered as the crowning achievement of the Hamilton-Perelman

theory of Ricci flow.
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Introduction. In this paper, we shall present the Hamilton-Perelman theory of
Ricci flow. Based on it, we shall give the first written account of a complete proof
of the Poincaré conjecture and the geometrization conjecture of Thurston. While
the complete work is an accumulated efforts of many geometric analysts, the major
contributors are unquestionably Hamilton and Perelman.

An important problem in differential geometry is to find a canonical metric on
a given manifold. In turn, the existence of a canonical metric often has profound
topological implications. A good example is the classical uniformization theorem in
two dimensions which, on one hand, provides a complete topological classification for
compact surfaces, and on the other hand shows that every compact surface has a
canonical geometric structure: a metric of constant curvature.

How to formulate and generalize this two-dimensional result to three and higher
dimensional manifolds has been one of the most important and challenging topics in
modern mathematics. In 1977, W. Thurston [122], based on ideas about Riemann sur-
faces, Haken’s work and Mostow’s rigidity theorem, etc, formulated a geometrization
conjecture for three-manifolds which, roughly speaking, states that every compact ori-
entable three-manifold has a canonical decomposition into pieces, each of which admits
a canonical geometric structure. In particular, Thurston’s conjecture contains, as a
special case, the Poincaré conjecture: A closed three-manifold with trivial fundamen-
tal group is necessarily homeomorphic to the 3-sphere S3. In the past thirty years,
many mathematicians have contributed to the understanding of this conjecture of
Thurston. While Thurston’s theory is based on beautiful combination of techniques
from geometry and topology, there has been a powerful development of geometric
analysis in the past thirty years, lead by S.-T. Yau, R. Schoen, C. Taubes, K. Uhlen-
beck, and S. Donaldson, on the construction of canonical geometric structures based
on nonlinear PDEs (see, e.g., Yau’s survey papers [129, 130]). Such canonical geo-
metric structures include Kéahler-Einstein metrics, constant scalar curvature metrics,
and self-dual metrics, among others. However, the most important contribution for
geometric analysis on three-manifolds is due to Hamilton.

In 1982, Hamilton [58] introduced the Ricci flow

391‘3‘
ot

= —2Rij

to study compact three-manifolds with positive Ricci curvature. The Ricci flow, which
evolves a Riemannian metric by its Ricci curvature, is a natural analogue of the heat
equation for metrics. As a consequence, the curvature tensors evolve by a system of
diffusion equations which tends to distribute the curvature uniformly over the mani-
fold. Hence, one expects that the initial metric should be improved and evolve into a
canonical metric, thereby leading to a better understanding of the topology of the un-
derlying manifold. In the celebrated paper [58], Hamilton showed that on a compact
three-manifold with an initial metric having positive Ricci curvature, the Ricci flow
converges, after rescaling to keep constant volume, to a metric of positive constant
sectional curvature, proving the manifold is diffeomorphic to the three-sphere S* or a
quotient of the three-sphere S? by a linear group of isometries. Shortly after, Yau sug-
gested that the Ricci flow should be the best way to prove the structure theorem for
general three-manifolds. In the past two decades, Hamilton proved many important
and remarkable theorems for the Ricci flow, and laid the foundation for the program
to approach the Poincaré conjecture and Thurston’s geometrization conjecture via the
Ricci flow.
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The basic idea of Hamilton’s program can be briefly described as follows. For any
given compact three-manifold, one endows it with an arbitrary (but can be suitably
normalized by scaling) initial Riemannian metric on the manifold and then studies
the behavior of the solution to the Ricci flow. If the Ricci flow develops singularities,
then one tries to find out the structures of singularities so that one can perform
(geometric) surgery by cutting off the singularities, and then continue the Ricci flow
after the surgery. If the Ricci flow develops singularities again, one repeats the process
of performing surgery and continuing the Ricci flow. If one can prove there are only a
finite number of surgeries during any finite time interval and if the long-time behavior
of solutions of the Ricci flow with surgery is well understood, then one would recognize
the topological structure of the initial manifold.

Thus Hamilton’s program, when carried out successfully, will give a proof of the
Poincaré conjecture and Thurston’s geometrization conjecture. However, there were
obstacles, most notably the verification of the so called “Little Loop Lemma” con-
jectured by Hamilton [63] (see also [17]) which is a certain local injectivity radius
estimate, and the verification of the discreteness of surgery times. In the fall of 2002
and the spring of 2003, Perelman [103, 104] brought in fresh new ideas to figure out
important steps to overcome the main obstacles that remained in the program of
Hamilton. (Indeed, in page 3 of [103], Perelman said “the implementation of Hamil-
ton program would imply the geometrization conjecture for closed three-manifolds”
and “In this paper we carry out some details of Hamilton program”.) Perelman’s
breakthrough on the Ricci flow excited the entire mathematics community. His work
has since been examined to see whether the proof of the Poincaré conjecture and
geometrization program, based on the combination of Hamilton’s fundamental ideas
and Perelman’s new ideas, holds together. The present paper grew out of such an
effort.

Now we describe the three main parts of Hamilton’s program in more detail.

(i) Determine the structures of singularities

Given any compact three-manifold M with an arbitrary Riemannian metric, one
evolves the metric by the Ricci flow. Then, as Hamilton showed in [58], the solution
g(t) to the Ricci flow exists for a short time and is unique (also see Theorem 1.2.1). In
fact, Hamilton [58] showed that the solution g(t) will exist on a maximal time interval
[0,T), where either T = 0o, or 0 < T < oo and the curvature becomes unbounded
as t tends to T'. We call such a solution g(¢) a maximal solution of the Ricci flow. If
T < oo and the curvature becomes unbounded as ¢ tends to T', we say the maximal
solution develops singularities as t tends to T" and T is the singular time.

In the early 1990s, Hamilton systematically developed methods to understand the
structure of singularities. In [61], based on suggestion by Yau, he proved the funda-
mental Li-Yau [82] type differential Harnack estimate (the Li-Yau-Hamilton estimate)
for the Ricci flow with nonnegative curvature operator in all dimensions. With the
help of Shi’s interior derivative estimate [114], he [62] established a compactness the-
orem for smooth solutions to the Ricci flow with uniformly bounded curvatures and
uniformly bounded injectivity radii at the marked points. By imposing an injectivity
radius condition, he rescaled the solution to show that each singularity is asymptotic
to one of the three types of singularity models [63]. In [63] he discovered (also inde-
pendently by Ivey [73]) an amazing curvature pinching estimate for the Ricci flow on
three-manifolds. This pinching estimate implies that any three-dimensional singular-
ity model must have nonnegative curvature. Thus in dimension three, one only needs
to obtain a complete classification for nonnegatively curved singularity models.
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For Type I singularities in dimension three, Hamilton [63] established an isoperi-
metric ratio estimate to verify the injectivity radius condition and obtained spherical
or necklike structures for any Type I singularity model. Based on the Li-Yau-Hamilton
estimate, he showed that any Type II singularity model with nonnegative curvature
is either a steady Ricci soliton with positive sectional curvature or the product of
the so called cigar soliton with the real line [66]. (Characterization for nonnegatively
curved Type IIT models was obtained in [30].) Furthermore, he developed a dimension
reduction argument to understand the geometry of steady Ricci solitons [63]. In the
three-dimensional case, he showed that each steady Ricci soliton with positive curva-
ture has some necklike structure. Hence Hamilton had basically obtained a canonical
neighborhood structure at points where the curvature is comparable to the maximal
curvature for solutions to the three-dimensional Ricci flow.

However two obstacles remained: (a) the verification of the imposed injectivity
radius condition in general; and (b) the possibility of forming a singularity modelled
on the product of the cigar soliton with a real line which could not be removed by
surgery. The recent spectacular work of Perelman [103] removed these obstacles by
establishing a local injectivity radius estimate, which is valid for the Ricci flow on
compact manifolds in all dimensions. More precisely, Perelman proved two versions
of “no local collapsing” property (Theorem 3.3.3 and Theorem 3.3.2), one with an
entropy functional he introduced in [103], which is monotone under the Ricci flow,
and the other with a space-time distance function obtained by path integral, analogous
to what Li-Yau did in [82], which gives rise to a monotone volume-type (called reduced
volume by Perelman) estimate. By combining Perelman’s no local collapsing theorem
I’ (Theorem 3.3.3) with the injectivity radius estimate of Cheng-Li-Yau (Theorem
4.2.2), one immediately obtains the desired injectivity radius estimate, or the Little
Loop Lemma (Theorem 4.2.4) conjectured by Hamilton.

Furthermore, Perelman [103] developed a refined rescaling argument (by consider-
ing local limits and weak limits in Alexandrov spaces) for singularities of the Ricci flow
on three-manifolds to obtain a uniform and global version of the canonical neighbor-
hood structure theorem. We would like to point out that our proof of the singularity
structure theorem (Theorem 7.1.1) is different from that of Perelman in two aspects:
(1) we avoid using his crucial estimate in Claim 2 in Section 12.1 of [103]; (2) we give
a new approach to extend the limit backward in time to an ancient solution. These
differences are due to the difficulties in understanding Perelman’s arguments at these
points.

(ii) Geometric surgeries and the discreteness of surgery times

After obtaining the canonical neighborhoods (consisting of spherical, necklike and
caplike regions) for the singularities, one would like to perform geometric surgery and
then continue the Ricci flow. In [64], Hamilton initiated such a surgery procedure
for the Ricci flow on four-manifolds with positive isotropic curvature and presented
a concrete method for performing the geometric surgery. His surgery procedures can
be roughly described as follows: cutting the neck-like regions, gluing back caps, and
removing the spherical regions. As will be seen in Section 7.3 of this paper, Hamilton’s
geometric surgery method also works for the Ricci flow on compact orientable three-
manifolds.

Now an important challenge is to prevent surgery times from accumulating and
make sure one performs only a finite number of surgeries on each finite time interval.
The problem is that, when one performs the surgeries with a given accuracy at each
surgery time, it is possible that the errors may add up to a certain amount which
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could cause the surgery times to accumulate. To prevent this from happening, as
time goes on, successive surgeries must be performed with increasing accuracy. In
[104], Perelman introduced some brilliant ideas which allow one to find “fine” necks,
glue “fine” caps, and use rescaling to prove that the surgery times are discrete.

When using the rescaling argument for surgically modified solutions of the Ricci
flow, one encounters the difficulty of how to apply Hamilton’s compactness theorem
(Theorem 4.1.5), which works only for smooth solutions. The idea to overcome this
difficulty consists of two parts. The first part, due to Perelman [104], is to choose the
cutoff radius in neck-like regions small enough to push the surgical regions far away
in space. The second part, due to the authors and Chen-Zhu [34], is to show that the
surgically modified solutions are smooth on some uniform (small) time intervals (on
compact subsets) so that Hamilton’s compactness theorem can still be applied. To do
so, we establish three time-extension results (see Step 2 in the proof of Proposition
7.4.1.). Perhaps, this second part is more crucial. Without it, Shi’s interior derivative
estimate (Theorem 1.4.2) may not applicable, and hence one cannot be certain that
Hamilton’s compactness theorem holds when only having the uniform C° bound on
curvatures. We remark that in our proof of this second part, as can be seen in the
proof of Proposition 7.4.1, we require a deep comprehension of the prolongation of
the gluing “fine” caps for which we will use the recent uniqueness theorem of Bing-
Long Chen and the second author [33] for solutions of the Ricci flow on noncompact
manifolds.

Once surgeries are known to be discrete in time, one can complete the classifica-
tion, started by Schoen-Yau [109, 110], for compact orientable three-manifolds with
positive scalar curvature. More importantly, for simply connected three-manifolds, if
one can show that solutions to the Ricci flow with surgery become extinct in finite
time, then the Poincaré conjecture would follow. Such a finite extinction time re-
sult was proposed by Perelman [105], and a proof also appears in Colding-Minicozzi
[42]. Thus, the combination of Theorem 7.4.3 (i) and the finite extinction time result
provides a complete proof to the Poincaré conjecture.

(iii) The long-time behavior of surgically modified solutions.

To approach the structure theorem for general three-manifolds, one still needs
to analyze the long-time behavior of surgically modified solutions to the Ricci flow.
In [65], Hamilton studied the long time behavior of the Ricci flow on compact three-
manifolds for a special class of (smooth) solutions, the so called nonsingular solutions.
These are the solutions that, after rescaling to keep constant volume, have (uniformly)
bounded curvature for all time. Hamilton [65] proved that any three-dimensional non-
singular solution either collapses or subsequently converges to a metric of constant
curvature on the compact manifold or, at large time, admits a thick-thin decompo-
sition where the thick part consists of a finite number of hyperbolic pieces and the
thin part collapses. Moreover, by adapting Schoen-Yau’s minimal surface arguments
in [110] and using a result of Meeks-Yau [86], Hamilton showed that the boundary
of hyperbolic pieces are incompressible tori. Consequently, when combined with the
collapsing results of Cheeger-Gromov [24, 25], this shows that any nonsingular solu-
tion to the Ricci flow is geometrizable in the sense of Thurston [122]. Even though
the nonsingular assumption seems very restrictive and there are few conditions known
so far which can guarantee a solution to be nonsingular, nevertheless the ideas and
arguments of Hamilton’s work [65] are extremely important.

In [104], Perelman modified Hamilton’s arguments to analyze the long-time be-
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havior of arbitrary smooth solutions to the Ricci flow and solutions with surgery to
the Ricci flow in dimension three. Perelman also argued that the proof of Thurston’s
geometrization conjecture could be based on a thick-thin decomposition, but he could
only show the thin part will only have a (local) lower bound on the sectional cur-
vature. For the thick part, based on the Li-Yau-Hamilton estimate, Perelman [104]
established a crucial elliptic type estimate, which allowed him to conclude that the
thick part consists of hyperbolic pieces. For the thin part, he announced in [104]
a new collapsing result which states that if a three-manifold collapses with (local)
lower bound on the sectional curvature, then it is a graph manifold. Assuming this
new collapsing result, Perelman [104] claimed that the solutions to the Ricci flow
with surgery have the same long-time behavior as nonsingular solutions in Hamilton’s
work, a conclusion which would imply a proof of Thurston’s geometrization conjec-
ture. Although the proof of this new collapsing result promised by Perelman in [104]
is still not available in literature, Shioya-Yamaguchi [118] has published a proof of the
collapsing result in the special case when the manifold is closed. In the last section
of this paper (see Theorem 7.7.1), we will provide a proof of Thurston’s geometriza-
tion conjecture by only using Shioya-Yamaguchi’s collapsing result. In particular, this
gives another proof of the Poincaré conjecture.

We would like to point out that Perelman [104] did not quite give an explicit
statement of the thick-thin decomposition for surgical solutions. When we were trying
to write down an explicit statement, we needed to add a restriction on the relation
between the accuracy parameter £ and the collapsing parameter w. Nevertheless, we
are still able to obtain a weaker version of the thick-thin decomposition (Theorem
7.6.3) that is sufficient to deduce the geometrization result.

In this paper, we shall give complete and detailed proofs of what we outlined
above, especially of Perelman’s work in his second paper [104] in which many key
ideas of the proofs are sketched or outlined but complete details of the proofs are
often missing. As we pointed out before, we have to substitute several key arguments
of Perelman by new approaches based on our study, because we were unable to com-
prehend these original arguments of Perelman which are essential to the completion
of the geometrization program.

Our paper is aimed at both graduate students and researchers who want to learn
Hamilton’s Ricci flow and to understand the Hamilton-Perelman theory and its appli-
cation to the geometrization of three-manifolds. For this purpose, we have made the
paper to be essentially self-contained so that the proof of the geometrization is acces-
sible to those who are familiar with basics of Riemannian geometry and elliptic and
parabolic partial differential equations. The reader may find some original papers,
particularly those of Hamilton’s on the Ricci flow, before the appearance of Perel-
man’s preprints in the book “Collected Papers on Ricci Flow” [17]. For introductory
materials to the Hamilton-Perelman theory of Ricci flow, we also refer the reader to
the recent book by B. Chow and D. Knopf [39] and the forthcoming book by B. Chow,
P. Lu and L. Ni [41]. We remark that there have also appeared several sets of notes
on Perelman’s work, including the one written by B. Kleiner and J. Lott [78], which
cover part of the materials that are needed for the geometrization program. There
also have appeared several survey articles by Cao-Chow [16], Milnor [91], Anderson
[4] and Morgan [95] for the geometrization of three-manifolds via the Ricci flow.

We are very grateful to Professor S.-T. Yau, who suggested us to write this paper
based on our notes, for introducing us to the wonderland of the Ricci flow. His
vision and strong belief in the Ricci flow encouraged us to persevere. We also thank
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him for his many suggestions and constant encouragement. Without him, it would
be impossible for us to finish this paper. We are enormously indebted to Professor
Richard Hamilton for creating the Ricci flow and developing the entire program to
approach the geometrization of three-manifolds. His work on the Ricci flow and other
geometric flows has influenced on virtually everyone in the field. The first author
especially would like to thank Professor Hamilton for teaching him so much about the
subject over the past twenty years, and for his constant encouragement and friendship.

We are indebted to Dr. Bing-Long Chen, who contributed a great deal in the
process of writing this paper. We benefited a lot from constant discussions with him
on the subjects of geometric flows and geometric analysis. He also contributed many
ideas in various proofs in the paper. We would like to thank Ms. Huiling Gu, a Ph.D
student of the second author, for spending many months of going through the entire
paper and checking the proofs. Without both of them, it would take much longer
time for us to finish this paper.

The first author would like to express his gratitude to the John Simon Guggen-
heim Memorial Foundation, the National Science Foundation (grants DMS-0354621
and DMS-0506084), and the Outstanding Overseas Young Scholar Fund of Chinese
National Science Foundation for their support for the research in this paper. He also
would like to thank Tsinghua University in Beijing for its hospitality and support
while he was working there. The second author wishes to thank his wife, Danlin Liu,
for her understanding and support over all these years. The second author is also
indebted to the National Science Foundation of China for the support in his work on
geometric flows, some of which has been incorporated in this paper. The last part of
the work in this paper was done and the material in Chapter 3, Chapter 6 and Chap-
ter 7 was presented while the second author was visiting the Harvard Mathematics
Department in the fall semester of 2005 and the early spring semester of 2006. He
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1. Evolution Equations. In this chapter, we introduce Hamilton’s Ricci flow
and derive evolution equations of curvatures. The short time existence and uniqueness
theorem of the Ricci flow on a compact manifold is proved in Section 1.2. In Section
1.4, we prove Shi’s local derivative estimate, which plays an important role in the Ricci
flow. Perelman’s two functionals and their monotonicity properties are discussed in
Section 1.5.

1.1. The Ricci Flow. Let M be an n-dimensional complete Riemannian man-
ifold with the Riemannian metric g;;. The Levi-Civita connection is given by the
Christoffel symbols

Tk — lgkz dgj | 0ga _ 09ij
Y 2 oxt oxJ 8Il

where g% is the inverse of g;;. The summation convention of summing over repeated

indices is used here and throughout the book. The Riemannian curvature tensor is
given by

ork  ark
ko 4l il kE pp k pp
LT hpt Yl + 15 = Tjp L
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We lower the index to the third position, so that
Rijii = grp Ry

The curvature tensor R;jx; is anti-symmetric in the pairs ¢, j and k, [ and symmetric
in their interchange:

Rijp = —Rjirt = —Rijik = Riiaj-
Also the first Bianchi identity holds
(1.1.1) Rijki + Rjkir + Ryiji = 0.
The Ricci tensor is the contraction
Rii, = ¢ Riju,
and the scalar curvature is
R=g"Ry;.

We denote the covariant derivative of a vector field v = v/ % by

ol
Vvl = 821. +l"§kvk
and of a 1-form by
v;
vi’l}j = (9_5;1 - I‘fjvk.

These definitions extend uniquely to tensors so as to preserve the product rule and
contractions. For the exchange of two covariant derivatives, we have

(1.1.2) ViVl = V; Vi = Rijo",
(1.1.3) ViVjvr = V;Vivy = Rijrig"™ vm,

and similar formulas for more complicated tensors. The second Bianchi identity is
given by

(1.1.4) Vi Rijki + ViRjmp + ViR = 0.
For any tensor T' = T}, we define its length by

Tl = gag’™ g" T}, T,

mp>
and we define its Laplacian by
AT}, = g"V,V T},

the trace of the second iterated covariant derivatives. Similar definitions hold for more
general tensors.
The Ricci flow of Hamilton [58] is the evolution equation
agij

1.1. = —2R;;
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for a family of Riemannian metrics g;;(¢) on M. It is a nonlinear system of second
order partial differential equations on metrics.

In order to get a feel for the Ricci flow (1.1.5) we first present some examples of
specific solutions.

(1) Einstein metrics

A Riemannian metric g;; is called Einstein if
Rij = Agij

for some constant A. A smooth manifold M with an Einstein metric is called an
Einstein manifold.

If the initial metric is Ricci flat, so that R;; = 0, then clearly the metric does
not change under (1.1.5). Hence any Ricci flat metric is a stationary solution of the
Ricci flow. This happens, for example, on a flat torus or on any K3-surface with a
Calabi-Yau metric.

If the initial metric is Einstein with positive scalar curvature, then the metric
will shrink under the Ricci flow by a time-dependent factor. Indeed, since the initial
metric is Einstein, we have

R;;j(x,0) = Ag;j(z,0), VzeM
and some A > 0. Let
gij(,t) = p*(t)gi; (2, 0).
From the definition of the Ricci tensor, one sees that
Rij(z,t) = Rij(x,0) = Agi;(x,0).
Thus the equation (1.1.5) corresponds to

9(p*(t)gi;(x,0))

This gives the ODE
d A
(1.1.6) -
dt P
whose solution is given by
p2(t) =1 — 2\t

Thus the evolving metric g;;(z,t) shrinks homothetically to a point as ¢t — T = 1/2.
Note that as ¢t — T, the scalar curvature becomes infinite like 1/(T — t).

By contrast, if the initial metric is an Einstein metric of negative scalar curvature,
the metric will expand homothetically for all times. Indeed if

Rij (ZZT, 0) = _/\gij (ZZT, 0)
with A > 0 and

9ij (ZE, t) = p2(t)gij (‘Ta O)'
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Then p(t) satisfies the ODE

dp A
1.1.7 —_ = —
(1.1.7) s
with the solution
P2(t) =1+ 2)t.

Hence the evolving metric g;;(x,t) = p*(t)gi; (z,0) exists and expands homothetically
for all times, and the curvature will fall back to zero like —1/¢. Note that now the
evolving metric g;;(z,t) only goes back in time to —1/2)A, when the metric explodes
out of a single point in a “big bang”.

(2) Ricci Solitons

We will call a solution to an evolution equation which moves under a one-
parameter subgroup of the symmetry group of the equation a steady soliton. The
symmetry group of the Ricci flow contains the full diffeomorphism group. Thus a
solution to the Ricci flow (1.1.5) which moves by a one-parameter group of diffeomor-
phisms ¢, is called a steady Ricci soliton.

If ¢, is a one-parameter group of diffeomorphisms generated by a vector field V'
on M, then the Ricci soliton is given by

(1.1.8) gij (%, 1) = ¢y g (z,0)

which implies that the Ricci term —2Ric on the RHS of (1.1.5) is equal to the Lie
derivative Ly g of the evolving metric g. In particular, the initial metric g;;(z,0)
satisfies the following steady Ricci soliton equation

(1.1.9) 2Rij + gixV; V¥ + g ViVF = 0.

If the vector field V' is the gradient of a function f then the soliton is called a steady
gradient Ricci soliton. Thus

(1.1.10) Rij +V;V;f=0, or Ric+V?f=0,

is the steady gradient Ricci soliton equation.

Conversely, it is clear that a metric g;; satisfying (1.1.10) generates a steady
gradient Ricci soliton g¢;;(t) given by (1.1.8). For this reason we also often call such
a metric g;; a steady gradient Ricci soliton and do not necessarily distinguish it with
the solution g;;(¢) it generates.

More generally, we can consider a solution to the Ricci flow (1.1.5) which moves
by diffeomorphisms and also shrinks or expands by a (time-dependent) factor at the
same time. Such a solution is called a homothetically shrinking or homothetically
expanding Ricci soliton. The equation for a homothetic Ricci soliton is

(1.1.11) 2Rij + gi ViV + gjxViVF = 2Xgs5 = 0,
or for a homothetic gradient Ricci soliton,
(1.1.12) Rij + ViV;f = Agij =0,

where A is the homothetic constant. For A > 0 the soliton is shrinking, for A < 0 it
is expanding. The case A = 0 is a steady Ricci soliton, the case V' = 0 (or f being
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a constant function) is an Einstein metric. Thus Ricci solitons can be considered
as natural extensions of Einstein metrics. In fact, the following result states that
there are no nontrivial gradient steady or expanding Ricci solitons on any compact
manifold.

We remark that if the underlying manifold M is a complex manifold and the
initial metric is K&hler, then it is well known (see, e.g., [62, 11]) that the solution
metric to the Ricci flow (1.1.5) remains Kéhler. For this reason, the Ricci flow on
a Kéhler manifold is called the Kéhler-Ricci flow. A (steady, or shrinking, or
expanding) Ricci soliton to the Kéhler-Ricci flow is called a (steady, or shrinking,
or expanding repectively) K&hler-Ricci soliton.

ProposSITION 1.1.1. On a compact n-dimensional manifold M, a gradient steady
or expanding Ricci soliton is necessarily an Finstein metric.

Proof. We shall only prove the steady case and leave the expanding case as an
exercise. Our argument here follows that of Hamilton [63].
Let g;; be a complete steady gradient Ricci soliton on a manifold M so that

Rij +V;V;f=0.
Taking the trace, we get
(1.1.13) R+Af=0.
Also, taking the covariant derivatives of the Ricci soliton equation, we have
ViViVif —=V;ViVif = VR — ViRj.
On the other hand, by using the commutating formula (1.1.3), we otain
ViV;iVif = V;ViVif = RijuVif.
Thus
ViRjr — VR + RijaVif = 0.

Taking the trace on j and k, and using the contracted second Bianchi identity
(1.1.14) ViR = %ViR,
we get

ViR —2R;;V;f = 0.

Then

Vi(IVFI? + R) = 2V, f(ViV;f + Rij) = 0.
Therefore
(1.1.15) R+|Vf2=C

for some constant C.
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Taking the difference of (1.1.13) and (1.1.15), we get
(1.1.16) Af —|Vf?=-C.

We claim C' = 0 when M is compact. Indeed, this follows either from
(1.1.17) 0= _/ AleNav = / (Af = |VfP)e fav,
M M

or from considering (1.1.16) at both the maximum point and minimum point of f.
Then, by integrating (1.1.16) we obtain

/ |V f|2dV = 0.
M

Therefore f is a constant and g;; is Ricci flat. O

REMARK 1.1.2. By contrast, there do exist nontrivial compact gradient shrinking
Ricei solitons (see Koiso [80], Cao [13] and Wang-Zhu [127] ). Also, there exist
complete noncompact steady gradient Ricci solitons that are not Ricci flat. In two
dimensions Hamilton [60] wrote down the first such example on R?, called the cigar
soliton, where the metric is given by

dz? + dy?
1.1.18 ds* = ————
(1.1.18) oo

and the vector field is radial, given by V = —9/0r = —(x0/0x + yd/dy). This
metric has positive curvature and is asymptotic to a cylinder of finite circumference
27 at co. Higher dimensional examples were found by Robert Bryant [10] on R™ in
the Riemannian case, and by the first author [13] on C™ in the Kédhler case. These
examples are complete, rotationally symmetric, of positive curvature and found by
solving certain nonlinear ODE (system). Noncompact expanding solitons were also
constructed by the first author [13]. More recently, Feldman, Ilmanen and Knopf
[46] constructed new examples of noncompact shrinking and expanding Kéhler-Ricci
solitons.

1.2. Short-time Existence and Uniqueness. In this section we establish the
short-time existence and uniqueness result for the Ricci flow (1.1.5) on a compact n-
dimensional manifold M. We will see that the Ricci flow is a system of second order
nonlinear weakly parabolic partial differential equations. In fact, the degeneracy of
the system is caused by the diffeomorphism group of M which acts as the gauge group
of the Ricci flow. For any diffeomorphism ¢ of M, we have Ric (¢*(g)) = ¢*(Ric (g)).
Thus, if g(t) is a solution to the Ricci flow (1.1.5), so is ¢*(g(t)).

Because the Ricci flow (1.1.5) is only weakly parabolic, even the existence and
uniqueness result on a compact manifold does not follow from standard PDE theory.
The short-time existence and uniqueness result in the compact case is first proved by
Hamilton [58] using the Nash-Moser implicit function theorem. Shortly after Denis
De Turck [43] gave a much simpler proof using the gauge fixing idea which we will
present here.

In the noncompact case, the short-time existence was established by Shi [114] in
1989, but the uniqueness result has been proved only very recently by Bing-Long Chen
and the second author. These results will be presented at the end of this section.
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Let M be a compact n-dimensional Riemannian manifold. The Ricci flow equation
is a second order nonlinear partial differential system

0
(1.2.1) 7595 = E(g:5),
for a family of Riemannian metrics g;;(-,t) on M, where

E(gij) = —2R;;

9 k 9 k k k

0 (4 0 0 ([ 0 0 0
= o ¢ 0™ "o ¢ \aw T am % T g
k k
+ 2FipI‘Zj — 2kaffj.

The linearization of this system is

09ij
ot

= DE(9:;)9i
where §;; is the variation in g;; and DE is the derivative of E given by

Vg — o _
DE(9:1)3 = 9 {axiaaﬂ 0zi0ak  0zidak | dzhodl

+ (lower order terms).

o %G1 %Gal 9%Gij }

We now compute the symbol of DE. This is to take the highest order derivatives and

replace -2 by the Fourier transform variable ¢;. The symbol of the linear differential
ox

operator DE(g;;) in the direction ¢ = (¢1,...,(n) is
oDE(gi;)(Q)di; = 9™ (CiCsdnt + iy — GiCrisn — CiCkdin)-

To see what the symbol does, we can always assume ( has length 1 and choose
coordinates at a point such that

gij = 0ij,
C=(1,0,...,0).
Then
(0DE(9:5)(0))(9ij) = Gij + 6i1651(911 + -+ + Gnn)
— 01915 — 951911,
ie.

[0DE(gi;)(C)(Gij)]11 = Ga2 + -+ + Gnn,
[0 DE(gi5)(€)(Gij)]1k = 0, it k#1,
[0DE(9i;)(C)(Gij )kt = Gr,  if k#1,1# 1.



THE HAMILTON-PERELMAN THEORY OF RICCI FLOW 179

In particular

* * *

~ * 0 0
(9i5) = :

* 0 - 0

are zero eigenvectors of the symbol.

The presence of the zero eigenvalue shows that the system can not be strictly
parabolic. Therefore, instead of considering the system (1.2.1) (or the Ricci flow
equation (1.1.5)) we will follow a trick of De Turck[43] to consider a modified evolution
equation, which turns out to be strictly parabolic, so that we can apply the standard
theory of parabolic equations.

Suppose g;j(z,t) is a solution of the Ricci flow (1.1.5), and ¢, : M — M is a
family of diffeomorphisms of M. Let

9ij (@, t) = 0 gi;(,t)
be the pull-back metrics. We now want to find the evolution equation for the metrics

Gij (LL', t).
Denote by

y(x,t) = pr(x) = {yl(x,t), y2(:v, t)y. o,y (x,t)}
in local coordinates. Then

Ay oy’ .
Dz 9z J°P

(1.2.2) 9ij(w,t) = (y,1),

and

0 0 [0y” oy’
g (x,t) = o {% %gaﬁ(yvt)]
oy 0yP o 9 (9y™\ 9y’
= o @&gaﬁ(yvﬂ_'— 97 \ of @gaﬁ(yat)
oy® 0 [0y?\ . ’
oui 0w \ ot ) 900 1)

Let us choose a normal coordinate {z*} around a fixed point p € M such that % =0
at p. Since

99ap 0y”

0 N
_Aoz ,t :_2Ra ,t )
9op (Y, t) sy, t) + oy ot

ot
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we have in the normal coordinate,

0

athJ (I t)
Loy oyP Ay* By’ 0gas Oy
= 2007 007 W) T 5T 507 By or

+88y8y()i8_yﬁay()
o \ ot ) 9a7 7 W) T ga5 \Tor ) g der V!

oy~ B_yﬁf“)gaﬁ@ 0 (63/ )8:10

= —2Ry(w,t) + 5555 oy ot 0x \ 0t ) oy

o (0y?\ ozF
T 9 (W) 8—yﬁgik
Oy® Oy® 0gup Oy” 0 [0y~ oz
0a' 0a Oy OF | o <W@gﬂ“)

L0 (970t N _ Oy 9 (ot 9y’ 9 (dzF\
oxI \ Ot 8yﬁg”“ ot Ozt \ Ay~ 93k = "ot o oy Yik-

The second term on the RHS gives, in the normal coordinate,

= _2Rij(x7 t) +

Ori 03 9t Oyr Ot 9z ot Ty \ 9y 9yP
oy* oyY 0 [0z oyt oy o [ 0xF
= gik + 7= 5—= | 75 | ik
ozt Ot dyr \ Ay~ Oxi ot Oyr \ OyP
oy> 0%zF oyP oy’ 0%k oy~
= ——gjk + —— —— ik
ot Oy*dyP Oxt ot Oy>doyP dxJ

Lo 0 (0t o 0 (oud
T ot 9 \aye ) I* T "o 9z \ayB ) I+

ay* OyP Oy 0gap  Oy° B_yﬁ oy 0 ((’“)xk o )

So we get
0
(123) ggij(,f,t)

Oy~ Ox* OyP ok
Rij(z,t)+V <8t ayagjk)—l—vj ( 5 Byﬁgk

If we define y(z,t) = ¢:(z) by the equations

k
8 o o
(1.2.4) 9L = Qg (T —Ty),

ya(% O) =

. k
and V; = g g]l(l—‘?l— 19‘jl), we get the following evolution equation for the pull-back
metric

%gij(:zr, t) = —2Rij($,t) + VJ/J + Vj‘/i,
(1.2.5)

gij(v,0) =9;5 (),
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k
o o
where g;; () is the initial metric and T';; is the connection of the initial metric.

LEMMA 1.2.1. The modified evolution equation (1.2.5) is a strictly parabolic
system.

Proof. The RHS of the equation (1.2.5) is given by

— 2Rij($,t) + Vﬂ/} + v]‘/;

_ 9 kl% _ i ki (9951 + 9gil _ 9gij
9zt Y 007 [T 0ak Y \Bazi T 027 al
9 |1 Ogpr | Ogq  Og
apq_~ ) — Kkl ZIpt YIqt rq
+9ik9 ozt {29 (83:‘1 + OxP oz! ) }

9 (1 dgpt | Ogq  Og
gl ) Z R 2P Pdat  ZIpg
ML {29 ((%cq o T ol

+ (lower order terms)

_gkl{ 0*gri g g 9gij }

0ridxri  Oxidxk  Oxidxk + Ozkox!

+ 1 gP1 829” aQ,gqj - 82-gpq»
2 Oridrt  dx'dzP  Oxidxi
+ 1 gP1 829“ 82,gqi - 82‘gpq‘
2 Oxidzt  Oxidxr  Ox'dxd
+ (lower order terms)
82 i
_ Kl 3xkg<9 i - + (lower order terms).

Thus its symbol is (¢*'¢(;)gi;. Hence the equation in (1.2.5) is strictly parabolic. O

Now since the equation (1.2.5) is strictly parabolic and the manifold M is compact,
it follows from the standard theory of parabolic equations (see for example [81]) that
(1.2.5) has a solution for a short time. From the solution of (1.2.5) we can obtain
a solution of the Ricci flow from (1.2.4) and (1.2.2). This shows existence. Now we
argue the uniqueness of the solution. Since

Oy ot o gy
I 9xd Ozt Ay P T Py dxidat’

the initial value problem (1.2.4) can be written as

k
aya o il 62ya o aya A ayﬂ 6y'y
e =9 (ama‘amz— Lji ga7 + 155807 507 | »
(1.2.6)
y“(z,0) = 2.

This is clearly a strictly parabolic system. For any two solutions QZ(; ) (,t) and QZ(JZ)(, t)
of the Ricci flow (1.1.5) with the same initial data, we can solve the initial value
problem (1.2.6) (or equivalently, (1.2.4)) to get two families Lpgl) and @%2) of dif-
feomorphisms of M. Thus we get two solutions, gf;)(-,t) = (wgl))*gﬁ)(~,t) and
gg)(-,t) = (¢§2>)*g§f)(-, t), to the modified evolution equation (1.2.5) with the same
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initial metric. The uniqueness result for the strictly parabolic equation (1.2.5) implies
that gg) = gﬁ). Then by equation (1.2.4) and the standard uniqueness result of ODE
systems, the corresponding solutions 905” and 30§2) of (1.2.4) (or equivalently (1.2.6))

must agree. Consequently the metrics Ql(; )

proved the following result.

and f]i? must agree also. Thus we have

THEOREM 1.2.2 (Hamilton [58], De Turck [43]). Let (M, gi;(x)) be a compact
Riemannian manifold. Then there exists a constant T > 0 such that the initial value
problem

%gij (LL', t) = —2Rij (,T, t)
9ij(2,0) = gij(z)

has a unique smooth solution g;;(x,t) on M x [0,T).

The case of a noncompact manifold is much more complicated and involves a
huge amount of techniques from the theory of partial differential equations. Here we
will only state the existence and uniqueness results and refer the reader to the cited
references for the proofs.

The following existence result was obtained by Shi [114] in his thesis published in
1989.

THEOREM 1.2.3 (Shi [114]). Let (M, ¢;j(z)) be a complete noncompact Rie-
mannian manifold of dimension n with bounded curvature. Then there exists a con-
stant T > 0 such that the initial value problem

%gij (CL‘, t) = _2Rij (‘Ta t)
9ij(z,0) = gij(z)

has a smooth solution g;;(x,t) on M x [0,T] with uniformly bounded curvature.

The Ricci flow is a heat type equation. It is well-known that the uniqueness of a
heat equation on a complete noncompact manifold is not always held if there are no
further restrictions on the growth of the solutions. For example, the heat equation
on Euclidean space with zero initial data has a nontrivial solution which grows faster
than exp(a|z|?) for any a > 0 whenever ¢ > 0. This implies that even for the standard
linear heat equation on Euclidean space, in order to ensure the uniqueness one can only
allow the solution to grow at most as exp(C|z|?) for some constant C' > 0. Note that
on a Kéhler manifold, the Ricci curvature is given by R,5 = —% log det(g.5)-
So the reasonable growth rate for the uniqueness of the Ricci flow to hold is that the
solution has bounded curvature. Thus the following uniqueness result of Bing-Long
Chen and the second author [33] is essentially the best one can hope for.

THEOREM 1.2.4 (Chen-Zhu [33]). Let (M, gij) be a complete noncompact Rie-
mannian manifold of dimension n with bounded curvature. Let g;;(x,t) and gi;(z,t)
be two solutions, defined on M x [0,T], to the Ricci flow (1.1.5) with g;; as initial
data and with bounded curvatures. Then g;;(z,t) = gij(x,t) on M x [0,T].
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1.3. Evolution of Curvatures. The Ricci flow is an evolution equation on
the metric. The evolution for the metric implies a nonlinear heat equation for the
Riemannian curvature tensor R;j; which we will now derive.

PROPOSITION 1.3.1 (Hamilton [58]). Under the Ricci flow (1.1.5), the curvature
tensor satisfies the evolution equation

0
aRijkl = ARjji1 + 2(Bijii — Bijik — Bujk + Bikjt)

— ¢" (RpjuRyi + Ripra Rgj + Rijpi Rar + Rijip Ral)

where Bijr = gP" g% Rpiqi Rrkst and A is the Laplacian with respect to the evolving
metric.

Proof. Choose {z!,...,2™} to be a normal coordinate system at a fixed point.
At this point, we compute

9 pm [ O (O N, O (0 N_ 0 (0
9 Vo \ot?™ ) T oz \arPm ) gam \ 9t

1
h _
_Fjl =5
1
59" (V5(=2Rim) + Vi(=2Rjm) = Vim(~2R;0))

ot

d o (8, o (0,

—Rl = — (=I'y) - — [ =T/

gt = g <6t ﬂ) dxi <6t ”)’
0 h Ognk h

0
g iam = gnn g By + —5 = Ry

Combining these identities we get

it = ans | (5T (5(-2R00) + Vi =2R5) ~ T(-28:)])

1
— (5™ V(2R + Vil=2Ri) — To(-2E)]) |
— 2Rui Rl
= Vikajl — Vilejk — Vjkail + vjleik
— Rijipg”* Rar — Rijiepg"* Rt — 2Rijp1g" Rk
= Vinle — Vilejk — VijRil + VleRik
= 9" (Rijkp Ryt + Rijpi Rar).
Here we have used the exchanging formula (1.1.3).

Now it remains to check the following identity, which is analogous to the Simon’s
identity in extrinsic geometry,

(1.3.1) ARiji + 2(Bijii — Bijik — Bijk + Bikjit)
= Vikajl — Vilejk — Vjkail + vjleik
+ 9" (Rpjki Ryi + Riphi Rgj)-
Indeed, from the second Bianchi identity (1.1.4), we have
ARiji = g*"VpVeRijk
= gPIVViRgjr — 9PV Vi Ryik -
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Let us examine the first term on the RHS. By using the exchanging formula (1.1.3)
and the first Bianchi identity (1.1.1), we have

9PV pViRgjk — 9" ViVpRejk
= 979" (Rpigm Bnjkt + Rpijm Ranki + Rpikm Ryjni + Rpitm Rjikn)
= Rimg"" Ryjrt + §°19™" Rpimj (Rakin + Rgink)
+ 9" 9™" Rpikom Ryjnt + 977 9™" Rpitm Ryjkn
= Rimg"" Rnjki — Bijri + Bijik — Bikji + Bitjk,
while using the contracted second Bianchi identity
(1.3.2) 9PV, Ryt = ViRi — ViRje,
we have
gPIViV Ryt = ViViRjy — ViV Rji.
Thus
9"V pViRjki
= V,ViRji — V;ViRjx — (Bijki — Bijik — Bitjk + Bikji) + §P Rpjki Ri-
Therefore we obtain
AR
= g’V ViRgini — 9"V ViRyinl
= V,ViRj — ViV Rji, — (Bijki — Bijik — Bitjk + Bikji) + 979 Rpjri Ryi
— V,; ViR + V;ViRit, + (Bjirt — Bjitk — Bjik + Bjrit) — 9P Rpiri Rqj
— ViViRji — ViViRy — V;ViRa + V;Vi Ry
+ g?(RpjriRgi + RipriRq;) — 2(Bijii — Bijik — Birjk + Bikjt)
as desired, where in the last step we used the symmetries

(1.3.3) Bijki = Briij = Bjilk-

COROLLARY 1.3.2. The Ricci curvature satisfies the evolution equation

0
ER“C = AR + 297" 9¥ Rpig Rrs — 297 Rpi Ryi..

Proof.
0 20 0 .
— Ry = ¢" =Ry — ¢’ ) R;;
It k=g ot Kkl ((’%g ) Gkl
= ¢"'[ARijr + 2(Bijr — Bijie — Bitji + Bikjt)
— 9" (Rpjmi Roi + Ripri Roj + Rijpi Rak + Rijip Rt)]

(0
e <Egpq) 9% Rijni

= AR, + 29" (Bijri — 2Bijix) + 297" 9% Rpig Rrs
— 2gqukaqi.
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We claim that gjl(Bijkl — 2By;i;) = 0. Indeed by using the first Bianchi identity,
we have

' Biji = ¢7' 9" 9% Rpiq; Rrnsi
= ¢7'9"" 9% Rpqij Rrsii
= ¢/ g"" g% (Rpig; — Rpjqi) (Rrkst — Rrtsk)
= 2¢’Y(Biji1 — Bijir)

as desired.
Thus we obtain
9 — A pr Qs Pq
ER’L]C - Rik + 29 g Rpiqurs - 29 Rpquk-
d
COROLLARY 1.3.3. The scalar curvature satisfies the evolution equation
OR
T AR + 2[Ric |2,
Proof.
8R ik ale ip agpq qk
I ) _ ip 2 IP9 Rz
o 9 o T ( 9 ¢ 9 )
= gik (ARzk + 2ngquRpiqk:Rrs - 2gqupquk:) + 2quRikgipqu
= AR+ 2|Ric |%.
d

To simplify the evolution equations of curvatures, we will represent the curvature
tensors in an orthonormal frame and evolve the frame so that it remains orthonor-
mal. More precisely, let us pick an abstract vector bundle V over M isomorphic
to the tangent bundle TM. Locally, the frame F = {Fy,...,Fy,...,F,} of V is
given by F, = F} a?ci with the isomorphism {Fi}. Choose {F/} at t = 0 such that

F={F,...,F,,...,F,} is an orthonormal frame at ¢t = 0, and evolve {F} by the
equation

o g
O Fi = g9 Ry,

Then the frame F = {F,..., F,,..., F,} will remain orthonormal for all times since
the pull back metric on V'

hab = gijFUZ;Fg

remains constant in time. In the following we will use indices a,b, ... on a tensor to
denote its components in the evolving orthonormal frame. In this frame we have the
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following:

Rabed = FLF) FEF R,

@ aaFi i a a i\ —
b= Fr S+ DG AR (FY) = (F)7)
0
ViV = oV TV

Y,V = F/V,; Ve,

where F?b is the metric connection of the vector bundle V' with the metric hyp. Indeed,
by direct computations,

- OF? ; ,
Vi = by g, - i,
OF] ; ([ OF} .
— S R - R (RS TR )
= ()7

Vihay = Vil(gi FLF]) = 0.

So
VoV = FIF)V, VI,
and
ARaped = ViViRaped
- gij vivj]:'zabcd
= g7 FFFE™EPV iV Rytmn.-
In an orthonormal frame F = {F},...,F,,...,F,}, the evolution equations of

curvature tensors become

0
(134) ERabcd - Afiabcd + 2(Babcd - Babdc - Badbc + Bacbd)
0
(135) &Rab = Afzab + 2RacbdRcd
0
(1.3.6) 5= AR + 2|Ric |?

where Babcd = Raebecedf-

Equation (1.3.4) is a reaction-diffusion equation. ~We can understand the
quadratic terms of this equation better if we think of the curvature tensor Rgpeq
as a symmetric bilinear form on the two-forms A%(V) given by the formula

Rm(%‘/’) = Rabcd@abwcdy for @, 1/) S A2(V)

A two-form ¢ € A*(V) can be regarded as an element of the Lie algebra so(n)
(i.e. the skew-symmetric matrix (Qap)nxn ), where the metric on A%(V) is given by

<(P7 ¢> = (pab’@[]ab
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and the Lie bracket is given by

[(pu ¢]ab = Spac’@[]bc - wac(pbc-

Choose an orthonormal basis of A2(V)

n(n—1)

d={p ..., 0% . ..,0 = }

where ¢ = {p%}. The Lie bracket is given by
(0%, ¢P] = CP 7,
where C*#7 = C2P§77 = ([p*, ], ¢7) are the Lie structure constants.
Write Rgpeq = Maﬁgog‘bgpfd. We now claim that the first part of the quadratic
terms in (1.3.4) is given by
(1.3.7) 2(Babed — Bavdc) = MarMp0500;.
Indeed, by the first Bianchi identity,
Babcd - Babdc = Raebecedf - Raebedecf

= Raebf(_Rcefd - Rcfde)
= Raebf Rcdef .

On the other hand,
Raebecdef = (_Rabfe - Rafeb)Rcdef

= Rabef Rcdef - RafebRcdef
= Rabef Rcdef - RafbeRcdfe

which implies Raebecdef = %Rabechdef- Thus we obtain

2(Babcd - Babdc) = Rabechdef = MavMBvSngspfd-

We next consider the last part of the quadratic terms:

2(Bacbd — Badbe)
= 2(Raecf Rvear — Raedf Rbect)
= 2(Moy507c 00 Moo, P — Moo 03e 0 Mus 01 005)
= 2[M,s(plcppe + anspgb)spngnGSDflf - Mrz@‘PZe‘ngMw@ge@gf]
= 2My502 Mo Ca 05,
But

M50 Moo CL 0%,

= M5 MygCY 0% [0 f@gf + Céecpfd]

=- nGMmiOgn@gb@gf‘ng + MvéMneCQ”Cffﬁbwfd
= WGMvécgnS"gb@gf@flf + (ancgeMvéMnG)@gb@fd
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which implies

5 0 50
M58 s Mgl O, = = (CINC8 M.ys Myo) 00l

N =

Then we have
(1.3.8) 2(Bacba — Badve) = (CL"CY M., s M) 02 .

Therefore, combining (1.3.7) and (1.3.8), we can reformulate the curvature evo-
lution equation (1.3.4) as follows.

PROPOSITION 1.3.4 (Hamilton [59]). Let Ruped = Maﬁgog‘bgofd. Then under the
Ricci flow (1.1.5), Myg satisfies the evolution equation

OM.p

(1.3.9) 5

= AMag+ M2+ M7,
where Méﬁ = Mo~y Mp is the operator square and Mf = (Cg”CgeM,ngng) s the
Lie algebra square.

Let us now consider the operator M fﬁ in dimensions 3 and 4 in more detail.
In dimension 3, let wy, w2, w3 be a positively oriented orthonormal basis for one-
forms. Then

<p1 = \/§w1 N w2, <p2 = \/§w2 N w3, <p3 = \/§w3 A w1

form an orthonormal basis for two-forms A%. Write ¢® = {p%},a = 1,2,3, as

0 @0 0 0 0
(Pap) = —‘/75 0 0f> (b2) =10 0 47
0 0 0 0 —¥ 0
0 0 —¥2
(wib):go 0 |,
¥ 0 0
then
0 Y29 00 O 0 0 O 0 —¥2
L= | vz g 00 -LZ|-|oo0 L£||z ¢
el =1 -4 00 5 5 Y20 0
0 00/ \0¥ o 0-2 0 0 0 0
00-1
=000
100
V2

T2

So O = ([p!, ¥?], p*) = g, in particular

Caﬁ'y:{iga if o‘?’éﬂ#’%

0, otherwise.
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Hence the matrix M# = (Mfﬁ) is just the adjoint matrix of M = (Mag):
(1.3.10) M# =det M - M~

In dimension 4, we can use the Hodge star operator to decompose the space of
two-forms A? as

A? = AZoA?

where A% (resp. A%) is the eigenspace of the star operator with eigenvalue +1 (resp.
—1). Let wy,ws,ws3,ws be a positively oriented orthonormal basis for one-forms. A
basis for Ai is then given by

<p1:w1/\w2+w3/\w4, <p2:w1/\w3+w4/\w2, <p3:w1/\w4+w2/\w3,
while a basis for A2 is given by
’lbl:wl/\WQ—(U3/\W4, 2/12=w1/\w3—w4/\w2, 2/13:(4}1/\(4]4—(4}2/\(413.

In particular, {o!, 2, 3 ¥t % 3} forms an orthonormal basis for the space of
two-forms A2. By using this basis we obtain a block decomposition of the curvature

operator matrix M as
A B
M:(Ma):<tB C>

Here A, B and C' are 3 x 3 matrices with A and C being symmetric. Then we can
write each element of the basis as a skew-symmetric 4 x 4 matrix and compute as
above to get

A#*  B#
(1.3.11) M#* = (MF;) =2 ( > ;

tB# (O
where A% B# C# are the adjoint of 3 x 3 submatrices as before.

For later applications in Chapter 5, we now give some computations for the entries
of the matrices A, C' and B as follows. First for the matrices A and C, we have

A1y = Rm(p',¢") = Ri212 + Rsaza + 2R1234
Agy = Rm(¢?,¢?) = Ri313 + Raoas + 2R1340

Asz = Bm(¢®,¢) = Ris14 + Razas + 2R1423

and

C11 = Rm(y',9") = Rig1z + Raaza — 2R1234
Caa = Rm(1?,9%) = Ri313 + Rasas — 2R1340

Cs3 = Rm(¢®,1*) = Ris14 + Razos — 2R1403.
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By the Bianchi identity
Ri234 + Ri3a2 + Ria23 = 0,
so we have
trA=1trC = %R.
Next for the entries of the matrix B, we have

Bi1 = Rm(¢",9") = Rig1a — Rauza
Bas = Rm(¢?,9?%) = Riz13 — Razao

Bsz = Rm(¢®,9%) = Ria14 — Rozas
and
Bis = Rm(p",¥°) = Ria13 + Raniz — Rizas — Rawaz et

Thus the entries of B can be written as

1

By = §(R11 + Roo — R33 — Ruaa)
1

Byo = §(R11 + R33 — Raa — Ra2)

1
B33 = §(R11 + Rys — Rao — Rag)
and
Blg = R23 — R14 etc.

If we choose the frame {w1,ws,ws, w4} so that the Ricci tensor is diagonal, then the
matrix B is also diagonal. In particular, the matrix B is identically zero when the
four-manifold is Einstein.

1.4. Derivative Estimates. In the previous section we have seen that the cur-
vatures satisfy nonlinear heat equations with quadratic growth terms. The parabolic
nature will give us a bound on the derivatives of the curvatures at any time ¢ > 0 in
terms of a bound of the curvatures.

We begin with the global version of the derivative estimates.

THEOREM 1.4.1 (Shi [114]). There exist constants Cy,, m = 1,2,..., such that
if the curvature of a complete solution to Ricci flow is bounded by

|Rijri| < M

up to time t with 0 < t < %, then the covariant derivative of the curvature is bounded
by

|VRiju| < C1M/VE
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and the m" covariant derivative of the curvature is bounded by
IV Rijui| < Co M /= .
Here the norms are taken with respect to the evolving metric.

Proof. We shall only give the proof for the compact case. The noncompact case
can be deduced from the next local derivative estimate theorem. Let us denote the
curvature tensor by Rm and denote by A x B any tensor product of two tensors A
and B when we do not need the precise expression. We have from Proposition 1.3.1
that

(1.4.1) %Rm:ARm—FRm*Rm.
Since
0 _ 1, gkl 9g;i g,k
_Fz _ il o JRE VL J
i * =29 {Vﬂ ot TV Vi
=VRm,

it follows that

(1.4.2) %(VRm) = A(VRm) + Rm * (VRm).

Thus
8 2 2 2 3
7| Bm[* < A[Rm[* = 2| VRm|* + C|Rml?,
)
E'VR””? < A|VRm|? = 2|V?Rm|*> + C|Rm| - [VRm|?,

for some constant C' depending only on the dimension n.
Let A >0 be a constant (to be determined) and set

F =t|VRm* + A|Rm|?.
We compute

oF , 0 N
— =|VRm| +t8t|VRm| +A8t|Rm|

ot
< A(t|lVRm|* + A|[Rm|*) + [VRm|*(1 + tC|Rm| — 2A) + CA|Rm|>.
Taking A > C + 1, we get

OF _
< AF M3
o S AF+C

for some constant C' depending only on the dimension n. We then obtain
F < F0)+CM* < (A+CO)M?,
and then

|[VRm|* < (A+ C)M?/t.



192 H.-D. CAO AND X.-P. ZHU

The general case follows in the same way. If we have bounds
IV*Rm| < CM/t3,
we know from (1.4.1) and (1.4.2) that

0 cM?3
5|v’“Rm|2 < AIV*Rm|? — 2|V* Rm|? + Tt
and
9 okt 2 k+1 2 k+2 2 k+1 2, OM°
—|V* T Rm|* < A|V*T Rm|* = 2|V °Rm|* + CM|V*""Rm|* + :
ot th+1
Let A > 0 be a constant (to be determined) and set
Fy, = tF 2| VAL Rm |2 4+ Apt® T | VE Rm %
Then
9 k+1k+1 2 k2 0 okt 2
—F, = (k4 2)t" V¥ Rm|* + t"7° = |V"" Rm|
ot ot
0
+ Ap(k + D)tk VERm|? + Aktk“aWkRmF
< (k + 2>tk+1|vk+1Rm|2
CM3
+ ¢h+2 [A|V’C+1Rm|2 —2|VF2Rm|? + OM|V* ! Rm|? + T

+ Ag(k + 1)t*|VF Rm?

CM3
tk

+ Apth Tt [A|VkRm|2 — 2|V Rm|? +
< AFy + Cpy1 M?

for some positive constant Cj1, by choosing Ay large enough. This implies that

Cr1 M

B+l
t—=

|VFF L Rm| <

O

The above derivative estimate is a somewhat standard Bernstein estimate in
PDEs. By using a cutoff argument, we will derive the following local version, which
is called Shi’s derivative estimate. The following proof is adapted from Hamilton
[63].

THEOREM 1.4.2 (Shi [114]). There exist positive constants 0, Cy, k = 1,2, ..., de-
pending only on the dimension with the following property. Suppose that the curvature
of a solution to the Ricci flow is bounded

0
Rm| < M U 0, —
|Rm| < M, on x[,M]

where U is an open set of the manifold. Assume that the closed ball By(p, ), centered
at p of radius r with respect to the metric at t = 0, is contained in U and the time
t <O/M. Then we can estimate the covariant derivatives of the curvature at (p,t) by

1 1
|VRm(p,t)|> < CLM? (72 ot M> ,
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and the k' covariant derivative of the curvature at (p,t) by

1 1
|VkRm(p,t)|2 < CpM? (m + 7" + Mk) .

Proof. Without loss of generality, we may assume r < 6/y/M and the exponential
map at p at time ¢ = 0 is injective on the ball of radius r (by passing to a local cover
if necessary, and pulling back the local solution of the Ricci flow to the ball of radius
r in the tangent space at p at time ¢ = 0).

Recall

2 |Bmf? < AlRm]? ~ 2V Rmf? + C|Bm’
%|VRm|2 < A|VRm|? — 2|V?Rm|* + C|Rm| - [VRm|?.
Define
S = (BM? + |Rm/|*)|VRm|?

where B is a positive constant to be determined. By choosing B > C?/4 and using
the Cauchy inequality, we have

%S < AS —2BM?|V2Rm|? — 2|VRm|*

+ CM|VRm|? - |[V?Rm|+ CBM?|VRm|?
< AS — |VRm|* + CB*M°®
52

—  ___ +CB*MS.
B2t

<AS -

If we take
F = b(BM? + |Rm|?)|VRm/|*/M* = bS/M*,
and b < min{1/(B + 1)?,1/CB?}, we get

(1.4.3) %—ZZ < AF — F? + M.

We now want to choose a cutoff function ¢ with the support in the ball By(p,r)
such that at t =0,
p(p) =7, 0<p<Arn
and
Vel <4, [Vel< 2

for some positive constant A depending only on the dimension. Indeed, let g :
(=00, +00) — [0, +00) be a smooth, nonnegative function satisfying

_ 15 AS (_%7%>a
glu) = {O, outside (—1,1).
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p=rg( =),

where s is the geodesic distance function from p with respect to the metric at ¢t = 0.

Then
1 2
Vo =—-¢ <S—2) -25Vs
r r

Set

and hence
Vel < 2Ch.
Also,

2

1 2\ 1 1 2 1
Vip==g" (2 ) 5452Vs - Vs+ —¢' (= ) 2Vs- Vs + =g [ 2 ) - 25V2s.
r r2 ) r2 r r2 r 72

Thus, by using the standard Hessian comparison,

V%l < 2+ sy

C C
<= (1+s(—2+\/M>)
r s
<&

,
Here C1,C5 and C5 are positive constants depending only on the dimension.

Now extend ¢ to U x [0, %] by letting ¢ to be zero outside By(p,r) and indepen-
dent of time. Introduce the barrier function

12 +44/n)A? 1
Qs 1,
%) t

which is defined and smooth on the set {¢ > 0} x (0,7].

As the metric evolves, we will still have 0 < ¢ < Ar (since ¢ is independent of
time t); but |[Ve|? and p|V2p| may increase. By continuity it will be a while before
they double.

(1.4.4) H=

CrLAamM 1. As long as
[Vol> <242, V2| < 242,

we have

OH

~— > AH — H?> + M>.
Tk +

Indeed, by the definition of H, we have

1244 24 1
]{2>%+_2_|_]\/[27
© t

OH 1

ot 2’
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and
AH = (12 + 4y/n)A%A (iz)
@

2 _
— (12 +4y/m) A2 (—6lv‘p| i 2“7&’)
2 2
< (12 + 4y/m) A2 (—12A Zf\/ﬁA )
(12 + 4y/n)? A4
o '

Therefore,

OH

H? > AH — =— + M2
> o T

195

Cramv 2. If the constant # > 0 is small enough compared to b, B and A, then
we have the following property: as long as r < /v M, t < /M and F < H, we will

have

|Vp|> <242 and V%] < 242

Indeed, by considering the evolution of Vy, we have

) 9, .
_vaSD - E(Favlw)

ot
_ i dp i ok
=F!V; ((,%) + VipRLF;
= Rap Vo

which implies
9 2 2
5| Vet = CM|Vel,
and then
Vo2 < A2eCME < 242,

provided ¢ < /M with 6 <log2/C.
By considering the evolution of V2, we have

i) 9 i
5 (VaVip) = = (FoFy ViV 0)

ot ot
_9 i d Py K Op
= 5 (717 (5 ~ Mo
¢
- vu,vb ot + RaCvacQD + Rbcvavcsp

+ (chab - va~Rbc - vaac)vc(p
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which implies
)
(1.4.5) §|V2<p| < C|Rm| - |[V?¢| + C|[VRm| - |Vy|.

By assumption F' < H, we have

2M2 (124 4ymA® | 1
bB 02 t

Thus by noting ¢ independent of ¢ and ¢ < Ar, we get from (1.4.5) and (1.4.6) that

(1.4.6) |[VRm|* <

), for t<6/M.

0 9 9 r
Z(o|V <OM (V30| +1+ —
at(sﬂl o)) <C (sﬂl ol \/Z>

which implies

t
0| V| < M [(‘P|v2</’|)|t—0 + CM/ (1 T i) dt]
0 Vit

< eCMt [A2 +COM(t+ 27‘\/%)}
< 242

provided r < 0/vM, and t < 8/M with 6 small enough. Therefore we have obtained
Claim 2.
The combination of Claim 1 and Claim 2 gives us

%—Ij>AH—H2+M2

as long asr < 0/vVM, t<60/M and F < H. And (1.4.3) tells us

oF
— < AF - F?+ M>.
ot = *
Then the standard maximum principle immediately gives the estimate
|[VRm|*> < CM? i—l—l—i—]\/l on {<p>0}><(0 i}
— S02 t 7M )

which implies the first order derivative estimate.
The higher order derivative estimates can be obtained in the same way by induc-
tion. Suppose we have the bounds

11
|V*Rm|? < C,M? (ﬂ +3t Mk) .
As before, by (1.4.1) and (1.4.2), we have
) 11
E|V’“Rm|2 < AIV*Rm|? = 2|V* 1 Rm|? + CM? (W +og Mk) ,

and

0
§|Vk+1Rm|2 < A|vk+1Rm|2 _ 2|vk+2Rm|2

1 1
k+1p, 12 3 k+1
+CM|V* ™" Rm|* + CM (7«2(/@4-1) + IS +M ) .
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Here and in the following we denote by C various positive constants depending only
on C} and the dimension.

Define

11
Sy = [Bm2 (ﬂ +at M’“) + |VkRm|2] - |[VEL Rm)?

where By, is a positive constant to be determined. By choosing By, large enough and
Cauchy inequality, we have

0
ot

k
2 < {_ Tt A|VFRm|? — 2|V*H Rm)?

11
+CM? (m +o Mk) ] - VEH Rm?

1 1
+ |:BkM2 (m + & + Mk) + |kam|2:|

: [A|V’“+1Rm|2 —2|VF2Rm|? + CM|V*H! Rm?

+CM? (#+ ! +Mk+1)]

r2(k+1) thk+1
k
< ASy +8|VFRm| - [VEFLRm|? - |[V*H2Rm| — W|V’“+1Rm|2
11
—2|V* Rm|* + C M3V R |? (W + =+ Mk)
r tk

11
—2|VF 2 Rm|? [BkMQ (ﬂ +gt M’“) + |VkRm|2]

11
+ CM|V* Rm)? [BkM2 (ﬂ +o3t M’“) + |v’me|2}
1 1

3
cow (ks

+M7€+1>
2 1 1 k k 2
- | BeM TWth_’erM + |[V*Rm)|

11
< ASy, — |[VFH Rm|* + OB} M© (—k +ot M2k>

4
1 1
r2(2k+1) + $2k+1

+ CBM?° ( + M2k+1)

1 1
< ASy — |Vk+1Rm|4 + OB]%M5 (m + 2kt 1 + M2k+1>
Sk

(B+1)2M* (e + & + M*¥)®

1 1
+ CBEM? <7 + + M%“) :

< ASE —

r2@k+1) T 2kt
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Let u=1/r?+ 1/t + M and set Fj, = bSy/u*. Then

OFy F?2
— 5 < AF, — k bCB2MPuF*t + kF)
ot = 2k T y(By ¢ )2t T OO PR
F2
< AF — k +b(C + 2k?)(By, + 1)2M*u 2,

20(By + 1)2 Mk
By choosing b < 1/(2(C + 2k?)(By, + 1)2M*), we get

OFy L oo k+2

Introduce
Hy =5(k+1)(2(k + 1) + 1 4+ /n) A2 20+ 4 =kt ) 4 ppktt
where L > k + 2. Then by using Claim 1 and Claim 2, we have

OH},

= = (k4 1)Lt~ *+2)
e (k+1) :

AHy, <20(k+1)2(2(k + 1) + 1 4 /n) Ao 2(:+2)
and
H2 > 25(k+1)2(2(k 4+ 1) + 1 + /n) At 40+ 4 12472041 o pr2(k+1)

These imply

OHy, 1o k+2
W>AH]€_JH]€ +u .

Then the maximum principle immediately gives the estimate
Fy, < Hy.
In particular,

b 2 1 1 k k+1 2

<5(k+1) (2(k + 1) + 1+ V) A2 20HD 4 pp=(kHD) 4 prktt,

So by the definition of u and the choosing of b, we obtain the desired estimate

1 1
k+1 2 2 k+1
VE Rml” < Crn M (r2(k+1) + th+1 +M ) :

Therefore we have completed the proof of the theorem. O
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1.5. Variational Structure and Dynamic Property. In this section, we in-
troduce two functionals of Perelman [103], F and W, and discuss their relations with
the Ricci flow. It was not known whether the Ricci flow is a gradient flow until Perel-
man [103] showed that the Ricci flow is, in a certain sense, the gradient flow of the
functional F. If we consider the Ricci flow as a dynamical system on the space of Rie-
mannian metrics, then these two functionals are of Lyapunov type for this dynamical
system. Obviously, Ricci flat metrics are fixed points of the dynamical system. When
we consider the space of Riemannian metrics modulo diffeomorphism and scaling,
fixed points of the Ricci flow dynamical system correspond to steady, or shrinking, or
expanding Ricci solitons. The following concept corresponds to a periodic orbit.

DEFINITION 1.5.1. A metric g;;(t) evolving by the Ricci flow is called a breather
if for some t; < t and a > 0 the metrics ag;;(t1) and g;;(t2) differ only by a
diffeomorphism; the case « = 1, a < 1, a > 1 correspond to steady, shrinking and
expanding breathers, respectively.

Clearly, (steady, shrinking or expanding) Ricci solitons are trivial breathers
for which the metrics g;;(¢1) and g;;(t2) differ only by diffeomorphism and scaling for
every pair t1 and ts.

We always assume M is a compact n-dimensional manifold in this section. Let
us first consider the functional

(15.) Flag- )= [ (R+ VIl av

of Perelman [103] defined on the space of Riemannian metrics, and smooth functions
on M. Here R is the scalar curvature of g;;.

LEMMA 1.5.2 (Perelman [103]). If 6g;; = vij and 0f = h are variations of g;;
and f respectively, then the first variation of F is given by

5f(Uij,h) :/ g

o {—’Uij(Rij +V.Vf)+ (

- h) QAf — VIR +R)| e /dv

where v = gYv;;.
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Proof. In any normal coordinates at a fixed point, we have

0 0
SRy = @(51%) - @(5%)
= Or 59 (vjvlm + vl'Ujvn - vmvjl)
d [1
i Eghm(vivlm + Vivim — vmvil):| )

o [1 .
ORj = pye [§glm(vjvlm + Vivjm — Vm”ﬂ)]

o 1 ,.
- @ _59 (vzvlm + vlvzm - vmvll):|
1o . L 19
= 5@[v]"l)l + V[’Uj -V ’Ujl] — 5@[Vﬂ)],
SR =6(¢""Ry)
= —v iR + ¢’' Ry,

10, i w10
= _Ulejl + gﬁ[vlvl + VZ’U b Vv 1)] — 5@[V3v]
= —vlejl + V., Vv — Av.

Thus
(152) 5R(1)ZJ) = —-Av+ Vl-Vjvij — vinij.

The first variation of the functional F(g;;, f) is

(1.5.3) 5 (/ (R+ |Vf|2)e—fdv>
M
= [ (R5) + 867919, av
M
+(R+|VP) [—he*fdv + e*fgdv] >
= / [ — Av+ Vivj"vij — Rijvij — Uijvifv]‘f
M
2y (Y —f
+ 2V, Vh) + (R+|Vf]?) (5 - h) ]e dv.
On the other hand,
/ (ViVjvij — ’Uijvifvj‘f)e_fdv = / (Viijvij — vijViijf)e_de
M M
= —/ (Vivjf)vije_fdv,
M

/2<Vf,Vh>e—de:—2/ hAfe—de+2/ |V f|2he Tav,
M M M
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and

/M(—Av)e_de = —/ (Vf,Voye ldV

M

:/ vAfe—de—/ |V f|2ve=/dV.
M M

Plugging these identities into (1.5.3) the first variation formula follows. O

Now let us study the functional F when the metric evolves under the Ricci flow
and the function evolves by a backward heat equation.

PROPOSITION 1.5.3 (Perelman [103]). Let g;;(t) and f(t) evolve according to the
coupled flow

9gij _
{ 5 = 2Ry,
9 = —Af+|Vf?P-R
Then

d
GFs0.50) =2 [ 1Ry + V. e av

and [, e=1dV is constant. In particular F(gs;(t), f(t)) is nondecreasing in time and
the monotonicity s strict unless we are on a steady gradient soliton.

Proof. Under the coupled flow and using the first variation formula in Lemma
1.5.2, we have

& Flors (1), 7(0)

= /M {— (—2Ri;)(Rij + ViV f)
+ (%(—2}2) —~ %) 2Af — |Vf*+ R)|e TdV
= [ R (Ry + V5,0) 5 (A = [VIP)AS = VS + R)leav.

Now

| @ar=1virear - v fav

= /M —VifVi2Af — |Vf2)e Tav

= /M —Vif(2V(ViV;f) —2R;V,;f —2(Vf, Vin>)e_de

=2 [ (VY1 =, VT =Ry VgV, = (L V)V fle av

= [ ViV + Ry VsVl tav,
M
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and
[ @as=19sP)Retav
M
= / ~V,fV;Re~fav
M
=2 vivijije—de—2/ VifVifRijeTdV.
M M

Here we have used the contracted second Bianchi identity. Therefore we obtain

d

ZF(gig(t), £(1))

= / [2Rij(Rij + ViV, f) + 2(ViV; [)(ViV; f + Rij)le 7 dV
M
= 2/ |R1J + Viij|267de.
M

It remains to show f M e~fdV is a constant. Note that the volume element dV =
\/detg;; dx evolves under the Ricci flow by

ot ot
1/0
=3 (& log(det gij)> av
1 ..0
_ (s
59" gyua)dV
= —RdV.
Hence
g , _ _ af
_ f _ (2
(1.5.5) 5 (e77dV) =e ( 5 R) dv
= (Af = |Vf[P)e Tav
= —A(e )av.
It then follows that
A gy = - A(e=av =o.
dt Jm M

This finishes the proof of the proposition. O

Next we define the associated energy
(1.5.6) Mgij) = inf{f(gij,f) | f e O“(M),/ e av = 1}.
M
If we set u = e~//2, then the functional F can be expressed in terms of u as

F= [ (Ru®+4|Vul*)dV,
M
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and the constraint [,, e~/dV =1 becomes [, u?dV = 1. Therefore A(g;;) is just the

first eigenvalue of the operator —4A + R. Let ug > 0 be a first eigenfunction of the
operator —4A + R satisfying

—4Aug + Rug = Mgi; ) uo.
The fy = —2logug is a minimizer:
Agij) = F(gij fo)-
Note that fj satisfies the equation
(1.5.7) —2Afo + |V fol> = R = =(gi5)-

Observe that the evolution equation

of
S = —Af+ VP -R

can be rewritten as the following linear equation

0

S ) = —AEe )+ Re )

Thus we can always solve the evolution equation for f backwards in time. Suppose
at t = to, the infimum A(g;;) is achieved by some function fo with fM e~ fodV = 1.
We solve the backward heat equation

{% =-Af+|VIP-R
fli=to = fo

to obtain a solution f(t) for ¢ < to which satisfies [,, e~/dV = 1. It then follows from
Proposition 1.5.3 that

Mgij (1) < Flgij(t), F(t) < Flgij(to), fto)) = Mgij(to))-

Also note A(g;;) is invariant under diffeomorphism. Thus we have proved

COROLLARY 1.5.4.

(1) A(gi;(t)) is nondecreasing along the Ricci flow and the monotonicity is strict
unless we are on a steady gradient soliton;

(ii) A steady breather is necessarily a steady gradient soliton.

To deal with the expanding case we consider a scale invariant version

Agij) = Mgi)\V * (9)-

Here V = Vol(g;;) denotes the volume of M with respect to the metric g;;.
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COROLLARY 1.5.5.
(1) A(gij) is nondecreasing along the Ricci flow whenever it is nonpositive; more-
over, the monotonicity is strict unless we are on a gradient expanding soliton;

(ii) An expanding breather is necessarily an expanding gradient soliton.

Proof. Let fo be a minimizer of A(g;;(t)) at ¢ = to and solve the backward heat
equation

of

ot
to obtain f(t), t < to, with [,, e=/®dV = 1. We compute the derivative (understood
in the barrier sense) at t = to,

= A +|VI’-R

= V%/ 2|Ri; + ViV, flPe fav
M

2 2n

+—VT/ (—R)dV-/ (R+ |V f|?)e Tdv
n M M

2

1
M

+1 [ meappetavs (— / (R+|Vf|2)ede> (% / RdV) }

where we have used the formula (1.5.4) in the computation of dV/dt.
Suppose A(gi;(to)) < 0, then the last term on the RHS is given by,

! (— /M(R+|Vf|2) e~ 1dv) (% /MRdV)
> % <— /M(R+ |Vf|2)ede> </M(R+ |Vf|2)efdv)

-1 (/M(R+Af)e_fdv)2.

Thus at t = ty,

3|

(158) Ayl

2 1 .
>2Vw |:/ |Rij + VNjf — E(R + Af)gij|2€7jdv
M

+ % </M(R + Af)e fav — (/M(R + Af)efdv) 2) } >0

by the Cauchy-Schwarz inequality. Thus we have proved statement (i).
We note that on an expanding breather on [t1, t2] with ag;;(¢1) and g;;(t2) differ
only by a diffeomorphism for some o > 1, it would necessary have
av

o >0, for some t € [t1,ta].
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On the other hand, for every ¢,

d 1
—ZlogV = — > Ngi;(t
sV V/MRdV_A(gJ())
by the definition of A(g;;(¢)). It follows that on an expanding breather on [t1, o],

Agis (1) = Agi; (£))V 5 (g55(t)) < 0

for some t € [t1,t2]. Then by using statement (i), it implies

AMgiz(t1)) < M(gij(t2))

unless we are on an expanding gradient soliton. We also note that A(g;;(¢)) is invariant
under diffeomorphism and scaling which implies

Agij(t1)) = Mgij (t2))-
Therefore the breather must be an expanding gradient soliton. O

In particular part (ii) of Corollaries 1.5.4 and 1.5.5 imply that all compact steady
or expanding Ricci solitons are gradient ones. Combining this fact with Proposition
(1.1.1), we immediately get

PROPOSITION 1.5.6. On a compact manifold, a steady or expanding breather is
necessarily an Einstein metric.

In order to handle the shrinking case, we introduce the following important func-
tional, also due to Perelman [103],

(1.5.9) Wi(gij, o) = /M[T(R FIVIP) + f — n](dnr) -3 e=fav

where g;; is a Riemannian metric, f is a smooth function on M, and 7 is a positive
scale parameter. Clearly the functional W is invariant under simultaneous scaling of
7 and g;; (or equivalently the parabolic scaling), and invariant under diffeomorphism.
Namely, for any positive number a and any diffeomorphism ¢

(1.5.10) Wl(ap®gij, ©* f,at) = W(gij, f, 7).
Similar to Lemma 1.5.2, we have the following first variation formula for W.
LEMMA 1.5.7 (Perelman [103]). If v;j = 6gi;, h =0f, and n =T, then
(SW(’Uiju h777)
1 n
= / —TVij <RZJ =+ Vlvjf — _gij> (471'7’)7567de
M 2T
v n 2 —n _f
+ | (5-h— o) [F(R+2AF = |Vf1) + f —n—1](4nr) " Fe faV
M \2 27
2_ et
+ /Mn (R+ V] 27) (dnr)"Fe~lav.

Here v = g"v;; as before.
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Proof. Arguing as in the proof of Lemma 1.5.2; the first variation of the functional
W can be computed as follows,

W (vij, h,m)
= /M[n(R + |Vf|2) +7(—Av+ ViVjvij — Rijvij — vij Vi fV f
+2(Vf,Vh)) + h](47r7-)_%e—fdv
+ Ai {(T(R—I— |Vf|2) +f-n) (—gg + % — h)} (4777—)—%6—de
= / (R + |V f|?) + h](4n7) " 2e TaV
M

+ / [—7vij(Rij + ViV f) +7(v — 2R)(Af — |V f]?)](4nT) " 2e TV
M

! /M ((R+ V) +f=n) (~52+5 —h)| (4r)"Eeav
= —/ TV (Rij + ViV, f - igij) (4n7)"2eav
M 2T
[ (5= gen) R+ 9SR)
+f—n+27(Af —|VfP)](drr) " 2e TV

2_ M v, " % f
+/M [n(R+|Vf| 27)+(h 2+27n)} (4rT)"2e 1AV
1 " .

:/ — TV (le —I—Viij — _gij) (47‘(7’)75671‘6“/

M 2T

v n 2 —n _f
+ (——h——n)[T(R+2Af—|Vf|)+f—n—1](47r7) Sty
M \2 27

2_ ~$of
+/Mn(R+|Vf| 27)(4m) e Tav.

The following result is analogous to Proposition 1.5.3.
PROPOSITION 1.5.8. If g;;(t), f(t) and 7(t) evolve according to the system

agij

ot~ i

of 9 n
i Af +|Vf] R+2¢’
or

o= b

then we have the identity

2

d 1 n
—W(gij(t),f(t),T(t))z/ 27 |Riy + ViV, f — ~—gus| (4mr)-BeTav
dt M 27

and [,,(4r7)~2e~FdV is constant. In particular W(gs;(t), f(t),7(t)) is nondecreasing
in time and the monotonicity is strict unless we are on a shrinking gradient soliton.
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Proof. Using Lemma 1.5.7, we have

d
(1.5.11) WV 9i; (1), f(t),7(2))
:/ QTRZ'J' (RU + VZVJf — %gij) (47‘(7’)7%671"6“/
M T
+ [ (A7 = VIR + 287 = V1) + fltanr) defav
n _n _
—/M (R+|Vf|2—§) (4rr)"Eefav.

Here we have used the fact that [,,(Af — |V f|?)efdV = 0.
The second term on the RHS of (1.5.11) is

| AP IV R+ 281 = [97P) + fllanr) e av
= [ (AF= IV ras -V P mr) Eetav
- IVf|2(4w)—%e—fdv+T/ (=Vif)(ViR)(4r7) " 2eTdV
M M
:7’/ (=Vif)(ViAf — V) (drr) " 2e /dV
M
— Af(4m)—%e—de—2T/ VifV,Ri;(4rr) " 2e1dV
M M
=27 A4(Vif)(ViAf — (V£ ViV 4rr)" 2e TdV
+27 / (ViVf)Rij — VifVifRij|(4nr) "2 TdV
M
+ QT/M (—%gw) (Vivj‘f)(llﬂ'T)i%eide
=27 /M[(Vifvj‘f - VNjf)Viij - Rijvifvj‘f
— ViV fVifVifl(dnT)"Se fav
+27 / (ViVf)Rij — VifVifRij|(4nr) "2 TdV
M
e /M (_%Qw‘) (ViVif)(dnr)"2e Tav

1 n
= 2T/ (ViV,f) (Vivjf + Rij — _gij> (4n7)"2e Tav.
M 2T
Also the third term on the RHS of (1.5.11) is

_ 2 _ "1 21
/M (R+|Vf| 27)(4m) etV

_ /M — (R+ar-2) (rr)Fefav

—1 1 —n _f
=27 /M (;gm) (Rij +ViV;f - Zg“) (4nr)"Fe lav.
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Therefore, by combining the above identities, we obtain

d 2
(4n7)" e fav.

%W(gij(t),f(t),T(t)) =27 /M ‘Rij + ViV, f - %gij

Finally, by using the computations in (1.5.5) and the evolution equations of f
and 7, we have

0 n » |0 n

5o f — -3 -f -f

5 ((4nr)~2e7dV) = (4n7) L{%(e av) + 5. € dV]
= —(4n7)" 2 A(e Nav.

Hence

i/ (4n7)"2e fav = —(4777')7%/ A(e=Hav =o.

Now we set

(1.5.12) w(gij, 7) = inf {W(gij,f, T)| feC®(M), W /M e fav = 1}

and
| o 1 I
vlag) = int {Wig. )| F € €20 >0, [entav =1
Note that if we let u = e//2, then the functional W can be expressed as
Wigij f,7) = / [T(Ru2 + 4|VU|2) —u? log u? — nu2](47TT)_%dV
M

and the constraint [, ,(477)"2e~/dV = 1 becomes [, u*(4w7)”2dV = 1. Thus
1(gij, T) corresponds to the best constant of a logarithmic Sobolev inequality. Since
the nonquadratic term is subcritical (in view of Sobolev exponent), it is rather
straightforward to show that

inf{/ [7(4|Vul*+ Ru?) — u? logu®— nu2](47r7-)_%dV‘ / u?(4nr)"2dV = 1}
M M
is achieved by some nonnegative function v € H'(M) which satisfies the Euler-
Lagrange equation
7(—4Au + Ru) — 2ulogu — nu = u(gij, 7)u.

One can further show that u is positive (see [108]). Then the standard regularity
theory of elliptic PDEs shows that u is smooth. We refer the reader to Rothaus [108]
for more details. It follows that p(gs;j,7) is achieved by a minimizer f satisfying the
nonlinear equation

(1.5.13) T2Af = VPP + R) + f —n = ulgij 7)-
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COROLLARY 1.5.9.

(1) p(gij(t), 7—t) is nondecreasing along the Ricci flow; moveover, the monotonic-
ity is strict unless we are on a shrinking gradient soliton;

(i) A shrinking breather is necessarily a shrinking gradient soliton.

Proof. Fix any time t¢, let fo be a minimizer of u(g;;(to), 7 — to). Note that the
backward heat equation

of

9 __ 2_p4
5 = AV R+ o

is equivalent to the linear equation

6 n __ —_n __ —_n __
8t((47TT) se )= —A((4nr)"2e )+ R((4nr) " e ).

Thus we can solve the backward heat equation of f with f|;—t, = fo to obtain
f(t), t < to, with [,,(4n7)"2e~7dV = 1. It then follows from Proposition 1.5.8
that

1(gij (), T —t) < W(gis(t), f(t), T = 1)
< W(gij(to), f(to), T — to)
= p(gi;(to), 7 — to)

for t <ty and the second inequality is strict unless we are on a shrinking gradient
soliton. This proves statement (i).

Consider a shrinking breather on [t1,t2] with ag;;(¢t1) and g;;(¢2) differ only by
a diffeomorphism for some a < 1. Recall that the functional W is invariant under
simultaneous scaling of 7 and g;; and invariant under diffeomorphism. Then for
7 > 0 to be determined,

w(gij(t1), 7 — t1) = plagi;(t), a(r — t1)) = p(gij(t2), a(r — t1))

and by the monotonicity of u(gs;(t), ™ —t),
(g (t1), 7 — t1) < plgij (t2), 7 — t2).
Now take 7 > 0 such that
a(t —t1) =7 — to,
ie.

tz — at1
T=—.
1-«a

This shows the equality holds in the monotonicity of 1(g;;(t), T —t). So the shrinking
breather must be a shrinking gradient soliton. [0

Finally, we remark that Hamilton, Ilmanen and the first author [18] have obtained
the second variation formulas for both A-energy and v-energy. We refer the reader to
their paper [18] for more details and related stability questions.
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2. Maximum Principle and Li-Yau-Hamilton Inequalities. The maxi-
mum principle is a fundamental tool in the study of parabolic equations in general. In
this chapter, we present various maximum principles for tensors developed by Hamil-
ton in the Ricci flow. As an immediate consequence, the Ricci flow preserves the
nonnegativity of the curvature operator. We also present the two crucial estimates
in the Ricci flow: the Hamilton-Ivey curvature pinching estimate (when dimension
n = 3), and the Li-Yau-Hamilton estimate from which one obtains the Harnack in-
equality for the evolved scalar curvature via a Li-Yau path integral. Finally, we
describe Perelman’s Li-Yau type estimate for solutions to the conjugate heat equa-
tion and show how Li-Yau type path integral leads to a space-time distance function
(i.e., what Perelman called the reduced distance).

2.1. Preserving Positive Curvature. Let M be an n-dimensional complete
manifold. Consider a family of smooth metrics g;;(t) evolving by the Ricci flow with
uniformly bounded curvature for ¢t € [0,7] with T' < +oo. Denote by di(z,y) the
distance between two points =,y € M with respect to the metric g;;(t).

LEMMA 2.1.1. There exists a smooth function f on M such that f > 1 every-
where, f(z) — 400 as do(z,x9) — +0o (for some fized zo € M),

IVf

gy SCand [Vl < C
on M x [0,T] for some positive constant C.

Proof. Let ¢(v) be a smooth function on R™ which is nonnegative, rotation-
ally symmetric and has compact support in a small ball centered at the origin with

fRn p(v)dv = 1.
For each x € M, set

£@) = [ elo)(dafan,expa () + 1),

where the integral is taken over the tangent space T, M at x which we have identified
with R™. If the size of the support of ¢(v) is small compared to the maximum
curvature, then it is well known that this defines a smooth function f on M with
f(z) — 400 as do(z,z9) — +00, while the bounds on the first and second covariant
derivatives of f with respect to the metric g;;(-,0) follow from the Hessian comparison
theorem. Thus it remains to show these bounds hold with respect to the evolving
metric g;;(¢).
We compute, using the frame {F!V;f} introduced in Section 1.3,

0 0

&Vaf = &(Favif) = RV f.

Hence
IVF < Oy - e,
where C7, C5 are some positive constants depending only on the dimension. Also

9 _ 0 (i (O] K Of
E(vavbf) - 5 (Fan (8$18$3 _Fij@

= Racvbvcf + Rbcvavcf + (chab - va‘Rbc - vaac)vcf'
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Then by Shi’s derivative estimate (Theorem 1.4.1), we have

a 2 2 03
— < —
8t|v [l < C3|V f|+\/f7

which implies
t
C3 _CS
g — d
gi;(0) T /0 \/;e T

for some positive constants C'5 depending only on the dimension and the curvature

V2 Flgss ) < e (|V2f

bound. O

We now use the weak maximum principle to derive the following
0<t<T,

PROPOSITION 2.1.2. If the scalar curvature R of the solution g;;(t),
to the Ricci flow is nonnegative at t = 0, then it remains so on 0 <t < T

Proof. Let f be the function constructed in Lemma 2.1.1 and recall

Ok _ AR + 2|Ric |*.

ot

For any small constant € > 0 and large constant A > 0, we have

9 Aty _ OR At
E(R+se f) = E+EA€ f
= A(R + e f) + 2| Ric|® + e (Af — Af)
> A(R + eef)
by choosing A large enough.

We claim that
R+eef>0 on Mx][0,T)

Suppose not, then there exist a first time ¢y > 0 and a point xg € M such that

Then
02 O (Rt e )(r0,10) > MR+ 2™ f) o, 1) > 0

which is a contradiction. So we have proved that

R+ee™f>0 on Mx[0,T].

Letting € — 0, we get
R>0 on M x[0,7T].
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This finishes the proof of the proposition. O

Next we derive a maximum principle of Hamilton for tensors. Let M be a complete
manifold with a metric g = {g;;}, V a vector bundle over M with a metric h = {hqg}
and a connection V = {1";"6} compatible with h, and suppose h is fixed but g and V
may vary smoothly with time ¢. Let T'(V') be the vector space of C°° sections of V.
The Laplacian A acting on a section o € I'(V) is defined by

Ao = ¢V, V0.

Let M, be a symmetric bilinear form on V. We say M,g > 0 if Maﬁvo‘vﬁ > 0 for
all vectors v = {v*}. Assume Nog = P(Mag, hap) is a polynomial in Mg formed by
contracting products of M,g with itself using the metric h = {hq3}. Assume that the
tensor Mg is uniformly bounded in space-time and let g;; evolve by the Ricci flow
with bounded curvature.

LEMMA 2.1.3. Suppose that on 0 <t < T,

0 )

EMQB = AMQB + ulviMag + Nag

where u'(t) is a time-dependent vector field on M with uniform bound and Nag =
P(Mag, hap) satisfies

Naﬁvo‘vﬁ >0 whenever Magvﬁ =0.

If Mog > 0 att =0, then it remains so on 0 <t <T.

Proof. Set
Maﬁ = Maﬁ + EeAtfhag,

where A > 0 is a suitably large constant (to be chosen later) and f is the function
constructed in Lemma 2.1.1.
We claim that M,z > 0 on M x [0, T] for every € > 0. If not, then for some € > 0,

there will be a first time ¢y > 0 where M,g acquires a null vector v of unit length
at some point xg € M. At (zo, o),

Naﬁvavﬁ > Naﬁvavﬁ - Naﬁvo‘vﬁ
> —CaeAtOf(xo),

where Nag = P(Mag, hag), and C' is a positive constant (depending on the bound of
M.z, but independent of A).

Let us extend v® to a local vector field in a neighborhood of zy by parallel trans-
lating v* along geodesics (with respect to the metric g;;(t9)) emanating radially out
of xg, with v® independent of ¢. Then, at (xo,ty), we have
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But

- 0
(Magvo‘vﬁ) = E(Maﬁvo‘vﬁ + EeAtf),

= A(Mopv®v?) — A(ee™ f) + u'Vi(Mypv°0?)
—u'Vi(ee f) + Nopv®oP 4 cAe™ f(x)
> —Cee™ fxg) + eAeM f(x0) > 0

02>

SIS

when A is chosen sufficiently large. This is a contradiction. O

By applying Lemma 2.1.3 to the evolution equation

9 2 #
EMO‘B = AMaﬁ + Maﬁ + Maﬁ

of the curvature operator M,g, we immediately obtain the following important result.

PROPOSITION 2.1.4 (Hamilton [59]). Nonnegativity of the curvature operator
Mg is preserved by the Ricci flow.

In the Kahler case, the nonnegativity of the holomorpic bisectional curvature is
preserved under the Kéhler-Ricci flow. This result is proved by Bando [5] for complex
dimension n = 3 and by Mok [92] for general dimension n when the manifold is
compact, and by Shi [115] when the manifold is noncompact.

PRrROPOSITION 2.1.5. Under the Kdhler-Ricci flow if the initial metric has posi-
tive (nonnegative) holomorphic bisectional curvature then the evolved metric also has
positive (nonnegative) holomorphic bisectional curvature.

2.2. Strong Maximum Principle. Let €2 be a bounded, connected open set
of a complete n-dimensional manifold M, and let g;;(x,t) be a smooth solution to the
Ricci flow on Q x [0,T]. Consider a vector bundle V' over Q with a fixed metric hag
(independent of time), and a connection V = {I'{3} which is compatible with h,5 and
may vary with time ¢. Let T'(V') be the vector space of C*° sections of V over 2. The
Laplacian A acting on a section o € I'(V) is defined by

Ao = gij(,f,t)vivj‘d.

Consider a family of smooth symmetric bilinear forms M,g evolving by
0
(2.2.1) EMO‘B = AMaﬁ + Nog, on Q x [O,T],

where Nog = P(Mag, hap) is a polynomial in M, formed by contracting products
of M, with itself using the metric hog and satisfies

Nap > 0, whenever M,g > 0.

The following result, due to Hamilton [59], shows that the solution of (2.2.1) satisfies
a strong maximum principle.

THEOREM 2.2.1 (Hamilton’s strong maximum principle). Let Mag be a smooth
solution of the equation (2.2.1). Suppose Mag > 0 on Q x [0,T]. Then there exists a
positive constant 0 < § < T such that on Q x (0,9), the rank of Myga is constant, and



214 H.-D. CAO AND X.-P. ZHU

the null space of Mg is invariant under parallel translation and invariant in time
and also lies in the null space of Nug.

Proof. Set

l= maéc{rank of Mys(z,0)}.
zTE

Then we can find a nonnegative smooth function p(x), which is positive somewhere
and has compact support in €2, so that at every point = € €,

n—I+1
Y Mag(a,00v80] > p(x)
i=1

for any (n — [ + 1) orthogonal unit vectors {v1,...,vn—1+1} at z.
Let us evolve p(z) by the heat equation

0
oA
(%p P

with the Dirichlet condition plag = 0 to get a smooth function p(x,t) defined on
Q2 x[0,T]. By the standard strong maximum principle, we know that p(z,t) is positive
everywhere in Q for all ¢ € (0, T].

For every € > 0, we claim that at every point (z,t) €  x [0, 7], there holds

n—Il+1
Z Mos(z, oo +eet > p(x, t)
i=1

for any (n — [ + 1) orthogonal unit vectors {v1,...,vn_1+1} at z.

We argue by contradiction. Suppose not, then for some € > 0, there will be a first
time to > 0 and some (n — [ 4+ 1) orthogonal unit vectors {vi,...,v,_;+1} at some
point zg € Q so that

n—I+1

D Mas(wo, to)vfv] + e’ = p(wo, to)
=1

Let us extend each v; (i = 1,...,n — 1+ 1) to a local vector field, independent
of t, in a neighborhood of zy by parallel translation along geodesics (with respect
to the metric g;;(to)) emanating radially out of zo. Clearly {v1,...,vp—i41} remain
orthogonal unit vectors in the neighborhood. Then, at (x¢,ty), we have

9 n—I+1
ot ( Y Magofo] +ee! —p> <0,
i=1

n—I+1
and A ( Z Mapgvivl + eet —p) > 0.
i=1
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But, since Nop > 0 by our assumption, we have

) n—Ii+1
0> e < ; Magviv? + eet —p)
n—I+1
= Z (AMyp + Nog)vfo? + et — Ap
i=1
n—I+1
> > A(Magvfv]) +eet — Ap
i=1
n—I+1
= Y AMapviv] +ee’ — p) + ee!
i=1

> eet > 0.

This is a contradiction. Thus by letting e — 0, we prove that

n—I+1
Z Mag(x,t)vf‘viﬁ > p(z,t)
i=1

for any (n — 1 + 1) orthogonal unit vectors {v1,...,vp—1+1} at © € Q and ¢t € [0, 7.
Hence M, 3 has at least rank [ everywhere in the open set 2 for all ¢ € (0, T']. Therefore
we can find a positive constant §(< T') such that the rank M,g is constant over
0 % (0,9).

Next we proceed to analyze the null space of M,g. Let v be any smooth section
of V in the null of M,g on 0 <t <. Then

0
0 8t(Man vP)

0 P
= =Mas | v*0? + 2M 0™ —
<8t ")” vt 2Masvt oy

= <%Ma5> 0P,

and

0 = A(Magv*v?)
= (AMaﬁ)UaUﬁ + 4ngVkMaﬁ V0P
+ 2Maﬁgklvkva VP + ZMQQUO‘Avﬁ
= (AMop)v°0? + 468V Mg - v0 V0P + 2M 5" V0 - V0P,

By noting that
0 = Vi(Mapsv?) = (Vi Map)v® + MoV o™
and using the evolution equation (2.2.1), we get

Nagvo‘v5+2Magglekva-Vlvﬁ: .



216 H.-D. CAO AND X.-P. ZHU
Since My > 0 and Nyg > 0, we must have
venull (Nog) and Vv €null (Myg), forall i.

The first inclusion shows that null (M,3) C null (N,g), and the second inclusion
shows that null (M,g) is invariant under parallel translation.
To see null (Mag) is also invariant in time, we first note that

Av =V (V;v) € null (M,p)
and then
gklkaag -Vt = gklvk(MaﬁleQ) — MaﬁAUQ =0.

Thus we have

0= A(Mag’va)
= (AMup)v® + 2"V Mog - Vo + MogAv®
= (AMQB)’UQ,
and hence
0
0= —(M,gv*
57 (Masv®)
o ov®
= (AMag + Nag)v™ + Maﬁﬁ
o™
= M,3—.
5ot

This shows that

Ov
e € null (M),

so the null space of Mg is invariant in time. O

We now apply Hamilton’s strong maximum principle to the evolution equation of
the curvature operator M,g. Recall

OM.p
ot

— 2 #
= AMap + M25 + M7,

where Mfﬁ = C’g’yOgeMEnMw. Suppose we have a solution to the Ricci flow with
nonnegative curvature operator. Then by Theorem 2.2.1, the null space of the cur-
vature operator M,g of the solution has constant rank and is invariant in time and
under parallel translation over some time interval 0 < ¢ < § . Moreover the null space
of M,z must also lie in the null space of Mj;.

Denote by (n — k) the rank of M,z on 0 < ¢t < §. Let us diagonalize M,z so that
Myo =0if o <k and M, > 0if a > k. Then we have Mfa = 0 also for o < k from
the evolution equation of M. Since

0= M, = C§7CI Mey My,
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it follows that

Cg’y = <UQ7 [Ugvv’yb
0, if a<k and &>k

This says that the image of M, is a Lie subalgebra (in fact it is the subalgebra of
the restricted holonomy group by using the Ambrose-Singer holonomy theorem [3]).
This proves the following result.

THEOREM 2.2.2 (Hamilton [59]). Suppose the curvature operator Myg of the
initial metric is nonnegative. Then, under the Ricci flow, for some interval 0 < t < §
the image of Mag is a Lie subalgebra of so(n) which has constant rank and is invariant
under parallel translation and invariant in time.

2.3. Advanced Maximum Principle for Tensors. In this section we present
Hamilton’s advanced maximum principle for tensors which generalizes Lemma 2.1.3
and shows how a tensor evolving by a nonlinear heat equation may be controlled by
a system of ODEs. An important application of the advanced maximum principle is
the Hamilton-Ivey curvature pinching estimate for the Ricci flow on three-manifolds
given in the next section. More applications will be given in Chapter 5.

Let M be a complete manifold equipped with a one-parameter family of Rie-
mannian metrics g;;(t), 0 <t < T, with T < +00. Let V.— M be a vector bundle
with a time-independent bundle metric hqy, and I'(V) be the vector space of C™
sections of V. Let

Vi: T(V)>T(V®T'M), tel0,T]
be a smooth family of time-dependent connections compatible with hgy, i.e.

(Va)ihas £ (Vi) 2 hay = 0,

for any local coordinate {%, cee 8%}. The Laplacian A, acting on a section o €
(V) is defined by

AtU = gij(x,t)(vt)i(vt)jd.

For the application to the Ricci flow, we will always assume that the metrics g;;(-,t)
evolve by the Ricci flow. Since M may be noncompact, we assume that, for the sake
of simplicity, the curvature of g;;(¢) is uniformly bounded on M x [0, T.

Let N : V x [0,T] — V be a fiber preserving map, i.e., N(x,0,t) is a time-
dependent vector field defined on the bundle V' and tangent to the fibers. We assume
that N(z,0,t) is continuous in x,¢ and satisfies

|N($,O’1,t) - N($7027t)| < CB|01 - 02|
for all x € M, ¢t € [0,T] and |o1| < B, |o2| < B, where Cp is a positive constant
depending only on B. Then we can form the nonlinear heat equation

(PDE) oz, t) = Aro(z,t) +u'(Vy)io(z,t) + N(z,0(z,t),1)

9]
ot
where u’ = u'(t) is a time-dependent vector field on M which is uniformly bounded
on M x [0,T]. Let K be a closed subset of V. One important question is under what
conditions will solutions of the PDE which start in K remain in K. To answer this
question, Hamilton [59] imposed the following two conditions on K:
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(H1) K is invariant under parallel translation defined by the connection V; for
each t € [0,T7;

(H2) in each fiber V., the set K, 2 V. N K is closed and convex.
Then one can judge the behavior of the PDE by comparing to that of the following
ODE
dog

(ODE) 7 = NV(z,0a,1)

for o, = 0,(t) in each fiber V.

THEOREM 2.3.1 (Hamilton’s advanced maximum principle [59]). Let K be a
closed subset of V' satisfying the hypothesis (H1) and (H2). Suppose that for any
x € M and any initial time to € [0,T), any solution o,(t) of the (ODE) which starts
in K, at to will remain in K, for all later times. Then for any initial time to € [0,T)
the solution o(x,t) of the (PDE) will remain in K for all later times provided o(x,t)
starts in K at time to and o(x,t) is uniformly bounded with respect to the bundle
metric hqp on M X [to, T].

We remark that Lemma 2.1.3 is a special case of the above theorem where V' is
given by a symmetric tensor product of a vector bundle and K corresponds to the
convex set consisting of all nonnegative symmetric bilinear forms. We also remark
that Hamilton [59] established the above theorem for a general evolving metric g;;(z, t)
which does not necessarily satisfy the Ricci flow.

Before proving Theorem 2.3.1, we need to establish three lemmas. Let ¢ : [a,b] —
R be a Lipschitz function. We consider ‘fl—f(t) at t € [a,b) in the sense of limsup of
the forward difference quotients, i.e.,

LEMMA 2.3.2. Suppose ¢ : [a,b] — R is Lipschitz continuous and suppose for
some constant C' < +00,

4
a”
and v(a) <0.

(t) < Cp(t), whenever ¢(t) >0 on [a,b),

Then ¢(t) <0 on [a,b].

Proof. By replacing ¢ by e~“*p, we may assume

4
dt”
and p(a) <0.

(t) <0, whenever ¢(t) >0 on [a,b),

For arbitrary € > 0, we shall show ¢(t) < g(t — a) on [a,b]. Clearly we may assume
v(a) = 0. Since

h) —
Jimsup 2OFR =@l
h—0+ h

there must be some interval a < ¢ < ¢ on which ¢(t) < e(t — a).
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Let a <t < ¢ be the largest interval with ¢ < b such that ¢(t) < e(t —a) on [a, ¢).
Then by continuity ¢(t) < e(t — a) on the closed interval [a, c]. We claim that ¢ = b.
Suppose not, then we can find § > 0 such that ¢(t) < e(t — a) on [a, ¢ + J] since

i sup £E 1) = (0

<0.
h—0+ h

This contradicts the choice of the largest interval [a, ¢). Therefore, since € > 0 can be
arbitrary small, we have proved ¢(t) <0 on [a,b]. O

The second lemma below is a general principle on the derivative of a sup-function
which will bridge solutions between ODEs and PDEs. Let X be a complete smooth
manifold and Y be a compact subset of X. Let #(x,t) be a smooth function on
X X [a,b] and let p(t) = sup{®(y,t) | y € Y}. Then it is clear that ¢(¢) is Lipschitz
continuous. We have the following useful estimate on its derivative.

LEMMA 2.3.3.

0
ol <sup {S0) [y €Y sansies w(ut) = (0 |

Proof. Choose a sequence of times {t;} decreasing to ¢ for which

L lty) —elt) _ dglt)
ti—t  t;—t dt

Since Y is compact, we can choose y; € Y with ¢(¢;) = ¥(y;,¢;). By passing to
a subsequence, we can assume y; — y for some y € Y. By continuity, we have
o(t) = ¥(y,t). It follows that ¥(y;,t) < ¥(y,t), and then

o(t;) — o) < P(y;,t;) — Y(yj,t)

0 -
=50 ti) - (t = 1)
for some t; € [t, t;] by the mean value theorem. Thus we have

L #lt) —et) 9

t—t tj ¢ = Ew(yvt)

This proves the result. O

We remark that the above two lemmas are somewhat standard facts in the theory
of PDEs and we have implicitly used them in the previous sections when we apply
the maximum principle. The third lemma gives a characterization of when a system
of ODEs preserve closed convex sets in Euclidean space. Let Z C R™ be a closed
convex subset. We define the tangent cone T,,Z to the closed convex set Z at a
point ¢ € JZ as the smallest closed convex cone with vertex at ¢ which contains Z.

LEMMA 2.3.4. Let U C R"™ be an open set and Z C U be a closed convez subset.
Consider the ODE

(2.3.1) ‘;—‘f = N(p,1)

where N : U x [0,T] — R"™ is continuous and Lipschitz in @. Then the following two
statements are equivalent.
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(i) For any initial time to € [0,T], any solution of the ODE (2.3.1) which starts
in Z at ty will remain in Z for all later times;

(it) ¢ + N(p,t) € T,Z for all p € 0Z and t € [0,T).

Proof. We say that a linear function ! on R™ is a support function for Z
at ¢ € 0Z and write [ € S,Z if ||| = 1 and I(¢) > I(n) for all n € Z. Then
o+ N(p,t) € T,Z if and only if {((N(p,t)) < 0foralll € S,Z. Suppose [(N(p,t)) >0
for some ¢ € 07 and some [ € S,Z. Then

%l((p) =1 <di> =1(N(p1)) > 0,

so () is strictly increasing and the solution ¢(t) of the ODE (2.3.1) cannot remain
in Z.

To see the converse, first note that we may assume Z is compact. This is because
we can modify the vector field N (¢, ) by multiplying a cutoff function which is every-
where nonnegative, equals one on a large ball and equals zero on the complement of
a larger ball. The paths of solutions of the ODE are unchanged inside the first large
ball, so we can intersect Z with the second ball to make Z convex and compact. If
there were a counterexample before the modification there would still be one after as
we chose the first ball large enough.

Let s(p) be the distance from ¢ to Z in R™. Clearly s(¢) =0 if ¢ € Z. Then

s(p) =sup{l(p—n) | n€0Z and € 5,2}

The sup is taken over a compact subset of R™ x R™. Hence by Lemma 2.3.3

aS(sﬁ) <sup{l(N(p,t)) | n€0Z,l € SyZ and s(p) =1(¢ —n)}.

It is clear that the sup on the RHS of the above inequality can be takeen only when
7 is the unique closest point in Z to ¢ and [ is the linear function of length one with

gradient in the direction of ¢ — n. Since N(p,t) is Lipschitz in ¢ and continuous in
t, we have

IN(o,t) = N(n,t)| < Cle — 1

for some constant C' and all ¢ and 7 in the compact set Z.
By hypothesis (ii),

U(N(n,t)) <0,

and for the unique 7, the closest point in Z to ¢,

lp —nl = s(p).
Thus
d { LN (1) + [l(N (e, 1) = UN(, )| | nedz, }
— () < sup
dt le S,Z, and s(¢)=Il(p—n)
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Since s(¢) = 0 to start at tg, it follows from Lemma 2.3.2 that s(¢) = 0 for ¢ € [to, T.
This proves the lemma. O

We are now ready to prove Theorem 2.3.1.

Proof of Theorem 2.3.1. Since the solution o(z,t) of the (PDE) is uniformly
bounded with respect to the bundle metric hqp, on M X [tg, T| by hypothesis, we may
assume that K is contained in a tubular neighborhood V' (r) of the zero section in V/
whose intersection with each fiber V,, is a ball of radius r around the origin measured
by the bundle metric hyp, for some large r > 0.

Recall that g;;(-,t),t € [0,T1], is a smooth solution to the Ricci flow with uniformly
bounded curvature on M x [0,T]. From Lemma 2.1.1, we have a smooth function f
such that f > 1 everywhere, f(x) — 400 as dy(z,29) — +oo for some fixed point
xo9 € M, and the first and second covariant derivatives with respect to the metrics
gij (-, t) are uniformly bounded on M X [0,T]. Using the metric hq, in each fiber V;
and writing |¢ — 7| for the distance between ¢ € V, and n € V., we set

s(t) = sg]%{infﬂa(:z:, t)—nl|ne K, 2 KNV} —ee f(a)}

where € is an arbitrarily small positive number and A is a positive constant to be
determined. We rewrite the function s(t) as

s(t) = sup{l(o(z,t) —n) — e f(z) | x € M,n € OK, and | € S, K, }.

By the construction of the function f, we see that the sup is taken in a compact subset
of M x V x V* for all t. Then by Lemma 2.3.3,

(2.3.2) d‘il(tt) < sup {%Z(U(% t)—n)— 6Ae"”f(ﬂﬂ)}

where the sup is over all z € M,n € 0K, and | € S, K, such that
Uo(z,t) —n) — ee™ f(x) = s(t);

in particular we have |o(x,t) — n| = l(o(z,t) —n), where 7 is the unique closest point
in K, to o(z,t), and [ is the linear function of length one on the fiber V,, with gradient
in the direction of n to o(z,t). We compute at these (x,n,1),

%l(a(x, t)—n) — eAeAtf(x)

_ (W) ~ eAe f(2)

= (Ao (x, 1) + 1l (x,1)(Vi)io(x, 1) + I(N (2, 0(x,1),1)) — eAe f(x).

(2.3.3)

By the assumption and Lemma 2.3.4 we have n+ N (z,n,t) € T,,K,. Hence, for those
(x,n,1), I(N(x,n,t)) <0 and then

(2.3.4) I(N(z,0(z,t),t))
< N(%??a t)) + |N(:C7 U(:Cvt)a t) - N(:Cvna t)|
<

i
Clo(x,t) —nl = C(s(t) + e f(2))
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for some positive constant C' by the assumption that N (z, o, t) is Lipschitz in o and the
fact that the sup is taken on a compact set. Thus the combination of (2.3.2)—(2.3.4)
gives

ds(t)

(235) —

<UAso(x,t) + 1(u'(x, 1) (Ve)io(x, 1) + Cs(t) + e(C — A)e f(x)

for those z € M,n € 9K, and | € S, K, such that I(o(z,t) —n) — eeAt f(z) = s(t).

Next we estimate the first two terms of (2.3.5). As we extend a vector in a bundle
from a point x by parallel translation along geodesics emanating radially out of x, we
will get a smooth section of the bundle in some small neighborhood of x such that all
the symmetrized covariant derivatives at x are zero. Now let us extend n € V, and
[ € V¥ in this manner. Clearly, we continue to have |I|(-) = 1. Since K is invariant
under parallel translations, we continue to have n(-) € 0K and [(-) as a support
function for K at n(-). Therefore

Uo(t) = n() —ee™ f() < s(t)

in the neighborhood. It follows that the function I(o(-,t) —n(-)) — ee* f(-) has a local
maximum at x, so at x

(Vo)i(l(o(x,t) —n) — e f(x)) =
and A:(l(o(z,t) —n) — eeAtf(x))

)

0
0

IN

Hence at x

U(Ve)io(z, 1)) — ee™(Ve)if (x) = 0,
and (Ao (x,t)) — ee™ Ay f(z) < 0.

Therefore by combining with (2.3.5), we have

%S(t) < Os(t) + e(Acf(2) + ' (Vo)if (@) + (C = A) f(2))e™!
< Cs(t)

for A > 0 large enough, since f(z) > 1 and the first and second covariant derivatives
of f are uniformly bounded on M x [0,T]. So by applying Lemma 2.3.2 and the
arbitrariness of €, we have completed the proof of Theorem 2.3.1. O

Finally, we would like to state a useful generalization of Theorem 2.3.1 by Chow
and Lu in [40] which allows the set K to depend on time. One can consult the paper
[40] for the proof.

THEOREM 2.3.5 (Chow and Lu [40]). Let K(t) C V, t € [0,T] be closed subsets
which satisfy the following hypotheses
(H3) K(t) is invariant under parallel translation defined by the connection Vy for
each t € [0,T];

(H4) in each fiber V, the set K(t)
for each t € [0,T];

(H5) the space-time track |J (0K (t) x {t}) is a closed subset of V x [0,T].
te[0,T)

2 K(t) NV, is nonempty, closed and convex
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Suppose that, for any x € M and any initial time to € [0,T), and for any solution
ox(t) of the (ODE) which starts in Ky(to), the solution o, (t) will remain in K;(t)
for all later times. Then for any initial time to € [0,T) the solution o(z,t) of the
(PDE) will remain in K(t) for all later times if o(x,t) starts in K(tog) at time to
and the solution o(x,t) is uniformly bounded with respect to the bundle metric hqp on
M x [to,T].

2.4. Hamilton-Ivey Curvature Pinching Estimate. The Hamilton-Ivey
curvature pinching estimate roughly says that if a solution to the Ricci flow on a
three-manifold becomes singular (i.e., the curvature goes to infinity) as time t ap-
proaches the maximal time 7', then the most negative sectional curvature will be
small compared to the most positive sectional curvature. This pinching estimate
plays a crucial role in analyzing the formation of singularities in the Ricci flow on
three-manifolds.

Consider a complete solution to the Ricci flow

0
Egij
on a complete three-manifold with bounded curvature in space for each time ¢ > 0.

Recall from Section 1.3 that the evolution equation of the curvature operator Mg is
given by

= —2Rij

d
(2.4.1) 57 Mas = AMog + M2, + M7,

where M iﬁ is the operator square

Miﬁ = Moy Mgy
and Mfﬁ is the Lie algebra so(n) square
0
M7, = CICH My M.

In dimension n = 3, we know that Mfﬁ is the adjoint matrix of M,g. If we diagonalize
M with eigenvalues A > ;1 > v so that

A
(Ma ) = 2 ’
v
then M O%ﬁ and M fﬁ are also diagonal, with
A2 7%
(M25) = 12 and (M7;) = Av
v? AL

Thus the ODE corresponding to PDE (2.4.1) for M, (in the space of 3 x 3
matrices) is given by the following system

IN=X + v,
(2.4.2) Ly =42 + v,

%V =12+ A\
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Let P be the principal bundle of the manifold and form the associated bundle
V = P xg E, where G = O(3) and F is the vector space of symmetric bilinear forms
on so(3). The curvature operator Mg is a smooth section of V.= P x¢ E. According
to Theorem 2.3.1, any closed convex set of curvature operator matrices M,g which
is O(3)-invariant (and hence invariant under parallel translation) and preserved by
ODE (2.4.2) is also preserved by the Ricci flow.

We are now ready to state and prove the Hamilton-Ivey pinching estimate .

THEOREM 2.4.1 (Hamilton [63], Ivey [73]). Suppose we have a solution to the
Ricci flow on a three-manifold which is complete with bounded curvature for each
t > 0. Assume at t = 0 the eigenvalues A > p > v of the curvature operator at each
point are bounded below by v > —1. The scalar curvature R = A+ p+ v is their sum.
Then at all points and all times t > 0 we have the pinching estimate

R > (—v)[log(—-v) — 3],
whenever v < 0.

Proof. Consider the function

y=f(z) =z(logz - 3)

defined on e? < x < +o0. It is easy to check that f is increasing and convex with
range —e? < y < +o00. Let f~1(y) = z be the inverse function, which is also increasing
but concave and satisfies

(2.4.3) im LW g

Yy—00 y

Consider also the set K of matrices M,g defined by the inequalities

A+N+VZ _37
(2.4.4) K:
v+t A+ p+v) >0.

By Theorem 2.3.1 and the assumptions in Theorem 2.4.1 at t = 0, we only need
to check that the set K defined above is closed, convex and preserved by the ODE
(2.4.2).

Clearly K is closed because f~! is continuous. A+ u+ v is just the trace function
of 3 x 3 matrices which is a linear function. Hence the first inequality in (2.4.4) defines
a linear half-space, which is convex. The function v is the least eigenvalue function,
which is concave. Also note that f~! is concave. Thus the second inequality in (2.4.4)
defines a convex set as well. Therefore we proved K is closed and convex.

Under the ODE (2.4.2)

d
E(/\+u+u):>\2+;ﬁ+u2+/\u+)\u+;u/

1
=5+ + A+ 0)” + (1 +0)7]

> 0.

Thus the first inequality in (2.4.4) is preserved by the ODE.
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The second inequality in (2.4.4) can be written as
A+ pu+v> f(—v), whenever v < —e?,
which becomes
(2.4.5) A+ p > (—v)[log(—v) — 2], whenever v < —e?.

To show the inequality is preserved we only need to look at points on the boundary of
theset. If v+ f'(A+p+v) =0then v = —f "L (A+pu+v) < —e? since f~1(y) > €2.
Hence the RHS of (2.4.5) is nonnegative. We thus have A > 0 because A > u. But u
may have either sign. We split our consideration into two cases:

Case (i): p > 0.
We need to verify

dx  du d(—v)

TR N ) —
g o 2 el = )=

when A 4+ u = (—v)[log(—v) — 2]. Solving for

log(—v) — 2=

and substituting above, we must show

A+ 2
L 1) (= — )

/\2+uu+u2+/\yz<

which is equivalent to
N+ 1) (=) + AN+ p+ (=v) + (—v)° > 0.
Since A, 4 and (—v) are all nonnegative we are done in the first case.
Case (ii): p < 0.
We need to verify

ar _ d(=p)
at —  dt

d(—v)
dt

+ (log(-v) — 1)
when A = (—p) + (—v)[log(—v) — 2]. Solving for
log(—v) —2 =
and substituting above, we need to show
2 2 A
A4 pur > —p —/\V—|-<

or

A—(=p)
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which reduces to
N (=v) + M=p)? + (=p)* (=) + (=)* = X2 (=p) + M=) (=)
or equivalently

(A = A=) + (=) ((=v) = (=) + (=) + (=v)* > 0.

Since A2 — \N(—p) + (=p)?> >0 and (—v) — (—p) > 0 we are also done in the second
case.
Therefore the proof is completed. O

2.5. Li-Yau-Hamilton Estimates. In [82], Li-Yau developed a fundamental
gradient estimate, now called Li-Yau estimate, for positive solutions to the heat equa-
tion on a complete Riemannian manifold with nonnegative Ricci curvature. They
used it to derive the Harnack inequality for such solutions by path integration. Then
based on the suggestion of Yau, Hamilton [60] developed a similar estimate for the
scalar curvature of solutions to the Ricci flow on a Riemann surface with positive
curvature, and later obtained a matrix version of the Li-Yau estimate for solutions to
the Ricci flow with positive curvature operator in all dimensions. This matrix version
of the Li-Yau estimate is the Li-Yau-Hamilton estimate, which we will present
in this section. The Li-Yau-Hamilton estimate plays a central role in the analysis
of formation of singularities and the application of the Ricci flow to three-manifold
topology.

We have seen that in the Ricci flow the curvature tensor satisfies a nonlinear
heat equation, and the nonnegativity of the curvature operator is preserved by the
Ricci flow. Roughly speaking the Li-Yau-Hamilton estimate says the nonnegativity
of a certain combination of the derivatives of the curvature up to second order is also
preserved by the Ricci flow.

Let us begin by describing the Li-Yau estimate for positive solutions to the heat
equation on a complete Riemannian manifold with nonnegative Ricci curvature.

THEOREM 2.5.1 (Li-Yau [82]). Let (M, g;;) be an n-dimensional complete Rie-
mannian manifold with nonnegative Ricci curvature. Let u(x,t) be any positive solu-
tion to the heat equation

0
6—1;=Au on M x [0, 00).
Then we have
ou |Vul> n

0. - = —u > .
(2.5.1) 5 " +2tu_0 on M x (0,00)

We remark that one can in fact prove the following quadratic version that for any
vector field V? on M,

Ju
ot
If we take the optimal vector field V' = —Vu/u, we recover the inequality (2.5.1).

Now we consider the Ricci flow on a Riemann surface. Since in dimension two
the Ricci curvature is given by

(2.5.2) V-V +ulV? + ;u > 0.

t

1
R = 539@‘,
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the Ricci flow (1.1.5) becomes

99i
2.5.3 ! = —Rgij.
Now let g;;(x,t) be a complete solution of the Ricci flow (2.5.3) on a Riemann
surface M and 0 <t < T. Then the scalar curvature R(z,t) evolves by the semilinear

equation

OR 9

5 AR+ R
on M x [0,T). Suppose the scalar curvature of the initial metric is bounded, nonneg-
ative everywhere and positive somewhere. Then it follows from Proposition 2.1.2 that
the scalar curvature R(zx,t) of the evolving metric remains nonnegative. Moreover,
from the standard strong maximum principle (which works in each local coordinate
neighborhood), the scalar curvature is positive everywhere for ¢ > 0. In [60], Hamilton
obtained the following Li-Yau estimate for the scalar curvature R(z,t).

THEOREM 2.5.2 (Hamilton [60]). Let g;;(x,t) be a complete solution of the Ricci
flow on a surface M. Assume the scalar curvature of the initial metric is bounded,
nonnegative everywhere and positive somewhere. Then the scalar curvature R(z,t)
satisfies the Li-Yau estimate

OR |VR)?

(2.5.4) g

R
t

+—-2>0.

Proof. By the above discussion, we know R(x,¢) > 0 for ¢t > 0. If we set
L =logR(x,t) for t>0,

then

d 1
—L==(AR+ R?
ol = pAR+ R

=AL+|VL?+R
and (2.5.4) is equivalent to

oL 1 1
= _|VLP?+>=AL+R+=>0.
5 | |+t + +t_

Following Li-Yau [82] in the linear heat equation case, we consider the quantity

L
(2.5.5) Q= %—t —|VL]* = AL+ R.
Then by a direct computation,
oQ 0
— = —(AL
ot o AL R
oL OR
(6t> T RALT 5

=AQ+2VL-VQ +2|V2L|?> + 2R(AL) + R?
> AQ+2VL-VQ + Q>
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So we get

%(QJr%) ZA<Q+%>+2VL-V(Q+%)+(Q_%) (Q+%>,

Hence by a similar maximum principle argument as in the proof of Lemma 2.1.3, we
obtain

1
Q+7 20

This proves the theorem. O

As an immediate consequence, we obtain the following Harnack inequality for the
scalar curvature R by taking the Li-Yau type path integral as in [82].

COROLLARY 2.5.3 (Hamilton [60]). Let g;;j(x,t) be a complete solution of the
Ricci flow on a surface with bounded and nonnegative scalar curvature. Then for any
points x1,x2 € M, and 0 < t1 < tg, we have

R(z2,t3) > i_le—dn (5517552)2/4(152—h)R(CEl7 t1).
2

Proof. Take the geodesic path v(7), 7 € [t1,t2], from z1 to zo at time ¢; with
constant velocity d¢, (21, x2)/(t2 —t1). Consider the space-time path n(7) = (y(7), 1),
T € [t1,t2]. We compute

R(IQ,tQ) /t2 d
log —————=£ = —L(~v(7),7)dT
® Rt i (v(1),7)

21 (OR dy
= == ) d
/t R <(9T VR dT) T

1

2 (oL 1 2
2 / 5 ~ VLG, — 5 dr.
t1 T 9i5(T)

Then by Theorem 2.5.2 and the fact that the metric is shrinking (since the scalar
curvature is nonnegative), we have
2
) dr
9i5(7)

R(z,t 2001 1
R(l‘l 5 tl) t1 T 4
After exponentiating above, we obtain the desired Harnack inequality. O

dry

dr

To prove a similar inequality as (2.5.4) for the scalar curvature of solutions to the
Ricci flow in higher dimensions is not so simple. First of all, we will need to require
nonnegativity of the curvature operator (which we know is preserved under the Ricci
flow). Secondly, one does not get inequality (2.5.4) directly, but rather indirectly as
the trace of certain matrix estimate. The key ingredient in formulating this matrix
version is to derive some identities from the soliton solutions and prove an elliptic



THE HAMILTON-PERELMAN THEORY OF RICCI FLOW 229

inequality based on these quantities. Hamilton found such a general principle which
was based on the idea of Li-Yau [82] when an identity is checked on the heat kernel
before an inequality was found. To illustrate this point, let us first examine the heat
equation case. Consider the heat kernel

u(z,t) = (dmt) "/ 2e el /4t

for the standard heat equation on R™ which can be considered as an expanding soliton
solution.
Differentiating the function u, we get

(2.5.6) Vju = —u% or Viu+uV; =0,
where
T V.iu
V» = —‘7 = ——‘7 .
J 2t U

Differentiating (2.5.6), we have

To make the expression in (2.5.7) symmetric in 4, j, we multiply V; to (2.5.6) and add
to (2.5.7) and obtain

(2.5.8) ViVju+ ViuV + VuV +uViV + %%— =0.

Taking the trace in (2.5.8) and using the equation du/0t = Au, we arrive at

ou n
— 4+ 2Vu-V+ulVP+ —u=0
8t+ Vu + u|V]| +2tu ,

which shows that the Li-Yau inequality (2.5.1) becomes an equality on our expanding
soliton solution u! Moreover, we even have the matrix identity (2.5.8).

Based on the above observation and using a similar process, Hamilton found a
matrix quantity, which vanishes on expanding gradient Ricci solitons and is nonneg-
ative for any solution to the Ricci flow with nonnegative curvature operator. Now we
describe the process of finding the Li-Yau-Hamilton quadratic for the Ricci flow in
arbitrary dimension.

Consider a homothetically expanding gradient soliton g, we have

1
(259) Rab + Egab = Va‘/b

in the orthonormal frame coordinate chosen as in Section 1.3. Here V, = V,f for
some function f. Differentiating (2.5.9) and commuting give the first order relations
(2.5.10) VaRpe — VoRae = VoV Ve — Vi Vo Ve
= RabeaVa,
and differentiating again, we get
vavl%Rcd - vachbd = va (Rbcdevve)
= vu,‘Rbcdere + Rbcdeva‘/e

1
= Vafibcde‘/e + RaeRbcde + ERbcda-
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We further take the trace of this on a and b to get

ARet = Vo VeRad ~ RucRucae + 5 Rea ~ VaRoeacVe =0,
and then by commuting the derivatives and second Bianchi identity,

ARcq — %VchR + 2RcadeRae — ReeRae + %Rcd + (VeRea — VaRee)Ve = 0.

Let us define

Map = ARgp — %vava + 2RacbiRed — RacRoc + %Rabu

Pape = VaRpe = VyRge.
Then
(2.5.11) Map + PevaVe = 0,
We rewrite (2.5.10) as

Pove = RabedVa
and then
(2.5.12) PeapVe + RacvaVeVa = 0.
Adding (2.5.11) and (2.5.12) we have
Map + (Peab + Peba)Ve + RacbaVeVa =0

and then

MWWy + (Peab + Peba)WaWs Ve + RachaWa VeWpVa = 0.
If we write

Uas = 5 (Va Wy — VW) = V AW,

then the above identity can be rearranged as

(2.5.13) Q 2 MuyWoWs + 2PapUas We + RapealUasUca = 0.

This is the Li-Yau-Hamilton quadratic we look for. Note that the proof of the Li-
Yau-Hamilton estimate below does not depend on the existence of such an expanding
gradient Ricci soliton. It is only used as inspiration.

Now we are ready to state the remarkable Li-Yau-Hamilton estimate for the
Ricci flow.

THEOREM 2.5.4 (Hamilton [61]). Let g;;(x,t) be a complete solution with bounded
curvature to the Ricci flow on a manifold M for t in some time interval (0,T) and
suppose the curvature operator of gi;(x,t) is nonnegative. Then for any one-form W,
and any two-form Uy, we have

MabWaWb + 2Pachach + RabchabUCd > 0
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on M x (0,T).

The proof of this theorem requires some rather intense calculations. Here we only
give a sketch of the proof. For more details, we refer the reader to Hamilton’s original
paper [61].

Sketch of the Proof. Let g;;(x,t) be the complete solution with bounded and
nonnegative curvature operator. Recall that in the orthonormal frame coordinate
system, the curvatures evolve by

%Rabcd = A‘Rabcd + 2(Babcd - Babdc - Badbc + Bacbd)7
%Rab = A~Rab + 2RacbdRcdu
2R = AR+ 2|Ric|?,

where Babcd = Raebecedf-

By a long but straightforward computation from these evolution equations, one
can get

0
(& - A) Pabc = 2Radbepdec + 2Radcepdbe + 2Rbdcepade - 2RdevdRabce

and

0
<_ - A> Mab - 2Racbndd + 2Rcd(vcpdab + chdba)

ot
+ 2PscaPocd — 4PacdPodc + 2RcaRee Radbe — 2—121%17-

Now consider

Q 2 MyyWoWy + 2Poy Ut We + RapcaUatUsa.
At a point where
pow (B-a)mstw (3-a)unn
and
(2515)  VaWy=0, Valie = 5(RaWe — RacW) + (g Ve — guclWi),
we have
(2.5.16) (% - A) Q = 2RacbaMcaWoWy — 2PacaPoacWa Wy

+ 8RadcepdbeUach + 4Raechbedf UabUcd
+ (Pachc + Rabchcd) (PabeWe + Raberef)-
For simplicity we assume the manifold is compact and the curvature operator is

strictly positive. (For the general case we shall mess the formula up a bit to sneak in
the term ee? f, as done in Lemma 2.1.3). Suppose not; then there will be a first time
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when the quantity @ is zero, and a point where this happens, and a choice of U and
W giving the null eigenvectors. We can extend U and W any way we like in space
and time and still have Q >0, up to the critical time. In particular we can make the
first derivatives in space and time to be anything we like, so we can extend first in
space to make (2.5.15) hold at that point. And then, knowing AW, and AU, we
can extend in time to make (2.5.14) hold at that point and that moment. Thus we
have (2.5.16) at the point.
In the RHS of (2.5.16) the quadratic term

(Pachc + Rabchcd)(PabeWe + Raberef)

is clearly nonnegative. By similar argument as in the proof of Lemma 2.1.3, to get a
contradiction we only need to show the remaining part in the RHS of (2.5.16) is also
nonnegative.

A nonnegative quadratic form can always be written as a sum of squares of lin-
ear forms. This is equivalent to diagonalizing a symmetric matrix and writing each
nonnegative eigenvalue as a square. Write

_ 1)
= E kyy k 2 <k< n{r—1) .
Q d (X Wa + Y Uawb)?, <1_k_n—|— 5

This makes

Mgy, = ZXZ;XZ?, Pape = Zya]%Xf
k k

and

Raped = Z Yalzygfi
k

It is then easy to compute

2RacbnddWaWb - 2PacdpbchaWb + 8RadcedeeUabWe
+ 4Raecf Rbedf Uab Ucd

~o (vt ) (S waam
k l

. (z mxs) (z y;dxg) W,
k l

+8 <Z Yfm’i) (Z Yébxé> UatWe
k l

+4 <Z ng/j}) <Z Ybleydff> UapUed
k l

Z(Yalf:XiWa - YachéCWa - 2YachEchUab)2
k,l
0.

v

This says that the remaining part in the RHS of (2.5.16) is also nonnegative. There-
fore we have completed the sketch of the proof. O
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By taking Uy, = %(VaWb — V,W,) and tracing over W,, we immediately get

COROLLARY 2.5.5 (Hamilton [61]). For any one-form Vg, we have

o aV.R V2RV 2 0

In particular by taking V' = 0, we see that the function tR(z,t) is pointwise
nondecreasing in time. By combining this property with the local derivative estimate
of curvature, we have the following elliptic type estimate.

COROLLARY 2.5.6. Suppose we have a solution to the Ricci flow for t > 0 which
is complete with bounded curvature, and has nonnegative curvature operator. Suppose
also that at some time t > 0 we have the scalar curvature R < M for some constant
M in the ball of radius r around some point p. Then for k = 1,2,..., the k' order
derivatives of the curvature at p at the time t satisfy a bound

1 1
|VkRm(p,t)|2 < CpM? (m + & + Mk)
for some constant Cy, depending only on the dimension and k.

Proof. Since tR is nondecreasing in time, we get a bound R < 2M in the given
region for times between ¢/2 and ¢t. The nonnegative curvature hypothesis tells us the
metric is shrinking. So we can apply the local derivative estimate in Theorem 1.4.2
to deduce the result. O

By a similar argument as in Corollary 2.5.3, one readily has the following Harnack
inequality.

COROLLARY 2.5.7. Let g;;(x,t) be a complete solution of the Ricci flow on a
manifold with bounded and nonnegative curvature operator, and let x1,x2 € M, 0 <
t1 < ta. Then the following inequality holds

Rlza,ts) > i_lefdﬂxl,m)?/z(tzfn) - R(z1,t).
2

In the above discussion, we assumed that the solution to the Ricci flow exists on
0 <t < T, and we derived the Li-Yau-Hamilton estimate with terms 1/¢ in it. When
the solution happens to be ancient, i.e., defined on —oo < t < T, Hamilton [61]
found an interesting and simple procedure for getting rid of them. Suppose we have
a solution on a < t < T we can replace t by t — « in the Li-Yau-Hamilton estimate.
If we let & — —oo, then the expression 1/(t — o) — 0 and disappears! In particular
the trace Li-Yau-Hamilton estimate in Corollary 2.5.5 becomes

OR

(2517) E + 2VaR . Va + 2RabVa‘/b Z 0.

By taking V' = 0, we see that %—If > 0. Thus, we have the following

COROLLARY 2.5.8 (Hamilton [61]). Let g;j(x,t) be a complete ancient solution
of the Ricci flow on M x (—oo,T) with bounded and nonnegative curvature operator,
then the scalar curvature R(x,t) is pointwise nondecreasing in time t.
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Corollary 2.5.8 will be very useful later on when we study ancient x-solutions in
Chapter 6, especially combined with Shi’s derivative estimate.

We end this section by stating the Li-Yau-Hamilton estimate for the Kéhler-Ricci
flow, due to the first author [12], under the weaker curvature assumption of nonneg-
ative holomorphic bisectional curvature. Note that the following Li-Yau-Hamilton
estimate in the Kéhler case is really a Li-Yau-Hamilton estimate for the Ricci tensor
of the evolving metric, so not only can we derive an estimate on the scalar curva-
ture, which is the trace of the Ricci curvature, similar to Corollary 2.5.5 but also an
estimate on the determinant of the Ricci curvature as well.

THEOREM 2.5.9 (Cao [12]). Let g,5(z,t) be a complete solution to the Kdihler-
Ricci flow on a complex manifold M with bounded curvature and nonnegtive bisectional
curvature and 0 <t < T. For any point x € M and any vector V' in the holomorphic
tangent space TLOM , let

) ; 51
Qa@ = ERO‘& + R‘WRVB + VVRQBV’Y + VﬁRa@V'y + Ra@,YgV’YV + ;Ra@.

Then we have
QuzWW? >0
forallw e M, V,W € T}OM, and t > 0.

COROLLARY 2.5.10 (Cao [12]). Under the assumptions of Theorem 2.5.9, we
have
(i) the scalar curvature R satisfies the estimate

OR |VRP? R

>
ot R t =0,

and
(ii) assuming R,z > 0, the determinant ¢ = det(R,z3)/det(g,5) of the Ricci
curvature satisfies the estimate

9% Vo no

ot ne t =0

for allx € M and t > 0.

2.6. Perelman’s Estimate for Conjugate Heat Equations. In [103] Perel-
man obtained a Li-Yau type estimate for fundamental solutions of the conjugate heat
equation, which is a backward heat equation, when the metric evolves by the Ricci
flow. In this section we shall describe how to get this estimate along the same line as in
the previous section. More importantly, we shall show how the Li-Yau path integral,
when applied to Perelman’s Li-Yau type estimate, leads to an important space-time
distance function introduced by Perelman [103]. We learned from Hamilton [67] this
idea of looking at Perelman’s Li-Yau estimate.

We saw in the previous section that the Li-Yau quantity and the Li-Yau-Hamilton
quantity vanish on expanding solutions. Note that when we consider a backward heat
equation, shrinking solitons can be viewed as expanding backward in time. So we
start by looking at shrinking gradient Ricci solitons.
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Suppose we have a shrinking gradient Ricci soliton g;; with potential function f
on manifold M and —oo < t < 0 so that, for 7 = —t¢,

1
(2.6.1) Rij + Vjvif — Zgij =0
Then, by taking the trace, we have
n

2.6.2 R+Af——=0.
(262 FAf- o
Also, by similar calculations as in deriving (1.1.15), we get
(2.6.3) R+|Vf? - £ =C

where C' is a constant which we can set to be zero.
Moreover, observe

of
ot
because f evolves in time with the rate of change given by the Lie derivative in the

direction of V f generating the one-parameter family of diffeomorphisms.
Combining (2.6.2) with (2.6.4), we see f satisfies the backward heat equation

(2.6.4) ik

0 n
(265) o - AFHIVIP R
or equivalently

0 n
(2.6.6) 8—£:Af—|Vf|2+R—;.

Recall the Li-Yau-Hamilton quadratic is a certain combination of the second order
space derivative (or first order time derivative), first order space derivatives and zero
orders. Multiplying (2.6.2) by a factor of 2 and subtracting (2.6.3) yields

1
ONf—|Vf2+R+-f-2=0
T T

valid for our potential function f of the shrinking gradient Ricci soliton. The quantity
on the LHS of the above identity is precisely the Li-Yau-Hamilton type quadratic
found by Perelman [103].

Note that a function f satisfies the backward heat equation (2.6.6) if and only if
the function

U = (471'7')7% e

satisfies the so called conjugate heat equation

0
(2.6.7) O u 2 8—2 — Au+ Ru = 0.
LEMMA 2.6.1 (Perelman [103]). Let g;;(z,t), 0 <t < T, be a complete solution
to the Ricci flow on an n-dimensional manifold M and let uw = (4n7)"2e™/ be a
solution to the conjugate equation (2.6.7) with T =T —t. Set
f—n

H:2Af—|Vf|2+R+T
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and

v=THu= (1(R+2Af — |Vf*) + f —n)u.
Then we have

OH 2

—:AH—2Vf~VH—lH—2
or T

1
Rij +ViVif = 5-9ij

and

@ZA’U—R’U—QT’U
or

1
Rij +ViVif = 593

Proof. By direct computations, we have

Iy (onp—vpp+r+ L=
or or T

—9A (gf> —2(2Ryj, fij) — 2 <Vf’v <%>> 2Rie(V£, V)

1
+3 8f_fn
T@T

( —VF2+ R—;)—4<Rij,fij)+2Ric(Vf,Vf)
—2(VEV (B = VP + R = 32)) — AR— 2Ry
+—(A —|Vf|2+R—£T)—f_",

T2

or
2A

—|Vf?+ R+ u)

2V(Af) = 2(VV,if,Vif) + VR + %Vf,

AH

A (2 |Vf|2+R+f—">

AN(ASf) — A(|VFI2) + AR+ ;Af,
and

OVH - Vf =202V(Af) — 2(VVif, Vif) + VR + %Vf, \4)

= 2[(2V(A1), V)~ 2fig, i) + (VR + 2VFP
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Thus we get
0 1
I H—AH+2Vf-VH+-H
or T
= —4(Rij, fij) + 2Ric (Vf, V) = 2|Ri;|> = A(VF?) + 2(V(AS), V)
2 2 n
FIAITIR=5S
n R 1
=-2 {|Rij|2 + 1 fiil® + =2t 2(Rij, fij) — P ;Af}
1 2
=—2|Rij + ViV, [ — 39|
and
0 0
0
= (E - A) (tH) -u—2(V(TH), Vu)
= <<§ - A) (tH) — 2<V(7'H),Vf>) U
-

—T<8—H—AH+2Vf-VH+1H)u
or T
2
= —27u

1
Rij +ViVif = 59

Note that, since f satisfies the equation (2.6.6), we can rewrite H as

_0f
(2.6.8) H =27

T

1
+ VI~ R+ 2.

Then, by Lemma 2.6.1, we have

2

0 B , 5 1
E(TH)—A(TH) 2Vf-V(rH) — 27 |Ric + V*f 5.9

So by the maximum principle, we find max(7H) is nonincreasing as 7 increasing.
When u is chosen to be a fundamental solution to (2.6.7), one can show that
lim, ,o7H < 0 and hence H < 0 on M for all 7 € (0,T] (see, for example, [99]).
Since this fact is not used in later chapters and will be only used in the rest of the sec-
tion to introduce a space-time distance via Li-Yau path integral, we omit the details
of the proof.

Once we have Perelman’s Li-Yau type estimate H < 0, we can apply the Li-Yau
path integral as in [82] to estimate the above solution u (i.e., a heat kernel estimate
for the conjugate heat equation, see also the earlier work of Cheeger-Yau [28]). Let
p,q € M be two points and y(7), T € [0, 7], be a curve joining p and ¢, with v(0) = p



238 H.-D. CAO AND X.-P. ZHU
and y(7) = ¢. Then along the space-time path (y(7),7), 7 € [0, 7], we have
1
f

d%(m/?f(y(f) 7)) —zf( +VfA(r )) +
<VT(= IV, +2V4(7) + VTR
= VIV =3O, )+ VTRA T ()
<VT(RA+ 4(T )q”(T))

where we have used the fact that H < 0 and the expression for H in (2.6.8).
Integrating the above inequality from 7 = 0 to 7 = 7, we obtain

2\/—.][ Q7 / \/— R+ |7( ) gij ( T))d

flg,7) < 2—1% L(7),
where
(2.6.9) L(y) £ /OT VIR A+ 37, ()dr
Denote by
(2.6.10) I(q,7) £ in 2—\1/; L(7),

where the inf is taken over all space curves v(7),0 < 7 < 7, joining p and ¢q. The
space-time distance function I(g,7) obtained by the above Li-Yau path integral ar-
gument is first introduced by Perelman in [103] and is what Perelman calls reduced
distance. Since Perelman pointed out in page 19 of [103] that “an even closer refer-
ence is [82], where they use ‘length’, associated to a linear parabolic equation, which
is pretty much the same as in our case”, it is natural to call I(q,7) the Li-Yau-

Perelman distance. See Chapter 3 for much more detailed discussions.

Finally, we conclude this section by relating the quantity H (or v) and the W-
functional of Perelman defined in (1.5.9). Observe that v happens to be the integrand

of the W-functional,

Wigiy (), fo7) = /M vdV.

Hence, when M is compact,

d 0
—W = — Rv | dV
dTW /M (8TU+ U)
:—27/ ’Ric +V2f—ig
M 2T

<0

2
udV

)

or equivalently,
2

1 n
R + Vivjf — Egij (47T7’)_7€_fdv7

W0, £, 7(0) = [ 27

which is the same as stated in Proposition 1.5.8.
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3. Perelman’s Reduced Volume. In Section 1.5 we introduced the F-
functional and the W-functional of Perelman and proved their monotonicity prop-
erties under the Ricci flow. In the last section of the previous chapter we have defined
the Li-Yau-Perelman distance. The main purpose of this chapter is to use the Li-Yau-
Perelman distance to define the Perelman’s reduced volume, which was introduced by
Perelman in [103], and prove the monotonicity property of the reduced volume under
the Ricci flow. This new monotonicity formula is more useful for local considerations,
especially when we consider the formation of singularities in Chapter 6 and work on
the Ricci flow with surgery in Chapter 7. As first applications we will present two no
local collapsing theorems of Perelman [103] in this chapter. More applications can be
found in Chapter 6 and 7.

3.1. Riemannian Formalism in Potentially Infinite Dimensions. In Sec-
tion 2.6, from an analytic view point, we saw how the Li-Yau path integral of Perel-
man’s estimate for fundamental solutions to the conjugate heat equation leads to the
Li-Yau-Perelman distance. In this section we present, from a geometric view point,
another motivation why one is lead to the consideration of the Li-Yau-Perelman dis-
tance function, as well as a reduced volume concept. Interestingly enough, the Li-
Yau-Hamilton quadratic introduced in Section 2.5 appears again in this geometric
consideration.

We consider the Ricci flow

0
7dii = —2Rij

on a manifold M where we assume that g;;(-,t) are complete and have uniformly
bounded curvatures.
Recall from Section 2.5 that the Li-Yau-Hamilton quadratic introduced in [61] is

Q = M;W;W; + 2P, Ui Wi, + RijiiUsUry
where

1 1
M;; = ARij — §V1‘v‘jR + 2Rk R — R Rji + ERU’
Piji = ViRji — VR,

and Uy; is any two-form and W; is any 1-form. Here and throughout this chapter we
do not always bother to raise indices; repeated indices is short hand for contraction
with respect to the metric.

In [63], Hamilton predicted that the Li-Yau-Hamilton quadratic is some sort of jet
extension of positive curvature operator on some larger space. Such an interpretation
of the Li-Yau-Hamilton quadratic as a curvature operator on the space M x RT was
found by Chow and Chu [38] where a potentially degenerate Riemannian metric on
M x RT was constructed. The degenerate Riemannian metric on M x RT is the limit
of the following two-parameter family of Riemannian metrics

(@) = g(o.0) + (Rle.0) + g )t

as N tends to infinity and § tends to zero, where g(z,t) is the solution of the Ricci
flow on M and t € RT.
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To avoid the degeneracy, Perelman [103] considers the manifold M = M xSN xR+
with the following metric:

9ij = Yij,

gaﬁ = TGdapB

N N

Yoo = — + Ra
2T

gia - gio - gao - 07

where i,j are coordinate indices on M; «, (3 are coordinate indices on SV; and the
coordinate 7 on R™ has index o. Let 7 =T — ¢ for some fixed constant 7. Then g;;
will evolve with 7 by the backward Ricci flow 8%— gij = 2R;j. The metric gog on SV is
a metric with constant sectional curvature ﬁ

We remark that the metric jog on SV is chosen so that the product metric
(Gij» Gap) on M x SN evolves by the Ricci flow, while the component gy, is just the
scalar curvature of (§ij, §ap). Thus the metric § defined on M = M x SN x Rt is
exactly a “regularization” of Chow-Chu’s degenerate metric on M x RT.

PROPOSITION 3.1.1. The components of the curvature tensor of the metric g
coincide (modulo N~—1) with the components of the Li-Yau-Hamilton quadratic.

Proof. By definition, the Christoffel symbols of the metric g are given by the
following list:

.
Pij =T%
I, =0 and I7 =0,
Ik, =0 and I7,=0,
ffo = gklRli and f‘;?] — _gooRij7

. 1,0 . 1., 0
Ik =——¢g" —R and T9 =_-§°-—R
o0 29" 9al an io = 59 Gt
[9;=0,Ik;=0 and I}, =0,

™M 1

I, =T7,,

' 1 o 1~oo
rr, = ;53 and I‘aﬁ = —§g Jas;
I7,=0 and I =0,

o 1~oo N 0
oo = 29 ( 272 + 87’R) '

Fix a point (p,s,7) € M x SV x R and choose normal coordinates around p € M
and normal coordinates around s € SV such that Ffj (p) = 0 and T} 4(s) = 0 for all

1,7,k and «, 3,v. We compute the curvature tensor Rm of the metric g at the point
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as follows:

- ~ P 1
Riji = Riju +TET9 =T T9 = Riju + O <N> )
Rijké = Oa
) _ e = 1, 1
Rijys =0 and Rigs =505, — T, = —39 9p59" Rii = O <N> ;
Riﬁ’yé = Oa
D _ 0 0 rk 1o rk 1o __ 1
Rijko == %Rﬂc — %le + Fiorjo - FjOFio == ijk + O <N> 5
D 1 62 0 Ik rk 1o Pk 177 rk 1o
Rioko = _QW‘R - E(Rllg ) + 1—‘iol—‘oo - I‘OjFio - I‘oo:[‘io
= 1V-VR 8R' + 2R R 1R- RijR;1 + O !
- 2 i Vk or ik ikl k o ik ijiljk N
1
- ik +O(N)a

Rij'yo =0 and ijo = O,

~ ~ o~ 1 ~
Rlﬁ»yo = —TF’Y ' =0 (N) and Rio’y§ = O,

Bo™ io
Rio’yo = Oa
Raﬁ'yo = 0,
~ 1 . 1
RQO’YO = (2_7,252 + Floroo - FZﬁF§o> =0 (N) )

~ 1
Raﬁ'y(s == O (N) .

Thus the components of the curvature tensor of the metric § coincide (modulo
N~1) with the components of the Li-Yau-Hamilton quadratic. O

The following observation due to Perelman [103] gives an important motivation
to define Perelman’s reduced volume.

COROLLARY 3.1.2. All components of the Ricci tensor of g are zero (modulo
N—Y).

Proof. From the list of the components of the curvature tensor of g given above,
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we have
D _ ~klp. . ~aB . ~00 . .
ng =4 Rz;kl +g Rmc]ﬁ + g Rzogo
1 1 1
:Ri'__ af ~oo0 aﬁRi_ ~00 M’L__RZ o=
i T 57997 i+ g < TAswe L <N))
N 1
=Ry — —§°Ri; + O =
Tor it (N)
1
= O —
(%)
D _ ~kip. ~af D ~00 . _
sz =g Rzk'yl +g Rza'yﬁ +g vao - 07
Rio = gkléikol + gaﬁRiaoﬁ + gOORiooo

1

=—g" P+ 0 (N) ;

aff = NklRak:Bl + gvééa'yﬁ6 + gooRaoﬁo
1
= O —
(%)

Rao = gkléakol + gﬁ’YRaBO'y + gooéaooo =0,
Roo - gkléokol + gaﬁéoaoﬁ + gOORoooo

-isofd)) o (8),

1

=

Since g°° is of order N ™", we see that the norm of the Ricci tensor is given by

- 1
|Riclg = O (N) .

This proves the result. O

We now use the Ricci-flatness of the metric g to interpret the Bishop-Gromov rel-
ative volume comparison theorem which will motivate another monotonicity formula
for the Ricci flow. The argument in the following will not be rigorous. However it
gives an intuitive picture of what one may expect. Consider a metric ball in (M, §)
centered at some point (p, s,0) € M. Note that the metric of the sphere SN at 7 =0
degenerates and it shrinks to a point. Then the shortest geodesic v(7) between (p, s, 0)
and an arbitrary point (g, 5,7) € M is always orthogonal to the SV fibre. The length
of v(7) can be computed as

T N ] )
/0 \/(5 * R) + 1T, T

- 1 7 : _3
:\/2N7+ﬁ/0 \/7_’(R+|'y(7’)|§ij)d7'+0(]\] 2),

Thus a shortest geodesic should minimize

L) = / AR+ R,
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Let L(q,7) denote the corresponding minimum. We claim that a metric sphere
Sy (V2N7) in M of radius V2N7 centered at (p, s,0) is O(N~!)-close to the hyper-
surface {7 = 7}. Indeed, if (z,s’,7(x)) lies on the metric sphere S;;(vV2N7), then
the distance between (z, s’,7(z)) and (p, s,0) is

V2N7 = \/2N7(z) + L(z,7(z)) + O (Nf%)

1
V2N
which can be written as

N _%L(I, (@) + O(N"2) = O(NY).

This shows that the metric sphere Sy;(vV2N7) is O(N~1)-close to the hypersurface
{r = 7}. Note that the metric gos on S has constant sectional curvature ﬁ Thus

Vol (8 (V2N7))

~ /M (~/SN dVT(z)gaLa) dV‘]ij (CL‘)

_ /M(T(x))%w(sN)dVM
~ 2N ¥y /M <ﬁ _ %L(m(:p)) + O(NQ))N Vi
~ (2N) > wy /M <ﬁ - %L(x, 7) + o(zvl)) ) AV,

where wy is the volume of the standard N-dimensional sphere. Now the volume of
Euclidean sphere of radius v2N7 in R*TV+1 g

N+4n

Vol (SRn+N+1(V 2N7_')) = (2N7")Twn+N.
Thus we have

Vol (S (V2NT)) ~ const - N~ % - / (7)" %
Vol (Sgrtn+1(V2NT)) M

Since the Ricci curvature of M is zero (modulo N—'), the Bishop-Gromov volume
comparison theorem then suggests that the integral

V(r) 2 /M(zm)*% exp {—#L(z, 7")} V.

which we will call Perelman’s reduced volume, should be nonincreasing in 7. A
rigorous proof of this monotonicity property will be given in the next section. One
should note the analog of reduced volume with the heat kernel and there is a parallel
calculation for the heat kernel of the Shrédinger equation in the paper of Li-Yau [82].

3.2. Comparison Theorems for Perelman’s Reduced Volume. In this
section we will write the Ricci flow in the backward version

0
5.9 = 28
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on a manifold M with 7 = 7(¢) satisfying dr/dt = —1 (in practice we often take
T = tg — t for some fixed time ty). We always assume that either M is compact or
g5 (1) are complete and have uniformly bounded curvature. To each (smooth) space
curve ¥(7), 0 < 71 < 7 < 79, in M, we define its L-length as

£0) = [ VERGELD + R, o

Let X (1) = 4(7), and let Y (7) be any (smooth) vector field along (7). First of
all, we compute the first variation formula for £-length.

LEMMA 3.2.1 (First variation formula).

T2

r(0) = 2RX I + [

T1

1
VT <Y, VR —2VxX — 4Ric (-, X) — —X> dr

T

where (-,-) denotes the inner product with respect to the metric g;;(7).

Proof. By direct computations,

() = [ VRUVR,Y) + 20X, Vy X))dr

T1
T2

= [ VT((VR,Y)+2(X,VxY))dr

T1

= /Tz VT ((VR, Y) + 2%0{, Y) —2(VxX,Y) — 4Ric (X, Y)) dr

1

= 2/7(X,Y) | +/ \/?<Y, VR —2VxX — 4Ric (-, X) — lX> dr.
T

1
d

A smooth curve vy(7) in M is called an L-geodesic if it satisfies the following
L-geodesic equation

1 1
(3.2.1) VxX — 5VR+ X + 2Ric (X, ) = 0.
T

Given any two points p,q € M and 7 > 73 > 0, there always exists an L-shortest
curve (or shortest L-geodesic) v(7): [r1,72] — M connecting p to ¢ which satisfies
the above L-geodesic equation. Multiplying the L-geodesic equation (3.2.1) by /7,
we get

\/;

Vx(V7X) = *-VR—2V/7Ric(X,) on [n, ]

or equivalently

d
—(VTX) = ng — 2Ric (V7X,)) on [r1,7].
-
Thus if a continuous curve, defined on [0, 73], satisfies the £-geodesic equation on
every subinterval 0 < 7 < 7 < 79, then /11 X (1) has a limit as 7y — 0. This

allows us to extend the definition of the L-length to include the case ; = 0 for
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all those (continuous) curves v : [0,72] — M which are smooth on (0, 72] and have
limits lim+ VT(7). Clearly, there still exists an £-shortest curve (1) : [0,72] — M
7—0

connecting arbitrary two points p,q € M and satisfying the L-geodesic equation
(3.2.1) on (0, 72]. Moreover, for any vector v € T, M, we can find an £-geodesic v(7)
starting at p with lil%l+ VT(T) = 0.

From now on,Twe fix a point p € M and set 71 = 0. The L-distance function
on the space-time M x R¥ is denoted by L(gq, 7) and defined to be the L-length of the
L-shortest curve v(7) connecting p and ¢ with 0 < 7 < 7.

Consider a shortest £-geodesic v : [0, 7] — M connecting p to ¢. In the computa-
tions below we pretend that L-shortest geodesics between p and ¢ are unique for all
pairs (g, 7T); if this is not the case, the inequalities that we obtain are still valid, by
a standard barrier argument, when understood in the sense of distributions (see, for
example, [112]).

The first variation formula in Lemma 3.2.1 implies that

VyL(g,7) = (2VFX(), Y (7))

Thus
VL(q,7) = 2V7X(7),
and
(3.2.2) IVL|? = 47| X |> = —47R+ 47(R + | X |*).

We also compute

(3.23) Ly(3(7),7) = = L(2(7), Dle=r — (YL, X)
= VA(R+|X?) - 2v7|X|?
=2V7R - V7(R +|X|?).

To evaluate R + | X|?, we compute by using (3.2.1),
d 2
d_T (R(/Y(T)v T) + |X(T)|q”(‘r))
— R, + (VR, X) +2(Vx X, X) + 2Ric (X, X)

=R, + Try 2(VR, X) — 2Ric (X, X) — l(R+ 1X1%)
T T
1
=-Q(X) - ;(R+|Xl2),

where

Q(X) = —R, — g — 2(VR, X) + 2Ric (X, X)

is the trace Li-Yau-Hamilton quadratic in Corollary 2.5.5. Hence

(A (R 4 [XP))lrr = LVAR +1X) - 7HQ(X)

1d _3
§£L(~y(7'),7')|7:f - 72Q(X).



246 H.-D. CAO AND X.-P. ZHU

Therefore,

(3.2.4) FE(R+|X|?) = %L(q, 7) - K,
where

(3.2.5) K = ’ 2 Q(X)dr.

0

Combining (3.2.2) with (3.2.3), we obtain

2 4
3.2.6 VLP? = -47R+ =L — —=K
(3.2.6) VL = —47R+ 2=l = —
and
_ 1 1
(3.2.7) L =2V7R— —L+ -K.
27 T

Next we compute the second variation of an £-geodesic.

LEMMA 3.2.2 (Second variation formula). For any L-geodesic v, we have

3(0) = 2wy 0l + | " IRIVAY 4 2RV, X)Y, X)

+ Vy Vy R+ 2VxRic (Y, Y) — 4VyRic (Y, X)]dr.
Proof. We compute
S (L)=Y (/OT VT(Y(R) + 2<VyX,X))dT>
= /OT VTY(Y(R)) +2(VyVy X, X) 4+ 2|Vy X [*)dr

-/ "RV (Y(R)) + 2Ty VY, X) 4+ 2|V Y 2)dr
0

and

2(VyVxY, X)
= 2(VxVyY, X) + 2(R(Y, X)Y, X)
d
= 22 (Vy Y, X) — 4Ric (Vy Y, X) = 2(Vy Y, Vx X)
T
d

- (2 <d—TVyY, X> —2(VxVyY, X>) +2(R(Y, X)Y, X)

d
=2—(VyY, X) — 4Ric (VyY, X) — 2(VyY, Vx X)

-
.y 0
-9 <YZYJ (gkl(viR[j + VR — ViRij))

@,X> +2(R(Y, X)Y, X)

= 2di<vyy, X) — 4Ric (VyY, X) — 2(VyY, Vx X) — 4VyRic (X,Y)
T
+2VxRic(Y,Y) + 2(R(Y, X)Y, X),
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where we have used the computation

)
Erg = g"(ViRy; + VR — ViR;;).

Thus by using the £-geodesic equation (3.2.1), we get

63 (L) = /OT \/?[Y(Y(R)) + 2dilT<va, X) — 4Ric (VyY, X)

—2(VyY,VxX) — 4VyRic (X,Y) 4+ 2VxRic (Y,Y)
+2(R(Y, X)Y, X) + 2|VXY|2]dT
= [ v rix + v ar
0 dr VT
+ / 7 VT[Y(Y(R)) — (VyY,VR) — 4VyRic (X,Y)
+ ZOVXRic (Y,Y) +2(R(Y, X)Y, X) + 2|VxY|*|dr
— 2TV Y X[} +/ VIRIVAY 2 + 2(R(Y, X)Y, X)
+VyVyR— 4VyRioc (X,Y) + 2VxRic (Y, Y)]dr.
a

We now use the above second variation formula to estimate the Hessian of the
L-distance function.

Let () : [0,7] — M be an L-shortest curve connecting p and ¢ so that the
L-distance function L = L(q,T) is given by the L-length of v. We fix a vector Y at
7 = 7 with [Y],, (7 = 1, and extend Y along the L-shortest geodesic v on [0, 7] by
solving the following ODE

1
Y.

(328) VXY = —Ric (Y, ) + Z

This is similar to the usual parallel translation and multiplication with proportional
parameter. Indeed, suppose {Y1,...,Y,} is an orthonormal basis at 7 = 7 (with
respect to the metric g;;(7)) and extend this basis along the £-shortest geodesic v by
solving the above ODE (3.2.8). Then

d
o7 Y5 Y5) = 2Ric (Y, V) + (Vx V3, Y) + (Vi VxYj)

1
= - Y;7Y
(YY)
for all 7, j. Hence,
-
(3.2.9) (Y(7), Y;(7)) = 20

and {Y1(7),...,Y,(7)} remains orthogonal on [0, 7] with Y;(0) =0, i =1,...,n.

PROPOSITION 3.2.3. Given any unit vector Y at any point ¢ € M with T = T,
consider an L-shortest geodesic v connecting p to q and extend Y along v by solving
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the ODE (3.2.8). Then the Hessian of the L-distance function L on M with 7 = T
satisfies

1

Hess (VYY) < — —
L )_ﬁ

2v/7Ric (Y, Y) — /OT VTQ(X,Y)dr

in the sense of distributions, where

Q(X,Y) = —VyVyR — 2(R(Y,X)Y, X) — 4V xRic (Y, Y) + 4VyRic (Y, X)

1
— 2Ric . (Y,Y) + 2|Ric (Y, -)]* — =Ric (Y, Y)
T

is the Li- Yau-Hamilton quadratic. Moreover the equality holds if and only if the vector
field Y (1), € [0,7], is an L-Jacobian field (i.e., Y is the derivative of a variation
of v by L-geodesics).

Proof. As said before, we pretend that the shortest £-geodesics between p and
q are unique so that L(g,7) is smooth. Otherwise, the inequality is still valid, by a
standard barrier argument, when understood in the sense of distributions (see, for
example, [112]).

Recall that VL(q,7) = 2¢/7X. Then (VyY, VL) = 2y/7(VyY, X). We compute
by using Lemma 3.2.2, (3.2.8) and (3.2.9),

Hessp(Y,Y) = Y(Y(L))(7) = (VyY,VL)(7)
< 0% (L) — 2VF(VyY, X)(7)
_ / JTRIVXY P 4 2(R(Y, X)Y, X) + Vy Vy R
0
+ 2V Ric (Y,Y) — 4VyRic (Y, X)]dr

T 1 2
:/ \/?M—Ric(Y,-)Jr?Y 4 2(R(Y, X)Y, X) + VyVyR
0 T

+ 2VxRic (Y,Y) — 4VyRic (Y, X)] dr
T , 5 2. 1
= VT 2|Ric (Y, )]* — —Ric (Y, Y) + — + 2(R(Y, X)Y, X)
0 T 27T

+ VyVy R+ 2VxRic(Y,Y) — 4VyRic (Y, X)] dr.
Since

d
—Ric(Y,Y) = Ric,(Y,Y) + VxRic (Y, Y) + 2Ric (VxY,Y)
—

1
= Ric,.(Y,Y) + VxRic(Y,Y) — 2[Ric (Y, -)|> + =Ric (Y, Y),
T
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we have

Hess (Y,Y)

< / \/F[2|Ric (Y, ) - 2 Ric (YY) + % +2(R(Y, X)Y, X)
0 T TT

d
+ VyVyR — 4(VyRic)(X,Y) — (2d—Ric (Y,Y) — 2Ric,(Y,Y)
T

2
+ 4[Ric (Y, -)|* — ZRic (Y, Y)> + 4V xRic (Y, Y)] dr
T

T d 1 1 T 1
= — 2v/T—Ric (Y,Y —Ric(Y,Y)|d — —d
/0 {\/;dq- ic (Y, )—|—\/7__ ic (Y, )] T+2T/O \/7__7'

T 1
+/ \E{2<R(Y,X)Y,X> +VyVyR+ ~Ric(Y,Y)
0 T

+4(VxRic (Y,Y) — VyRic (X, Y)) + 2Ric (Y, Y) — 2[Ric (Y, -)|2} dr

1 . T
=7 2v/7Ric (Y,Y) — /0 VTQ(X,Y)dr.

This proves the inequality.
As usual, the quadratic form

IV.V) = [ VFRIVSVE + 2RV XV.X) + Ty TR
0

+2VxRic (V, V) — 4V Ric (V, X)]dr,

for any vector field V' along ~y, is called the index form. Since 7 is shortest, the
standard Dirichlet principle for I(V, V') implies that the equality holds if and only if
the vector field Y is the derivative of a variation of v by L-geodesics. O

COROLLARY 3.2.4. We have

n 1
AL< — —2/7TR - =K
<z VTR -

T

in the sense of distribution. Moreover, the equality holds if and only if we are on a
gradient shrinking soliton with

1 1
Rij + —=V,;V,;L = —yi,.
VA
Proof. Choose an orthonormal basis {Y1,...,Y,} at 7 = 7 and extend them along

the shortest L£-geodesic v to get vector fields Y;(7), i = 1,...,n, by solving the ODE
(3.2.8), with (Y;(7),Y;(7)) = Zd;; on [0,7]. Taking Y =Y; in Proposition 3.2.3 and
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summing over i, we get

(3.2.10) AL < 7 2V/7R — ;/O VTQ(X,Y;)dr
= =" 2ﬁR—/O N (;) Q(X)dr
= \% —2V7R - %K

Moreover, by Proposition 3.2.3, the equality in (3.2.10) holds everywhere if and only
if for each (¢,7) and any shortest £-geodesic v on [0, 7] connecting p and ¢, and for
any unit vector Y at 7 = 7, the extended vector field Y (7) along v by the ODE (3.2.8)
must be an £-Jacobian field. When Y;(7), i = 1,...,n are £-Jacobian fields along 7,
we have

77 (Ya(7), Y5(7))
= 2Ric (Y3, Y;) + (Vx Y3, ;) + (Yi, VxY;)

= 2Ric (Y}, Y;) + <vyi (#VL) ,Yj> + <Yi,vyj (Q\LEVL»

d
-

1
= 2Ric (Y;,Y;) + —=Hess.(Y;,Y;)
N <
and then by (3.2.9),
. 1 1 _
2Ric (Y;,Y;) + ﬁHeSSL(}/j,}/j) = ;5”-, at T=T.

Therefore the equality in (3.2.10) holds everywhere if and only if we are on a gradient
shrinking soliton with

1
Rij + ViViL = 5=9ij.

1
2V7
In summary, from (3.2.6), (3.2.7) and Corollary 3.2.4, we have

VL] = —47R+ 2L - K,

4
VT
AL < —2\7R+ —\% — —1; ,

in the sense of distributions.
Now the Li-Yau-Perelman distance | = [(g,7) is defined by

I(q,7) = L(q,7)/2V7.

We thus have the following
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LEMMA 3.2.5. For the Li- Yau-Perelman distance 1(q,T) defined above, we have

ol l 1
3.2.11 —=-——+R K
( ) or 7T oEE
l 1
2 e — N —
(3.2.12) Vi[> = —-R+ =~ =pk
n 1
3.2.13 Al<-R+————K
( ) =TT TaEnt

in the sense of distributions. Moreover, the equality in (3.2.13) holds if and only if
we are on a gradient shrinking soliton.

As the first consequence, we derive the following upper bound on the minimum
of I(-, 7) for every 7 which will be useful in proving the no local collapsing theorem in
the next section.

COROLLARY 3.2.6. Let g;;(7), 7 > 0, be a family of metrics evolving by the Ricci
flow %gij = 2R;; on a compact n-dimensional manifold M. Fir a point p in M and
let 1(q,7) be the Li-Yau-Perelman distance from (p,0). Then for all T,

min{l(q,7) | g€ M} <

SIE

Proof. Let

L(g,7) = 47l(q, 7).
Then, it follows from (3.2.11) and (3.2.13) that

oL 2K
= —AfR+ =
or TR
and
2K

Hence
(9_L + AL < 2n.
or

Thus, by a standard maximum principle argument, min{L(q,7) — 2n7| ¢ € M} is
nonincreasing and therefore min{L(q,7)| ¢ € M} < 2n7. O

As another consequence of Lemma 3.2.5, we obtain

ol n
— — Al II?—R+— >0.
or —|—|V| +27"_

or equivalently

<% —-A+ R) ((477) ™2 exp(—1)) < 0.
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If M is compact, we define Perelman’s reduced volume by

V(r) = /M@m)-% exp(—1(g, 7))dV; (q),

where dV; denotes the volume element with respect to the metric ¢;;(7). Note that
Perelman’s reduced volume resembles the expression in Huisken’s monotonicity for-
mula for the mean curvature flow [72]. It follows, from the above computation, that

4
7

- /M [%((W)3exp<—l<q,f>>>+R<4wf>%‘exp<—z<q,f>> Vi (q)

(477) "% exp(—1(q, 7))dVz(q)

< /MA<<47T%>-% exp(—1(g, 7)))dVx (q)

=0.

This says that if M is compact, then Perelman’s reduced volume ‘7(7') is nonincreasing
in 7; moreover, the monotonicity is strict unless we are on a gradient shrinking soliton.

In order to define and to obtain the monotonicity of Perelman’s reduced volume
for a complete noncompact manifold, we need to formulate the monotonicity of Perel-
man’s reduced volume in a local version. This local version is very important and will
play a crucial role in the analysis of the Ricci flow with surgery in Chapter 7.

We define the £-exponential map (with parameter 7) Lexp(T) : T,M — M
as follows: for any X € T),M, we set

Lexpy(T) =7(7)

where v(7) is the L-geodesic, starting at p and having X as the limit of \/79(7) as
7 — 0T. The associated Jacobian of the L-exponential map is called £-Jacobian.
We denote by J(7) the £-Jacobian of Lexp(r) : T,M — M. We can now deduce an
estimate for the £-Jacobian as follows.

Let ¢ = Lexpy(T) and (1), 7 € [0,7], be the shortest L£-geodesic connecting p
and ¢ with \/79(7) — X as 7 — 0T. For any vector v € T, M, we consider the family
of L-geodesics:

vs(T) = Eexp(x+sv)(7), 0<7<7, s€(—¢e).
The associated variation vector field V(7), 0 < 7 < 7, is an £-Jacobian field with
V(0)=0and V(1) = (Lexpx (7))« (v).
Let vq,...,v, be n linearly independent vectors in T, M. Then
Vi) = (Lexpx (T))«(vs), i=1,2,...,n,

are n L£-Jacobian fields along v(7), 7 € [0,7]. The £-Jacobian J(7) is given by

J() =Vi(r) A= AVa(T)

gij(T)/|U1 /\---/\’Un|.
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Now for fixed b € (0,7), we can choose linearly independent vectors vy, ..., v, €
T, M such that (V;(b),V;(b))g,, ) = 0ij. We compute

d s
EJ

2

= oA Ao 2V AV A AV VA A Vg )
n i=1

2 - .
+mz<‘/&/\---/\RlC(V},-)/\---/\Vn,‘/l/\---/\Vn>gij(7.).
n i=1

At 7 =0,
d _, 2 - :
7)) = T A A > (VX V;, Vi)g, ) + Ric (V;, V7).
n i=1
Thus,
d - :
T log T(0) =Y ((VxV5, Vi), + Ric (V3 V5)

Il
s

J

I

1
Vv.| —=VL |,V; + Ric (V;, V;
] << Y (2\/5 ) ]>gij(b) ie(V; ])>

1 n
= — Hessp (V;, Vi) | + R
2\/5 ; L( J J)

J

1
=——AL+R.
2v/b
Therefore, in view of Corollary 3.2.4, we obtain the following estimate for £-Jacobian:
d n 1 _

On the other hand, by the definition of the Li-Yau-Perelman distance and (3.2.4), we
have

d 1 1 d
2.1 —1 = |4+ ——L
(3.2.15) dr (7) 27 + 2/T dt
1 1
— X2
Sl g (VR XI2)
1
= gl

Here and in the following we denote by I(7) = I(y(7), 7). Now the combination of
(3.2.14) and (3.2.15) implies the following important Jacobian comparison theo-
rem of Perelman [103].

THEOREM 3.2.7 (Perelman’s Jacobian comparison theorem). Let ¢;;(7) be a
family of complete solutions to the Ricci flow %gij = 2R;; on a manifold M with
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bounded curvature. Let v : [0,7] — M be a shortest L-geodesic starting from a fized
point p. Then Perelman’s reduced volume element

(477) ™% exp(—I(7))T (7)

is nonincreasing in T along .

We now show how to integrate Perelman’s reduced volume element over T, M to
deduce the following monotonicity result of Perelman [103].

THEOREM 3.2.8 (Monotonicity of Perelman’s reduced volume). Let g;; be a
family of complete metrics evolving by the Ricci flow %gij = 2R;; on a manifold M
with bounded curvature. Fix a point p in M and let l(q,T) be the reduced distance
from (p,0). Then

(i) Perelman’s reduced volume

V(r) = /M@m)-% exp(—1(q.7))dV: (q)

is finite and nonincreasing in T,
(i) the monotonicity is strict unless we are on a gradient shrinking soliton.

Proof. For any v € T,M we can find an L£-geodesic v(7), starting at p, with
lil%l+ VTH(7) = v. Recall that v(7) satisfies the £-geodesic equation
. 1 1. i
V¥ (1) = §VR + ;7(7') + 2Ric ((7),-) = 0.

Multiplying this equation by /7, we get

(3.2.16) & (V74) ~ 5 VAR Ric (VFA(7), ) = 0,

Since the curvature of the metric g;;(7) is bounded, it follows from Shi’s derivative
estimate (Theorem 1.4.1) that |VR] is also bounded for small 7 > 0. Thus by inte-
grating (3.2.16), we have

(3.2.17) VT () —v| < Cr(Jv] + 1)

for 7 small enough and for some positive constant C' depending only the curvature
bound.
Let v1,...,v, be n linearly independent vectors in T, M and let

d .
V;(T) = (Eeva(T))*('Ui) = £|5:0£€XP(U+SW)(T)7 i=1,...,n.
The L-Jacobian J(7) is given by

T(1) = [Vi(T) A - AV(T) g, (my/Tor A=+ Ay

By (3.2.17), we see that

d
\/;gﬁexp(ersvi)(T) — (4 sv)| <Ct(|v]| + |vi| + 1)
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for 7 small enough and all s € (—¢,€) (for some € > 0 small) and i = 1,...,n. This
implies that

lim V7Vi(r) =wv, i=1,...,n,

7—0+

so we deduce that

(3.2.18) lim 772 7(7) = 1.

T—0+t

Meanwhile, by using (3.2.17), we have

10 =52 [ VAR BPYr
— [v]* asT — 0T,
Thus
(3.2.19) 1(0) = |v]?.

Combining (3.2.18) and (3.2.19) with Theorem 3.2.7, we get
V() = [ (rr) ¥ exp(-lla. )V )
M
< [ (nn)E eI ()]s
T,M

:(471')7%/ exp(—|v|2)dv
< +o00.

This proves that Perelman’s reduced volume is always finite and hence well defined.
Now the monotonicity assertion in (i) follows directly from Theorem 3.2.7.

For the assertion (ii), we note that the equality in (3.2.13) holds everywhere
when the monotonicity of Perelman’s reduced volume is not strict. Therefore we have
completed the proof of the theorem. O

3.3. No Local Collapsing Theorem I. In this section we apply the
monotonicity of Perelman’s reduced volume in Theorem 3.2.8 to prove Perelman’s
no local collapsing theorem I, which is extremely important not only because it
gives a local injectivity radius estimate in terms of local curvature bound but also it
will survive the surgeries in Chapter 7.

DEFINITION 3.3.1. Let &, r be two positive constants and let g;;(¢),0 <t < T,
be a solution to the Ricci flow on an n-dimensional manifold M. We call the solution
9ij(t) k-noncollapsed at (zg,t9) € M x[0,T) on the scale r if it satisfies the following
property: whenever

|Rm|(x,t) <772
for all z € By, (wo,7) and t € [tg — 12, o], we have

Vol (By, (zo, 7)) > k™.
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Here By, (zo,r) is the geodesic ball centered at xg € M and of radius r with respect
to the metric g;;(to).

Now we are ready to state the no local collapsing theorem I of Perelman
[103].

THEOREM 3.3.2 (No local collapsing theorem I). Given any metric g;; on an
n-dimensional compact manifold M. Let g;;(t) be the solution to the Ricci flow on
[0,T), with T < 400, starting at g;;. Then there exist positive constants k and po such
that for any to € [0,T) and any point xog € M, the solution g;;(t) is k-noncollapsed
at (xo,to) on all scales less than po.

Proof. We argue by contradiction. Suppose that there are sequences py € M,
ty € [0,T) and ryp — 0 such that

(3.3.1) |Rm|(z,t) <72
for z € By, = By, (pr, %) and ty —ri <t <t but
(3.3.2) er =1, Voly, (Bk)% — 0 as k — oo.
Without loss of generality, we may assume that ¢, — T as k — +o0.

Let 7(t) =t — t, p = pr and

Vi(r) = /M@w)-% exp(—1(q, 7)) dViy _#(a),

where (g, 7) is the Li-Yau-Perelman distance with respect to p = p.

Step 1. We first want to show that for k large enough,
Vi(epr?) < 265.

For any v € T, M we can find an L-geodesic v(7) starting at p with lirr%) VTA(T)
T—

= v. Recall that v(7) satisfies the equation (3.2.16). It follows from assumption
(3.3.1) and Shi’s local derivative estimate (Theorem 1.4.2) that |VR| has a bound in
the order of 1/r for ¢ € [ty — exr:, tx]. Thus by integrating (3.2.16) we see that for
7 < exr} satisfying the property that (o) € By, as long as o < 7, there holds

(3.3.3) IVTH(7) — v < Cex(lv] +1)

where C' is some positive constant depending only on the dimension. Here we have
implicitly used the fact that the metric g;;(¢) is equivalent for € By, and t € [t —

exrs, tx). In fact since agzj = —2R;; and |Rm| < r.? on By x [ty — 72, t], we have
(3.34) e 2% gij (1) < gij(x,t) < e gij(, ty),

for x € By and t € [ty — €73, tr).

_1

Suppose v € T,M with |v| < e, 2. Let 7 < e} such that y(c) € By, as long as

o < 7, where v is the £-geodesic starting at p with lirr%) V7¥(7) = v. Then, by (3.3.3)
T—
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and (3.3.4), for k large enough,

gi; (t) A0

o prr(0) < | "Kio)

<—6_%/Td—0
2k ), Vo

_1
< Tk
This shows that for k large enough,
(3.3.5) Eexp{‘vlgiegl/z}(ekri) C By = By, (pr, 7)-

We now estimate the integral of Vj (exr?) as follows,

(3.3.6)
Vidart) = [ (meurd)# exp(-1lg. ewrd)dVi, 3 (a)
M
- [ Grad fen(-l e, n@
LexP{\v\gielzlp}(ekT@
+ / (dmesr?) ™% exp(—1(q, cx12))dV;y 12 (0)
M\ L exp

2
{\v\Sﬁegl/z}(Ekrk)

We observe that for each ¢ € By,

€k’l"§ 3 3
L(g,exr}) = V(R +[4%)dr = =C(n)ri*(enri) 2 = —Cln)eg i,
0

hence (g, exri) > —C(n)ex. Thus, the first term on the RHS of (3.3.6) can be esti-
mated by

(3.3.7) / (dmexr?) % exp(—1(g, 4r2))dV;, _e,,2(0)

L _ 2
CXP{\v\S%ek 1/2}(Ekrk)

< P /(471'6]97“%)7% exp(—l(q,ékri))dmk (Q)
By,

< enek (471_)—% . eCM)er 6;% . (’I“k_"VOI . (Bk))

— (ntC(n))er (4@*% ,ekg’

where we have also used (3.3.5) and (3.3.4).
Meanwhile, by using (3.2.18), (3.2.19) and the Jacobian Comparison Theorem
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3.2.7, the second term on the RHS of (3.3.6) can be estimated as follows

(338) / (dmerr) ™ exp(—1(g, exr))dVi, _onr2(a)

IA
\ g
IN
—~~
iy
3
\]
~—
w[3
0]
k]
ko)
—~~
|
=
\]
~—
S~—
|
\‘
N—
=
Il
o
QU
(o4

(vl>1e 2y
— (4n)" / exp(—o[?)dv

1
{lvl>7e, 2}

T3

<e€

)

for k sufficiently large. Combining (3.3.6)-(3.3.8), we finish the proof of Step 1.

Step 2. We next want to show

Vi(t) = (dmty) % /M exp(—1(g, t))dVo (q) > C'

for all k, where C’ is some positive constant independent of k.

It suffices to show the Li-Yau-Perelman distance I(-, ¢;) is uniformly bounded from
above on M. By Corollary 3.2.6 we know that the minimum of I(-, 7) does not exceed
2 for each 7 > 0. Choose g, € M such that the minimum of I(-, , — ) is attained at
qr- We now construct a path v : [0,tx] — M connecting py to any given point ¢ € M
as follows: the first half path *y|[07tk_%] connects pi to g so that

|3

[ AR B <

T 1
JO S E——
2\/te —

and the second half path 7|[tk— T 1] is a shortest geodesic connecting ¢ to ¢ with
respect to the initial metric g;;(0). Then, for any ¢ € M",

g, th) = ﬁuq,m

SQm(/O +/tk_%>x/—(R+lv()l)d

1 [T K .
< m (n tk_g—’—/tk—g \/F(R+|'7(T)|2)d7—>

<C

for some constant C' > 0, since all geometric quantities in g;; are uniformly bounded
when ¢ € [0, 2] (or equivalently, 7 € [t — Z,1,]). i
Combining Step 1 with Step 2, and using the monotonicity of Vi (7), we get

C" < Vi(tr) < Vi(exr) < 261? —0
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as k — oo. This gives the desired contradiction. Therefore we have proved the
theorem. O

The above no local collapsing theorem I says that if |Rm| < =2 on the parabolic
ball {(x,t) | di(z,20) < 1, to — 1% < t < 1o}, then the volume of the geodesic
ball By, (zo,7) (with respect to the metric g;;(to)) is bounded from below by xr”.
In [103], Perelman used the monotonicity of the W-functional (defined by (1.5.9))
to obtain a stronger version of the no local collapsing theorem, where the curvature
bound assumption on the parabolic ball is replaced by that on the geodesic ball
By, (xg,7). The following result, called no local collapsing theorem I, gives a
further extension where the bound on the curvature tensor is replaced by the bound
on the scalar curvature only. We now follow a clever argument by Bing-Long Chen.

THEOREM 3.3.3 (No local collapsing theorem I'). Suppose M is a compact Rie-
mannian manifold, and g;;(t), 0 <t < T < +o0, is a solution to the Ricci flow. Then
there exists a positive constant k depending only the initial metric and T such that
for any (zo,t0) € M x (0,T) if

R(z,to) <r72, Va € By, (z0,7)
with 0 < r < /T, then we have

Voly, (B, (z0, 1)) > kr™.

Proof. We will prove the assertion
(*)a VOltO (Bto (LL'Q, a)) 2 ra"

for all 0 < a < r. Recall that

p(gij, 7) = inf {W(gij, fi7) ’ /M(47T7')7%effdv = 1} .

Set

Mo = #(9:(0), T) > —o0.

= inf
0<T<2T

By Corollary 1.5.9, we have

(3.3.9) 1(gij(to), b) > 11(gi;(0), 0 + b)

E )

for 0 < b <72 Let 0 < ¢ <1 be a positive smooth function on R where ¢(s) = 1 for
|s| < %, [¢'|?/¢ < 20 everywhere, and ((s) is very close to zero for |s| > 1. Define a
function f on M by

(47TT2)—%6—f(;E) _ e—c(4ﬂ_r2)_%< (dto(fﬂafl;O)) ,

r

where the constant ¢ is chosen so that [, (47r%)"%e~/dV;, = 1. Then it follows from
(3.3.9) that

3310)  Walto) fr®) = [ [FOVIE+R)+ ] —nllam®) Fe S avi,

> 0.
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Note that

1= /M(4m2)*%e*04 <7dt° (@ IO)) Vi,

r

> / (4mr?) "2 e CdV,
Bto (10)%)

= (471’7"2)*%@*0\701150 (BtU (xo, g)) )

By combining with (3.3.10) and the scalar curvature bound, we have

1\ 2
€= _/M <(<<) —log (- C) e “(4mr?) "2 dVy, + (n — 1) + o

> —2(204 e Ve ¢(4nr?) "3 Vol 4, (By, (0, 7)) + (n — 1) + po
Voly, (By, (0,7))

>—2(20+¢"
= NG (B (0, 3)

+ (n—1)+ o,
where we used the fact that ((s) is very close to zero for |s| > 1. Note also that

2/ e ¢(4mr?)"zdV;, > / (4nr?)~2e1dV,, = 1.

By, (zo,r) M
Let us set
: 1 —1\yq—n 1

K= min g o exp(—2(20+ e )37 "+ (n — 1) + po), 50n

where «,, is the volume of the unit ball in R™. Then we obtain

Voly, (B, (zo, 7)) > 66(47'(7"2)%

vV
| — N —

(47)% exp(—2(20 + e 137" 4 (n — 1) + o) - "

Tn

provided Voly, (B, (o0, 5)) = 37" Vol (B, (xo,7))-
Note that the above argument also works for any smaller radius a < r. Thus we
have proved the following assertion:

(3.3.11) Vol (By, (zo, a)) > ka™

whenever a € (0, r] and Voly, (B, (z0, §)) > 37" Voly, (B, (20, a)).
Now we argue by contradiction to prove the assertion (x), for any a € (0,7].
Suppose (x), fails for some a € (0,7]. Then by (3.3.11) we have

Vv
I N

a —n
Vol (Bo (w0, 5)) < 37"Vol g (Beo (20, a))
< 3 "ka"
<R (g>n
5)
This says that (x)s would also fail. By induction, we deduce that

Vol, (B,g0 (xo, %)) <K (%)n for all £ > 1.

This is a contradiction since kllrgo Voly, (Bto (;[;0, 2%)) / (%)n =aq,. 0O
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3.4. No Local Collapsing Theorem II. By inspecting the arguments in the
previous section, one can see that if the injectivity radius of the initial metric is
uniformly bounded from below, then the no local collapsing theorem I also holds for
complete solutions with bounded curvature on a complete noncompact manifold. In
this section we will use a cut-off argument to extend the no local collapsing theorem
to any complete solution with bounded curvature. In some sense, the second no local
collapsing theorem gives a good relative estimate of the volume element for the Ricci
flow.

We first need the following useful lemma which contains two assertions. The first
one is a parabolic version of the Laplacian comparison theorem (where the curvature
sign restriction in the ordinary Laplacian comparison is essentially removed in the
Riccei flow). The second one is a generalization of a result of Hamilton (Theorem 17.2
in [63]), where it was derived by an integral version of Bonnet-Myers’ theorem.

LEMMA 3.4.1 (Perelman [103]). Let gi;(x,t) be a solution to the Ricci flow on
an n-dimensional manifold M and denote by di(x,xq) the distance between x and xg
with respect to the metric g;;(t).

(1) Suppose Ric (-, tg) < (n — 1)K on By (xo,70) for some xo € M and some

positive constants K and ro. Then the distance function d(x,t) = di(x,x0)
satisfies, at t = to and outside By, (xo,10), the differential inequality:

) 2 _
&d—Adz —(n—1) (§K7’0+T01> .

(i1) Suppose Ric (-,t9) < (n — 1)K on By, (zo,70) U B, (x1,70) for some zg,x1 €
M and some positive constants K and ro. Then, at t = tg,

d 2 B
Sdi(wo,1) = ~2(n ~ 1) <§KTO +r 1) .

Proof. Let v : [0,d(x,t9)] — M be a shortest normal geodesic from z¢ to x
with respect to the metric g;;(to). As usual, we may assume that = and z( are
not conjugate to each other in the metric g;;(to), otherwise we can understand the
differential inequality in the barrier sense. Let X = 4(0) and let {X,e1,...,e,_1} be
an orthonormal basis of T, M. Extend this basis parallel along v to form a parallel
orthonormal basis {X (s), e1(s),...,en—1(s)} along ~.

(i) Let X;(s), i =1,...,n— 1, be the Jacobian fields along 7 such that X;(0) =0

and X;(d(x,tg)) = e;(d(x,tp)) for e = 1,...,n — 1. Then it is well-known that (see
for example [112])

n—1 d(I,to) .
Ady, (2, 10) = Z/ (1X:]* = R(X, X4, X, X;))ds
i=1 70

(in Proposition 3.2.3 we actually did this for the more complicated £-distance func-
tion).
Define vector fields Y;, i =1,...,n — 1, along v as follows:

) — mei(s), if s € (0,7l
¥ite) {ei(S), if s € [ro,d(z,10)]-
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which have the same value as the corresponding Jacobian fields X;(s) at the two end
points of 4. Then by using the standard index comparison theorem (see for example
[22]) we have

d(x to
Ady, (2. 0) Z / (12 — R(X, X;, X, X;))ds

d(LE t())
< Z/ (Y] = R(X,Y;, X,Y;))ds
d(m,to)

:/TO %(n—l—s2Ric (X,X))ds—i—/ (—Ric (X, X))ds
o 7o

To

_—ARic(X,X)+/()T0 ((nr—%l) <1—%> Ric (X, X)>d
< _ARiC(XaX)+(n—1) (gKro+rgl),

On the other hand,

d(LE t())
gt (x,xz0) = %/0 gZJX Xst

——/Ric(Xde
v

Hence we obtain the desired differential inequality.

(ii) The proof is divided into three cases.

Case (1): dy, (z0,x1) > 2r0.

Define vector fields Y;, ¢ =1,...,n — 1, along ~ as follows:
2ei(s), if s €[0,7],
Yi(s) = < ei(s), if s € [ro,d(z1,%0)],

Mei(s), if se [d(,@l,to) — To,d/(xl,to)].

To

Then by the second variation formula, we have

n—1 d($17t0) n—1 d(wl,to) X
S [ Revxas< Yy [ ks
i=1 70 i=1 70

which implies

r0 52 d(m,to) r0
/0  Ric (X,X)ds+/ Ric (X, X)ds

70 0

d(ml,to) _ 2 —
_|_/ (M) Ric (X, X)ds < M
d

(:El,to)f’r’o To To
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Thus

d
E(dt(xo, 1))

T0 52
2—/ <1——2> Ric (X, X)ds
0 7o

T 2
_ /d( (L (7‘1(“’“) - 5> Ric (X, X)ds — 20 —1)
d(wl,to)—’l‘o TO ’ TO

> —2(n—1) (%Km + r01> .

Case (2): %_K < dy,(z0,21) < 270.

VE

In this case, letting 1y = 1

= and applying case (1) with ry replaced by r1, we

3

get

d 9 B
dt (dt($0,$1)) > —2(TL — 1) <§K7’1 + T 1)
—9(n — 2 -1
> —-2(n—1) §K7’0 +rgt ).
Case (3): di, (w0, 1) < min{

In this case,

2
Vo

d(x1,t0) 92
/ Ric (X, X)ds < (n— 1)K = (n—1)V6K,
0

and
2 -1
2(n—1) gKTQ—i—TO >(n—1)/ =K.

This proves the lemma. O

The following result, called the no local collapsing theorem II, was obtained
by Perelman in [103].

THEOREM 3.4.2 (No local collapsing theorem II). For any A > 0 there exists
k = k(A) > 0 with the following property: if g;;(t) is a complete solution to the Ricci
flow on 0 < t < 12 with bounded curvature and satifying

|Rm|(z,t) < 7“0_2 on By(xg,T0) X [O,rg]
and
VOlo(Bo(xo,To)) Z A_l’l”g,

then g;;(t) is r-noncollapsed on all scales less than ro at every point (x,r%) with
dy2(z,20) < Arg.
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Proof. From the evolution equation of the Ricci flow, we know that the metrics
gi;(+,t) are equivalent to each other on By(zg,r9) x [0,7Z]. Thus, without loss of
generality, we may assume that the curvature of the solution is uniformly bounded
for all ¢ € [0,73] and all points in B;(zo,r0). Fix a point (z,r3) € M x {r3}. By
scaling we may assume rg = 1. We may also assume dy(z,z9) = A. Let p = =z,
7 =1—t, and consider Perelman’s reduced volume

V(r) = /M@w)*% exp(—1(q.7))dVi_+ (q).

where

l(q,T)=inf{#/07\/?(1%+|7|2)d7| v:[0,7] = M

with y(0) = p, v(7) = q}

is the Li-Yau-Perelman distance. We argue by contradiction. Suppose for some 0 <
r < 1 we have

|Rm|(y,t) < r~?

whenever y € By (z,7) and 1 — 72 <t < 1, but € = r~ Vol (B (z,7))* is very small.
Then arguing as in the proof of the no local collapsing theorem I (Theorem 3.3.2), we
see that Perelman’s reduced volume

V(er?) < 26%.

On the other hand, from the monotonicity of Perelman’s reduced volume we have
(1) [ expl-la, D)dVo(a) = V(1) < V(er?)
M

Thus once we bound the function i(g, 1) over By(xo,1) from above, we will get the
desired contradiction and will prove the theorem.

For any q € By(xo,1), exactly as in the proof of the no local collapsing theorem
I, we choose a path ~ : [0,1] — M with v(0) = z, v(1) = ¢, ”y(%) =y € B%(:zro, %)
and (1) € Bi_(wo,1) for 7 € [5,1] such that

cowr =236 (-+(64))

Now L(y|ig.1)) = [1 VF(R(Y(7),1 = 7) + [5(7)
a uniform constant since all geometric quantities in g;; are uniformly bounded on
{(y,t) | t € [0,1/2],y € B(x0,1)} (where ¢t € [0,1/2] is equivalent to 7 € [1/2,1]).
Thus all we need is to estimate the minimum of I(-, 3), or equivalently L(-,3) =
431(-, 3), in the ball By (zo, 15)-

Recall that L satisfies the differential inequality

gij(lﬂ,))dr is bounded from above by

(3.4.1) oL + AL < 2n.
or
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We will use this in a maximum principle argument. Let us define
h(y,t) = ¢(d(y. t) = A2t = 1)) - (L(y, 1 = t) + 2n + 1)

where d(y, t) = di(y,20), and ¢ is a function of one variable, equal to 1 on (—o0, ),
and rapidly increasing to infinity on (2—107 %) in such a way that:

(3.4.2) 2% —¢" > (244 100n)¢' — C(A)¢

for some constant C'(A) < +o00. The existence of such a function ¢ can be justified

as follows: put v = %, then the condition (3.4.2) for ¢ can be written as

3v? —v' > (24 + 100n)v — C(A)

which can be solved for v.

Since the scalar curvature R evolves by

OR 2
— = AR+2|Rc|* > AR+ = R?,
ot n

we can apply the maximum principle as in Chapter 2 to deduce
R(z,t) > —% for t € (0,1] and = € M.

Thus for 7 =1—t € [0, 1],

L7 =207 | " VRR + B
e i)

> 2\/;/07 VT(=n)dr

> —2n.

That is

- 1
(3.4.3) L(,1—t)+2n+1>1, forte [5,1].
Clearly 11121]\1} h(y, %) is achieved by some y € By (xo, &) and

(3.4.4) min h(y,1) < h(z,1) =2n+ 1.
yeM
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We compute
0 0 _
- A) L(y,1— ) — 26, VI(y, 1 1)
- A) d— 2A_ - ¢”|Vd|2> (L+2n+1)

(
(

400 (~ge—a) L- 276, VD)
(

—qs”) (L+2n+1)
—2n¢ — 2(Vo, VL)

by using (3.4.1). At a minimizing point of h we have

Vo VL
¢  (L+2n+1)
Hence
—2(V¢, VL) = %(EJF 2n+1) = 2((‘:;)2 (L+2n+1).

Then at the minimizing point of h, we compute

8 /_ 8 ] /! T
(2 a)ns (](2-8)a-2a] ) azmry

—2n¢+2%(1}+2n+ 1)

> <¢’ :<2—A)d—2A: —¢”>-(L+2n+1)

ot
—2nh + 2(¢(;))2 (L+2n+1)

for t € [1,1] and

Ah > 0.
Let us denote by hmin(t) = ;Iél]\l/l[ h(y,t). By applying Lemma 3.4.1(i) to the set where
¢’ # 0, we further obtain

d

/\2
—hmin > (L42n+1)- ¢ (—100n —24) — ¢" + 2% — 2nhmin

1
> —(2n+ C(A))hmin, for te [5, 1].
This implies that hmin(t) cannot decrease too fast. By combining (3.4.3) and (3.4.4)

we get the required estimate for the minimum L(, 1) in the ball B (20, 15)-
Therefore we have completed the proof of the theorem. O
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4. Formation of Singularities. Let g;;(z,t) be a solution to the Ricci flow on
M x [0,T) and suppose [0,T), T < oo, is the maximal time interval. If T" < 400,
then the short time existence theorem tells us the curvature of the solution becomes
unbounded as t — T. We then say the solution develops a singularity ast — T.
As in the minimal surface theory and harmonic map theory, one usually tries to
understand the structure of a singularity of the Ricci flow by rescaling the solution
(or blow up) to obtain a sequence of solutions to the Ricci flow with uniformly bounded
curvature on compact subsets and looking at its limit.

The main purpose of this chapter is to establish a convergence theorem for a
sequence of solutions to the Ricci flow with uniform bounded curvature on compact
subsets and to use the convergence theorem to give a rough classification for singular-
ities of solutions to the Ricci flow. Further studies on the structures of singularities
of the Ricci flow will be given in Chapter 6 and 7.

4.1. Cheeger Type Compactness. We begin with the concept of C}s.. conver-
gence of tensors on a given manifold M. Let T; be a sequence of tensors on M. We
say that T; converges to a tensor T in the C}%, topology if we can find a covering
{(Us,05)}, ¢s : Us = R™, of C* coordinate charts so that for every compact set
K C M, the components of T; converge in the C*° topology to the components of
T in the intersections of K with these coordinate charts, considered as functions on
vs(Us) C R™. Consider a Riemannian manifold (M, g). A marking on M is a choice
of a point p € M which we call the origin. We will refer to such a triple (M, g, p) as
a marked Riemannian manifold.

DEFINITION 4.1.1. Let (Mg, gk, pr) be a sequence of marked complete Rie-
mannian manifolds, with metrics g, and marked points py € My. Let B(pg, si) C My,
denote the geodesic ball centered at pp € My and of radius s (0 < s < +00). We
say a sequence of marked geodesic balls (B(pk, sk), gk, k) With sp — $oo(< +00)
converges in the C7 topology to a marked (maybe noncomplete) manifold
(Boos Joo, Poo), Which is an open geodesic ball centered at p,, € Bo and of radius
Seo With respect to the metric g, if we can find a sequence of exhausting open sets
Uk in By, containing p., and a sequence of diffeomorphisms fj of the sets Uy in By,
to open sets Vi in B(pg, sx) C My mapping ps, to p such that the pull-back metrics
Jx = (fr)*gx converge in C'* topology to goo on every compact subset of Bo.

We remark that this concept of CX -convergence of a sequence of marked mani-

folds (Mg, gk, pr) is not the same as that of CR%-convergence of metric tensors on a
given manifold, even when we are considering the sequence of Riemannian metric gx
on the same space M. This is because one can have a sequence of diffeomorphisms
fr : M — M such that (fx)*gr converges in C2°. topology while gj itself does not
converge.

There have been a lot of work in Riemannian geometry on the convergence of
a sequence of compact manifolds with bounded curvature, diameter and injectivity
radius (see for example Gromov [53], Peters [106], and Greene and Wu [51]). The
following theorem, which is a slight generalization of Hamilton’s convergence theorem
[62], modifies these results in three aspects: the first one is to allow noncompact limits
and then to avoid any diameter bound; the second one is to avoid having to assume a
uniform lower bound for the injectivity radius over the whole manifold, a hypothesis
which is much harder to satisfy in applications; the last one is to avoid a uniform
curvature bound over the whole manifold so that we can take a local limit.

THEOREM 4.1.2 (Hamilton [62]). Let (M, gr, px) be a sequence of marked
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complete Riemannian manifolds of dimension n. Consider a sequence of geodesic balls
B(pk, sk) C My of radius s (0 < s < 00), with s — Soo(< 00), around the base

point px of My, in the metric gi. Suppose
(a) for every radius r < So and every integer | > 0 there exists a constant
By, independent of k, and positive integer k(r,1) < 400 such that as k >

Jth

k(r,1), the curvature tensors Rm(gy) of the metrics g, and their I""-covariant

derivatives satisfy the bounds
[V'Rm(gr)| < B,

on the balls B(py,r) of radius r around py in the metrics gi; and
(b) there exists a constant § > 0 independent of k such that the injectivity radii
inj (Mg, pr) of My at pi in the metric g satisfy the bound

inj (Mg, pr) > 6.

Then there exists a subsequence of the marked geodesic balls
(B(pk, Sk), gk, Pk)  which  converges to a marked geodesic  ball
(B(Poos $00); §oos Poo) i C22. topology.  Moreover the limit is complete
if Soo = +00.

Proof. In [62] and Theorem 16.1 of [63], Hamilton proved this convergence the-
orem for the case soo = +00. In the following we only need to modify Hamilton’s
argument to prove the remaining case of so, < +00. Suppose we are given a sequence
of geodesic balls (B(pk, sk), 9k, Pk) C (Mg, gk, Pk), with s — S0 (< +00), satisfying
the assumptions of Theorem 4.1.2. We will split the proof into three steps.

Step 1: Picking the subsequence.

By the local injectivity radius estimate (4.2.2) in Corollary 4.2.3 of the next
section, we can find a positive decreasing C'! function p(r), 0 < 7 < 5., independent
of k such that

(SOO _T)a

(4.1.1) p(r) < 100

4.1.2 > o (r) > ———
(112) 02 p(r) 2 1o,

and a sequence of positive constants £, — 0 so that the injectivity radius at any point
x € B(pg, sk) with ry = dg(z, pr) < Seo — €k is bounded from below by

(4.1.3) inj (Mg, x) > 500p(r(x)),

where r(z) = di(x, p) is the distance from x to py in the metric g of My. We define
p(r) = plr +20p(r)),  p(r) = p(r+ 20p(r)).

By (4.1.2) we know that both j(r) and j(r) are nonincreasing positive functions on

[0, S0 )-
In each B(p, Soo) We choose inductively a sequence of points zf for « =0, 1,2, ...

in the following way. First we let 29 = pj. Once ¢ are chosen for « = 0,1,2,...,0, we
pick $Z+1 closest to py so that TZ‘H =7y (xZH) is as small as possible, subject to the

requirement that the open ball B(:CZ‘H,ﬁZ‘H) around xZH of radius 5‘;“ is disjoint



THE HAMILTON-PERELMAN THEORY OF RICCI FLOW 269

from the balls B(z¢,5¢) for a = 0,1,2,...,0, where p¢ = p(re) and r¢ = 7 ().
In particular, the open balls B(zf, ﬁg), a=0,1,2,..., are all disjoint. We claim the
balls B(xf, 25?) cover B(pg, Soo — k) and moreover for any r, 0 < r < $oc — &k, We can
find A(r) independent of k such that for k large enough, the geodesic balls B(z$,25%)
for a < A(r) cover the ball B(pg,r).

To see this, let € B(pg, Soo — €1) and let 7(x) be the distance from z to py and
let p = p(r(x)). Consider those o with rf < 7(z) < Soo — £x. Then

<.

Now the given point = must lie in one of the balls B(z¢, 25?) If not, we could choose
the next point in the sequence of :vf to be z instead, for since p:g +p< 25% the ball
B(z, p) would miss B(x{, ) with ¢ < r(z). But this is a contradiction. Moreover
for any r, 0 < r < Seo — €k, using the curvature bound and the injectivity radius
bound, each ball B(z§, p¢) with rf < r has volume at least e(r)p" where €(r) > 0 is
some constant depending on r but independent of k. Now these balls are all disjoint
and contained in the ball B(pg, (r + So0)/2). On the other hand, for large enough k,
we can estimate the volume of this ball from above, again using the curvature bound,

by a positive function of r that is independent of k. Thus there is a k'(r) > 0 such
that for each k& > k’(r), there holds

(4.1.4) #Ha|ry <r} < Ar)

for some positive constant \(r) depending only on r, and the geodesic balls B(z¢, 25?)
for a < A(r) cover the ball B(pg,r).
By the way, since

ST T R
<rptt2pnt

and by (4.1.1)

opt < 1—00(800 -,

we get by induction
49

o a—1 1
rp < %rk + %soo

< (2 ar0+i 1+ 2, (2 o s
=\50/) * " 50 50 50 i
49\
=(1-(= -
(- (%) )¢

So for each a, with o < A(r) (r < $s0), there holds

. 49\ ™
(4.1.5) Ty < (1 - (%> )soo

for all k. And by passing to a subsequence (using a diagonalization argument) we
may assume that r’ converges to some r® for each a. Then pf; (respectively pf, p%)
converges to p* = p(r®) (respectively p* = p(r®), p® = p(r®)).
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Hence for all o we can find k(«) such that

whenever k > k(a). Thus for all a, 5¢ and p are comparable when k is large enough
so we can work with balls of a uniform size, and the same is true for ¢ and p“, and
p and p®. Let BY = B(x¢,45%), then 5¢ < 25 and B(z$,25¢) C B(x{,4p%) = BL.
So for every r if we let k(r) = max{k(«) | @« < A(r)} then when k& > E(r), the balls
E,‘g‘ for a < A(r) cover the ball B(pk,r) as well. Suppose that B,‘j and E,f meet for
k > k(o) and k > k(fB), and suppose rf < ri. Then, by the triangle inequality, we
must have

<R A A <+ 857 <l + 1677
This then implies
P = 0(r) = (i +205(r)) < ) = i
and hence
PP < 4p.

Therefore B,f C B(z{,365%) whenever By and B,f meet and k > max{k(«a), k(03)}.

Next we define the balls BY = B(z$,55%) and By = B(zf, p*/2). Note that By
are disjoint since By C B(x{, ¢). Since By C BY, the balls BY cover B(py,r) for
a < A(r) as before. If By and BJ meet for k > k(a) and k > k(8) and 7§ < 7, then
by the triangle inequality we get

e < rf +10p° < Tg + 20/35:,

and hence

P < Ap”
again. Similarly,
b = plry) = p(ry +20p(r})) < p(ry) = pf.
This makes

PP < 4p”.
Now any point in B,f has distance at most

50 +5p° + 508 < 45p°

from ¢, so B,f C B(z%,45p%). Likewise, whenever By and B,f meet, for k > k()
and k > k(f), any point in the larger ball B(:cg, 455”) has distance at most

50% + 507 + 455 < 205p*
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from z and hence B(:z:f,45p~5) C B(z¢,205p%). Now we define BY = B(z%,45p%)
and BZ = B(x{,205p%). Then the above discussion says that whenever Bf and B,f
meet for k > k(a) and k > k(3), we have

(4.1.6) BY c BY and BY C B,.
Note that EZ is still a nice embedded ball since, by (4.1.3), 205p% < 410p} <
inj(Mp, z¢).

We claim there exist positive numbers N(r) and k”(r) such that for any given «
with r® < r, as k > k”(r), there holds

(4.1.7) #{8 1 BE OB # 0} <N,
Indeed, if By meets B,f then there is a positive k”(«) such that as k > k" («),
e <1058
E=>Tk Pk
<r+20p(r)
1
<r+ g(soo —r),
where we used (4.1.2) in the third inequality. Set
K" (r) = max{k" (), k'(r) | o < X(r)}

and
N(r)=\ (r—i— é(soo —r)) :

Then by combining with (4.1.4), these give the desired estimate (4.1.7)

Next we observe that by passing to another subsequence we can guarantee that
for any pair o and 3 we can find a number k(«, 3) such that if k > k(«, 3) then either
B}y always meets B,f or it never does.

Hence by setting

k(r) = max{k(a,ﬁ), k(a),k(8),k"(r) | a < A(r) and

ﬁS)\(TJr—(SOO—T)) },

we have shown the following results: for every r < soo, if k > k(r), we have
(i) the ball B(pg,r) in My, is covered by the balls By for o < A(r),
(ii) whenever By and B,f meet for a < A(r), we have

O] =

BY ¢ Bf and B} C By,

(iii) for each @ < A(r), there no more than N(r) balls ever meet By, and

(iv) for any a < A(r) and any f3, either By} meets B,f for all k > k(r) or none for
all k > k(r).
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Now we let E’a, E<, E*, and E” be the balls of radii 450‘, 5p:0‘, 45p%, and 205p*
around the origin in Euclidean space R™. At each point z§ € B(pg,sk) we define
coordinate charts Hy : E“ — B}’ as the composition of a linear isometry of R" to
the tangent space Ty M), with the exponential map eXpyo at zi. We also get maps
HZ : E* — BY and f[: BN o BZ in the same way. Note that (4.1.3) implies that
these maps are all well defined. We denote by ¢ (and g and gy ) the pull-backs of
the metric g, by HY (and HY and H :) We also consider the coordinate transition
functions J,S‘ﬁ : BP — E% and j,?‘ﬁ . B8 — E defined by

J = (HY)T'H] and  JYY = (H,)"'HY.

Clearly j;j‘ﬁjko‘ = I. Moreover J,S‘ﬁ is an isometry from g,f to gy and j;:ﬁ from g,f to
=«
Ik -

Now for each fixed a, the metrics gj are in geodesic coordinates and have their
curvatures and their covariant derivatives uniformly bounded.

CLAIM 1. By passing to another subsequence we can guarantee that for each «
(and indeed all o by diagonalization) the metrics g§ (or g§ or g; ) converge uniformly
with their derivatives to a smooth metric g (or g* or g*) on E* (or E< or E_’Q) which
is also in geodesic coordinates.

Look now at any pair «, 3 for which the balls By and B,f always meet for large
k, and thus the maps J,‘:B (and j,‘:ﬁ and J,fo‘ and j,fo‘) are always defined for large k.

CrAIM 2. The isometries J;:ﬁ (and j;:ﬁ and JP* and JP*) always have a conver-
gent subsequence.

So by passing to another subsequence we may assume J;' B, JoB (and j,‘: B
JP and J,fo‘ — JP and J)* — JP*). The limit maps J* : Ef — E® and

JoB . BB — B are isometries in the limit metrics ¢” and g®. Moreover
JoP Jhe = 1.

We are now done picking subsequences, except we still owe the reader the proofs of
Claim 1 and Claim 2.

Step 2: Finding local diffeomorphisms which are approximate isometries.

Take the subsequence (B(pg, Sk), gk, pr) chosen in Step 1 above. We claim that
for every r < s and every (ei,€2,...,¢€p), and for all k and [ sufficiently large in
comparison, we can find a diffeomorphism Fj; of a neighborhood of the ball B(pg,r) C
B(pk, si) into an open set in B(p;, s;) which is an (e1, €2, . . ., €p) approximate isometry
in the sense that

"VEuVFy — 1| < e
and
|V2F| < €y, |VPFL| < ¢

where VPF},; is the p** covariant derivative of Fy;.
The idea (following Peters [106] or Greene and Wu [51]) of proving the claim is
to define the map F, = Hf* o (H2)™! (or F, = HP o (HY)™!, resp.) from B to BY
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(or BY to By, resp.) for k and ¢ large compared to « so as to be the identity map
on E® (or E®, resp.) in the coordinate charts HY and H§* (or HY and H, resp.),
and then to define Fy¢ on a neighborhood of B(py,r) for k,£ > k(r) be averaging
the maps Fkﬁe for 3 < A(r+ £(sec —7)). To describe the averaging process on By’

with @ < A(r) we only need to consider those B,f which meet Bj; there are never
more than N (r) of them and each 8 < A(r + 1(sos — 7)), and they are the same for k
and £ when k, ¢ > k(r). The averaging process is defined by taking Fj¢(z) to be the
center of mass of the Ffé(x) for © € By} averaging over those 8 where B,f meets By
using weights ug () defined by a partition of unity. The center of mass of the points
yP = Ffé(a:) with weights 1% is defined to be the point y such that

exp, VP =¢yP and ZuﬁVﬁ =0.

When the points y” are all close and the weights ;” satisfy 0 < p# < 1 then there
will be a unique solution y close to y” which depends smoothly on the y? and the p”
(see [51] for the details). The point y is found by the inverse function theorem, which
also provides bounds on all the derivatives of y as a function of the y® and the p?.

Since By C B,f and Bf C By, the map F,fé = Hlﬁ o (H]f)’l can be represented
in local coordinates by the map

P,:‘f B — B~
defined by
P =T3P 0 30
Since J,fo‘ — JP* as k — oo and j;‘ﬁ — J% as £ — oo and J*? o JP* = I, we see
that the maps Pkof — I as k,{ — oo for each choice of a and . The weights ug are

defined in the following way. We pick for each  a smooth function 1® which equals
1 on EP and equals 0 outside E®. We then transfer ¢)% to a function wf on My by

the coordinate map 1‘:[5 (i.e. gbg =yPo (flf)_l) Then let
B B
L, = Uy, / Z Ui
2l

as usual. In the coordinate chart E* the function 1/15 looks like the composition of
JP* with ¢?. Call this function

1/}?5 — 1/}[5 o J;fa-
Then as k — oo, wz‘ﬁ — P where

1/}043 - 1/}[3 o JPe,

In the coordinate chart E“ the function uf looks like
u?ﬁ _ 1/)1?ﬁ/ Z¢sz
v

and ugﬁ — u*® as k — oo where

§o8 = ¢aﬁ/z¢av_
v
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Since the sets Bl‘j cover B(pk,r), it follows that Zv ¥ > 1 on this set and by
combining with (4.1.5) and (4.1.7) there is no problem bounding all these functions
and their derivatives. There is a small problem in that we want to guarantee that the
averaged map still takes py to pg. This is true at least for the map FP,. Therefore it
will suffice to guarantee that pf = 0 in a neighborhood of py, if o # 0. This happens
if the same is true for ¢f. If not, we can always replace ¢ by 1/3,3‘ = (1— 4¢Py which
still leaves 1@,‘3‘ > %w,‘j or ¢ > % everywhere, and this is sufficient to make Z'v 152 > %
everywhere.

Now in the local coordinate E* we are averaging maps Pko‘f which converge to
the identity with respect to weights ugﬁ which converge. It follows that the averaged
map converges to the identity in these coordinates. Thus Fj, can be made to be an
(€1,€2,...,€p) approximate isometry on B(py,r) when k and ¢ are suitably large. At
least the estimates

|tVFkg -VFye — I| < €1

and |[V2Fy| < €2,...,|VPFg| < €, on B(pg,r) follow from the local coordinates. We
still need to check that Fy is a diffecomorphism on a neighborhood of B(p,r).

This, however, follows quickly enough from the fact that we also get a map Fy
on a slightly larger ball B(pg,r’) which contains the image of Fiy on B(pg,r) if we
take 1’ = (1 4+ €1)r, and Fy also satisfies the above estimates. Also Fj and Fyy fix
the markings, so the composition Fy o Fye satisfies the same sort of estimates and
fixes the origin py.

Since the maps Pko‘eﬁ and P;,‘f converge to the identity as k,£ tend to infinity,
Fyp0Fyp must be very close to the identity on B(pg, ). It follows that Fj, is invertible.
This finishes the proof of the claim and the Step 2.

Step 3: Constructing the limit geodesic ball (B, goo, Poo )-

We now know the geodesic balls (B(p, sk), gk, Pr) are nearly isometric for large
k. We are now going to construct the limit B.,. For a sequence of positive numbers
rj /" Soo with each r; < s;, we choose the numbers (e1(r;), ..., €;(r;)) so small that
when we choose k(r;) large in comparison and find the maps F) k(r;),k(r;41) constructed
above on neighborhoods of B(pk(rj), ), in Mi,(r;) into My, ) the image always lies
in B(pk(rj+1), Tj+1) and the composition of Fk(rj),k(rj+1) with Fk(Tj+1),k}(’I‘j+2) and - --
and Fy(r,_,)x(r,) for any s > j is still an (91 (r;),...,n;(r;)) isometry for any choice
of n;(r;), say n;(r;) = 1/j for 1 < i < j. Now we simplify the notation by writing M;
in place of My(,,) and Fj in place of Fy(,,) x(r,,,)- Then

Fj : B(pj;rj) = B(pj+1,7541)
is a diffeomorphism map from B(p;,r;) into B(pj+1,7j+1), and the composition
Fs—l o"'on : B(pjaj) _)B(psas)

is always an (m1(r;),-..,n;(r;)) approximate isometry.

We now construct the limit B, as a topological space by identifying the balls
B(p;,r;) with each other using the homeomorphisms Fj. Given any two points z and
y in By, we have © € B(pj,r;) and y € B(ps,rs) for some j and s. If j < s then
x € B(ps,rs) also, by identification. A set in By is open if and only if it intersects
each B(p;,r;) in an open set. Then choosing disjoint neighborhoods of  and y in
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B(ps,rs) gives disjoint neighborhoods of x and y in Bs. Thus By is a Hausdorff
space.

Any smooth chart on B(p;, ;) also gives a smooth chart on B(ps, rs) for all s > j.
The union of all such charts gives a smooth atlas on Bs. It is fairly easy to see the
metrics g; on B(p;,r;), converge to a smooth metric go, on B uniformly together
with all derivatives on compact sets. For since the Fs_j o --- o F} are very good
approximate isometries, the g; are very close to each other, and hence form a Cauchy
sequence (together with their derivatives, in the sense that the covariant derivatives
of g; with respect to g, are very small when j and s are both large). One checks in
the usual way that such a Cauchy sequence converges.

The origins p; are identified with each other, and hence with an origin p in Bs.
Now it is the inverses of the maps identifying B(p;,r;) with open subsets of By, that
provide the diffeomorphisms of (relatively compact) open sets in By, into the geodesic
balls B(p;, sj) C M, such that the pull-backs of the metrics g; converge to goo. This
completes the proof of Step 3.

Now it remains to prove both Claim 1 and Claim 2 in Step 1.
Proof of Claim 1. It suffices to show the following general result:

There exists a constant ¢ > 0 depending only on the dimenston, and constants
C, depending only on the dimension and q and bounds B; on the curvature and its
derivatives for j < q where |DIRm| < Bj, so that for any metric gie in geodesic
coordinates in the ball |x| < r < c¢/\/Bo, we have

1
511@@ < gre < 20

and

0 0
Ji D Iht < Cy,

where Iy is the Euclidean metric.

Suppose we are given a metric g;j(x)dz’dr’ in geodesic coordinates in the ball
|z| <7 < ¢/v/Bp as in Claim 1. Then by definition every line through the origin is a
geodesic (parametrized proportional to arc length) and ¢;; = I;; at the origin. Also,
the Gauss Lemma says that the metric g;; is in geodesic coordinates if and only if
gijx' = I;;x'. Note in particular that in geodesic coordinates

|z)? = gija:ixj = Iijxi:rj

is unambiguously defined. Also, in geodesic coordinates we have Ffj (0) = 0, and all
the first derivatives for g;, vanish at the origin.
Introduce the symmetric tensor

k a

1
Aij = 5,@ w‘qij.

Since we have g;rz* = I 2", we get

k k
TS Yk = Lij —gij == 5 Jik
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and hence from the formula for I‘; A
,le—‘j-k = giéAkg.

Hence Ajpez® = 0. Let D; be the covariant derivative with respect to the metric Gij-
Then

Diz* = IF + T2 = If + g" Ay
Introduce the potential function
P=|z]?/2= %gijxixj.
We can use the formulas above to compute
D;P = gijxj .
Also we get
D;D;P = gi; + Aij.
The defining equation for P gives
g D;PD;P = 2P.
If we take the covariant derivative of this equation we get
g"D;DyPD,P = D,;P

which is equivalent to Ajk:vk = 0. But if we take the covariant derivative again we
get

g"D;D;DyPD;P + g**D; Dy PD;D,P = D;D;P.
Now switching derivatives
DiD;DP = D;Dy.D;P = D;.D;D;P + Rixjog"™ Dy, P
and if we use this and D;D;P = g;; + A;; and g**DyP = z*F we find that
"Dy Ay + Ay + g" A Ajo + Rigjexta® = 0.

From our assumed curvature bounds we can take |Rjjre| < Bo. Then we get the
following estimate:

|$kaAij + A;ij| < C|Ay > + CByr?

on the ball |z| < r for some constant C' depending only on the dimension.

We now show how to use the maximum principle on such equations. First of all,
by a maximum principle argument, it is easy to show that if f is a function on a ball
|z] <r and A > 0 is a constant, then

of

Asup |f| < sup xk% + M.
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For any tensor T' = {T;..;} and any constant A > 0, setting f = |T'|* in the above
inequality, we have

(4.1.8) Asup |T| < sup 2% DT + AT).
Applying this to the tensor A;; we get

sup |A;;j] < C sup |Aij|2 + CByr?
<r

|z]<r ||

for some constant depending only on the dimension.
It is fairly elementary to see that there exist constants ¢ > 0 and Cy < oo such
that if the metric g;; is in geodesic coordinates with |R;;ke| < Bp in the ball of radius

r < ¢/+/Bp then
|A;j| < CoBor?.

Indeed, since the derivatives of g;; vanish at the origin, so does A;;. Hence the
estimate holds near the origin. But the inequality

sup |A;;j| < C sup |Aij|2 + CByr?
<r

o] <r ||
says that |A4;;| avoids an interval when c is chosen small. In fact the inequality
X<CX*+D
is equivalent to
|2CX —1| > +v1—-4CD

which makes X avoid an interval if 4CD < 1. (Hence in our case we need to choose
c with 4C?c? < 1.) Then if X is on the side containing 0 we get

1-+1-4CD <9D.
2C
This gives |A;;| < CoBor? with Cy = 2C.

We can also derive bounds on all the covariant derivatives of P in terms of bounds
on the covariant derivatives of the curvature. To simplify the notation, we let

X <

DiP ={D;,Dj,---Dj, P}

denote the ¢ covariant derivative, and in estimating DIP we will lump all the
lower order terms into a general slush term ®7¢ which will be a polynomial in
D'P D?P,..., D7 'P and Rm,D'Rm, ..., D9 2Rm. We already have estimates on
a ball of radius r

P§r2/2
|ID'P| <7

|A;;| < CoBor?
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and since D;D; P = g;; + A;; and 7 < ¢/+/By if we choose ¢ small we can make
|Aij| < 1/2,

and we get
|ID?P| < Cy

for some constant C depending only on the dimension.

Start with the equation g% D;PD;P = 2P and apply repeated covariant deriva-
tives. Observe that we get an equation which starts out

g D;PD'D;P+---=0

where the omitted terms only contain derivatives D?P and lower. If we switch two
derivatives in a term D9t P or lower, we get a term which is a product of a covariant
derivative of Rm of order at most ¢ — 2 (since the two closest to P commute) and
a covariant derivative of P of order at most ¢ — 1; such a term can be lumped in
with the slush term ®¢. Therefore up to terms in ®? we can regard the derivatives as
commuting. Then paying attention to the derivatives in D*P we get an equation

g“"D;PD;Dy, --- Dy, P+ g D;Dy, PD;Dy, - - - Dy, P
+9“ D; Dy, PD; Dy, Dy, - - “Dg, P+ + gijDkaqPDjDkl Dy, , P
= Dy, -+ Dy, P+ &%
Recalling that D;D; P = g;; + Ai; we can rewrite this as
&% = g D;PD;Dy, -+ Dy, + (¢ — 1)Dy, - - Dy, P

+ 9" A, DjDyy - Dy, P+ -+ + g A, DDy, - Dy, P.

Estimating the product of tensors in the usual way gives
|2'D; DIP + (q — 1)DIP| < q|A||D?P| + |®1|.
Applying the inequality Asup |T| < sup |2* DT + A\T| with T = DIP gives
(¢ 1)sup [ D?P| < sup(g|A|[D"P| + |97)).

Now we can make |A| < 1/2 by making r < ¢/+/By with ¢ small; it is important here
that ¢ is independent of ¢! Then we get

(¢ = 2)sup [DIP| < 2sup |99

which is a good estimate for ¢ > 3. The term ®? is estimated inductively from the
terms D971 P and DY9"2Rm and lower. This proves that there exist constants C, for
q > 3 depending only on ¢ and the dimension and on | D’/ Rm| for j < q — 2 such that

|D1P| < Cq

on the ball r < ¢/+/By.

Now we turn our attention to estimating the Euclidean metric I;; and its covariant
derivatives with respect to g;r. We will need the following elementary fact: suppose
that f is a function on a ball |z| < r with f(0) = 0 and

0
ozt

! < Clz?
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for some constant C'. Then
(4.1.9) |fI < Claf

for the same constant C. As a consequence, if T' = {T}...;} is a tensor which vanishes
at the origin and if

|z D;T| < Clx|?

on a ball |z| < r then |T| < C|z|? with the same constant C. (Simply apply the
inequality (4.1.9) to the function f = |T|. In case this is not smooth, we can use

f=+/I|T|?>+ €? — € and then let ¢ — 0.)

Our application will be to the tensor I;; which gives the Euclidean metric as a
tensor in geodesic coordinates. We have

Dilj = =T Lo — T Ip;
and since
#'TY = g4,
we get the equation
xiDink = =g A Iq — 9P Agplyg.

We already have |Ajx| < CoBylz|? for |z| < r < ¢/y/By. The tensor Ij; doesn’t
vanish at the origin, but the tensor

hjk = Lk — gjk
does. We can then use
&' Dihji = —g" Ajphig — g Arghjq — 24k
Suppose M (s) = supj, <, |hjk|- Then
|2* Dihji| < 2[1+ M (s)]CoBolx|?

and we get

k| < 21 + M(s)|CoBola?
on |z| < s. This makes

M (s) < 2[1+ M(s)]CoBos>.

Then for s < r < ¢/v/By with ¢ small compared to Cy we get 2CyBps? < 1/2 and
M (s) < 4CyBys?. Thus

Lk — gj| = |hjr] < 4CoBolz|?

for |z| < r < ¢/+/Bo, and hence for ¢ small enough

1
ik < Lk, < 2g,.
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Thus the metrics are comparable. Note that this estimate only needs r small compared
to Bp and does not need any bounds on the derivatives of the curvature.

Now to obtain bounds on the covariant derivative of the Eucliden metric I, with
respect to the Riemannian metric gy we want to start with the equation

&' Dilge + g™ A Lon + ¢™" Apm I = 0

and apply ¢q covariant derivatives Dy, ---D; . Each time we do this we must inter-
change D; and z'D;, and since this produces a term which helps we should look at
it closely. If we write R;; = [D;, D;] for the commutator, this operator on tensors
involves the curvature but no derivatives. Since

Dj:vi = I; + gimAjm
we can compute
[Dj,2'D;] = Dj + g™ AjmD; + 2" Rj;

and the term D; in the commutator helps, while A;,, can be kept small and Rj; is
zero order. It follows that we get an equation of the form

0=2a'D;Dj, -+ Dj Ire +qDj, -+ Dj Ie

q
+ Z glmAjh,ijl o .Djh,—lDiDjh,+1 T quIM
h=1

+ gmnAkijl e quIZn + gmnAmejl e quIkn + \I]qu

where the slush term W9 is a polynomial in derivatives of I, of degree no more than
q — 1 and derivatives of P of degree no more than g + 2 (remember z° = g” D; P and
A;; = D;D;P— g;;) and derivatives of the curvature Rm of degree no more than ¢—1.
We now estimate

D, = {Djl .. 'qufke}

by induction on ¢ using (4.1.8) with A = ¢. Noticing a total of ¢+ 2 terms contracting
A;j with a derivative of Iy, of degree g, we get the estimate

gsup |D9Iy| < (g + 2)sup |A|sup | DI | + sup |P].

and everything works. This proves that there exists a constant ¢ > 0 depending
only on the dimension, and constants C; depending only on the dimension and ¢ and
bounds B; on the curvature and its derivatives for j < ¢ where |Dj Rm| < Bj, so that
for any metric gx, in geodesic coordinates in the ball |x| < r < ¢//By the Euclidean
metric Iy, satisfies

1
39kt < Tie < 29ke
and the covariant derivatives of I, with respect to gis satisfy
|Dj, - Dj Ike| < Cy.

The difference between a covariant derivative and an ordinary derivative is given
by the connection

_Ffjlpk — DIy
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to get
1
Ffj = §IM(Dﬂij — D;ljy — D;Iy).

This gives us bounds on I‘fj. We then obtain bounds on the first derivatives of g;;
from

0
9519k = gkeffj + gjel%.

Always proceeding inductively on the order of the derivative, we now get bounds
on covariant derivatives of I‘fj from the covariant derivatives of I,; and bounds of
the ordinary derivatives of Ffj by relating the to the covariant derivatives using the
T,

derivatives of the I‘fj. Consequently, we have estimates

and bounds on the ordinary derivatives of the g;; from bounds on the ordinary

1
§Ike < gre < 215

and

0 0 ~
Ba " g | = Ca

for similar constants C'q.
Therefore we have finished the proof of Claim 1.

Proof of Claim 2. We need to show how to estimate the derivatives of an isometry.
We will prove that if y = F(z) is an isometry from a ball in Euclidean space with a
metric g;;dz’dz’ to a ball in Euclidean space with a metric hydy¥dy'. Then we can
bound all of the derivatives of y with respect to = in terms of bounds on g;; and its
derivatives with respect to z and bound on hy; and its derivatives with respect to y.
This would imply Claim 2.

Since y = F'(x) is an isometry we have the equation

oyP oyt _
P50 ek~ 9

Using bounds g;; < Clj, and hyy > cl,q comparing to the Euclidean metric, we
easily get estimates

oy*

- < Cl
oxI ¢

Now if we differentiate the equation with respect to z* we get

O yP Oyt oyP 92y1 _ 0gjx Ohyq Oy" OyP Oy

P 9gidad b | P Oxd Oxidxk Ol dyr Oz Oxd Oxk

Now let

oyP 0%y

Tk = hpq@ OzI Oxk
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and let

09k Ohpq Oy” Oy” Oy

Uij = Oxt dy" Ozt Oxd dxk”

Then the above equation says
Tyij + Tjir = Uijk-
Using the obvious symmetries T;j, = Tir; and Uy, = Us; we can solve this in the

usual way to obtain

1
Tije = 5 Wik + Urij = Uijee)-
We can recover the second derivatives of y with respect to x from the formula

PyP ey O

dzioz 7 TR

Combining these gives an explicit formula giving 9?y?/02'0z7 as a function of
9", hpq, 0951/ 0x", Ohpe/0y", and 0yP /0y*. This gives bounds
0?yP
Oyioyi

and bounds on all higher derivatives follow by differentiating the formula and using
induction. This completes the proof of Claim 2 and hence the proof of Theorem
4.1.2.0

We now want to show how to use this convergence result on solutions to the Ricci
flow. Let us first state the definition for the convergence of evolving manifolds.

DEFINITION 4.1.3. Let (Mg, gx(t), pr) be a sequence of evolving marked com-
plete Riemannian manifolds, with the evolving metrics gx(t) over a fixed time in-
terval t € (A4,Q], A < 0 < Q, and with the marked points p;, € M. We say a
sequence of evolving marked (Bo(px, Sk), gk (t), pr) over t € (A, ], where Bo(pk, sk)
are geodesic balls of (My, gx(0)) centered at py with the radii s — $0o(< +00), con-
verges in the C2, topology to an evolving marked (maybe noncomplete) manifold
(Bso, goo(t), Poo) 0ver t € (A, Q)], where, at the time ¢t = 0, Bo, is a geodesic open ball
centered at poo € Bo with the radius s, if we can find a sequence of exhausting open
sets Uy in By, containing p., and a sequence of diffeomorphisms fi of the sets Uy
in Boo to open sets Vi, in B(pg, sx) C M) mapping ps to py such that the pull-back
metrics gx(t) = (fr)*gr(t) converge in C* topology to g (t) on every compact subset
of Boo X (4, 9.

Now we fix a time interval A < ¢t < Q with —c0c < A < 0 and 0 < Q < +o0.
Consider a sequence of marked evolving complete manifolds (Mg, gx(t), px), t € (4,9],
with each gx(t), k = 1,2, ..., being a solution of the Ricci flow

0 .
Egk(t) = —2Ric(t)

on By (pk, si) X (A, Q], where Ricy, is the Ricci curvature tensor of gi, and By (py, sk)
is the geodesic ball of (My, gx(0)) centered at pj with the radii s — So0(< 400).
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Assume that for each r < s there are positive constants C(r) and k(r) such
that the curvatures of gy (t) satisfy the bound

|[Rm(gx)| < C(r)

on By(pk, r)x (4, Q] for all k > k(r). We also assume that (M, gx(t),pr), k=1,2,...,
have a uniform injectivity radius bound at the origins p at ¢t = 0. By Shi’s derivatives
estimate (Theorem 1.4.1), the above assumption of uniform bound of the curvatures
on the geodesic balls By (pi, ) (1 < seo) implies the uniform bounds on all the deriv-
atives of the curvatures at ¢ = 0 on the geodesic balls By(pg,r) (r < Sso). Then by
Theorem 4.1.2 we can find a subsequence of marked evolving manifolds, still denoted
by (M, gr(t),pr) with t € (A4,Q], so that the geodesic balls (Bo(pk, sk), 9x(0), pr)
converge in the C7%, topology to a geodesic ball (Bo (Poo; S00)s Joo(0), Poo ). From now
on, we consider this subsequence of marked evolving manifolds. By Definition 4.1.1,
we have a sequence of (relatively compact) exhausting covering {Ux} of Boo(Poo, Soo)
containing p~, and a sequence of diffeomorphisms fi of the sets Uy in Boo (Poo, Soo) t0
open sets Vi in By (pk, k) mapping ps, to px such that the pull-back metrics at t = 0

oo

~ * C‘loc
gr(0) = (fr)"9r(0) == g (0),  as k — +00, on Beo(Poo, Soo)-

However, the pull-back metrics gi(t) = (fx)*gr(t) are also defined at all times A <
t < Q (although goo(t) is not yet). We also have uniform bounds on the curvature
of the pull-back metrics gi(t) and all their derivatives, by Shi’s derivative estimates
(Theorem 1.4.1), on every compact subset of Boo(Poo, Soo) X (4, ). What we claim
next is that we can find uniform bounds on all the covariant derivatives of the g
taken with respect to the fixed metric go0(0).

LEMMA 4.1.4. Let (M, g) be a Riemannian manifold, K a compact subset of M,
and g (t) a collection of solutions to Ricci flow defined on neighborhoods of K X [a, 3]
with [, 8] containing 0. Suppose that for each 1 > 0,

(a) Citg < gr(0) < Cog, on K, for all k,

(b) [V'ge(0)| < Ci, on K, for all k,

(¢) |VLRm(gi)|k < C4, on K x [a, 3], for all k,
for some positive constants Cy, C], 1 =0,1,..., independent of k, where Rm(gx) are
the curvature tensors of the metrics gi(t), Vi denote covariant derivative with respect
to gi(t), ||k are the length of a tensor with respect to gi(t), and |-| is the length with
respect to g. Then the metrics gi(t) satisfy

Co g < gu(t) < Cog, on K x [a, f]
and
|Vige| < Ci, on K x [a, ], 1=1,2,...,
for all k, where C'l, 1=0,1,..., are positive constants independent of k.

Proof. First by using the equation
0

E Nk = —2R~iC k

and the assumption (c) we immediately get

(4.1.10) Co_lg < gr(t) < C~og, on K X [a, ]
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for some positive constant Cyy independent of k. ~
Next we want to bound Vgi. The difference of the connection I'y, of gr and the
connection I' of g is a tensor. Taking I' to be fixed in time, we get

%(fk—r) ;(1(91@)76 [%( )65+38Q( Koo — 38( )aﬁD

x

(Gr)"° [(@k)a(—Q(REC k)ps) + (Vi) g(—2(Ric 1)as)

— (V4)s(~2(Rick)as)]
and then by the assumption (¢) and (4.1.10),

0
ot

Note also that at a normal coordinate of the metric g at a fixed point and at the time
t=0,

N =

Ty — )‘ < (C, forall k.

1

(4.1.11) (Cr)ls — T4 = i(gmé (8(;( k)sp + aaﬁ (k)50 82 (g m)

= %@k)w(va@k)éﬁ + V3(9k)sa — V5(Gk)as)

thus by the assumption (b) and (4.1.10),
ITx(0) =T < C, forall k.

Integrating over time we deduce that

(4.1.12) Ty =T <C, on K x |o, ], forall k.
By using the assumption (¢) and (4.1.10) again, we have

) .

5 —(Vgr)| = | — 2VRicy]|

= | — 2VRicy + (T —T) * Ric |
< (C, forall k.
Hence by combining with the assumption (b) we get bounds
(4.1.13) |Vie| < C1, on K x [a,f],

for some positive constant Cy independent of k.
Further we want to bound V2§,. Again regarding V as fixed in time, we see

%(v%k) = —2V%(Ricy,).
Write
V2Ric = (V- V;g)(VRlc k) + Vk(V Vk)Rlc E+ V Ric
= (I = T'4) * VRic + Vi((T' = Ty) * Ricy) + ViRicy
= (I = T%) * [(V = Vi)Ric + ViRicy]
+ Vk(gk x Vi * Ric k) + @iRﬁck
= ([ —T%) * [(T = T) % Ric x + ViRic ]

+ V(g * Ve * Ricy) + V2Ricy,
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where we have used (4.1.11). Then by the assumption (c), (4.1.10), (4.1.12) and
(4.1.13) we have

9 3
&V2§k| <O+ C-|VEVi

=C+C VPG + (T —T) * Vi
< C+CIVGl.
Hence by combining with the assumption (b) we get
|V2Gi| < Co, on K x [a,f],

for some positive constant Cy independent of k.
The bounds on the higher derivatives can be derived by the same argument.
Therefore we have completed the proof of the lemma. O

We now apply the lemma to the pull-back metrics grp(t) = (fx)*gr(t) on
Boo(Poos So0) X (A, Q]. Since the metrics §x(0) have uniform bounds on their cur-
vature and all derivatives of their curvature on every compact set of Boo(Poo, Soo)
and converge to the metric go(0) in C72, topology, the assumptions (a) and (b) are
certainly held for every compact subset K C Boo(Poos Soo) With g = goo(0). For every
compact subinterval [«, 5] C (4, ], we have already seen from Shi’s derivative esti-
mates (Theorem 1.4.1) that the assumption (c) is also held on K X [a, §]. Then all of
the V!g are uniformly bounded with respect to the fixed metric g = goo(0) on every
compact set of Boo(Poo, Soo) X (A, Q). By using the classical Arzela-Ascoli theorem,
we can find a subsequence which converges uniformly together with all its derivatives
on every compact subset of Boo(Poo, Soo) X (A, €. The limit metric will agree with
that obtained previously at ¢ = 0, where we know its convergence already. The limit
goo(t), t € (4,Q], is now clearly itself a solution of the Ricci flow. Thus we obtain the
following Cheeger type compactness theorem to the Ricci flow, which is essentially
obtained by Hamilton in [62] and is called Hamilton’s compactness theorem.

THEOREM 4.1.5 (Hamilton’s compactness theorem). Let (Mg, gx(t),pr), t €
(A,Q] with A < 0 < Q, be a sequence of evolving marked complete Riemannian
manifolds. Consider a sequence of geodesic balls Bo(pk,si) C My of radii sE(0 <
sk < 400), with s — Soo (< 400), around the base points py in the metrics gi(0).
Suppose each gi(t) is a solution to the Ricci flow on By(pk, sk) X (A, Q]. Suppose also

(1) for every radius r < Soo there exist positive constants C(r) and k(r) inde-

pendent of k such that the curvature tensors Rm(gy) of the evolving metrics
gk (t) satisfy the bound

|Rm(gr)| < C(r),

on Bo(pk,r) X (A,Q] for all k > k(r), and
(i) there exists a constant 0 > 0 such that the injectivity radii of My, at py in the
metric gr(0) satisfy the bound

inj (Mkapkvgk(o)) > 4> 0,

forallk=1,2,....
Then there exists a subsequence of evolving marked (Bo(pk,sk), gk(t),px) over t €
(A, Q] which converge in Cr2, topology to a solution (Beo, goo(t), Peo) over t € (A, Q]
to the Ricci flow, where, at the time t = 0, Bso s a geodesic open ball centered at

Doo € Boo with the radius soo. Moreover the limiting solution is complete if soo = +00.
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4.2. Injectivity Radius Estimates. We will use rescaling arguments to un-
derstand the formation of singularities and long-time behaviors of the Ricci flow. In
view of the compactness property obtained in the previous section, on one hand one
needs to control the bounds on the curvature, and on the other hand one needs to
control the lower bounds of the injectivity radius. In applications we usually rescale
the solution so that the (rescaled) curvatures become uniformly bounded on compact
subsets and leave the injectivity radii of the (rescaled) solutions to be estimated in
terms of curvatures. In this section we will review a number of such injectivity ra-
dius estimates in Riemannian geometry. In the end we will combine these injectivity
estimates with Perelman’s no local collapsing theorem I’ to give the well-known little
loop lemma to the Ricci flow which was conjectured by Hamilton in [63].

Let M be a Riemannian manifold. Recall that the injectivity radius at a point
p € M is defined by

inj (M, p) = sup{r > 0| exp, : B(O,r)(C T,M) — M is injective},
and the injectivity radius of M is
inj (M) = int{inj (M, p) | p € M}.

We begin with a basic lemma due to Klingenberg (see for example, Corollary 5.7 in
Cheeger & Ebin [22]).

Klingenberg’s Lemma. Let M be a complete Riemannian manifold and let
p € M. Let Iy (p) denote the minimal length of a nontrivial geodesic loop starting
and ending at p (maybe not smooth at p). Then the injectivity radius of M at p
satisfies the inequality

s 1 I )}

> 5tMm\P
Kmax 2

where Knax denotes the supermum of the sectional curvature on M and we understand

/v Kmax to be positive infinity if Kmax < 0.

Based on this lemma and a second variation argument, Klingenberg proved that
the injectivity radius of an even-dimensional, compact, simply connected Riemannian
manifold of positive sectional curvature is bounded from below by 7/v/Kax. For odd-
dimensional, compact, simply connected Riemannian manifold of positive sectional
curvature, the same injectivity radius estimates was also proved by Klingenberg under
an additional assumption that the sectional curvature is strictly %-pinched (see for
example Theorem 5.9 and 5.10 in Cheeger & Ebin [22]). We also remark that in
dimension 7, there exists a sequence of simply connected, homogeneous Einstein spaces
whose sectional curvatures are positive and uniformly bounded from above but their
injectivity radii converge to zero. (See [2].)

The next result due to Gromoll and Meyer [52] shows that for complete, non-
compact Riemannian manifold with positive sectional curvature, the above injectivity
radius estimate actually holds without any restriction on dimension. Since the result
and proof were not explicitly given in [52], we include a proof here.

inj (M, p) > min{

THEOREM 4.2.1 (The Gromoll-Meyer injectivity radius estimate). Let M be a
complete, noncompact Riemannian manifold with positive sectional curvature. Then
the injectivity radius of M satisfies the following estimate

inj (M) > ﬂ?T
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Proof. Let O be an arbitrary fixed point in M. We need to show that the
injectivity radius at O is not less than 7/v/Kpax. We argue by contradiction. Suppose
not, then by Klingenberg’s lemma there exists a closed geodesic loop v on M starting
and ending at O (may be not smooth at O).

Since M has positive sectional curvature, we know from the work of Gromoll-
Meyer [52] (see also Proposition 8.5 in Cheeger & Ebin [22]) that there exists a
compact totally convex subset C' of M containing the geodesic loop 7. Among all
geodesic loops starting and ending at the same point and lying entirely in the compact
totally convex set C' there will be a shortest one. Call it g, and suppose -y starts
and ends at a point we call pg.

First we claim that 9 must be also smooth at the point py. Indeed by the
curvature bound and implicit function theorem, there will be a geodesic loop 7 close
to 7o starting and ending at any point p close to pg. Let p be along 9. Then by total
convexity of the set C', 4 also lies entirely in C. If 7y makes an angle different from 7
at po, the first variation formula will imply that ¥ is shorter than 7. This contradicts
with the choice of the geodesic loop vy being the shortest.

Now let L : [0,+00) — M be a ray emanating from py. Choose r > 0 large
enough and set ¢ = L(r). Consider the distance between ¢ and the geodesic loop 7.
It is clear that the distance can be realized by a geodesic § connecting the point ¢ to
a point p on 7p.

Let X be the unit tangent vector of the geodesic loop 79 at p. Clearly X is
orthogonal to the tangent vector of 3 at p. We then translate the vector X along
the geodesic B to get a parallel vector field X (¢), 0 < ¢ < r. By using this vector
field we can form a variation fixing one endpoint ¢ and the other on 7 such that the
variational vector field is (1 — £)X (¢). The second variation of the arclength of this
family of curves is given by

(o202

2

Il
O\i
| — |

<
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7N
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|

S |+
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"

_ % _/OT (1 _ ;)QR(%,X@),%,X@O dt
<0

when r is sufficiently large, since the sectional curvature of M is strictly positive
everywhere. This contradicts with the fact that § is the shortest geodesic connecting
the point ¢ to the shortest geodesic loop 9. Thus we have proved the injectivity
radius estimate. O

In contrast to the above injectivity radius estimates, the following well-known
injectivity radius estimate of Cheeger (see for example, Theorem 5.8 in Cheeger &
Ebin [22]) does not impose the restriction on the sign of the sectional curvature.

Cheeger’s Lemma. Let M be an n-dimensional compact Riemannian manifold
with the sectional curvature |Kpr| < X, the diameter d(M) < D, and the volume
Vol (M) > v > 0. Then, we have

inj(M) > Cp(A\,D,v)
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for some positive constant Cy, (X, D,v) depending only on X\, D,v and the dimension
n.

For general complete manifolds, it is possible to relate a lower injectivity radius
bound to some lower volume bound provided one localizes the relevant geometric quan-
tities appropriately. The following injectivity radius estimate, which was first obtained
by Cheng-Li-Yau [35] for heat kernel estimates and later by Cheeger-Gromov-Taylor
[27] with a wave equation argument, is a localized version of the above Cheeger’s
Lemma. We now present an argument adapted from Abresch and Meyer [1].

THEOREM 4.2.2 (Cheng-Li-Yau [35]). Let B(zg,4r0), 0 < 19 < 00, be a geodesic
ball in an n-dimensional complete Riemannian manifold (M, g) such that the sectional
curvature K of the metric g on B(xg,4rg) satisfies the bounds

ASK <A

for some constants A and A. Then for any positive constant r < 1o (we will also
require r < 7/(4v/A) if A > 0) the injectivity radius of M at xo can be bounded from
below by

. Vol (B(xg, 1))
Vol (B(zo,7)) + Vi (2r)’

inj(M,zo) >r

where V*(2r) denotes the volume of a geodesic ball of radius 2r in the n-dimensional
simply connected space form My with constant sectional curvature \.

Proof. Tt is well known (cf. Lemma 5.6 in Cheeger and Ebin [22]) that
. : . : 1
inj(M, zg) = min {conjugate radius of zo, §ZM(9CO)}

where Ij7(zg) denotes the length of the shortest (nontrivial) closed geodesic starting
and ending at 2. Since by assumption 7 < 7/(4v/A) if A > 0, the conjugate radius
of zg is at least 4r. Thus it suffices to show

' Vol (B(zo,7))
Vol (B(zo,r)) + V{*(2r)

(4.2.1) I (o) > 2r

Now we follow the argument presented in [1]. The idea for proving this inequality,
as indicated in [1], is to compare the geometry of the ball B(xg,4r) C B(xzg,4ro) C
M with the geometry of its lifting By, C Ty, (M), via the exponential map eXPy, s
equipped with the pull-back metric g = exp; g. Thus exp, : By, — Bz, 4r) is a
length-preserving local diffeomorphism.

Let zg,Z1,...,ZN be the preimages of xg in BT C BM with g = 0. Clearly they
one-to-one correspond to the geodesic loops g, 71, - - -, YN at xg of length less than r,
where 7 is the trivial loop. Now for each point Z; there exists exactly one isometric
immersion @; : BT — BM mapping 0 to Z; and such that eXp,, Pi = XDy, -

Without loss of generality, we may assume ~; is the shortest nontrivial geodesic
loop at zg. By analyzing short homotopies, one finds that ¢; () # ¢; () for all # € B,
and 0 < ¢ < j < N. This fact has two consequences:

(a) N >2m, where m = [r/lpr(20)]. To see this, we first observe that the points
cp’f(O), —m < k < m, are preimages of o in B, because ; is an isometric immersion
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satisfying exp,, o1 = exp,,. Moreover we claim they are distinct. For otherwise ¢
would act as a permutation on the set {©¥(0) | —m < k < m}. Since the induced
metric g at each point in B, has the injectivity radius at least 2r, it follows from
the Whitehead theorem (see for example [22]) that B, is geodesically convex. Then
there would exist the unique center of mass § € B,. But then 7=90(y) = ¢1(9), a
contradiction.

(b) Each point in B(zg,r) has at least N+1 preimages in Q=UN B(i;,r) C Ba,.
Hence by the Bishop volume comparison,

(N +1)Vol (B(xg,7)) < Volz(Q) < Volg(Ba,) < ViH(2r).

Now the inequality (4.2.1) follows by combining the fact N > 2[r/lps(x0)] with
the above volume estimate. O

For our purpose of application, we now consider in a complete Riemannian man-
ifold M a geodesic ball B(pg,so) (0 < so < oo) with the property that there exists
a positive increasing function A : [0,s9) — [0, 00) such that for any 0 < s < s¢ the
sectional curvature K on the ball B(po, s) of radius s around py satisfies the bound

| K| < A(s).

Using Theorem 4.2.2, we can control the injectivity radius at any point p € B(po, So)
in terms a positive constant that depends only on the dimension n, the injectivity
radius at the base point pg, the function A and the distance d(pg,p) from p to po.
We now proceed to derive such an estimate. The geometric insight of the following
argument belongs to Yau [128] where he obtained a lower bound estimate for volume
by comparing various geodesic balls. Indeed, it is a finite version of Yau’s Busemann
function argument which gives the information on comparing geodesic balls with cen-
ters far apart.

For any point p € B(po,so) with d(po,p) = s, set 179 = (so — s)/4 (we define
ro=1if s = 00). Define the set S to be the union of minimal geodesic segments that
connect p to each point in B(pg,r9). Now any point ¢ € S has distance at most

o +710+8=5+4+2rg

from py and hence S C B(pg, s+2r9). For any 0 < r < min{n/4y/A(s + 2r¢), ro}, we
denote by a(p,r) the sector SNB(p, r) of radius r and by a(p, s+rg) = SNB(p, s+719).
Let a_p(s42r)(T0) (r€SP. @_p(st2r0)(5 +10)) be a corresponding sector of the same
“angles” with radius ro (resp. s+ ro) in the n-dimensional simply connected space
form with constant sectional curvature —A(s+2rg). Since B(po,70) C S C ap, s+70)
and a(p,r) C B(p,r), the Bishop-Gromov volume comparison theorem implies that

Vol (B(po,T0)) < Vol (a(p, s + 79))

Vol (B(p,r)) —  Vol(a(p,r))
Vol (a—A(s+2r0)(5 +70)) _ V_nA(S+2T0) (s+70)
Vol (a*A(SJrQTo) (T)) V—nA( +279) (T)

Combining this inequality with the local injectivity radius estimate in Theorem 4.2.2,
we get

inj (M, p)
> VfA(S+2T0) (’I”) . VOl (B(po, To))
TV w200y MVOL(B(P0,70)) + V7 (4 90y 2TV (o200 (5 + 270)
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Thus, we have proved the following

COROLLARY 4.2.3. Suppose B(pg, so) (0 < sg < 00) is a geodesic ball in an
n-dimensional complete Riemannian manifold M having the property that for any
0 < s < sg the sectional curvature K on B(po, s) satisfies the bound

[K| < A(s)

for some positive increasing function A defined on [0, sg). Then for any
point p € po, s9) with d(po,p) = s and any positive number r <

min{7w/4\/A(s + 2r9),r0} with ro = (so — $)/4, the injectivity radius of M at p is
bounded below by

inj (M, p)

> VfA(s-{-QTU)(T) VOl (B(po,’l”o))

TV ety (DVOL(B(P0, 70)) + V(1 40r0) PV (o1 (8 4 270)

In particular, we have

(4.2.2) inj (M, p) > prs.a(s)

where 6 > 0 is a lower bound of the injectivity radius inj (M, po) at the origin pg
and ppsa : 0,50) — RT is a positive decreasing function that depends only on the
dimension n, the lower bound & of the injectivity radius inj (M, pg), and the function

A.

We remark that in the above discussion if sg = oo then we can apply the standard
Bishop relative volume comparison theorem to geodesic balls directly. Indeed, for any
p € M and any positive constants r and 7o, we have B(pg,r9) C B(p,#) with 7 2
max{r, ro+d(po,p)}. Suppose in addition the curvature K on M is uniformly bounded
by A < K < A for some constants A and A, then the Bishop volume comparison
theorem implies that

Vol (B(po,70)) < Vol (B(p, 7)) < Va(7)
Vol (B(p,r)) ~ Vol(B(p,r)) = Vi(r)’

Hence
Vi (r) - Vol (B(po,70))
V3 (r)Vol (B(po,70)) + Vi (2r) V()

So we see that the injectivity radius inj(M, p) at p falls off at worst exponentially as
the distance d(pg,p) goes to infinity. In other words,

(4.2.3) inj (M,p) >r

C
4.2.4 inj (M, p) > ——(6vV/B)"e~CVBd(p.po)
(4.2.4) j(M,p) > \/E( )

where B is an upper bound on the absolute value of the sectional curvature, § is a

lower bound on the injectivity radius at py with § < ¢/v/B, and ¢ > 0 and C' < +o00
are positive constants depending only on the dimension n.

Finally, by combining Theorem 4.2.2 with Perelman’s no local collapsing Theo-
rem I’ (Theorem 3.3.3) we immediately obtain the following important Little Loop
Lemma conjectured by Hamilton [63].
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THEOREM 4.2.4 (Little Loop Lemma). Let g;;(t), 0 <t < T < 400, be a solution
of the Ricci flow on a compact manifold M. Then there exists a constant p > 0 having
the following property: if at a point xy € M and a time to € [0,T),

|Rm|(-,t0) < r~2 on By, (zg, 1)

for some v < /T, then the injectivity radius of M with respect to the metric gij(to)
at xo is bounded from below by

inj (M, xo, gij(to)) > pr.

4.3. Limiting Singularity Models. Consider a solution g;;(x,t) of the Ricci
flow on M x [0,T), T < 400, where either M is compact or at each time ¢ the metric
gij (-, t) is complete and has bounded curvature. We say that g;;(x, ) is a maximal
solution if either T'= +00 or T' < 400 and |Rm| is unbounded as ¢t — T

Denote by

Kuax(t) = sup [Rm(z,t)|g,. (1)-
xeEM

DEFINITION 4.3.1. We say that {(zx,tx) € M x[0,T)}, k=1,2,..., is a sequence
of (almost) maximum points if there exist positive constants ¢; and « € (0, 1] such
that

(0%

R )] 2 e1Bmax(t), t €[ty — o———
Ry, ti)| > 1 Kmax(f). 1€ [t~ rs

) tk]
for all k.

DEFINITION 4.3.2. We say that the solution satisfies injectivity radius condi-
tion if for any sequence of (almost) maximum points {(x, ;) }, there exists a constant
ce > 0 independent of k such that

C2

——— forall k.
Kmax(tk)

inj (Mu Tk, Gij (tk)) Z

Clearly, by the Little Loop Lemma, a maximal solution on a compact manifold
with the maximal time T < 400 always satisfies the injectivity radius condition. Also
by the Gromoll-Meyer injectivity radius estimate, a solution on a complete noncom-
pact manifold with positive sectional curvature also satisfies the injectivity radius
condition.

According to Hamilton [63], we classify maximal solutions into three types; every
maximal solution is clearly of one and only one of the following three types:

Type I: T <400 and sup (T —t)Kpax(t) < +00;

t€(0,T)

Type II: (a) T < 400 but sup (T —t)Kmax(t) = +00;
t€[0,T)

(b) T =400 but sup tKpax(t) = +o0;
te(0,T)
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Type IIT: (a) T = +oo, sup tKmax(t) < 400, and
t€[0,T)

lim sup t K pax(t) > 0;

t——+oo

(b) T = +o0, sup tKmax(t) < 400, and
tel0,T)

lim sup t K pnax (t) = 0;

t——+o0

It seems that Type III (b) is not compatible with the injectivity radius condition
unless it is a trivial flat solution. Indeed under the Ricci flow the length of a curve ~
connecting two points zg, x1 € M evolves by

d o
L) —A—Rlc (4,%)ds

< C(n) Kmax(t) - Le(7)

< -L¢(7), astlarge enough,

€
t
for arbitrarily fixed € > 0. Thus when we are considering the Ricci flow on a compact
manifold, the diameter of the evolving manifold grows at most as t. But the curvature
of the evolving manifold decays faster than ¢~!. This says, as choosing € > 0 small
enough,

diam;(M)? - |[Rm(-,t)] — 0, as t — +oo.

Then it is well-known from Cheeger-Gromov [54] that the manifold is a nilmanifold
and the injectivity radius condition can not be satisfied as ¢ large enough. When we
are considering the Ricci flow on a complete noncompact manifold with nonnegative
curvature operator or on a complete noncompact Kéhler manifold with nonnegative
holomorphic bisectional curvature, Li-Yau-Hamilton inequalities imply that tR(z,t)
is increasing in time ¢. Then Type III(b) occurs only when the solution is a trivial
flat metric.

For each type of solution we define a corresponding type of limiting singularity
model.

DEFINITION 4.3.3. A solution g;;(x,t) to the Ricci flow on the manifold M,
where either M is compact or at each time ¢ the metric g;;(-,¢) is complete and has
bounded curvature, is called a singularity model if it is not flat and of one of the
following three types:

Type I: The solution exists for ¢ € (—o0, Q) for some constant Q with 0 < Q < 400
and

[Rm| <Q/(Q—1)

everywhere with equality somewhere at ¢ = 0;
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Type II: The solution exists for ¢ € (—oo, +00) and
|[Rm| <1

everywhere with equality somewhere at t = 0;

Type III: The solution exists for ¢t € (—A, +o00) for some constant A with 0 < A <
—+00 and

[Rm| < A/(A+1)

everywhere with equality somewhere at ¢t = 0.

THEOREM 4.3.4. For any maximal solution to the Ricci flow which satisfies
the injectivity radius condition and is of Type 1, II(a), (b), or III(a), there exists a
sequence of dilations of the solution along (almost) mazimum points which converges
in the CT2. topology to a singularity model of the corresponding type.

loc

Proof.

Type I: We consider a maximal solution g¢;;(z,t) on M x [0,T) with T < 400
and

Q2 lim sup(T — t) Kmax(t) < +00.
t—T

First we note that Q > 0. Indeed by the evolution equation of curvature,

d

aKmax(t) S Const - Kfnax(t)'

This implies that
Kax(t) - (T —t) > Const > 0,
because

lim sup K pax(t) = +00.
t—T

Thus 2 must be positive.
Choose a sequence of points xp and times t; such that ¢, — T and

klim (T —tg)|[Rm(zk, tr)] = Q.

Denote by
1

\/ |Rm(xk, tk)| '

We translate in time so that t; becomes 0, dilate in space by the factor ¢ and dilate
in time by €2 to get

[

G0 =620 te + D), Te [t/ (T —t)/e}).
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Then

0 _(k), =~ 50
—~9§j)('at) = Ekzagij('vt) -6

ot
= _2Rij('7tk + Eit)
_ pk) 1
= —2R;;"(-, 1),

where Rz(f) is the Ricci curvature of the metric gff). So gff)(-, t) is still a solution to
the Ricci flow which exists on the time interval [—t5 /€3, (T — ti)/€t), where

tr/€r = ty|Rm(xy, ty)| — 400
and
(T = te)/ e = (T = t) | Rm(z, t)| — Q.
For any € > 0 we can find a time 7 < T such that for ¢t € [, T,
[Bm| < (Q+¢)/(T - 1)

by the assumption. Then for ¢ € [(7 — tg)/e2, (T — tx)/€2), the curvature of gg?)(-, t)
is bounded by

|Rm ™| = e[ Rm|
< (Q+ /(T = )| Bm(xy, tx)])
= (Q+¢)/((T = tx)[Bm(xy, tg)| + (tr — O)|Rm(z, ti)])
— (Q+e)/(Q—1), as k — +oo.

This implies that {(xg,t;)} is a sequence of (almost) maximum points. And then

by the injectivity radius condition and Hamilton’s compactness theorem 4.1.5, there
(k)
ij
limit metric §{> () on a limiting manifold M with f € (—o0, () such that §i>°)(7) is
a complete solution of the Ricci flow and its curvature satisfies the bound

(t) which converges in the C°, topology to a

exists a subsequence of the metrics g o

|[Rm>)| < Q/(Q 1)
everywhere on M x (—oco, Q) with the equality somewhere at ¢ = 0.
Type II(a): We consider a maximal solution g;;(z,t) on M x [0,T) with

T <400 and limsup(T — t) Kpax(t) = +00.
t—T

Let Ty, < T < 400 with Ty, — T, and v " 1, as kK — +o0o. Pick points x; and
times t; such that, as k — 400,

(Tk — tk)|Rm(Ik,tk)| Z Yk sup (Tk — t)|Rm(:c,t)| — +00.
zeM t<T}

Again denote by

€ = ————o
|Rm(xk,tk)|
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and dilate the solution as before to get

k), = _ - -

3 (D) = 20y (ot + 1), T [—te/ed (Th — ) /),
which is still a solution to the Ricci flow and satisfies the curvature bound

|Rm™| = 2| Rm)|

1 Tew)

T (T —t)

_ 1 (@ —t)lBmewt)l s [_ t_l;j (T ;%))7
Ve (T = ti)|[Rm(zg, t)| — 1] %

since t = ty+ert and €, = 1/+/|Rm(x, ty)|. Hence {(zx,tx)} is a sequence of (almost)
maximum points. And then as before, by applying Hamilton’s compactness theorem
4.1.5, there exists a subsequence of the metrics g§f>(£) which converges in the C/2

loc
~(c0)

topology to a limit g;; (t) on a limiting manifold M and # € (—oc, 4+00) such that

gfj" )(t~) is a complete solution of the Ricci flow and its curvature satisfies

|Rm>)| < 1
everywhere on M x (—0co,+00) and the equality holds somewhere at £ = 0.
Type II(b): We consider a maximal solution g;;(z,t) on M x [0,T) with

T=+4c0 and lmsuptKpax(t) = —+oo.
t—T

Again let Ty, — T = 400, and v " 1, as k — 4o00. Pick z and t; such that

te(Tr — te)|Rm(z, tr)| > v sup  t(Tk — t)|Rm(x,t)|.
€M, t<Ty,

Define
G0 = 6205 (o te + D), T e [t/ (T — 1) /€2),

where €, = 1//|Rm(xg, t)|.

Since
te(Tk — te)|Rm(zg, ti)| > v sup  t(Tx — t)|Rm(x, 1)
zEM<T,
> sup  HTy —t)|Rm(z,t)|
2EM t<T} /2
T,
> Eo sup  t|Rm(a,t)],
2 7 eMi<TL)2
we have
t T
_]; = tg|Rm(zg, tg)| > il ( b ) sup t|Rm(x,t)| — +oo,
e 2 \Tx =tk ) vemu<t,/2
and
T, —t T
(’“72’“) = (Tp — t)|[Bm(zy, )] > L& <_’“> sup  t|Rm(z,t)| — +oo,
€ 2 \tk ) ceMi<T)/2
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as k — +o00. As before, we also have

0 k), - ~(k), -
o7 (+8) = —2R5 (1)
and
|Rm™®|
= €;|Rm)|
< i ) tk(Tk —tk)
T Tk —t)
_ i . tk(Tk — tk)|Rm(xk7tk)|
Yo (te+GO(Te — te) — 1] - [Rm(zr, tv)]
_ i ) tk(Tk — tk)|Rm(l’k,tk)|
Yoo (te +O[(Th — tn) | Rm(zn, t)| — 4]

_ te (T — ti)|Rm(xk, ti)|
e/ (te| Rm(zr, te) ) [tk (Te — tr ) | Rm(zr, te) | (1 =1/ ((Tk —tx ) |Rm(zk, tr)]))
— 1, as k— 4oo0.

Hence {(zy,tr)} is again a sequence of (almost) maximum points. As before, there
(k)
ij
a limit gjj‘?o)(f) on a limiting manifold M and ¢ € (—o0,4+00) such that gg?"’(f) is a
complete solution of the Ricci flow and its curvature satisfies

(t) which converges in the C°, topology to

exists a subsequence of the metrics g o

|Rm™)| <1

everywhere on M x (—00, +00) with the equality somewhere at # = 0.

Type III(a): We consider a maximal solution g¢;;(z,t) on M x [0,T) with
T = +o0 and

limsup t Kpax(t) = A € (0, +00).
t—T

Choose a sequence of xj and tx such that ¢ — 400 and
lim tk|Rm($k,tk)| = A.
k—o0

Set €, = 1/+/|Rm(xk,t;)| and dilate the solution as before to get

~(k _ ~ -~
G D) = 20y (ot + D), T [~tu/ed,+00)

which is still a solution to the Ricci flow. Also, for arbitrarily fixed € > 0, there exists
a sufficiently large positive constant 7 such that for ¢ € [r, +00),

R = &R
A+e

2

(5

o A+e
€L 72~
tr + €t

= (A+¢)/(tx|Rm(xp, )| + 1), for L€ [(T —tg)/e2, +00).

IN
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Note that

(A+€)/(tk|Rm(zk, te)| +t) — (A+e)/(A+t), as k— 400
and
(T —tp)/ez — —A, as k — +oo.
Hence {(xk,tr)} is a sequence of (almost) maximum points. And then as before, there

(k)

ij
a limit gjj‘?o)(f) on a limiting manifold M and # € (—A, +00) such that gg?"’({) is a
complete solution of the Ricci flow and its curvature satisfies

oo

exists a subsequence of the metrics g;.’(¢) which converges in the C£°, topology to

|Rm(>®)| < A/(A+1)

everywhere on M x (—A, +00) with the equality somewhere at ¢ = 0. O

In the case of manifolds with nonnegative curvature operator, or Kéhler metrics
with nonnegative holomorphic bisectional curvature, we can bound the Riemannian
curvature by the scalar curvature R upto a constant factor depending only on the
dimension. Then we can slightly modify the statements in the previous theorem as
follows

COROLLARY 4.3.5. For any complete maximal solution to the Ricci flow with
bounded and nonnegative curvature operator on a Riemannian manifold, or on a
Kdhler manifold with bounded and nonnegative holomorphic bisectional curvature,
there exists a sequence of dilations of the solution along (almost) mazimum points
which converges to a singular model.

For Type 1 solutions: the limit model exists for t € (—o0, ) with 0 < Q < 400 and
has

R<Q/(Q—1)

everywhere with equality somewhere at t = 0.

For Type 11 solutions: the limit model exists for t € (—oo, +00) and has
R<1

everywhere with equality somewhere at t = 0.

For Type 111 solutions: the limit model exists for t € (—A,400) with 0 < A < 400
and has

R<AJ(A+1)

everywhere with equality somewhere at t = 0.

A natural and important question is to understand each of the three types of
singularity models. The following results obtained by Hamilton [66] and Chen-Zhu [30]
characterize the Type II and Type III singularity models with nonnegative curvature
operator and positive Ricci curvature respectively. The corresponding results in the
Kahler case with nonnegative holomorphic bisectional curvature were obtained by the
first author [14].
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THEOREM 4.3.6.

(i) (Hamilton [66]) Any Type 11 singularity model with nonnegative curvature
operator and positive Ricci curvature to the Ricci flow on a manifold M must
be a (steady) Ricci soliton.

(i) (Chen-Zhu [30]) Any Type 111 singularity model with nonnegative curvature
operator and positive Ricci curvature on a manifold M must be a homotheti-
cally expanding Ricci soliton.

Proof. We only give the proof of (ii), since the proof of (i) is similar and easier.

After a shift of the time variable, we may assume the Type III singularity model
is defined on 0 < t < +00 and tR assumes its maximum in space-time.

Recall from the Li-Yau-Hamilton inequality (Theorem 2.5.4) that for any vectors
Vi and W?,

(4.3.1) MWW 4 (Prij + Prji)VEW W + Ry WWIVEFV! > 0,
where
M;; = AR;j — %VZ-VJ-R + 2Ry RP? — gP Rip Rjq + %Rij
and
Pij = ViRj, — VR
Take the trace on W to get

OR R . .y
(4.3.2) Q2 Sp T 7 FViR- VI 2R VIV 20

for any vector V?. Let us choose V to be the vector field minimizing Q, i.e.,
. 1 ,
(4.3.3) Vi= —§(Ric—1)“€ka,

where (Ric™1) is the inverse of the Ricci tensor R;;. Substitute this vector field
V into @ to get a smooth function ). By a direct computation from the evolution
equations of curvatures (see [61] for details),

(4.3.4) %@ >a0-20.

Suppose tR assumes its maximum at (zg, tp) with to > 0, then

OR R
E + 7 = O, at (.Io,to).

This implies that the quantity

OR R . L
Q = — +—+ 2VZR . VZ + 2RZ—J—V1V3
ot t
vanishes in the direction V' = 0 at (z,%p). We claim that for any earlier time ¢ < to
and any point x € M, there is a vector V € T, M such that @ = 0.
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We argue by contradiction. Suppose not, then there is z € M and 0 < t < tg such
that @ is positive at x = Z and t = t. We can find a nonnegative smooth function p
on M with support in a neighborhood of Z so that p(Z) > 0 and

5o P
QZ?)

at t = 1. Let p evolve by the heat equation

dp

— = Ap.

ot~ F
It then follows from the standard strong maximum principle that p > 0 everywhere
for any ¢ > ¢. From (4.3.4) we see that

D~ P 5 P\ _2(5_ P

b(o-8)=a(a-8)-2a-5)

ot ( t2) - 12 t 12
Then by the maximum principle as in Chapter 2, we get

ta%>0, for all ¢ > 1.

This gives a contradiction with the fact @ = 0 for V = 0 at (zg, tp). We thus prove
the claim.

Consider each time t < tg. The null vector field of ) satisfies the equation
(4.3.5) V.R+2R;V? =0,

by the first variation of Q) in V. Since R;; is positive, we see that such a null vector
field is unique and varies smoothly in space-time.
Substituting (4.3.5) into the expression of @), we have
OR R

(4.3.6) E—F?#—VZR-V =0

Denote by
Qij = Mij + (Prij + Piji)V* + Ry VFVL

From (4.3.1) we see that );; is nonnegative definite with its trace @ = 0 for such
a null vector V. It follows that

Qij = M;; + (P;”‘j + iji)Vk + Rikﬂvkvl =0.

Again from the first variation of Q;; in V', we see that

(4.3.7) (Pkij + iji) + (Rikjl + Rjku)vl =0,
and hence
(4.3.8) M;j — Rigji VFV! = 0.
Applying the heat operator to (4.3.5) and (4.3.6) we get
0 4
(4.3.9) 0= (E - A) (ViR +2R;;V7)

= 2Ry <% - A) Vi 4 <% - A) (ViR)

) )
+ 2V <§ - A) Rij — AV R;;VFVI,
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and

(4.3.10) 0= (% —A) (%1: LBk VZ>

=V,R (% - A> Vig Ve (% - A> (ViR) — 2V, VR - V*V!

0 OR R
+(&‘A><W7)'

Multiplying (4.3.9) by V', summing over i and adding (4.3.10), as well as using
the evolution equations on curvature, we get

(4.3.11) 0=2V'(2V;(|Rc|?) = RyV'R) + 2ViVI(2R,;q; RP! — 2P R, Ry;)
—4ViR;; - V*VI .V -2V VR - V*V! 4 4RYV,V,R

R

+ 4g* g™ g Ry Rp Ryt + 4R RFVIVE — =

From (4.3.5), we have the following equalities
—2ViRyV'R — AViVIigPiR, R,; = 0,

(4.3.12) —AV,R;; - VFVI . Vi — 2V, VR - VFVi = AR,V Vi - VRV,
V,V,R=—2V;R;, - V! = 2R;V,V..

Substituting (4.3.12) into (4.3.11), we obtain
8R¥(VyRij - VF + Ry V'V — ViR - V! — RV, V)

R
+4R;; Vi V- V*VI 4 4gM g™ gPI Ry Ry Ryt — 7= 0.

By using (4.3.7), we know
Rij(kaij VR Rikﬂvkvl - ViR - Vl) =0.
Then we have

1, ) mn R
(4.3.13)  —8RYR;V, V! +4R;;V, V' - V*VI 4 4g™ g™ g9 Ry Ry Ryt — =0

By taking the trace in the last equality in (4.3.12) and using (4.3.6) and the evolution
equation of the scalar curvature, we can get

(4.3.14) R (Ry; + QZLZ —ViV;) =0

Finally by combining (4.3.13) and (4.3.14), we deduce

1R (Ray +g21—§—vkv) (RJHQJ—’“—V,QV) 0.

Since R;; is positive definite, we get

(4.3.15) ViV = Ry + 2

é, for all 1, .
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This means that g;;(¢) is a homothetically expanding Ricci soliton. O

REMARK 4.3.7. Recall from Section 1.5 that any compact steady Ricci soliton
or expanding Ricci soliton must be Einstein. If the manifold M in Theorem 4.3.6 is
noncompact and simply connected, then the steady (or expanding) Ricci soliton must
be a steady (or expanding) gradient Ricci soliton. For example, we know that V;V;
is symmetric from (4.3.15). Also, by the simply connectedness of M there exists a
function F' such that

VZ'VJ'F: Vlvj, on M.

So

9ij

Ry =V, v, F— 4
J J 21

on M

This means that g;; is an expanding gradient Ricci soliton.

In the Kéhler case, we have the following results for Type II and Type III sin-
gularity models with nonnegative holomorphic bisectional curvature obtained by the
first author in [14].

THEOREM 4.3.8 (Cao [14]).

(i) Any Type 11 singularity model on a Kdhler manifold with nonnegative holo-
morphic bisectional curvature and positive Ricci curvature must be a steady
Kahler-Ricci soliton.

(i) Any Type 111 singularity model on a Kdhler manifold with nonnegative holo-
morphic bisectional curvature and positive Ricci curvature must be an expand-
ing Kahler-Ricci soliton.

To conclude this section, we state a result of Sesum [113] on compact Type I
singularity models. Recall that Perelman’s functional W, introduced in Section 1.5,
is given by

Wig. for) = [ (@ar) B (VI + B+ £ = eV,
M
with the function f satisfying the constraint

/M(4WT)7% efdeg =1.

And recall from Corollary 1.5.9 that

p(g(t)) = inf {W(g(t), ST 1) /M(47T(T —t) " Fe AV, = 1}

is strictly increasing along the Ricci flow unless we are on a gradient shrinking soliton.
If one can show that p(g(¢)) is uniformly bounded from above and the minimizing
functions f = f(-,t) have a limit as ¢ — T, then the rescaling limit model will be
a shrinking gradient soliton. As shown by Natasa Sesum in [113], Type I assump-
tion guarantees the boundedness of u(g(t)), while the compactness assumption of
the rescaling limit guarantees the existence of the limit for the minimizing functions
f(-,t). Therefore we have
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THEOREM 4.3.9 (Sesum [113]). Let (M, g;;(t)) be a Type I singularity model
obtained as a rescaling limit of a Type 1 mazximal solution. Suppose M is compact.
Then (M, g;;(t)) must be a gradient shrinking Ricci soliton.

It seems that the assumption on the compactness of the rescaling limit is super-
fluous. We conjecture that any noncompact Type I limit is also a gradient shrinking
soliton.

4.4. Ricci Solitons. We will now examine the structure of a steady Ricci soliton
of the sort we get as a Type II limit.

LEMMA 4.4.1. Suppose we have a complete gradient steady Ricci soliton g;; with
bounded curvature so that

Rij = V;V;F

for some function F' on M. Assume the Ricci curvature is positive and the scalar
curvature R attains its maximum Ruyax at a point xo € M. Then

(441) |VF|2 + R = Rmax
everywhere on M, and furthermore F is convex and attains its minimum at xg.

Proof. Recall that, from (1.1.15) and noting our F here is —f there, the steady
gradient Ricci soliton has the property

IVFI?+ R =Cy

for some constant Cy. Clearly, Cy > Rpyax-

If Co = Rmax, then VF = 0 at the point xzg. Since V;V;F = R;; > 0, we see
that F' is convex and F' attains its minimum at x.

If Cy > Ruax, consider a gradient path of F in a local coordinate neighborhood
through zo = (2§, ...,2%) :

and

dz?
du

=g¢V;F, wu€ (—¢,¢).

Now |VF|? = Cy — R > Cy — Rpax > 0 everywhere, while [V F|? is smallest at z = zg
since R is largest there. But we compute
d%WFF = 247! (%ij> V,\F
=29 gI'V,V;F -V ,FV,F
= 29"/ RV FV F
>0

since R;; > 0 and |[VF|?> > 0. Then |VF|? is not smallest at zo, and we have a
contradiction. O
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We remark that when we are considering a complete expanding gradient Ricci
soliton on M with positive Ricci curvature and

Rij + pgi; = VZ‘VJ-F
for some constant p > 0 and some function F, the above argument gives
IVF? 4+ R—2pF =C

for some positive constant C'. Moreover the function F' is an exhausting and convex
function. In particular, such an expanding gradient Ricci soliton is diffeomorphic to
the Euclidean space R™.

Let us introduce a geometric invariant as follows. Let O be a fixed point in
a Riemannian manifold M, s the distance to the fixed point O, and R the scalar
curvature. We define the asymptotic scalar curvature ratio

A = lim sup Rs?.

s——+o0

Clearly the definition is independent of the choice of the fixed point O and invariant
under dilation. This concept is particular useful on manifolds with positive sectional
curvature. The first type of gap theorem was obtained by Mok-Siu-Yau [93] in un-
derstanding the hypothesis of the paper of Siu-Yau [120]. Yau (see [49]) suggested
that this should be a general phenomenon. This was later conformed by Greene-Wu
[49, 50], Eschenberg-Shrader-Strake [45] and Drees [44] where they show that any
complete noncompact n-dimensional (except n = 4 or 8) Riemannian manifold of
positive sectional curvature must have A > 0. Similar results on complete noncom-
pact Kéhler manifolds of positive holomorphic bisectional curvature were obtained by
Chen-Zhu [31] and Ni-Tam [100].

THEOREM 4.4.2 (Hamilton [63]). For a complete noncompact steady gradient
Ricci soliton with bounded curvature and positive sectional curvature of dimension n >
3 where the scalar curvature assume its mazimum at a point O € M, the asymptotic
scalar curvature ratio is infinite, i.e.,

A = limsup Rs? = +c0

s——+00

where s is the distance to the point O.

Proof. The solution to the Ricci flow corresponding to the soliton exists for
—00 < t < 400 and is obtained by flowing along the gradient of a potential function
F of the soliton. We argue by contradiction. Suppose Rs? < C. We will show that
the limit

gij(z) = Jim gij(z,t)
exists for  # O on the manifold M and is a complete flat metric on M \ {O}. Since
the sectional curvature of M is positive everywhere, it follows from Cheeger-Gromoll
[23] that M is diffeomorphic to R™. Thus M \ {O} is diffeomorphic to S"~! x R. But
for n > 3 there is no flat metric on S~ x R, and this will finish the proof.
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To see the limit metric exists, we note that R — 0 as s — +00, so |VF|2 — Rmax
as s — 400 by (4.4.1). The function F itself can be taken to evolve with time, using
the definition

or ox’

— =VF— = —|VF|? = AF — Rpax
ot ot IVE

which pulls F' back by the flow along the gradient of F'. Then we continue to have
V;V,;F = R;; for all time, and |VF|*> — Ryax as s — +oo for each time.

When we go backward in time, this is equivalent to flowing outwards along the
gradient of F', and our speed approaches v/ Ryax. So, starting outside of any neigh-
borhood of O we have

i = dt(,O) — \/ Rmax, as t — —oo

|t 1
and
(4.4.2) R( t)<L as |t| large enough
A. R T TIEL s rge enough.
Hence for |¢| sufficiently large,
0> —2R;;
9.,
ot 97
> _2Rgi]
>
= Rmax . |t|2 gl]

which implies that for any tangent vector V,

2C

d o
< —(log(gs; (1) V'V?)) € ————..
O— (Og(gj( )VV )) — Rmax'|t|2

dlt|

These two inequalities show that g;;(¢)VV7 has a limit g;;V'V7 as t — —cc.

Since the metrics are all essentially the same, it always takes an infinite length to
get out to the infinity. This shows the limit g;; is complete at the infinity. One the
other hand, any point P other than O will eventually be arbitrarily far from O, so
the limit metric g;; is also complete away from O in M \ {O}. Using Shi’s derivative
estimates in Chapter 1, it follows that g;;(-,t) converges in the C. topology to a
complete smooth limit metric g;; as t — —oo, and the limit metric is flat by (4.4.2). 0

The above argument actually shows that

(4.4.3) limsup Rs' ™ = 400

s——+o0

for arbitrarily small € > 0 and for any complete gradient Ricci soliton with bounded
and positive sectional curvature of dimension n > 3 where the scalar curvature as-
sumes its maximum at a fixed point O.

Finally we conclude this section with the important uniqueness of complete Ricci
soliton on two-dimensional Riemannian manifolds.
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THEOREM 4.4.3 (Hamilton [60]). The only complete steady Ricci soliton on a
two-dimensional manifold with bounded curvature which assumes its maximum 1 at
an origin is the “cigar” soliton on the plane R? with the metric

s da? + dy?
55 = ————.
1+ 22 + y?

Proof. Recall that the scalar curvature evolves by

OR 9

5 = AR+ R
on a two-dimensional manifold M. Denote by Ruyin(t) = inf{R(z,t) | x € M}. We
see from the maximum principle (see for example Chapter 2) that Ryn(t) is strictly
increasing whenever Ryin(t) # 0, for —oo < ¢t < 400. This shows that the curvature
of a steady Ricci soliton on a two-dimensional manifold M must be nonnegative and
Rumin(t) =0 for all t € (—o0,400). Further by the strong maximum principle we see
that the curvature is actually positive everywhere. In particular, the manifold must
be noncompact. So the manifold M is diffiomorphic to R? and the Ricci soliton must
be a gradient soliton. Let F' be a potential function of the gradient Ricci soliton.
Then, by definition, we have

ViVj + V,;Vi = Rg;;

with V; = V,F. This says that the vector field V' must be conformal. In complex
coordinate a conformal vector field is holomorphic. Hence V' is locally given by V' (z) %
for a holomorphic function V(z). At a zero of V' there will be a power series expansion

Viz)=azP+---, (a#£0)

and if p > 1 the vector field will have closed orbits in any neighborhood of the zero.
Now the vector field is gradient and a gradient flow cannot have a closed orbit. Hence
V(z) has only simple zeros. By Lemma 4.4.1, we know that F is strictly convex
with the only critical point being the minima, chosen to be the origin of R2. So the
holomorphic vector field V' must be

0 0
V(z)& =cig s for z € C,

z

for some complex number c.
We now claim that ¢ is real. Let us write the metric as

ds® = g(x,y)(de® + dy?)
with 2z = 2 ++/—1y. Then VF = cz% means that if ¢ = a + v/—1b, then

OF OF
i (az —by)g, o (bz +ay)g.

Taking the mixed partial derivatives gj—;; and equating them at the origin x =y =0

gives b = 0, so c is real.
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Let
r = e"cosv, —o00 < u < +00,
y = e“sinw, 0<wv<2m.
Write
ds? = (z,9) (cl:zc2 + dy2)

g
g(e¥ cosv, e sinv)e? (du? 4 dv?)
g

(u, v)(du? + dv?).

1>

Then we get the equations

oOF oF 0

— = 5 _—

Ju P e
since the gradient of F' is just a% for a real constant a. The second equation shows
that F' = F(u) is a function of u only, then the first equation shows that g = g(u) is
also a function of u only. Then we can write the metric as

(4.4.4) ds* = g(u)(du® + dv?)
= g(u)e™"(da?® + dy?).
This implies that e ?“g(u) must be a smooth function of z? + y? = e**. So as
u — —00,
(445) g(u) = b1€2u —+ b2(e2u)2 + .. ,
with by > 0.

The curvature of the metric is given by

where ()’ is the derivative with respect to u. Note that the soliton is by translation
in u with velocity ¢. Hence g = g(u + ct) satisfies

dg
~ __R
ot g
which becomes
N/
cg = (g_) :
g
Thus by (4.4.5),
!
= =cg+2

and then by integrating
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ie.
2u
e
g(u) - bl _ %6271"
In particular, we have ¢ < 0 since the Ricci soliton is not flat. Therefore
dx? + dy?
a1 + as(2? + y?)

ds® = g(u)e_%(dx2 + dy2) =

for some constants ai,as > 0. By the normalization condition that the curvature
attains its maximum 1 at the origin, we conclude that

ds? — dz? + dy?
1+ (@)

O

5. Long Time Behaviors. Let M be a complete manifold of dimension n.
Consider a solution of the Ricci flow g;;(x,t) on M and on a maximal time interval
[0,T). When M is compact, we usually consider the normalized Ricci flow

891']' 2

I
where r = | A RAV/ I} A @V is the average scalar curvature. The factor r serves to
normalize the Ricci flow so that the volume is constant. To see this we observe that

dV = \/det g;; dz and then

0 1 ..0
il [ P
T log +/det g;; 29 (?tg” r—R,

4 dV:/(r—R)dV:().
dt S M

The Ricci flow and the normalized Ricci flow differ only by a change of scale in space
and a change of parametrization in time. Indeed, we first assume that g;;(t) evolves
by the (unnormalized) Ricci flow and choose the normalization factor ¢ = (t) so
that g;; = 1gs;, and [, dfi = 1. Next we choose a new time scale ¢ = [ 1)(t)dt. Then
for the normalized metric g;; we have

Judv

Il
SN /S —/~
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since %gij = —2R;; for the Ricci flow. Hence it follows that

aggw - 81591] dt 0og Gij

2 -
= Efgij — QRU
Thus studying the behavior of the Ricci flow near the maximal time is equivalent to
studying the long-time behavior of the normalized Ricci flow.

In this chapter we will obtain long-time behavior of the normalized Ricci flow for
the following special cases: (1) compact two-manifolds; (2) compact three-manifolds
with nonnegative Ricci curvature; (3) compact four-manifolds with nonnegative cur-
vature operator; and (4) compact three-manifolds with uniformly bounded normalized
curvature.

5.1. The Ricci Flow on Two-manifolds. Let M be a compact surface, we will
discuss in this section the evolution of a Riemannian metric g;; under the normalized
Ricci flow. On a surface, the Ricci curvature is given by

1
Rij = 5Rgij
so the normalized Ricci flow equation becomes
0
(5.1.1) Egij = (r — R)gij.

Recall the Gauss-Bonnet formula says

/ RAV = 4mx (M),
M

where x(M) is the Euler characteristic number of M. Thus the average scalar curva-
ture r = 4wy (M)/ [,, dV is constant in time.

To obtain the evolution equation of the normalized curvature, we recall a simple
principle in [58] for converting from the unnormalized to the normalized evolution
equation on an n-dimensional manifold. Let P and @ be two expressions formed from
the metric and curvature tensors, and let P and Q be the corresponding expressions
for the normalized Ricci flow. Since they differ by dilations, they differ by a power of
the normalized factor ¢ = ¢ (t). We say P has degree k if P = ¥ P. Thus gi; has
degree 1, R;; has degree 0, R has degree —1.

LEMMA 5.1.1. Suppose P satisfies

oP
S =AP+Q

for the unnormalized Ricci flow, and P has degree k. Then @Q has degree k — 1, and
for the normalized Ricci flow,

Proof. We first see @ has degree k — 1 since 0t/0t = 1 and A = YA, Then

0

wa—gw-’“P) = YA FP) +yFQ
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which implies

=AP+Q+ P

2|3
2|

<] >

S N
= AP+ Q+ ZkiP
n

since %logw = (Zlogy)yp~t = 27.0
We now come back to the normalized Ricci flow (5.1.1) on a compact surface. By

applying the above lemma to the evolution equation of unnormalized scalar curvature,
we have

(5.1.2) or _ AR+ R*—rR
ot

for the normalized scalar curvature R. As a direct consequence, by using the maximum
principle, both nonnegative scalar curvature and nonpositive scalar curvature are
preserved for the normalized Ricci flow on surfaces.

Let us introduce a potential function ¢ as in the Kéhler-Ricci flow (see for example
[11]). Since R — r has mean value zero on a compact surface, there exists a unique
function ¢, with mean value zero, such that

(5.1.3) Ap=R-—r.
Differentiating (5.1.3) in time, we have

0 0

51 = 5(A%)

0 0% dp
= (R— ij e
(F=r)Ae+g 8t(8:1:i8:z:j F”axk>

—(R—T)A@+A<%—f>.

Combining with the equation (5.1.2), we get

A (%f) = A(Ap) +rAp

which implies that

(5.1.4) 9¢ _ A +re —b(t)
ot
for some function b(t) of time only. Since [, pdV =0 for all ¢, we have
d
0= [ wdp= / (Ap + 7o —b(t))du + / o(r — R)dp
M M M

:—b(t)/ du+/ |Vl ?dp.
M M

Thus the function b(t) is given by

_ fM |V(p|2du

b(t) T
M
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Define a function h by
h=Ap+|Ve|* = (R—1) + Vo],
and set
1
Mz] = vivj ¥ = §A $Gij
to be the traceless part of V;V; ¢.

LEMMA 5.1.2. The function h satisfies the evolution equation

h
(5.1.5) ‘Z— = Ah —2|M;;|* + rh.

Proof. Under the normalized Ricci flow,

5196 = (597 VoV + 29 (5950 (V50)
= (R—1)|Vel* +2¢"Vi(Ap + 1o — b(t)) V¢
= (R+7)|Vy|* + 297 (AVip — R Vi)V,
= (R+7)|Ve|* + AlVe[* = 2|V20|* — 26" Rix ViV s
= AlVe|® = 2|V + 7|V,

where R;, = %Rgik on a surface.
On the other hand we may rewrite the evolution equation (5.1.2) as

0
5 (B=1) = AR =1)+ (A¢)* +r(R—7).
Then the combination of above two equations yields
0

1
9 Ap 2 12 1 2
Bth Ah —2(|V?| 2(Ag0) )+rh

= Ah, — 2|M1J|2 —|— ’I”h
as desired. O

As a direct consequence of the evolution equation (5.1.5) and the maximum prin-
ciple, we have

(5.1.6) R<Cie™ +r

for some positive constant C; depending only on the initial metric.
On the other hand, it follows from (5.1.2) that Rumin(t) = min,cn R(x,t) satisfies

d
dtRmm = Rmm(len T) el 0

whenever Ry, < 0. This says that

(5.1.7) Rumin(t) > —Cs, forall t>0
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for some positive constant Co depending only on the initial metric.
Thus the combination of (5.1.6) and (5.1.7) implies the following long time exis-
tence result.

PROPOSITION 5.1.3. For any initial metric on a compact surface, the normalized
Ricci flow (5.1.1) has a solution for all time.

To investigate the long-time behavior of the solution, let us now divide the dis-
cussion into three cases: x(M) < 0; x(M) = 0; and x(M) > 0.

Case (1): x(M) <0 (ie., r <0).

From the evolution equation (5.1.2), we have

d
_Rmin Z Rmin Rmin -
7 ( r)
> 7(Rmin — 1), on M x [0,+00)
which implies that
R—r>—Cie™, on M x [0, +00)

for some positive constant C; depending only on the initial metric. Thus by combining
with (5.1.6) we have

(5.1.8) —Cie" < R—r < Cre™, on M x [0, +00).

THEOREM 5.1.4 (Hamilton [60]). On a compact surface with x(M) < 0, for any
initial metric the solution of the normalized Ricci flow (5.1.1) exists for all time and
converges in the C*> topology to a metric with negative constant curvature.

Proof. The estimate (5.1.8) shows that the scalar curvature R(x,t) converges
exponentially to the negative constant r as t — +oc.

Fix a tangent vector v € T,,M at a point x € M and let |v|? = g;;(z,t)v'v?. Then
we have

d o .
EM? = (&9@‘(%0) v'v?
= (r—R)vl?

which implies

< Ce™, forall t>0

d
S lox

for some positive constant C' depending only on the initial metric (by using (5.1.8)).
Thus |v|7 converges uniformly to a continuous function |v|%, ast — +oc and |v|%, # 0
if v # 0. Since the parallelogram law continues to hold to the limit, the limiting
norm |v]%, comes from an inner product g;;(co). This says, the metrics g;;(t) are all
equivalent and as t — 400, the metric g;;(t) converges uniformly to a positive-definite
metric tensor g;;(co) which is continuous and equivalent to the initial metric.

By the virtue of Shi’s derivative estimates of the unnormalized Ricci flow in
Section 1.4, we see that all derivatives and higher order derivatives of the curvature
of the solution g¢;; of the normalized flow are uniformly bounded on M x [0, +00).
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This shows that the limiting metric g;;(c0) is a smooth metric with negative constant
curvature and the solution g;;(t) converges to the limiting metric g;;(co) in the C*°
topology as t — +o0. O

Case (2): x(M) =0, i.e.,, r=0.
From (5.1.6) and (5.1.7) we know that the curvature remains bounded above and

below. To get the convergence, we consider the potential function ¢ of (5.1.3) again.
The evolution of ¢ is given by (5.1.4). We renormalize the function ¢ by

Pz, t) = p(z,t) + /b(t)dt, on M x [0,+00).

Then, since r = 0, ¢ evolves by
o¢

(5.1.9) 5 =08 on M x [0, +00).

From the proof of Lemma 5.1.2, we get
0, . - -
(5.1.10) §|w|2 = A|V|? - 2|V3p|°.

Clearly, we have

d ~ N
(5.1.11) ng =A@ - 2|V

Thus it follows that
0 . . . -
57 HVEI* +6%) < A(HVE| +¢7).

Hence by applying the maximum principle, there exists a positive constant Cs de-
pending only on the initial metric such that

C
(5.1.12) V@2 (z,t) < 1—+3t on M x [0, 400).

In the following we will use this decay estimate to obtain a decay estimate for the
scalar curvature.
By the evolution equations (5.1.2) and (5.1.10), we have

0 . _ N
G 2IVel?) = A(R+2|Ve[*) + R? - 4]V?¢|?

< A(R+2|V9]*) - R?

since R? = (Ap)? < 2|V2@|2. Thus by using (5.1.12), we have

2[R+ 21V )

< AHR+2|VEH)] — tR? + R+ 2|Vp|?

<A[H(R+2[VEP)] = t(R +2|V@[*)? + (1 + 4t|VE|*) (R + 2|Vg|?)
< AR+ 2[VE)] = [HR+2[VE*) — (1 +4C3)](R + 2|V@]?)

< A[H(R+2[VE[)]
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wherever t(R + 2|V@|?) > (1 + 4C3). Hence by the maximum principle, there holds

Cy
14+¢

(5.1.13) R+2|Vg|* < on M x [0, +00)

for some positive constant Cy depending only on the initial metric.
On the other hand, the scalar curvature satisfies

%:AR+R2, on M x [0,+00).
It is not hard to see that
Rmin(o)
5.1.14 R> ——~ M x [0
(5.1.14) > TR e on Mx[0+0)

by using the maximum principle. So we obtain the decay estimate for the scalar
curvature

C
(5.1.15) |R(z,1)| < 1+5t, on M x [0, +00),

for some positive constant Cs depending only on the initial metric.

THEOREM 5.1.5 (Hamilton [60]). On a compact surface with x(M) =0, for any
initial metric the solution of the normalized Ricci flow (5.1.1) exists for all time and
converges in C'* topology to a flat metric.

Proof. Since % = A, it follows from the maximum principle that
|z, t)| < Ce, on M x [0,+00)

for some positive constant Cs depending only on the initial metric. Recall that A@ =
R. We thus obtain for any tangent vector v € T, M at a point z € M,

d o (0 i g
E|’U|t = (&glj(xvt)> vv

= —R(z,t)[vff

and then
[vl? /t d 2
log —=| = —1 dt
‘ |v[3 o dt og| vel"dil
t
= / R(z,t)dt
0
< 2067

for all z € M and ¢ € [0, +00). This shows that the solution g;;(¢) of the normalized
Ricci flow are all equivalent. This gives us control of the diameter and injectivity
radius.

As before, by Shi’s derivative estimates of the unnormalized Ricci flow, all deriva-
tives and higher order derivatives of the curvature of the solution g;; of the normalized
Ricei flow (5.1.1) are uniformly bounded on M X [0, +00). By the virtue of Hamilton’s
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compactness theorem (Theorem 4.1.5) we see that the solution g;;(t) subsequentially
converges in C* topology. The decay estimate (5.1.15) implies that each limit must
be a flat metric on M. Clearly, we will finish the proof if we can show that limit is
unique.

Note that the solution g;;(t) is changing conformally under the Ricci flow (5.1.1)
on surfaces. Thus each limit must be conformal to the initial metric, denoted by g;;.
Let us denote g;j(c0) = €"g;; to be a limiting metric. Since g;;(c0) is flat, it is easy
to compute

0=c “R— Au), on M,

where R is the curvature of gi; and A is the Laplacian in the metric gi;j- The solution
of Poission equation

Au = R, on M

is unique up to constant. Moreover the constant must be also uniquely determined
since the area of the solution of the normalized Ricci flow (5.1.1) is constant in time.
So the limit is unique and we complete the proof of Theorem 5.1.5. O

Case (3): x(M) >0, i.e.,, r > 0.

This is the most difficult case. There exist several proofs by now but, in contrast
to the previous two cases, none of them depend only on the maximum principle type of
argument. In fact, all the proofs rely on some combination of the maximum principle
argument and certain integral estimate of the curvature. In the pioneer work [60],
Hamilton introduced an integral quantity

E= / Rlog R dV,
M

which he calls entropy, for the (normalized) Ricci flow on a surface M with posi-
tive curvature, and showed that the entropy is monotone decreasing under the flow.
By combining this entropy estimate with the Harnack inequality for the curvature
(Corollary 2.5.3), Hamilton obtained the uniform bound on the curvature of the nor-
malized Ricci flow on M with positive curvature. Furthermore, he showed that the
evolving metric converges to a shrinking Ricci soliton on M and that the shrinking
Ricci soliton must be a round metric on the 2-sphere S2. Subsequently, Chow [36]
extended Hamilton’s work to the general case when the curvature may change signs.
More precisely, he proved that given any initial metric on a compact surface M with
x(M) > 0, the evolving metric under the (normalized) Ricci flow will have positive
curvature after a finite time. Hence, when combined with Hamilton’s result, we know
the evolving metric on M converges to the round metric on S2.

In the following we present a new argument by combining the Li-Yau-Hamilton
inequality of the curvature with Perelman’s no local collapsing theorem I', as was
done in the recent joint work of Bing-Long Chen and the authors [15] where they con-
sidered the Kéhler-Ricci flow on higher dimensional Kéhler manifolds of nonnegative
holomorphic bisectional curvature (see [15] for more details). (There are also other
proofs for Case (3) by Bartz-Struwe-Ye [6] and Struwe [121].)

Given any initial metric on M with x (M) > 0, we consider the solution g;;(t) of
the normalized Ricci flow (5.1.1). Recall that the (scalar) curvature R satisfies the
evolution equation

0
ZR=A 2_rR.
5 R=AR+ R —rR
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The corresponding ODE is

d
(5.1.16) d_i =s% —rs.

Let us choose ¢ > 1 and close to 1 so that r/(1 — ¢) < mingen R(z,0). It is
clear that the function s(t) = r/(1 — ce") < 0 is a solution of the ODE (5.1.16) with
s(0) < miI\I/l[ R(z,0). Then the difference of R and s evolves by

k4SS

(5.1.17) %(R—s):A(R—s)—i-(R—r—i—s)(R—s).
Since mingep R(x,0) — s(0) > 0, the maximum principle implies that R — s > 0 for
all times.

We first extend the Li-Yau-Hamilton inequality (Theorem 2.5.2) to the normalized
Ricci flow whose curvature may change signs. As in the proof of Theorem 2.5.2, we
consider the quantity

L =log(R - s).
It is easy to compute

%—?ZAL+|VL|2+R—T‘+S.

Then we set

Q:%—?—|VL|2—5:AL+R—T.

By a direct computation and using the estimate (5.1.8), we have

) oL OR
5Q=4 (E) +(R=m)AL+ —=
=AQ +2|V2L|* + 2(VL,V(AL)) + R|VL|?
+(R—-7r)AL+ AR+ R(R—r)

=AQ +2|V2L? +2(VL,VQ) +2(R — )AL + (R —r)?

+ (r — )AL + s|VL|> +r(R — )

=AQ+2(VL,VQ) +2|V2L|> + 2(R — r)AL + (R — r)?
+(r—s)Q +s|VL|> + s(R — 1)

> AQ+2(VL,VQ)+ Q*+ (r — s)Q + s|VL|* — C.

Here and below C is denoted by various positive constants depending only on the
initial metric.
In order to control the bad term s|VL|?, we consider

Q(SL) = A(sL) + s|VL? +s(R—r+s)+s(s—r)L

ot
> A(sL) +2(VL,V(sL)) — s|VL* - C
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by using the estimate (5.1.8) again. Thus

%(Q +sL) > A(Q+sL) +2(VL,V(Q +sL) + Q* + (r —s)Q — C
> A(Q+sL) +2(VL,V(Q+sL)) + %[(Q +sL)* - C?,
since sL is bounded by (5.1.8). This, by the maximum principle, implies that
Q> -C, for all t € [0,400).

Then for any two points x1,29 € M and two times to > t; > 0, and a path v :
[t1,t2] — M connecting x1 to x2, we have

L(x2,t2) — L(21,t1) = ) EL(V(f)at)dt

2 /oL ,
/tl (E + <VL,’7>> dt

1
A= Cty—t
1A~ Clt2— 1)

v

where

A - A('rlvtl;vatQ)
to
= inf {/ |7(t)|§ij v [t te] = M with y(t) = z1,7(t2) = gcg} .
t1

Thus we have proved the following Harnack inequality.

LEMMA 5.1.6 (Chow [36]). There exists a positive constant C depending only on
the initial metric such that for any x1, o € M and ta > t1 > 0,

Rl t1) = s(tr) < e300 (R(wy, 1) — s(t2))

where

to
A = inf {/ [Y(O)|2dt | vy [tr,ta] — M with y(t1) = x1,7(t2) = 3:2} .

ty

We now state and prove the uniform bound estimate for the curvature.

PROPOSITION 5.1.7. Let (M, g;;(t)) be a solution of the normalized Ricci flow
on a compact surface with x(M) > 0. Then there exist a time to > 0 and a positive
constant C' such that the estimate

C'<R(zt)<C
holds for all x € M and t € [tg, +00).

Proof. Recall that

R(z,t) > s(t) = S — on M x [0, +00).

1 — cert’
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For any € € (0,r), there exists a large enough ¢y > 0 such that
(5.1.18) R(z,t) > —€2, on M X [tg, +00).

Let t be any fixed time with ¢ > ¢y 4+ 1. Obviously there is some point xyp € M such
that R(zo,t+1) =r.

Consider the geodesic ball B;(xg, 1), centered at xy and radius 1 with respect to
the metric at the fixed time ¢. For any point « € By(xp, 1), we choose a geodesic 7:
[t,t + 1] — M connecting x and zo with respect to the metric at the fixed time .
Since

0
&gij = (r — R)gij < 2rg;; on M X [tg, +00),

we have

t+1 t+1
/ 5(r)2dr < e / (r)2dr < &)
t t

Then by Lemma 5.1.6, we have

(5.1.19) R(z,t) < s(t) + exp {iezr + C} “(R(zo,t+1) —s(t+1))
< (1, as x € Bi(zg, 1),

for some positive constant C; depending only on the initial metric. Note the the
corresponding unnormalized Ricci flow in this case has finite maximal time since its
volume decreases at a fixed rate —4my (M) < 0. Hence the no local collapsing theorem
I’ (Theorem 3.3.3) implies that the volume of B;(zg,1) with respect to the metric at
the fixed time ¢ is bounded from below by

(5120) VOlt(Bt(JJQ, 1)) 2 Cg

for some positive constant Co depending only on the initial metric.

We now want to bound the diameter of (M, g;;(t)) from above. The following
argument is analogous to Yau in [128] where he got a lower bound for the volume of
geodesic balls of a complete Riemannian manifold with nonnegative Ricci curvature.
Without loss of generality, we may assume that the diameter of (M, g;;(t)) is at least
3. Choose a point 1 € M such that the distance di(zo,x1) between x1 and xy with
respect to the metric at the fixed time ¢ is at least a half of the diameter of (M, g;;(t)).
By (5.1.18), the standard Laplacian comparison theorem (c.f. [112]) implies

Ap* =2pAp+2<2(1+ep)+2

in the sense of distribution, where p is the distance function from z; (with respect to
the metric g;;(¢)). That is, for any ¢ € C§°(M), ¢ > 0, we have

(5.1.21) — /M Vp? -V < /M[2(1 +ep) + 2]e.

Since C§°(M) functions can be approximated by Lipschitz functions in the above
inequality, we can set ¢(x) = ¥ (p(z)), x € M, where 1(s) is given by
15 OSSSdt(.IO,.Il)—l,
Y(s) = W(S):—%, di(xo, 1) — 1 < s < dy(xo, 1) + 1,
0, s > di(zo,21) + 1.
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Thus, by using (5.1.20), the left hand side of (5.1.21) is

/ Vp® -V
M

w/Bt(ml,dt(wo,wl)-l-l)\Bt(wl,dt(wo,wl)—l)
> (di(xo,x1) — 1)Vol ¢ (Bi(x1,di(xo, 1) + 1) \ Be(x1, di(x0, 1) — 1))
> (di(zo,21) — 1) Vol ¢(Bt(zo, 1))

> (di(zo, 1) — 1)C,

and the right hand side of (5.1.21) is

p

| pa+en+zes [ 201 +2p) +2)
M

Bt(zl,dt(zo,ibl)“rl)
[2(1 + ed¢ (20, 1)) + 4] Vol (B (w1, di (w0, z1) + 1))

<
< [2(1 + Edt(Io, Il)) + 4]14

where A is the area of M with respect to the initial metric. Here we have used the
fact that the area of solution of the normalized Ricci flow is constant in time. Hence

Cg(dt(wo, ,Tl) - 1) < [2(1 + Edt(xo, ,Tl)) + 4]A,
which implies, by choosing € > 0 small enough,
di(z0, 1) < C3

for some positive constant C3 depending only on the initial metric. Therefore, the
diameter of (M, g;;(t)) is uniformly bounded above by

for all t € [tg, +00).
We then argue, as in deriving (5.1.19), by applying Lemma 5.1.6 again to obtain

R(z,t) < Cy, on M X [tg,+00)

for some positive constant Cy depending only on the initial metric.

It remains to prove a positive lower bound estimate of the curvature. First, we
note that the function s(t) — 0 as ¢ — 400, and the average scalar curvature of the
solution equals to r, a positive constant. Thus the Harnack inequality in Lemma 5.1.6
and the diameter estimate (5.1.22) imply a positive lower bound for the curvature.
Therefore we have completed the proof of Proposition 5.1.7. O

Next we consider long-time convergence of the normalized flow.
Recall that the trace-free part of the Hessian of the potential ¢ of the curvature
is the tensor M;; defined by

1
Ml-j = Vivjk/? — §A<p *Gij,
where by (5.1.3),

Ap=R-—r.
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LEMMA 5.1.8. We have

)
(5.1.23) §|Mij|2 = A|M;;|* — 2|V M;;|* — 2R|M;;|*, on M x [0, +00).

Proof. First we note the time-derivative of the Levi-Civita connection is

0w 1 (0 ) )

8trij - 29 vlatg]l + v] ({%shl vl 8tgz]
1
2

(~ViR-6¥ —V,;R-6F + VFR - g;)).
By using this and (5.1.4), we have

o 0y 10
&MZJ e Vlvj (E) - <§Fi]‘) Vip — 5&[(}% - T)gZJ]

1
= ViVjAgD + E(VlR : Vj(ﬂ + VJR : Vﬂp - <VR, Vgﬁ>gij)
1
— EAR * Gij + ’I”Mij.
Since on a surface,

1
Rijii = §R(9ugjk — GikJjl)s
we have
ViVjAgD
= VinVijga — Vi(levlw)
= ViViV;VFp — R ViVRo — RyV,; Vi — RV Vi — V,R; Ve
= AV;V;p — V¥R, Vip) — Ry, ViVFe
— RyV;Vlie — R;V,V'p — V,R; Ve
1
=AV;Vp— §(V1R -Vip+V,;R-Vip—(VR,V)gi;)

1
— 2R <Ving0 — §Ag0 . gij> .

Combining these identities, we get

0 1
&Mij = AV,;Vp — §AR - gij + (r — 2R)M;;

1
=A (Vivjk/? — g(R — ’I”)gij) + (’F — QR)Ml

Thus the evolution M;; is given by

8Mij
ot

(5.1.24) =AM;; + (T‘ — QR)MU‘.

Now the lemma follows from (5.1.24) and a straightforward computation. O
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Proposition 5.1.7 tells us that the curvature R of the solution to the normalized
Ricci flow is uniformly bounded from below by a positive constant for ¢ large. Thus we
can apply the maximum principle to the equation (5.1.23) in Lemma 5.1.8 to obtain
the following estimate.

PROPOSITION 5.1.9. Let (M, gi;(t)) be a solution of the normalized Ricci flow
on a compact surface with x(M) > 0. Then there exist positive constants ¢ and C
depending only on the initial metric such that

|M;;|*? < Ce ", on M x [0,+00).

Now we consider a modification of the normalized Ricci flow. Consider the equa-
tion

(5125) %gij = 2Mij = (7‘ — R)gij + 2V1-Vj<p.

As we saw in Section 1.3, the solution of this modified flow differs from that of the
normalized Ricci flow only by a one parameter family of diffeomorphisms generated
by the gradient vector field of the potential function . Since the quantity |M;;|? is
invariant under diffeomorphisms, the estimate |M;;|* < Ce™“ also holds for the solu-
tion of the modified flow (5.1.25). This exponential decay estimate then implies the
solution g;;(x,t) of the modified flow (5.1.25) converges exponentially to a continuous
metric g;;(c0) as t — +oo. Furthermore, by the virtue of Hamilton’s compactness
theorem (Theorem 4.1.5) we see that the solution g;;(x,t) of the modified flow actu-
ally converges exponentially in C'*° topology to g;;(00). Moreover the limiting metric
gij(00) satisfies

M;j = (r — R)gij +2V;Vjo =0, on M.
That is, the limiting metric is a shrinking gradient Ricci soliton on the surface M.

The next result was first obtained by Hamilton in [60]. The following simplified
proof by using the Kazdan-Warner identity was widely known to experts in the field.

PROPOSITION 5.1.10. On a compact surface there are no shrinking Ricci solitons
other than constant curvature.

Proof. By definition, a shrinking Ricci soliton on a compact surface M is given
by
(5.1.26) ViX; + V;Xi = (R—1)gi;

1

for some vector field X = X;. By contracting the above equation by Rg~", we have

2R(R—r) =2Rdiv X,

and hence

/M(R —7)2dV = /M R(R—r)dV = /M R div XdV.

Since X is a conformal vector field (by the Ricci soliton equation (5.1.26)), by inte-
grating by parts and applying the Kazdan-Warner identity [77], we obtain

/M(R —r)?dV = — /M<VR, X)dV = 0.
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Hence R = r, and the lemma is proved. O

Now back to the solution of the modified flow (5.1.25). We have seen the curvature
converges exponentially to its limiting value in the C'*° topology. But since there are
no nontrivial soliton on M, we must have R converging exponentially to the constant
value r in the C* topology. This then implies that the unmodified flow (5.1.1) will
converge to a metric of positive constant curvature in the C'*° topology.

In conclusion, we have proved the following main theorem of this section.

THEOREM 5.1.11 (Hamilton [60], Chow [36]). On a compact surface with x(M) >
0, for any initial metric, the solution of the normalized Ricci flow (5.1.1) exists for all
time, and converges in the C* topology to a metric with positive constant curvature.

5.2. Differentiable Sphere Theorems in 3-D and 4-D. An important prob-
lem in Riemannian geometry is to understand the influence of curvatures, in particular
the sign of curvatures, on the topology of underlying manifolds. Classical results of
this type include sphere theorem and its refinements stated below (see, for example,
Theorem 6.1 and Theorem 7.16 in Cheeger-Ebin [22], and Theorem 6.6 in Cheeger-
Ebin [22]). In this section we shall use the long-time behavior of the Ricci flow on
positively curved manifolds to establish Hamilton’s differentiable sphere theorems in
dimensions three and four.

Let us first recall the classical sphere theorems. Given a Remannian manifold M,
we denote by K the sectional curvature of M.

Classical Sphere Theorems. Let M be a complete, simply connected n-
dimensional manifold.
(i) If% < Ky <1, then M is homeomorphic to the n-sphere S™.
(i) There exists a positive constant § € (4,1) such that if § < Ky < 1, then M
is diffeomorphic to the n-sphere S™.

Result (ii) is called the differentiable sphere theorem. If we relax the assumptions
on the strict lower bound in (i), then we have the following rigidity result.

Berger’s Rigidity Theorem. Let M be a complete, simply connected n-
dimensional manifold with % < Ky < 1. Then either M is homeomorphic to S™ or
M 1is isometric to a symmetric space.

We remark that it follows from the classification of symmetric spaces (see for
example [68]) that the only simply connected symmetric spaces with positive curvature
are S™, (C]P’%, Q]P’%, and the Cayley plane.

In early and mid 80’s respectively, Hamilton [58], [59] used the Ricci flow to prove
the following differential sphere theorems.

THEOREM 5.2.1 (Hamilton [58]). A compact three-manifold with positive Ricci
curvature must be diffeomorphic to the three-sphere S® or a quotient of it by a finite
group of fized point free isometries in the standard metric.

THEOREM 5.2.2 (Hamilton [59]). A compact four-manifold with positive curva-
ture operator is diffeomorphic to the four-sphere S* or the real projective space RP*.

Note that in above two theorems, we only assume curvatures to be strictly pos-
itive, but not any strong pinching conditions as in the classical sphere theorems. In
fact, one of the important special features discovered by Hamilton is that if the ini-
tial metric has positive curvature, then the metric will get rounder and rounder as it
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evolves under the Ricci flow, at least in dimension three and four, so any small initial
pinching will get improved. Indeed, the pinching estimate is a key step in proving
both Theorem 5.2.1 and 5.2.2.

The following results are concerned with compact three-manifolds or four-
manifolds with weakly positive curvatures.

THEOREM 5.2.3 (Hamilton [59]).

(i) A compact three-manifold with nonnegative Ricci curvature is diffeomorphic
to S3, or a quotient of one of the spaces S® or S2 x R! or R? by a group of
fized point free isometries in the standard metrics.

(ii) A compact four-manifold with nonnegative curvature operator is diffeomor-
phic to S* or CP? or S? x S2, or a quotient of one of the spaces S* or CP? or
S xR or S? x S? or S? x R? or R* by a group of fized point free isometries
in the standard metrics.

The rest of the section will be devoted to prove Theorems 5.2.1-5.2.3.
Recall that the curvature operator M,g evolves by

d
(5.2.1) 57 Mag = AMog + M2+ M7,

where (see Section 1.3 and Section 2.4) M O%ﬁ is the operator square
2
Maﬁ = MQ’YMB’Y
and Mfﬁ is the Lie algebra so(n) square
M7, = CICH My M.

We begin with the curvature pinching estimates of the Ricci flow in three dimen-
sions. In dimension n = 3, we know that Mfﬁ is the adjoint matrix of M,g. If we
diagonalize M,g with eigenvalues A > u > v so that

A
(Ma ) = 2 ’
v
then M O%ﬁ and M fﬁ are also diagonal, with
A2 7%
(M25) = s and (M) = Av ;
v? Al

and the ODE corresponding to PDE (5.2.1) is then given by the system

IN=X + v,
(5.2.2) Ly =42 + v,
%V =12+ M\

LEMMA 5.2.4. For any € € [0, 5], the pinching condition

Rij 2 0 and Rij Z ERgij
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is preserved by the Ricci flow.

Proof. If we diagonalize the 3 x 3 curvature operator matrix M,g with eigen-
values A > p > v, then nonnegative sectional curvature corresponds to v > 0 and
nonnegative Ricci curvature corresponds to the inequality u+ v > 0. Also, the scalar
curvature R = A+ u + v. So we need to show

p+v>0 and p+v>0A with § =2¢/(1 - 2¢),

are preserved by the Ricci flow. By Hamilton’s advanced maximum principle (Theo-
rem 2.3.1), it suffices to show that the closed convex set

K={Myp|p+v>0 and p+v >3}

is preserved by the ODE system (5.2.2).
Now suppose we have diagonalized M,z with eigenvalues A > u > v at t = 0,

then both M? 5 and Mfﬁ are diagonal, so the matrix M,g remains diagonal for ¢ > 0.
Moreover, since

L) = (= )+ v = ),

it is clear that 4 > v for ¢ > 0 also. Similarly, we have A > p for t > 0. Hence the
inequalities A > p > v persist. This says that the solutions of the ODE system (5.2.2)
agree with the original choice for the eigenvalues of the curvature operator.

The condition u + v > 0 is clearly preserved by the ODE, because

d
AV =@+ + A+ v) 2 0.

It remains to check

%(u +v) > 5%)\
or

P2 A+ v A > SN+ )
on the boundary where

w+v=48x>0.
In fact, since
A =v)u® + (A = p)v* >0,
we have
A +v%) > (1 + v)uw.

Hence

12+ P+ v+ U\ > (“TJFV) (A2 + )

=0\ + pv).
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So we get the desired pinching estimate. O
PROPOSITION 5.2.5. Suppose that the initial metric of the solution to the Ricci

flow on M3 x [0,T) has positive Ricci curvature. Then for any € > 0 we can find
C. < +o0 such that

1
’Rij — gRgij S ER+ Ca

for all subsequent t € [0,T).

Proof. Again we consider the ODE system (5.2.2). Let Mg be diagonalized with
eigenvalues A > p > v at t = 0. We saw in the proof of Lemma 5.2.4 the inequalities
A > pu > v persist for t > 0. We only need to show that there are positive constants
0 and C such that the closed convex set

K={ My | A—v<C\+pu+v)7°}

is preserved by the ODE.
We compute

d
A=) == A +v—yp)

and

d
E(/\erru):(>\+u+u)()\+u—u)Jru?

+plp+v) + Ap—v)
>A+p+v)N+v—p)+ p?

Thus, without loss of generality, we may assume A — v > 0 and get

%bg(/\—u):)\—l—y—,u
and
D logAt j 1) > A+ L
—_— 1% vV — _—.
ag BN THTY) = I R

By Lemma 5.2.4, there exists a positive constant C' depending only on the initial
metric such that

ASA+p<CO(p+v) <2Cu,
A v—p<A+p+rv<6CL,
and hence with ¢ = 1/36C?,

d
alog(/\—ku—l—u)z(1—|—e)(/\—|—u—u).
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Therefore with (1 —0) = 1/(1 + ¢),
L log(A—»)/ (4 + 1)) <0
This proves the proposition. O
We now are ready to prove Theorem 5.2.1.

Proof of Theorem 5.2.1. Let M be a compact three-manifold with positive Ricci
curvature and let the metric evolve by the Ricci flow. By Lemma 5.2.4 we know that
there exists a positive constant 5 > 0 such that

Rij > BRgi;
for all ¢ > 0 as long as the solution exists. The scalar curvature evolves by

OR
— = AR+ 2|R;;|?
ot [ Bs51

2
> AR+ gRZ’,

which implies, by the maximum principle, that the scalar curvature remains positive
and tends to +oo in finite time.

We now use a blow up argument as in Section 4.3 to get the following gradient
estimate.

CramM. For any ¢ > 0, there exists a positive constant C. < 400 such that for
any time 7 > 0, we have

max max |VRm(z,t)| < amaxmax|Rm(:z:,t)|% + Ce..
t<t xeM t<t xeM

We argue by contradiction. Suppose the above gradient estimate fails for some
fixed g9 > 0. Pick a sequence C; — 400, and pick points z; € M and times 7; such
that

IVRm(zj, ;)| > €o max max | Rm(z, t)|% + C;, j=12,....
t<t; x€M
Choose z; to be the origin, and pull the metric back to a small ball on the tangent
space T, M of radius r; proportional to the reciprocal of the square root of the
maximum curvature up to time 7; (i.e., maxy<,, maxzenr [Rm(z, t)]). Clearly the

maximum curvatures go to infinity by Shi’s derivative estimate of curvature (Theorem
1.4.1). Dilate the metrics so that the maximum curvature

max max | Rm(z, )|
t<t; €M

becomes 1 and translate time so that 7; becomes the time 0. By Theorem 4.1.5, we
can take a (local) limit. The limit metric satisfies

|[VRm(0,0)] > e&o > 0.

However the pinching estimate in Proposition 5.2.5 tells us the limit metric has

1
Rij — gRgij =0.
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By using the contracted second Bianchi identity

1 ) . 1 1

EviR =V/R;; =V (Rij - §Rgij) + gViR,
we get

ViR=0 andthen V;Rj, =0.
For a three-manifold, this in turn implies
VRm =0

which is a contradiction. Hence we have proved the gradient estimate claimed.

We can now show that the solution to the Ricci flow becomes round as the time
t tends to the maximal time 7. We have seen that the scalar curvature goes to
infinity in finite time. Pick a sequence of points x; € M and times 7; where the
curvature at z; is as large as it has been anywhere for 0 < ¢ < 7; and 7; tends to
the maximal time. Since |VRm)| is very small compared to |Rm(z;,7;)| by the above
gradient estimate and |R;; — £ Rg;;| is also very small compared to |Rm(z;,7;)| by
Proposition 5.2.5, the curvature is nearly constant and positive in a large ball around
x; at the time 7;. But then the Bonnet-Myers’ theorem tells us this is the whole
manifold. For j large enough, the sectional curvature of the solution at the time 7; is
sufficiently pinched. Then it follows from the Klingenberg injectivity radius estimate
(see Section 4.2) that the injectivity radius of the metric at time 7; is bounded from
below by ¢/+/|Rm(x;,7;)| for some positive constant ¢ independent of j. Dilate the
metrics so that the maximum curvature |Rm(x;, 7;)| = maxi<,;, maxzecnr |[Rm(z,t)]
becomes 1 and shift the time 7; to the new time 0. Then we can apply Hamilton’s
compactness theorem (Theorem 4.1.5) to take a limit. By the pinching estimate in
Proposition 5.2.5, we know that the limit has positive constant curvature which is
either the round S? or a metric quotient of the round S?. Consequently, the compact
three-manifold M is diffeomorphic to the round S? or a metric quotient of the round
S3. O

Next we consider the pinching estimates of the Ricci flow on a compact four-
manifold M with positive curvature operator.

In dimension 4, we saw in Section 1.3 when we decompose orthogonally A? =
Ai @® A2 into the eigenspaces of Hodge star with eigenvalue +1, we have a block

decomposition of M,g as
A B
MW‘<%3C>

A% pH
# _
MM_2< >

and then

tB* C#*

where A%, B# C# are the adjoints of 3 x 3 submatrices as before.
Thus the ODE

d 2 #
EMM = Maﬁ + Maﬁ
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corresponding to the PDE (5.2.1) breaks up into the system of three equations
4 A =A%+ B'B+ 247,

(5.2.3) 4B = AB+ BC +2B%,
4C =C?*+'BB +2C%*.

As shown in Section 1.3, by the Bianchi identity, we know that tr A = tr C. For the
symmetric matrices A and C, we can choose an orthonormal basis x1, 2,23 of Ai
such that

aq 0 0
A= 0 as 0 y
0 0 as

C1 O O
C= 0 (6] 0
0 0 C3

For matrix B, we can choose orthonormal basis v, y5, y5 of Aﬁ_ and y; ,¥y, Y3 of
A2 such that

bp 0 O
B = 0 b O
0 0 b3

with 0 < by < by < b3. We may also arrange the eigenvalues of A and C' as a1 < as <
as and ¢; < ¢o < c¢3. In view of the advanced maximum principle Theorem 2.3.1, we
only need to establish the pinching estimates for the ODE (5.2.3).
Note that
a1 = inf{A(z,z) | # € A2 and |z| =1},
az =sup{A(z,z) | z € A1 and |z| =1},
c1 =inf{C(z,2) | z€ A>2 and |z]| =1},
c3 =sup{C(z,2) | z€ A> and |z| =1}.
We can compute their derivatives by Lemma 2.3.3 as follows:
%al > a? + b? + 2azas,
4y < a3 + b3 + 2a;1az,
(5.2.4)

d 2 2
21C1 > ¢ + bi + 2cacs,

%03 < c§ + b% + 2¢1c9.
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We shall make the pinching estimates by using the functions bs + b3 and a — 2b + ¢,
where a = a1 +as +az3 =c=c1 +ca+c3 and b = by + by + bs. Since

bs +bs = B(ys,vy5 ) + B(ys ,y3)
=sup{By",y )+ B@",57) |y, € AL with [y =7 =1,
yt Ly, and y~,5” € A% with |y | =7 | =1,y Ly},

We compute by Lemma 2.3.3,

d d
it (yzay2> it (%793)

= AB(y3 ,y5) + BClys ,y5 ) +2B% (y5 ,u3)
+ AB(y3 ,y5) + BC(yf ,y3) + 2B% (y3,y3)
= b A(ys,ys ) +020(yy  y5 ) + 20103
+ b3 A(ys, y3) +b3C(y3 ,y3 ) + 2b1bo
< asby + agbs + boca + bacs + 2b1b + 2b1bs,

(5.2.5) j (b + b3) <

where we used the facts that A(yy,ys) + A(yd,yd) < as + a3 and C(y;,y5 ) +
Clys Y3 ) < ca+cs.

Note also that the function a = trA = ¢ = trC is linear, and the function b is
given by

b= Byl yr )+ Blys,y2) + Blys  y3)
= sup {B(Tyf,Tyf) + B(Tys, Tyy ) + B(Tys , Tys) | T, T are

othogonal transformations of Ai and A? respectively}.
Indeed,

B(Ty{, Ty; )+ B(Ty3,Tyy ) + B(Tys, Tys )

=By . T 'T(y;) + Blys . T 'T(y;)) + By, T~ 'T(y3))
= bit11 + batoo + bstss

where tq1,t20,t33 are diagonal elements of the orthogonal matrix T-'T with
t11,t22,t33 < 1. Thus by using Lemma 2.3.3 again, we compute

d d
— — >
dt(a 2b+¢) > tr (th 2dtB+ dtc>

=tr((A— B)> 4 (C — B)*> + 2(A* — 2B* + C¥))

evaluated in those coordinates where B is diagonal as above. Recalling the definition
of Lie algebra product

P#Q = 50¢ﬁ75<n9pﬁ77@'y€

with €44, being the permutation tensor, we see that the Lie algebra product # gives
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a symmetric bilinear operation on matrices, and then

tr (2(A% — 2B* 4 C*))
=tr((A—C)* + (A+2B+C)#(A-2B+(C))

- —%tr (A—C)2+ %(tr (A—C))?
+tr((A+ 2B+ C)#(A - 2B +0))
= —%tr (A= C)Y? +tr ((A+2B+C)#(A-2B+(C))

by the Bianchi identity. It is easy to check that
1 1
tr (A — B)? +tr (C — B)* — 5tr(A—O)Z’ = 5tr(A—2B+O)2 > 0.

Thus we obtain

%(a—%—i—c) > tr (A + 2B + C)#(A — 2B+ C))

Since My > 0 and

A B
Maﬁ = )
‘B C

we see that A+2B+C >0and A—- 2B+ C > 0, by applying M,s to the vectors
(x,2) and (2, —z). It is then not hard to see

tr ((A+2B+ C)#(A—-2B+C)) > (a1 +2by +c1)(a —2b+ ¢).

Hence we obtain

d
(5.2.6) a(a—%—!—c) > (a1 + 2by + c1)(a — 2b+ ¢).

We now state and prove the following pinching estimates of Hamilton for the
associated ODE (5.2.3).

PROPOSITION 5.2.6 (Hamilton [59]). If we choose successively positive constants
G large enough, H large enough, § small enough, J large enough, € small enough,
K large enough, 8 small enough, and L large enough, with each depending on those
chosen before, then the closed convex subset X of {Muz > 0} defined by the inequalities

(1) (b2 + b3)2 < Gaycq,

(2) a3 < Hay and c3 < Hey,

(8) (ba +b3)*T0 < Jajei(a —2b+ ¢)°,

(4) (ba +b3)*"* < Kayey,

(5) az < a1+ La%fe and c3 <cp+ Lc%fe,
is preserved by ODE (5.2.3). Moreover every compact subset of {Myp > 0} lies in
some such set X.

Proof. Clearly the subset X is closed and convex. We first note that we may
assume bg + bg > 0 because if bs + b3 = 0, then from (5.2.5), by + b3 will remain
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zero and then the inequalities (1), (3) and (4) concerning bs + b are automatically
satisfied. Likewise we may assume ag > 0 and cs > 0 from (5.2.4).

Let G be a fixed positive constant. To prove the inequality (1) we only need to
check

d a1Cq
5.2.7 —log———= >0
(5.2.7) 7 %8 Gy + b3 2

whenever (bg + b3)? = Gajc; and by + b3 > 0. Indeed, it follows from (5.2.4) and
(5.2.5) that

d a; —b1)? a
(5.2.8) 7 logay > 2by + 2a3 + % + 2a_j(a2 —aq),

d —by)?
(5.2.9) —log ey > 2by + 2¢3 + u + 26—3(02 —c1),

dt C1 C1
and

d b
(5210) E IOg(bQ + b3) <2by +az+c3— b—2[(a3 — ag) + (03 — 02)],
2 + b3

which immediately give the desired inequality (5.2.7).
By (5.2.4), we have

d b2 2
(5211) Elogag§a3+2a1+a—z—ai;(a3—a2).

From the inequality (1) there holds b% < Gayey. SincetrA=trC,cy <c1+co+ez =
a1 + as + a3 < 3as which shows

b3
— S 3Ga1 .
as

Thus by (5.2.8) and (5.2.11),

dt

So if H > (3G + 2), then the inequalities a3 < Ha; and likewise ¢ < Hey are
preserved.
For the inequality (3), we compute from (5.2.8)-(5.2.10)

d
—10g% S (3G—|— 2)0,1 — as.
1

aicy (a1 - 51)2 (01 - b1)2 as C3
—1 > 2—(ag — 2= (cg —
dt o8 (bQ + b3)2 - al + C1 + a1 (a2 al) + C1 (C2 CI)
2bg
+ by 1 bs [(a3 — ag) + (03 — 02)].

If by < a1/2, then

and if b; > a1/2, then

2o 2y 2 2y 1
bo+bs = VGarcr ~ 3Gatas ~ V3GH -a,  V3GH
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Thus by combining with 3as > c3, we have

d a1Cq
L og —M S 5(ay — 5(cs —
0t 8 g+ gy = O @) Tl )
provided § < min(55, 31GH) On the other hand, it follows from (5.2.6) and (5.2.10)
that
d by + bs

— P < — —c1).
a8 g —gpgc =@ ma) e —a)

Therefore the inequality (3)
(ba + b3)*™° < Jajei(a — 20+ ¢)°

will be preserved by any positive constant J.
To verify the inequality (4), we first note that there is a small > 0 such that

bg (1 _n)a’a

on the set defined by the inequality (3). Indeed, if b < §, this is trivial and if b > §,
then

246
(%) < (by + b3)?+0 < 29 Ja%(a — b)°

which makes b < (1 — n)a for some 1 > 0 small enough. Consequently,
na <a—>b<3(az —by)
which implies either
as —a; > =na,
or
a; — b1 > =na.

Thus as in the proof of the inequality (3), we have

aicy
—log———— > —
0t "8 Ty 1 hyyp = Ol )
and

b2
ilog “ma (a1 —b1) ,
dt (b2 + 53)2 ay

which in turn implies

d aicy 1 1 2

—log ——— > —nd, — -a.

7 og (s +b5)2 = (max{Gn ) 3677 a
On the other hand, it follows from (5.2.10) that

d
a 10g(b2 + bg) S 2b1 +as +c3 S 4a
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since Mg > 0. Then if € > 0 is small enough

—lo __ma
dt 8 (by + by)2te =
and it follows that the inequality (4) is preserved by any positive K.
Finally we consider the inequality (5). From (5.2.8) we have

— log a a1 + 2a
/ gay = ai 3

and then for 6 € (0,1),

d 1—6)La;”’
—log(a; + Lai™% > a1+ )Lay (a1 + 2a3).

dt - a + La%_e
On the other hand, the inequality (4) tells us
b2 < Kai=%as

for some positive constant K large enough with 6 to be fixed small enough. And then

d .
T logas < as + 2a; + Ka%fe,

by combining with (5.2.11). Thus by choosing 6 < & and L > 2K,

d a1 + La}™* Laj™* = 1_p

—log ———— > (a3 —a1) — 0————— (a1 + 2a3) — Ka

TR (05 =) =0 = (n +20) — K
Laj™*

>(a3—a1)—6‘ 9'3H(11—K(1]i_0

a + La%f
> (a3 —a1) — (30HL + K)al ™
=[L - (30HL + K)]al ™

0

Y

whenever a; + La}_e = a3. Consequently the set {a; + La}_e > ag} is preserved. A
similar argument works for the inequality in C. This completes the proof of Proposi-
tion 5.2.6. O

The combination of the advanced maximum principle Theorem 2.3.1 and the
pinching estimates of the ODE (5.2.3) in Proposition 5.2.6 immediately gives the
following pinching estimate for the Ricci flow on a compact four-manifold.

COROLLARY 5.2.7. Suppose that the initial metric of the solution to the Ricci
flow on a compact four-manifold has positive curvature operator. Then for any e > 0
we can find positive constant Cy < 400 such that

|Rm| < eR+ C.

[e]
for all t > 0 as long as the solution exists, where Rm is the traceless part of the
curvature operator.
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Proof of Theorem 5.2.2. Let M be a compact four-manifold with positive cur-
vature operator and let us evolve the metric by the Ricci flow. Again the evolution
equation of the scalar curvature tells us that the scalar curvature remains positive and
becomes unbounded in finite time. Pick a sequence of points z; € M and times 7
where the curvature at x; is as large as it has been anywhere for 0 < ¢ < 7;. Dilate the
metrics so that the maximum curvature |Rm(z;,7;)| = max;<,, maxyen |[Rm(z,t)]
becomes 1 and shift the time so that the time 7; becomes the new time 0. The Klin-
genberg injectivity radius estimate in Section 4.2 tells us that the injectivity radii of
the rescaled metrics at the origins z; and at the new time O are uniformly bounded
from below. Then we can apply the Hamilton’s compactness theorem (Theorem 4.1.5)
to take a limit. By the pinching estimate in Corollary 5.2.7, we know that the limit
metric has positive constant curvature which is either S* or RP*. Therefore the com-
pact four-manifold M is diffeomorphic to the sphere S* or the real projective space
RP*. O

REMARK 5.2.8. The proofs of Theorem 5.2.1 and Theorem 5.2.2 also show that
the Ricci flow on a compact three-manifold with positive Ricci curvature or a com-
pact four-manifold with positive curvature operator is subsequentially converging (up
to scalings) in the C'™ topology to the same underlying compact manifold with a
metric of positive constant curvature. Of course, this subsequential convergence is
in the sense of Hamilton’s compactness theorem (Theorem 4.1.5) which is also up to
the pullbacks of diffeomorphisms. Actually in [58] and [59], Hamilton obtained the
convergence in the stronger sense that the (rescaled) metrics converge (in the C'°
topology) to a constant (positive) curvature metric.

In the following we use the Hamilton’s strong maximum principle in Section 2.4
to prove Theorem 5.2.3.

Proof of Theorem 5.2.3. In views of Theorem 5.2.1 and Theorem 5.2.2, we may
assume the Ricci curvature (in dimension 3) and the curvature operator (in dimension
4) always have nontrivial kernels somewhere along the Ricci flow.

(i) In the case of dimension 3, we consider the evolution equation (1.3.5) of the
Ricci curvature

aRab
ot

= A]%ab + 2RacbdRcd

in an orthonormal frame coordinate. At each point, we diagonalize R, with eigen-
vectors eq, es, ez and eigenvalues \; < Ay < A3. Since

Ric1gReq = Ri212Ro2 + Ri313R33
1
= 5((A3 — 222+ A (e + A3)),

we know that if Ry, > 0, then RgpqRcq > 0. By Hamilton’s strong maximum
principle (Theorem 2.2.1), there exists an interval 0 < ¢ < § on which the rank of
R,y is constant and the null space of R, is invariant under parallel translation and
invariant in time and also lies in the null space of RycpqRceq. If the null space of Rgp
has rank one, then \; = 0 and A2 = A3 > 0. In this case, by De Rham decomposition
theorem, the universal cover M of the compact M splits isometrically as R x %2
and the curvature of X2 has a positive lower bound. Hence ¥? is diffeomorphic to
S2. Assume M = R x %2/T, for some isometric subgroup I' of R x ¥2. Note that T’
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remains to be an isometric subgroup of R x 2 during the Ricci flow by the uniqueness
(Theorem 1.2.4). Since the Ricci flow on R x ¥2? /T converges to the standard metric
by Theorem 5.1.11, T’ must be an isometric subgroup of R x S? in the standard metric.
If the null space of R, has rank greater than one, then R,, = 0 and the manifold is
flat. This proves Theorem 5.2.3 part (i).

(ii) In the case of dimension 4, we classify the manifolds according to the (re-
stricted) holonomy algebra G. Note that the curvature operator has nontrivial kernel
and G is the image of the the curvature operator, we see that G is a proper subalgebra
of so(4). We divide the argument into two cases.

Case 1. G is reducible.

In this case the universal cover M splits isometrically as M; x M. By the above
results on two and three dimensional Ricci flow, we see that M is diffeomorphic to
a quotient of one of the spaces R*, R x S, R? x S2, S% x S? by a group of fixed
point free isometries. As before by running the Ricci flow until it converges and using
the uniqueness (Theorem 1.2.4), we see that this group is actually a subgroup of the
isometries in the standard metrics.

Case 2. G is not reducible (i.e., irreducible).

If the manifold is not Einstein, then by Berger’s classification theorem for
holonomy groups [7], G = so(4) or u(2). Since the curvature operator is not strictly
positive, G = u(2), and the universal cover M of M is Kihler and has positive bisec-
tional curvature. In this case M is biholomorphic to CP? by the result of Andreotti-
Frankel [47] (also the resolution of the Frankel conjecture by Mori [96] and Siu-Yau
[120]).

If the manifold is Einstein, then by the block decomposition of the curvature
operator matrix in four-manifolds (see the third section of Chapter 1),

Rm(A%,A%) =0.
Let ¢ # 0, and
=04 +p_ €A DA%,
lies in the kernel of the curvature operator, then

0= Rm(p4,p4) + Bm(o—,p-).

It follows that
Rm(p4,0+) =0, and Rm(¢p—,p_) =0.

We may assume ¢4 # 0 (the argument for the other case is similar). We consider the
restriction of Rm to Ai, since Ai is an invariant subspace of Rm and the intersection
of Aﬁ_ with the null space of Rm is nontrivial. By considering the null space of
Rm and its orthogonal complement in Ai, we obtain a parallel distribution of rank
one in Ai. This parallel distribution gives a parallel translation invariant two-form
w € Ai on the universal cover M of M. This two-form is nondegenerate, so it
induces a Kahler structure of M. Since the Kahler metric is parallel with respect to
the original metric and the manifold is irreducible, the Kahler metric is proportional
to the original metric. Hence the manifold M is Kihler-Einstein with nonnegative
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curvature operator. Taking into account the irreducibility of G, it follows that M is
biholomorphic to CP2. Therefore the proof of Theorem 5.2.3 is completed. O

To end this section, we mention the generalizations of Hamilton’s differential
sphere theorem (Theorem 5.2.1 and Theorem 5.2.2) to higher dimensions.

Using minimal surface theory, Micallef and Moore [88] proved that any compact
simply connected n-dimensional manifold with positive curvature operator is homeo-
morphic to the sphere S™. But it is still an open question whether a compact simply
connected n-dimensional manifold with positive curvature operator is diffeomorphic
to the sphere S™.

It is well-known that the curvature tensor Rm = {R;;x} of a Riemannian mani-
fold can be decomposed into three orthogonal components which have the same sym-
metries as Rm:

BRm=W+V+U.

Here W = {W;jki } is the Weyl conformal curvature tensor, whereas V = {V;1 } and
U = {Uijii } denote the traceless Ricci part and the scalar curvature part respectively.
The following pointwisely pinching sphere theorem under the additional assumption
that the manifold is compact was first obtained by Huisken [71], Margerin [83], [84]
and Nishikawa [101] by using the Ricci flow. The compactness assumption was later
removed by Chen and the second author in [30].

THEOREM 5.2.9. Let n > 4. Suppose M is a complete n-dimensional mani-
fold with positive and bounded scalar curvature and satisfies the pointwisely pinching
condition

W2+ [VI* < 6n(1 = 2)?|UP,

L

where € > 0,04 = %,65 = 15, and

2
= — > .
On (n_2)(n+1)’"—6

Then M is diffeomorphic to the sphere S™ or a quotient of it by a finite group of fixed
point free isometries in the standard metric.

In [30], Chen and the second author also used the Ricci flow to obtain the following
flatness theorem for noncompact three-manifolds.

THEOREM 5.2.10. Let M be a three-dimensional complete noncompact Rie-
mannian manifold with bounded and nonnegative sectional curvature. Suppose M
satisfies the following Ricci pinching condition

Rij > ERgiju on M7
for some € > 0. Then M is flat.

The basic idea of proofs of these two theorems is to analyze the asymptotic be-
havior of the solution to the Ricci flow. For the details, one can consult the above
cited literatures.
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5.3. Nonsingular Solutions on Three-manifolds. We have seen in the pre-
vious section that a good understanding of the long time behaviors for solutions to
the Ricci flow could lead to remarkable topological or geometric consequences for the
underlying manifolds. Since one of the central themes of the Ricci flow is to study
the geometry and topology of three-manifolds, we will start to analyze the long time
behavior of the Ricci flow on a compact three-manifold by first considering a special
class of solutions (i.e., the nonsingular solutions defined below) in this section. Our
presentation follows closely the paper of Hamilton [65].

Let M be a compact three-manifold. We will consider the (unnormalized) Ricci
flow

0
7% = ~2Rij,

and the normalized Ricci flow

0 2
a9 = 3795 — 21

where r = r(t) is the function of the average of the scalar curvature. Recall that
the normalized flow differs from the unnormalized flow only by rescaling in space and
time so that the total volume V = | a dp Temains constant.

In this section we only consider a special class of solutions that we now define.

DEFINITION 5.3.1. A nonsingular solution of the Ricci flow is one where the
solution of the normalized flow exists for all time 0 < ¢t < oo, and the curvature
remains bounded |Rm| < C' < 400 for all time with some constant C' independent of
t.

Clearly any solution to the Ricci flow on a compact three-manifold with non-
negative Ricci curvature is nonsingular. Currently there are few conditions which
guarantee a solution will remain nonsingular. Nevertheless, the ideas and arguments
of this section is extremely important. One will see in Chapter 7 that these arguments
will be modified to analyze the long-time behavior of arbitrary solutions, or even the
solutions with surgery, to the Ricci flow on three-manifolds.

We begin with an improvement of Hamilton-Ivey pinching result (Theorem 2.4.1).

THEOREM 5.3.2 (Hamilton [65]). Suppose we have a solution to the
(unnormalized) Ricci flow on a three—manifold which is complete with bounded
curvature for each t > 0. Assume at t = 0 the eigenvalues A > p > v of the curvature
operator at each point are bounded below by v > —1. Then at all points and all times
t > 0 we have the pinching estimate

R > (—v)[log(—v) + log(1 + t) — 3]

whenever v < 0.

Proof. As before, we study the ODE system

dX

A

7 + pv,
dp 2
" A
P
d
—yzu2—|—)\,u.

dt
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Consider again the function

y = f(z) = z(logz - 3)

for e < ¥ < 400, which is increasing and convex with range —e? < y < +oo. Its
inverse function = f~1(y) is increasing and concave on —e? < y < +oo. For each
t > 0, we consider the set K (t) of 3 x 3 symmetric matrices defined by the inequalities:

(5.3.1) Atptvz -
and
(5.3.2) v(1+8)+ fTH+p+v)(1+1) >0,

which is closed and convex (as we saw in the proof of Theorem 2.4.1). By the assump-
tions at ¢t = 0 and the advanced maximum principle Theorem 2.3.5, we only need to
check that the set K (t) is preserved by the ODE system.

Since R = A+ o + v, we get from the ODE that

dR _ 2
>

1
o —R2 > _R2
d —3 — 3

which implies that

R > —i, for all ¢ > 0.
1+t
Thus the first inequality (5.3.1) is preserved. Note that the second inequality (5.3.2)
is automatically satisfied when (—v) < 3/(1 +t). Now we compute from the ODE
system,

d, R 1 dR d(~v)
E(m - log(—l/)) = (_V)Q (_I/) ' E - (R+ (_I/)) dt

(1+¢

> %[log(l +1) -3

~—

whenever R = (—v)[log(—v) +log(1 +t) — 3] and (—v) > 3/(1 +t). Thus the second
inequality (5.3.2) is also preserved under the system of ODE.
Therefore we have proved the theorem. O

Denote by
p(t) = max{inj (x, g:; (t)) | € M}

where inj (z, ¢;;(t)) is the injectivity radius of the manifold M at x with respect to
the metric g;;(t).
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DEFINITION 5.3.3. We say a solution to the normalized Ricci flow is collapsed
if there is a sequence of times t; — 400 such that p(tx) — 0 as k — +oo.

When a nonsingular solution of the Ricci flow on M is collapsed, it follows from the
work of Cheeger-Gromov [24] [25] or Cheeger-Gromov-Fukaya [26] that the manifold
M has an F-structure and then its topology is completely understood. In the following
we always assume nonsingular solutions are not collapsed.

Now suppose that we have a nonsingular solution which does not collapse. Then
for arbitrary sequence of times ¢; — oo, we can find a sequence of points x; and some
0 > 0 so that the injectivity radius of M at x; in the metric at time t; is at least
§. Clearly the Hamilton’s compactness theorem (Theorem 4.1.5) also holds for the
normalized Ricci flow. Then by taking the z; as origins and the ¢; as initial times, we
can extract a convergent subsequence. We call such a limit a noncollapsing limit.
Of course the limit has also finite volume. However the volume of the limit may be
smaller than the original one if the diameter goes to infinity.

The main result of this section is the following theorem of Hamilton [65].

THEOREM 5.3.4 (Hamilton [65]). Let g;;(t), 0 < t < 400, be a noncollapsing
nonsingular solution of the normalized Ricci flow on a compact three-manifold M.
Then either

(i) there exist a sequence of times ty, — 400 and a sequence of diffeomorphisms

ok M — M so that the pull-back of the metric gi;(ti) by pr converges in
the C*° topology to a metric on M with constant sectional curvature; or

(i) we can find a finite collection of complete noncompact hyperbolic three-

manifolds Hi, ..., Hy with finite volume, and for all t beyond some time
T < +o00 we can find compact subsets K1, ..., K, of Hi,. .., Hn respectively
obtained by truncating each cusp of the hyperbolic manifolds along constant
mean curvature torus of small area, and diffeomorphisms ¢i(t), 1 <1< m, of
K into M so that as long as t sufficiently large, the pull-back of the solution
metric g;;(t) by wi(t) is as close as to the hyperbolic metric as we like on the
compact sets K1,...,K,,; and moreover if we call the exceptional part of
M those points where they are not in the image of any ¢;, we can take the
injectivity radii of the exceptional part at everywhere as small as we like and
the boundary tori of each K; are incompressible in the sense that each ¢;
ingects w1 (OK)) into w1 (M).

REMARK 5.3.5. The exceptional part has bounded curvature and arbitrarily
small injectivity radii everywhere as ¢ large enough. Moreover the boundary of the
exceptional part consists of a finite disjoint union of tori with sufficiently small area
and is convex. Then by the work of Cheeger-Gromov [24], [25] or Cheeger-Gromov-
Fukaya [26], there exists an F-structure on the exceptional part. In particular, the
exceptional part is a graph manifold, which have been topologically classified. Hence
any nonsingular solution to the normalized Ricci flow is geometrizable in
the sense of Thurston (see the last section of Chapter 7 for details).

The rest of this section is devoted to the proof of Theorem 5.3.4. We will divide
the proof into three parts.
Part I: Subsequence Convergence

According to Lemma 5.1.1, the scalar curvature of the normalized flow evolves by
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the equation

(5.3.3) %R:AR+ﬂRmF-%ﬂ

° 2
= AR+ 2| Ric|+§R(R—T)

o
where Ric is the traceless part of the Ricci tensor. As before, we denote by Rpin(t) =
mingepr R(z,t). It then follows from the maximum principle that

d 2
Rmin Z _Rmin(Rmin - T)a

3.4 —
(5:34) dt 3

which implies that if Ry, < 0 it must be nondecreasing, and if Ry,;, > 0 it cannot
go negative again. We can then divide the noncollapsing solutions of the normalized
Ricci flow into three cases.

Case (1): Rmin(t) > 0 for some t > 0;
Case (2): Rmin(t) <0 for all ¢ € [0, 4+00) and . HI—‘P Ruin(t) = 0;

Case (3): Ruyin(t) <0 for all ¢ € [0,400) and , HI—‘P Rumin(t) < 0.

Let us first consider Case (1). In this case the maximal time interval [0,T) of
the corresponding solution of the unnormalized flow is finite, since the unnormalized
scalar curvature R satisfies

O k= AR+ 2| Ric]?
—R= ic
ot

2AR+§§

which implies that the curvature of the unnormalized solution blows up in finite time.
Without loss of generality, we may assume that for the initial metric at ¢ = 0, the
eigenvalues 2> [ > U of the curvature operator are bounded below by 7 > —1. It
follows from Theorem 5.3.2 that the pinching estimate

R > (—7)[log(—7) + log(1 4+ t) — 3]

holds whenever 7 < 0. This shows that when the unnormalized curvature big, the
negative ones are not nearly as large as the positive ones. Note that the unnormalized
curvature becomes unbounded in finite time. Thus when we rescale the unnormalized
flow to the normalized flow, the scaling factor must go to infinity. In the nonsingular
case the rescaled positive curvature stay finite, so the rescaled negative curvature (if
any) go to zero. Hence we can take a noncollapsing limit for the nonsingular solution
of the normalized flow so that it has nonnegative sectional curvature.

Since the volume of the limit is finite, it follows from a result of Calabi and Yau
[112] that the limit must be compact and the limiting manifold is the original one.
Then by the strong maximum principle as in the proof of Theorem 5.2.3 (i), either the
limit is flat, or it is a compact metric quotient of the product of a positively curved
surface ¥:2 with R, or it has strictly positive curvature. By the work of Schoen-Yau
[110], a flat three-manifold cannot have a metric of positive scalar curvature, but
our manifold does in Case (1). This rules out the possibility of a flat limit. Clearly
the limit is also a nonsingular solution to the normalized Ricci flow. Note that the
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curvature of the surface ¥ has a positive lower bound and is compact since it comes
from the lifting of the compact limiting manifold. From Theorem 5.1.11, we see
the metric of the two-dimensional factor 2 converges to the round two-sphere S? in
the normalized Ricci flow. Note also that the normalized factors in two-dimension
and three-dimension are different. This implies that the compact quotient of the
product X2 x R cannot be nonsingular, which is also ruled out for the limit. Thus
the limit must have strictly positive sectional curvature. Since the convergence takes
place everywhere for the compact limit, it follows that as ¢ large enough the original
nonsingular solution has strictly positive sectional curvature. This in turn shows that
the corresponding unnormalized flow has strictly positive sectional curvature after
some finite time. Then in views of the proof of Theorem 5.2.1, in particular the
pinching estimate in Proposition 5.2.5, the limit has constant Ricci curvature and
then constant sectional curvature for three-manifolds. This finishes the proof in Case
(1).

We next consider Case (2). In this case we only need to show that we can take a
noncollapsing limit which has nonnegative sectional curvature. Indeed, if this is true,
then as in the previous case, the limit is compact and either it is flat, or it splits as a
product (or a quotient of a product) of a positively curved S? with a circle S, or it
has strictly positive curvature. But the assumption R, (t) < 0 for all times ¢t > 0 in
this case implies the limit must be flat.

Let us consider the corresponding unnormalized flow g;;(¢) associated to the non-
collapsing nonsingular solution. The pinching estimate in Theorem 5.3.2 tells us that
we may assume the unnormalized flow g;;(¢) exists for all times 0 < ¢ < +o0, for
otherwise, the scaling factor approaches infinity as in the previous case which implies
the limit has nonnegative sectional curvature. The volume V(t) of the unnormalized

solution g;;(t) now changes. We divide the discussion into three subcases.
Subcase (2.1): there is a sequence of times fj, — oo such that V (f) — +oc;
Subcase (2.2): there is a sequence of times 5 — +o0 such that V (£;) — 0;

Subcase (2.3): there exist two positive constants Cy, Cy such that C; < V(t) < (Cq
for all 0 <t < +o0.
For Subcase (2.1), because

— =—rV

we have

V( t
_( k) = _/ r(t)dt — +oo, as k — +oo,
0

V(0)
which implies that there exists another sequence of times, still denoted by %, such
that ¢, — +oo and r(tx) < 0. Let tx be the corresponding times for the normalized
flow. Thus there holds for the normalized flow

r(ty) — 0, as k — oo,

since 0 > 7(tg) > Rmin(tx) — 0 as k — +oo. Then

/M(R — Run)di(te) = (r(t) — Reun(te))V — 0, as k — 0o,
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As we take a noncollapsing limit along the time sequence t;, we get

Rdu>® =0
Moo
for the limit of the normalized solutions at the new time ¢ = 0. But R > 0 for the
limit because . ligl Ruin(t) = 0 for the nonsingular solution. So R =0 at t = 0 for

the limit. Since the limit flow exists for —oco < t < +o00 and the scalar curvature of
the limit flow evolves by

0 12 2 00

—R=AR+2Ric|* — =r®R, t€ (—o0,+00)

ot 3
where 7% is the limit of the function r(t) by translating the times ¢ as the new time
t = 0. It follows from the strong maximum principle that

R=0, on M x (—o0,+00).
This in turn implies, in view of the above evolution equation, that
Ric =0, on M x (—o0,+00).

Hence this limit must be flat. Since the limit M°° is complete and has finite volume,
the flat manifold M> must be compact. Thus the underlying manifold M > must
agree with the original M (as a topological manifold). This says that the limit was
taken on M.

For Subcase (2.2), we may assume as before that for the initial metric at ¢ = 0
of the unnormalized flow g;;(t), the eigenvalues A > [i > U of the curvature operator
satisfy 7 > —1. It then follows from Theorem 5.3.2 that

R > (—)[log(—) 4 log(1 +t) — 3], forall >0

whenever v < 0.

Let t; be the sequence of times in the normalized flow which corresponds to the
sequence of times ;. Take a noncollapsing limit for the normalized flow along the
times . Since f/(fk) — 0, the normalized curvatures at the times t; are reduced by
multiplying the factor (V(£;))%. We claim the noncollapsing limit has nonnegative
sectional curvature. Indeed if the maximum value of (—7) at the time #; does not
go to infinity, the normalized eigenvalue —v at the corresponding time ¢; must get
rescaled to tend to zero; while if the maximum value of (—#) at the time #; does go to
infinity, the maximum value of R at f;, will go to infinity even faster from the pinching
estimate, and when we normalize to keep the normalized scalar curvature R bounded
at the time ¢; so the normalized (—v) at the time ¢; will go to zero. Thus in either
case the noncollapsing limit has nonnegative sectional curvature at the initial time
t = 0 and then has nonnegative sectional curvature for all times ¢ > 0.

For Subcase (2.3), normalizing the flow only changes quantities in a bounded way.
As before we have the pinching estimate

R > (—v)[log(—v) +log(1 +1t) — C]
for the normalized Ricci flow, where C' is a positive constant depending only on the
constants C7, Co in the assumption of Subcase (2.3). If
A

=i
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for any fixed positive constant A, then (—v) — 0 as t — 400 and we can take a
noncollapsing limit which has nonnegative sectional curvature. On the other hand
if we can pick a sequence of times t;, — oo and points xy where (—v)(zk,tr) =
ﬁ%{(_y)(x’tk) satisfies

(—v)(ag, te)(1 +tx) — 400, as k — +oo,
then from the pinching estimate, we have

R(CL‘;C, tk)
(—v) (@K, t)

But R(xg,tx) are uniformly bounded since normalizing the flow only changes quanti-
ties in bounded way. This shows sup(—v)(-,tx) — 0 as k — 4o00. Thus we can take
a noncollapsing limit along ¢; which has nonnegative sectional curvature. Hence we
have completed the proof of Case (2).

We now come to the most interesting Case (3) where R,,;,, increases monotonically
to a limit strictly less than zero. By scaling we can assume R, (t) — —6 as t — +o0.

— 400, as k— +oo.

LEMMA 5.3.6. In Case (3) where Ryin — —6 as t — 400, all noncollapsing limit
are hyperbolic with constant sectional curvature —1.

Proof. By (5.3.4) and the fact Ruyin(t) < —6, we have

and

/Oo(r(t) - Rmm(t))dt < +o0.
0

Since 7(t) — Rmin(t) > 0 and Ry,in(t) — —6 as t — o0, it follows that the function
r(t) has the limit

r=—6,

for any convergent subsequence. And since

[ (R~ Rusu@)di = () = Bua(0) - V.
M
it then follows that

R = -6 for the limit.

The limit still has the following evolution equation for the limiting scalar curvature

%R = AR+ 2|R°ic|2 + %R(R — ).

[e]
Since R = r = —6 in space and time for the limit, it follows directly that |Ric| = 0
for the limit. Thus the limit metric has A = 4 = v = —2, so it has constant sectional
curvature —1 as desired. O
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If in the discussion above there exists a compact noncollapsing limit, then we
know that the underlying manifold M is compact and we fall into the conclusion of
Theorem 5.3.4(i) for the constant negative sectional curvature limit. Thus it remains
to show when every noncollapsing limit is a complete noncompact hyperbolic manifold
with finite volume, we have conclusion (ii) in Theorem 5.3.4.

Now we first want to find a finite collection of persistent complete noncompact
hyperbolic manifolds as stated in Theorem 5.3.4 (ii).

Part II: Persistence of Hyperbolic Pieces

We begin with the definition of the topology of C'*° convergence on compact sets
for maps F': M — N of one Riemannian manifold to another. For any compact set
K CC M and any two maps F,G : M — N, we define

dx (F,G) = sup d(F(z),G(v))

where d(y, ) is the geodesic distance from y to z on N. This gives the C . topology

for maps between M and N. To define Cf_ topology for any positive integer k > 1,
we consider the k-jet space J*M of a manifold M which is the collection of all

(z,J4 J%,..., 0%

where z is a point on M and J? is a tangent vector for 1 < i < k defined by the
ith covariant derivative J* = V%, v(0) for a path v passing through the point x with
ot

v(0) = z. A smooth map F': M — N induces a map
JEF o JFM — JRN
defined by

JEF (2, Jh TR = (F(2), V2 (F(M))(0), ...,V

where 7 is a path passing through the point x with J* = V%, 4(0),1 <i < k.
ot
Define the k-jet distance between F' and G on a compact set K CC M by

dow () (F, G) = dp e (J°F, J*G)
where BJ*¥K consists of all k-jets (z,J*,...,J*) with z € K and
[T | 2P 4 TR < L

Then the convergence in the metric dor g for all positive integers k and all compact
sets K defines the topology of C'*° convergence on compact sets for the space of maps.
We will need the following Mostow type rigidity result.

LEMMA 5.3.7. For any complete noncompact hyperbolic three-manifold H with
finite volume with metric h, we can find a compact set K of H such that for every
integer k and every € > 0, there exist an integer q¢ and a & > 0 with the following
property: if F is a diffeomorphism of IKC into another complete noncompact hyperbolic
three-manifold H with no fewer cusps (than H), finite volume with metric h such that

|F*h — bl o) < 0
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then there exists an isometry I of H to H such that

dck(,c)(F, I) <e.

Proof. First we claim that H is isometric to H for an appropriate choice of
compact set C, positive integer ¢ and positive number §. Let [ : H — R be a function
defined at each point by the length of the shortest non-contractible loop starting and
ending at this point. Denote the Margulis constant by p. Then by Margulis lemma
(see for example [55] or [76]), for any 0 < &g < 3y, the set {71([0,20]) C H consists
of finitely many components and each of these components is isometric to a cusp or
to a tube. Topologically, a tube is just a solid torus. Let €9 be even smaller than
one half of the minimum of the lengths of the all closed geodesics on the tubes. Then
171([0,&0]) consists of finite number of cusps. Set Ko = [~!([g9, 00)). The boundary
of Ky consists of flat tori with constant mean curvatures. Note that each embedded
torus in a complete hyperbolic three-manifold with finite volume either bounds a solid
torus or is isotopic to a standard torus in a cusp. The diffeomorphism F' implies the
boundary F(0Ky) are embedded tori. If one of components bounds a solid torus, then
as ¢ sufficiently small and ¢ sufficiently large, H would have fewer cusps than H, which

~ o
contradicts with our assumption. Consequently, H is diffeomorphic to F(Ky). Here

ICOO is the interior of the set Ky. Since H is diffeomorphic to KQO, H is diffeomorphic
to H. Hence by Mostow’s rigidity theorem (see [97] and [107]), H is isometric to H.

So we can assume H = H. For K = K, we argue by contradiction. Suppose there
is some k£ > 0 and € > 0 so that there exist sequences of integers ¢; — oo, §; — 0%
and diffeomorphisms F; mapping K into H with

HFj*h — hllcu (o) < 65
and
dek ey (Fy,I) > €

for all isometries I of H to itself. We can extract a subsequence of F}; convergent to
a map F with FXh =h on K.

We need to check that Fl, is still a diffeomorphism on K. Since F, is a local
diffeomorphism and is the limit of diffeomorphisms, we can find an inverse of F, on

Fy (IOC) So F is a diffeomorphism on K. We claim the image of the boundary can
not touch the image of the interior. Indeed, if Foo(21) = Foo(x2) with 21 € K and

(o] o (o]
29 € K, then we can find 3 € K near x; and 24 € K near x5 with Fo (23) = Foo(24),
since F, is a local diffecomorphism. This contradicts with the fact that F is a

diffeomorphism on I% This proves our claim. Hence, the only possible overlap is at
the boundary. But the image Fi, (0K) is strictly concave, this prevents the boundary
from touching itself. We conclude that the mapping F is a diffeomorphism on /C,
hence an isometry.

To extend Fo to a global isometry, we argue as follows. For each truncated cusp
end of K, the area of constant mean curvature flat torus is strictly decreasing. Since
F takes each such torus to another of the same area, we see that F,, takes the
foliation of an end by constant mean curvature flat tori to another such foliation. So
F, takes cusps to cusps and preserves their foliations. Note that the isometric type
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of a cusp is just the isometric type of the torus, more precisely, let (IV, dr? + e=2"gy)
be a cusp (where gy is the flat metric on the torus V), 0 < a < b are two constants,
any isometry of N Nl~1[a,b] to itself is just an isometry of V. Hence the isometry Fi,
can be extended to the whole cusps. This gives a global isometry I contradicting our
assumption when j large enough.

The proof of the Lemma 5.3.7 is completed. O

In order to obtain the persistent hyperbolic pieces stated in Theorem 5.3.4 (ii),
we will need to use a special parametrization given by harmonic maps.

LEMMA 5.3.8. Let (X, g) be a compact Riemannian manifold with strictly
negative Ricci curvature and with strictly concave boundary. Then there are positive
integer lo and small number €9 > 0 such that for each positive integer | > ly and
positive number € < €9 we can find positive integer q and positive number § > 0
such that for every metric g on X with ||g — gllca(x)y < & we can find a unique
diffeomorphism F of X to itself so that

(a) F:(X,g) — (X,9) is harmonic,

(b) F takes the boundary 0X to itself and satisfies the free boundary condi-
tion that the normal derivative VN F of F at the boundary is normal to the
boundary,

(c) doix)(F,Id) < e, where Id is the identity map.

Proof. Let ®(X,0X) be the space of maps of X to itself which take 90X to itself.
Then ®(X,0X) is a Banach manifold and the tangent space to ®(X,0X) at the
identity is the space of vector fields V = V* a‘; tangent to the boundary. Consider
the map sending F' € ®(X,0X) to the pair {AF, (VN F),,} consisting of the harmonic
map Laplacian and the tangential component (in the target) of the normal derivative
of F' at the boundary. By using the inverse function theorem, we only need to check
that the derivative of this map is an isomorphism at the identity with g = g.

Let {x'};—1, . be a local coordinates of (X,g) and {y®}a=1..n be a local co-
ordinates of (X, g). The harmonic map Laplacian of F : (X,g) — (X, g) is given in
local coordinates by

.....

. o e OFP OF
(AF)* = A(F*) + g"( "VOF)WW

where A(F®) is the Laplacian of the function F'* on X and fgv is the connection

of §. Let F be a one-parameter family with F|,_o = Id and £ |,_o = V, a smooth
vector field on X tangent to the boundary (with respect to g). At an arbitrary given
point x € X, we choose the coordinates {z'};,—1_, so that I‘;k(:v) = 0. We compute
at the point z with g = g,

d [ 0
— [S @ i~ o k
e s:o(AF) AV +g (895’“ FU> VE.

Since
(ViV)* = ViV + (I 0 F)VP,

we have, at s = 0 and the point z,

a 167
T Ve,

A a_ A « 7
(AV)" = A(V®) + g
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Thus we obtain

d i 0

—_ a _ @y g 1o _ _~ 1e k
(5.3.5) o |s=0(AF) (AV)* 4+ ¢ ([irk IS e Jk> \%

= (AV)* + gaiRika.
Since
) OF7 0
-1 _ arigp—1 -1 o
(VN E)(E™ @) = N @) (P (@) 55 (@) on 0X,
we have
d d
(5.3.6) £|s:0{(VNF)//} = £|SZO(VNF —(VNF,N)N)
d d
= £|S:0(VNF) - <£|S_OVNF7N> N

— (VNF,VyN)N|s—o — (VNF,N)VyN|seo

d

ds /)
= <—V(Ni)% + N(VU%) , —I1(V)
=[N,V],, —II(V)

=(VnNV), —=21I(V)

where IT is the second fundamental form of the boundary (as an automorphism of
T(0X)). Thus by (5.3.5) and (5.3.6), the kernel of the map sending F' € ®(X,9X) to
the pair {AF,(VnF),/} is the space of solutions of elliptic boundary value problem

AV +Ric(V)=0 on X
(5.3.7) Vi, =0, at 0X,
(VNV)//—QII(V):O, at 0X,

where V), is the normal component of V.
Now using these equations and integrating by parts gives

//|VV|2Z//Ric(V,V)—i—Q/II(V,V).

o0X

Since Rc < 0 and II < 0 we conclude that the kernel is trivial. Clearly this elliptic
boundary value is self-adjoint because of the free boundary condition. Thus the
cokernel is trivial also. This proves the lemma. O

Now we can prove the persistence of hyperbolic pieces. Let ¢;;(t), 0 <t < 400,
be a noncollapsing nonsingular solution of the normalized Ricci flow on a compact
three-manifold M. Assume that any noncollapsing limit of the nonsingular solution is
a complete noncompact hyperbolic three-manifold with finite volume. Consider all the
possible hyperbolic limits of the given nonsingular solution, and among them choose
one such complete noncompact hyperbolic three-manifold H with the least possible
number of cusps. In particular, we can find a sequence of times tx — +oo and a
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sequence of points P, on M such that the marked three-manifolds (M, g;;(tx), Px)
converge in the C}y topology to H with hyperbolic metric h;; and marked point
PcH.

For any small enough a > 0 we can truncate each cusp of H along a constant mean
curvature torus of area a which is uniquely determined; the remainder we denote by
‘H,. Clearly as a — 0 the H, exhaust H. Pick a sufficiently small number a > 0 to
truncate cusps so that Lemma 5.3.7 is applicable for the compact set K = H,. Choose
an integer [y large enough and an eg sufficiently small to guarantee from Lemma
5.3.8 the uniqueness of the identity map Id among maps close to Id as a harmonic
map F from H, to itself with taking OH, to itself, with the normal derivative of
F at the boundary of the domain normal to the boundary of the target, and with
deio(n,)(Fy Id) < 9. Then choose positive integer go and small number 6o > 0

from Lemma 5.3.7 such that if F is a diffeomorphism of H, into another complete
noncompact hyperbolic three-manifold  with no fewer cusps (than ), finite volume
with metric h;; satisfying

1E*hij = hijllcao (1) < b0,
then there exists an isometry I of H to H such that
(5.3.8) deto(r,) (F, T) < €o.

And we further require ¢y and dg from Lemma 5.3.8 to guarantee the existence of
harmonic diffeomorphism from (Hg, Gi;) to (Ha, hi;) for any metric §;; on H, with
1Gij — hijlloao .y < do-

By definition, there exist a sequence of exhausting compact sets Uy of H (each
Ui D H,) and a sequence of diffeomorphisms F}, from Uy, into M such that Fy(P) = Py
and ||Fy; gij(tr) — hijllom@,) — 0 as k — +oo for all positive integers m. Note that
OH, is strictly concave and we can foliate a neighborhood of H, with constant mean
curvature hypersurfaces where the area a has a nonzero gradient. As the approximat-
ing maps Fy : (Ug, hij) — (M, gi;(tx)) are close enough to isometries on this collar of
OHg, the metrics ¢;;(tx) on M will also admit a unique constant mean curvature hy-
persurface with the same area a near Fy,(0H,)(C M) by the inverse function theorem.
Thus we can change the map Fj, by an amount which goes to zero as k — oo so that
now Fj(0H,) has constant mean curvature with the area a. Furthermore, by applying
Lemma 5.3.8 we can again change F} by an amount which goes to zero as k — 00 so as
to make Fj a harmonic diffeomorphism and take 0H, to the constant mean curvature
hypersurface Fj(0H,) and also satisfy the free boundary condition that the normal
derivative of Fj at the boundary of the domain is normal to the boundary of the
target. Hence for arbitrarily given positive integer ¢ > go and positive number § < dy,
there exists a positive integer ko such that for the modified harmonic diffeomorphism
F}., when k > kg,

[[F% g5 (tk) — hijllcagr,) <0

For each fixed k > kg, by the implicit function theorem we can first find a constant
mean curvature hypersurface near Fj(0H,) in M with the metric g;;(t) for ¢ close to
tr and with the same area for each component since OH, is strictly concave and a
neighborhood of 0H,, is foliated by constant mean curvature hypersurfaces where the
area a has a nonzero gradient and Fj, : (Hq, hij) — (M, g:5(tx)) is close enough to an
isometry and g;;(t) varies smoothly. Then by applying Lemma 5.3.8 we can smoothly
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continue the harmonic diffeomorphism Fj, forward in time a little to a family of
harmonic diffeomorphisms Fy(t) from H, into M with the metric g;;(t), with Fj(tx) =
F}, where each Fy(t) takes OH, into the constant mean curvature hypersurface we
just found in (M, g;;(t)) and satisfies the free boundary condition, and also satisfies

[[1Fy (1) 9i5 () — hijlloar,) <9

We claim that for all sufficiently large k, we can smoothly extend the harmonic dif-
feomorphism Fj, to the family harmonic diffeomorphisms Fj(¢) with ||F}(¢)g:; () —
hijllca(n,) < 0 on a maximal time interval ¢ < ¢ < wy (or tx < ¢t < wp when
wy = +00); and if wy < 400, then

(5.3.9) 1Fy (wk)gij(wi) — hijllcar,) = 6.

Clearly the above argument shows that the set of ¢ where we can extend the
harmonic diffeomorphisms as desired is open. To verify claim (5.3.9), we thus only
need to show that if we have a family of harmonic diffeomorphisms Fy(¢) such as
we desire for t <t < w(< +00), we can take the limit of Fj(t) as ¢ — w to get a
harmonic diffeomorphism Fj(w) satisfying

|[1Fy (W) gij (w) = hijllca(r,) < 0,

and if

|1 Fy; (W) gij (w) = hijllca(m,) <0,

then we can extend Fj(w) forward in time a little (i.e., we can find a constant mean
curvature hypersurface near Fy(w)(0H,) in M with the metric g;;(¢) for each ¢ close
to w and with the same area a for each component). Note that

(5.3.10) 1F5 (8)95 (1) — hajllcacra) < 6

for ), <t < w and the metrics g;;(t) for t; < ¢ < w are uniformly equivalent. We can
find a subsequence t,, — w for which Fj(t,) converge to Fj(w) in C?7'(H,) and the
limit map has

1Fy (W) gij(w) — hijllca-1(1,) <9

We need to check that Fj(w) is still a diffeomorphism. We at least know F(w) is a
local diffeomorphism, and Fj(w) is the limit of diffeomorphisms, so the only possibility
of overlap is at the boundary. Hence we use the fact that Fj(w)(OH,,) is still strictly
concave since ¢ is large and § is small to prevent the boundary from touching itself.
Thus Fj(w) is a diffeomorphism. A limit of harmonic maps is harmonic, so Fj(w) is
a harmonic diffeomorphism from H, into M with the metric g;;(w). Moreover Fj(w)
takes OH, to the constant mean curvature hypersurface 9(Fy(w)(H,)) of the area a in
(M, gi;(w)) and continue to satisfy the free boundary condition. As a consequence of
the standard regularity result of elliptic partial differential equations (see for example
[48]), the map Fj(w) € C*°(H,) and then from (5.3.10) we have

[|[Fg (w)gij (W) — hijllcar,) < 6.

If || Fy (w)gij(w) = hijllca(x,) = 0, we then finish the proof of the claim. So we may
assume that |[F}(w)gij(w) — hijllcaen,) < 0. We want to show that Fy(w) can be
extended forward in time a little.
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We argue by contradiction. Suppose not, then we consider the new sequence of
the manifolds M with metric g;;(w) and the origins Fj(w)(P). Since Fj(w) are close
to isometries, the injectivity radii of the metrics g;;(w) at Fy(w)(P) do not go to zero,
and we can extract a subsequence which converges to a hyperbolic limit H with the
metric h;; and the origin P and with finite volume. The new limit A has at least as
many cusps as the old limit , since we choose ‘H with cusps as few as possible. By
the definition of convergence, we can find a sequence of compact sets By exhausting
H and containing P, and a sequence of diffeomorphisms F} of neighborhoods of By,
into M with Fj(P) = Fj(w)(P) such that for each compact set B in H and each
integer m

1F7 (965(@)) = hijl | con () — O

as k — +o00. For large enough k the set ﬁk(ék) will contain all points out to any
fixed distance we need from the point Fy(w)(P), and then

ﬁk(ék) D) Fk(w)(HG)

since the points of H, have a bounded distance from P and Fj(w) are reasonably
close to preserving the metrics. Hence we can form the composition

szﬁkfloFk(w):Haﬁﬁ.

Arbitrarily fix §' € (d,dp). Since the F}, are as close to preserving the metric as we
like, we have

IGhij — hijlloar,y <0

for all sufficiently large k. By Lemma 5.3.7, we deduce that there exists an isometry
I of H to H, and then (M, g;j(w), Fx(w)(P)) (on compact subsets) is very close to
(H, hij, P) as long as ¢ small enough and k large enough. Since Fj,(w)(0H,) is strictly
concave and the foliation of a neighborhood of Fy(w)(d0H,) by constant mean curva-
ture hypersurfaces has the area as a function with nonzero gradient, by the implicit
function theorem, there exists a unique constant mean curvature hypersurface with
the same area a near Fj(w)(0H,) in M with the metric g;;(t) for ¢ close to w. Hence,
when k sufficiently large, Fj(w) can be extended forward in time a little. This is a
contradiction and we have proved claim (5.3.9).

We further claim that there must be some k such that wy, = +o0o (i.e., we can
smoothly continue the family of harmonic diffeomorphisms Fj(¢) for all ¢, <t < +o0,
in other words, there must be at least one hyperbolic piece persisting). We argue by
contradiction. Suppose for each k large enough, we can continue the family Fj(t) for
tr <t <wp < 400 with

1 Fy (wk)gij (wi) — hijllcar,) = 6.

Then as before, we consider the new sequence of the manifolds M with metrics g;;(wx)

and origins Fy(wg)(P). For sufficiently large k, we can obtain diffeomorphisms F}, of
neighborhoods of By, into M with Fy(P) = Fy(wg)(P) which are as close to preserving
the metric as we like, where Bj is a sequence of compact sets, exhausting some

hyperbolic three-manifold H, of finite volume and with no fewer cusps (than H), and
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containing P; moreover, the set Fy (Ek) will contain all the points out to any fixed
distance we need from the point Fy(wg)(P); and hence

Fi(By) 2 Fi(wr)(Ha)

since H,, is at bounded distance from P and Fj(wy) is reasonably close to preserving
the metrics. Then we can form the composition

szﬁgloFk(wk): Ha—>7:l.
Since the Fy, are as close to preserving the metric as we like, for any § > & we have
IGRhij — hijllcar,) <0

for large enough k. Then a subsequence of G}, converges at least in C4~1(H,,) topology
to a map G of H, into H. By the same reason as in the argument of previous two
paragraphs, the limit map G is a smooth harmonic diffeomorphism from H, into
‘H with the metric ﬁij, and takes OH, to a constant mean curvature hypersurface
Goo(0H,,) of (7:(,71”) with the area a, and also satisfies the free boundary condition.
Moreover we still have

(5.3.11) G2 = hijll ) = 0.
Now by Lemma 5.3.7 we deduce that there exists an isometry I of H to H with
dclo (Ha) (GOO7 I) < €op.

By using I to identify ﬁa and Hg, we see that the map I7! o G is a harmonic
diffeomorphism of H,, to itself which satisfies the free boundary condition and

deio (4, (I 7" 0 Goo, Id) < £0.

From the uniqueness in Lemma 5.3.8 we conclude that I~' o G, = Id which contra-
dicts with (5.3.11). This shows at least one hyperbolic piece persists. Moreover the
pull-back of the solution metric g;;(t) by Fi(t), for tr <t < 400, is as close to the
hyperbolic metric h;; as we like.

We can continue to form other persistent hyperbolic pieces in the same way as
long as there are any points Py outside of the chosen pieces where the injectivity
radius at times t; — oo are all at least some fixed positive number p > 0. The only
modification in the proof is to take the new limit H to have the least possible number
of cusps out of all remaining possible limits.

Note that the volume of the normalized Ricci flow is constant in time. Therefore
by combining with Margulis lemma (see for example [55] [76]), we have proved that
there exists a finite collection of complete noncompact hyperbolic three-manifolds
‘Hi, ..., Hy with finite volume, a small number a > 0 and a time T < +o0o such that
for all ¢ beyond T we can find diffeomorphisms ¢;(t) of (H;), into M, 1 <1< m, so
that the pull-back of the solution metric g;;(t) by ¢i(t) is as close to the hyperbolic
metrics as we like and the exceptional part of M where the points are not in the image
of any ¢; has the injectivity radii everywhere as small as we like.
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Part III: Incompressibility

We remain to show that the boundary tori of any persistent hyperbolic piece are
incompressible, in the sense that the fundamental group of the torus injects into that
of the whole manifold. The argument of this part is a parabolic version of Schoen and
Yau’s minimal surface argument in [109, 110, 111].

Let B be a small positive number and assume the above positive number a is
much smaller than B. Denote by M, a persistent hyperbolic piece of the manifold M
truncated by boundary tori of area a with constant mean curvature and denote by

[e]
MS = M\ M, the part of M exterior to M,. Thus there is a persistent hyperbolic
piece Mp C M, of the manifold M truncated by boundary tori of area B with constant
[e]

mean curvature. We also denote by Mg = M\ Mp. By Van Kampen’s Theorem, if
w1 (0Mp) injects into 7 (M§) then it injects into 71 (M) also. Thus we only need to
show m1(0Mp) injects into w1 (M5).

We will argue by contradiction. Let T be a torus in 9Mp. Suppose 1 (1) does not
inject into m1(M§5), then by Dehn’s Lemma the kernel is a cyclic subgroup of m1(T)
generated by a primitive element. The work of Meeks-Yau [86] or Meeks-Simon-Yau
[87] shows that among all disks in M§ whose boundary curve lies in T and generates
the kernel, there is a smooth embedded disk normal to the boundary which has the
least possible area. Let A = A(t) be the area of this disk. This is defined for all ¢
sufficiently large. We will show that A(t) decreases at a rate bounded away from zero
which will be a contradiction.

Let us compute the rate at which A(t) changes under the Ricci flow. We need to
show A(t) decrease at least at a certain rate, and since A(t) is the minimum area to
bound any disk in the given homotopy class, it suffices to find some such disk whose
area decreases at least that fast. We choose this disk as follows. Pick the minimal disk
at time to, and extend it smoothly a little past the boundary torus since the minimal
disk is normal to the boundary. For times ¢ a little bigger than ¢y, the boundary torus
may need to move a little to stay constant mean curvature with area B as the metrics
change, but we leave the surface alone and take the bounding disk to be the one cut
off from it by the new torus. The change of the area A(t) of such disk comes from the
change in the metric and the change in the boundary.

For the change in the metric, we choose an orthonormal frame X,Y, Z at a point
z in the disk so that X and Y are tangent to the disk while Z is normal and compute
the rate of change of the area element do on the disk as

since the metric evolves by the normalized Ricci flow. Here (-)7 denotes the tangential
projections on the disk. Notice the torus 7' may move in time to preserve constant
mean curvature and constant area B. Suppose the boundary of the disk evolves with
a normal velocity N. The change of the area at boundary along a piece of length ds
is given by Nds. Thus the total change of the area A(t) is given by

C;—f_//(gr—Ric(X,X)—Ric(Y,Y)) da+/8Nds.
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Note that

Ric (X, X) + Ric(Y,Y) = R(X,Y,X,Y) + R(X, Z, X, Z)
+R(Y,X,Y,X)+ R(Y, Z,Y, Z)

1
= §R+ R(X,Y,X,Y).
By the Gauss equation, the Gauss curvature K of the disk is given by
K=R(X,Y,X,Y)+detII

where I1 is the second fundamental form of the disk in M. This gives at ¢ = %o,

%g//(gr—%R)da—//(K—detII)dU—l—/BNds

Since the bounding disk is a minimal surface, we have
det IT < 0.

The Gauss-Bonnet Theorem tells us that for a disk

//Kdo+/kd8=27r
o

where k is the geodesic curvature of the boundary. Thus we obtain

dA 2 1
3. — < Zp—Z + + —om.
(5.3.12) ; //(3r 2R) do /8kds /aNdS 2

Recall that we are assuming Ry, (t) increases monotonically to —6 as t — +00. By
the evolution equation of the scalar curvature,

and then
/ (r(t) — Rmin(t))dt < +o0.
0
This implies that r(t) — —6 as t — 400 by using the derivatives estimate for the

curvatures. Thus for every £ > 0 we have

2 1
—_r — — < — —
37° 2R_ (1—¢)

for t sufficiently large. And then the first term on RHS of (5.3.12) is bounded above

by
[ (G- ta)ar<-a-an

The geodesic curvature k of the boundary of the minimal disk is the acceleration of
a curve moving with unit speed along the intersection of the disk with the torus;
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since the disk and torus are normal, this is the same as the second fundamental form
of the torus in the direction of the curve of intersection. Now if the metric were
actually hyperbolic, the second fundamental form of the torus would be exactly 1 in
all directions. Note that the persistent hyperbolic pieces are as close to the standard
hyperbolic as we like. This makes that the second term of RHS of (5.3.12) is bounded
above by

/kds <(l1+4+¢€9)L
1%}

for some sufficiently small positive number g > 0, where L is the length of the
boundary curve. Also since the metric on the persistent hyperbolic pieces are close
to the standard hyperbolic as we like, its change under the normalized Ricci flow is
as small as we like; So the motion of the constant mean curvature torus of fixed area
B will have a normal velocity N as small as we like. This again makes the third term
of RHS of (5.3.12) bounded above by

/NdS S EoL.
0
Combining these estimates, we obtain
dA
(5.3.13) ’ <(142e0)L—(1—¢g09)A—2m

on the persistent hyperbolic piece, where g is some sufficiently small positive number.

We next need to bound the length L in terms of the area A. Since a is much smaller
than B, for large ¢ the metric is as close as we like to the standard hyperbolic one; not
just on the persistent hyperbolic piece Mg but as far beyond as we like. Thus for a
long distance into Mg the metric will look nearly like a standard hyperbolic cusplike
collar.

Let us first recall a special coordinate system on the standard hyperbolic cusp
projecting beyond torus 737 in OH; as follows. The universal cover of the flat torus
T can be mapped conformally to the x-y plane so that the deck transformation of T;
become translations in z and y, and so that the Euclidean area of the quotient is 1;
then these coordinates are unique up to a translation. The hyperbolic cusp projecting
beyond the torus 77 in 9H; can be parametrized by {(z,y,2) € R | 2 > 0} with the
hyperbolic metric

dz? + dy? + dz?
= T'

(5.3.14) ds*

Note that we can make the solution metric, in an arbitrarily large neighborhood of the
torus T (of 0Mp), as close to hyperbolic as we wish (in the sense that there exists a
diffeomorphism from a large neighborhood of the torus Tg (of 9Hp) on the standard
hyperbolic cusp to the above neighborhood of the torus T' (of dMp) such that the
pull-back of the solution metric by the diffeomorphism is as close to the hyperbolic
metric as we wish). Then by using this diffeomorphism (up to a slight modification)
we can parametrize the cusplike tube of M§ projecting beyond the torus T in OMp
by {(z,y,2) | z > ¢} where the height ¢ is chosen so that the torus in the hyperbolic
cusp at height ¢ has the area B.

Now consider our minimal disk, and let L(z) be the length of the curve of the
intersection of the disk with the torus at height z in the above coordinate system,
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and also let A(z) be the area of the part of the disk between ¢ and z. We now want
to derive a monotonicity formula on the area A(z) for the minimal surface.

For almost every z the intersection of the disk with the torus at height z is a
smooth embedded curve or a finite union of them by the standard transversality
theorem. If there is more than one curve, at least one of them is not homotopic to
a point in T and represents the primitive generator in the kernel of w1 (T) such that
a part of the original disk beyond height z continues to a disk that bounds it. We
extend this disk back to the initial height ¢ by dropping the curve straight down. Let
L(z) be the length of the curve we picked at height z; of course L(z) < L(z) with
equality if it is the only piece. Let L(w) denote the length of the same curve in the
z-y plane dropped down to height w for { < w < z. In the hyperbolic space we would
have

E(w) = 1
(w) = ZL(2)
exactly. In our case there is a small error proportional to f)(z) and we can also take it
proportional to the distance z — w by which it drops since L(w)|y—- = L(z) and the
solution metric is close to the hyperbolic in the C}%, topology. Thus, for arbitrarily
given 6 > 0 and ¢* > (, as the solution metric is sufficiently close to hyperbolic, we
have

L(w) = ZL(=)| < 8(z - w)L()

for all z and w in ¢ < w < z < *. Now given € and * pick 6 = 2¢/¢*. Then

26(2—10)]'

(5.3.15) L(w) < p

Z ~

—L(z) [1+
206 |
When we drop the curve vertically for the construction of the new disk we get an area

A(z) between ¢ and z given by

A(z) = (1+0(1)) /: de.

w

Here and in the following o(1) denotes various small error quantities as the solution
metric close to hyperbolic. On the other hand if we do not drop vertically we pick up
even more area, so the area A(z) of the original disk between ¢ and z has

(5.3.16) A(z) > (1 —o0(1)) /: de.

w

Since the original disk minimized among all disks bounded a curve in the primitive
generator of the kernel of 71 (7T'), and the new disk beyond the height z is part of the
original disk, we have

A(z) < A(z)

and then by combining with (5.3.15),

TLW) g < (1t o()eie) [ ]EEE £ 22 g
[ A < ot || ]

w2 w3

< (1+o(1))L(2) (ZZO {”5 <22<)} '
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Here we used the fact that L(z) < L(z). Since the solution metric is sufficiently close
to hyperbolic, we have

or equivalently
d 212 % L(w)
3.1 —1 dwy > 0.
(5.3.17) - og{(Z_O/C " w}_O

This is the desired monotonicity formula for the area A(z).
It follows directly from (5.3.16) and (5.3.17) that

Z1+25 9
or equivalently
2@ < o) () oa)

for all z € [¢,(*]. Since the solution metric, in an arbitrarily large neighborhood of
the torus T' (of dMp), as close to hyperbolic as we wish, we may assume that ¢* is so

large that +/C* > ¢ and V& s close to 1, and also € > 0 is so small that (g)% is

close to 1. Thus for arbi%/rfr_ilcy small §g > 0, we have
(5.3.18) L(¢) < (1+30)A (\/g—) .
Now recall that (5.3.13) states

% < (1+2e)L — (1 —¢e9)A—2m.

We now claim that if
(1 + 250)L — (1 — Eo)A >0

then L = L((¢) is uniformly bounded from above.
Indeed by the assumption we have

(1 + 280)

— L

(1 —¢o0) ©

since A(¢*) < A. By combining with (5.3.16) we have some zg € (1/C*, (*) satisfying
L(z0) ( ; ¢ L(w)
< (1+0(1)A(C7)

< (1+0(1)) (1 2%

A(CT) <

— €0

)20,
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Thus for ¢* suitably large, by noting that the solution metric on a large neighborhood
of T (of OMp) is sufficiently close to hyperbolic, we have

(5.3.19) L(z) < (1+ 450)%1:(()
for some zo € (v/C*,¢*). Tt is clear that we may assume the intersection curve between
the minimal disk with the torus at this height 2y is smooth and embedded. If the
intersection curve at the height zy has more than one piece, as before one of them will
represent the primitive generator in the kernel of 71 (T"), and we can ignore the others.
Let us move (the piece of) the intersection curve on the torus at height zy through
as small as possible area in the same homotopy class of 71 (T) to a curve which is a
geodesic circle in the flat torus coming from our special coordinates, and then drop
this geodesic circle vertically in the special coordinates to obtain another new disk.
We will compare the area of this new disk with the original minimal disk as follows.
Denote by G the length of the geodesic circle in the standard hyperbolic cusp at
height 1. Then the length of the geodesic circle at height zo will be G/zy. Observe
that given an embedded curve of length [ circling the cylinder S' x R of circumference
w once, it is possible to deform the curve through an area not bigger than [w into a
meridian circle. Note that (the piece of) the intersection curve represents the primitive
generator in the kernel of 71 (T). Note also that the solution metric is sufficiently close
to the hyperbolic metric. Then the area of the deformation from (the piece of) the
intersection curve on the torus at height 2y to the geodesic circle at height zy is
bounded by

G
(o) (£ 2e0)
20
The area to drop the geodesic circle from height zy to height ¢ is bounded by

(14 o(1)) /C S dw.

w?

Hence comparing the area of the original minimal disk to that of this new disk gives

Alz) < (14 o(1))G [M + (3 - i)] .

Zo G-
By (5.3.18), (5.3.19) and the fact that 2o € (v/C*,(*), this in turn gives
L(¢) < (14 00)A(20)

+_

< (1460)G [(1 + 450)L<(f) ﬂ :

Since (* is suitably large, we obtain

L(§) <2G/¢

This gives the desired assertion since G is fixed from the geometry of the limit hyper-
bolic manifold H and ( is very large as long as the area B of dMp small enough.
Thus the combination of (5.3.13), (5.3.18) and the assertion implies that either

d
—A< =2
at” =T
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or
d
ZA< (L4 2e0)L — (1 —c)A —2m

1+ 260)% — 27

A

S -,

since the solution metric on a very large neighborhood of the torus T' (of OMp) is
sufficiently close to hyperbolic and ( is very large as the area B of 9M p small enough.
This is impossible because A > 0 and the persistent hyperbolic pieces go on forever.
The contradiction shows that 71 (7)) in fact injects into w1 (M§). This proves that
m1(0Mp) injects into w1 (M).

Therefore we have completed the proof of Theorem 5.3.4. O

6. Ancient k-solutions. Let us consider a solution of the Ricci flow on a com-
pact manifold. If the solution blows up in finite time (i.e., the maximal solution exists
only on a finite time interval), then as we saw in Chapter 4 a sequence of rescalings
of the solution around the singularities converge to a solution which exists at least
on the time interval (—oo,T') for some finite number T'. Furthermore, by Perelman’s
no local collapsing theorem I (Theorem 3.3.2), we see that the limit is k-noncollapsed
on all scales for some positive constant . In addition, if the dimension n = 3 then
the Hamilton-Ivey pinching estimate implies that the limiting solution must have
nonnegative curvature operator.

We call a solution to the Ricci flow an ancient k-solution if it is complete (either
compact or noncompact) and defined on an ancient time interval (—oo,T) with T' > 0,
has nonnegative curvature operator and bounded curvature, and is k-noncollapsed on
all scales for some positive constant k.

In this chapter we study ancient x-solutions of the Ricci flow. We will obtain
crucial curvature estimates of such solutions and determine their structures in lower
dimensional cases.

6.1. Preliminaries. We first present a useful geometric property, given by Chen
and the second author in [34], for complete noncompact Riemannian manifolds with
nonnegative sectional curvature.

Let (M,g;;) be an n-dimensional complete Riemannian manifold and let ¢ be
a positive constant. We call an open subset N C M an e-neck of radius r if
(N,772g;;) is e-close, in the C="'1 topology, to a standard neck S"~! x I, where S"~*
is the round (n — 1)-sphere with scalar curvature 1 and I is an interval of length 2e 1.
The following result is, to some extent, in similar spirit of Yau’s volume lower bound
estimate [128].

PROPOSITION 6.1.1 (Chen-Zhu [34]). There exists a positive constant g = £o(n)
such that every complete noncompact n-dimensional Riemannian manifold (M, g;;)
of nonnegative sectional curvature has a positive constant ro such that any e-neck of
radius v on (M, gi;) with e < e must have r > 1.

Proof. We argue by contradiction. Suppose there exist a sequence of positive
constants e* — 0 and a sequence of n-dimensional complete noncompact Riemannian
manifolds (M, g¢%) such that for each fixed a, there exists a sequence of e*-necks Nj,
of radius at most 1/k in M with centers Py divergent to infinity.
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Fix a point P on the manifold M® and connect each Px to P by a minimizing
geodesic v;. By passing to a subsequence we may assume the angle 6j; between
geodesic v, and ; at P is very small and tends to zero as k,l — 400, and the length
of yx41 is much bigger than the length of vx. Let us connect Py, to P, by a minimizing
geodesic 7. For each fixed [ > k, let Py, be a point on the geodesic 7; such that the
geodesic segment from P to Pj has the same length as 4, and consider the triangle
APP,P;, in M® with vertices P, P, and P;. By comparing with the corresponding
triangle in the Euclidean plane R? whose sides have the same corresponding lengths,
Toponogov’s comparison theorem implies

~ 1
d(Pk,Pk) S 2sin <§9kl) -d(Pk,P).

Since 6y; is very small, the distance from Py to the geodesic v; can be realized by a
geodesic (i which connects Py, to a point P}, on the interior of the geodesic ; and
has length at most 2 Sin(%ekl) - d(Py, P). Clearly the angle between (;; and +; at the
intersection point Pj is 5. Consider a to be fixed and sufficiently large. We claim
that for large enough k, each minimizing geodesic ~; with [ > k, connecting P to P,
goes through the neck Ny.

Suppose not; then the angle between v and (i; at Py is close to either zero or 7
since Py is in the center of an e“-neck and « is sufficiently large. If the angle between
v and (g at Py is close to zero, we consider the triangle APP;CP,; in M“ with vertices
P, Py, and P|. Note that the length between Py and P} is much smaller than the
lengths from Py or P| to P. By comparing the angles of this triangle with those of the
corresponding triangle in the Euclidean plane with the same corresponding lengths
and using Toponogov’s comparison theorem, we find that it is impossible. Thus the
angle between v and (i at Py is close to m. We now consider the triangle AP;CP]éPl
in M* with the three sides (i, nx; and the geodesic segment from P}, to P, on ;. We
have seen that the angle of AP, P/ P, at Py, is close to zero and the angle at P, is 5
By comparing with corresponding triangle Apkpépl in the Euclidean plane R? whose
sides have the same corresponding lengths, Toponogov’s comparison theorem implies

— I 3
/PP P, + /P PP, < LPP P, + /PP, P, < i

This is impossible since the length between P, and P,g is much smaller than the length
from P to either P or P/. So we have proved each v; with [ > k passes through the
neck Ng.

Hence by taking a limit, we get a geodesic ray v emanating from P which passes
through all the necks Ng, k = 1,2,..., except a finite number of them. Throwing
these finite number of necks away, we may assume 7 passes through all necks Ng,
k=1,2,.... Denote the center sphere of Nj by Sk, and their intersection points with
yby pr € SgNy, k=1,2,....

Take a sequence of points y(m) with m = 1,2,.... For each fixed neck Ny,
arbitrarily choose a point g € Nj near the center sphere S and draw a geodesic
segment v*™ from g to y(m). Now we claim that for any neck N; with [ > k, y*™
will pass through NN, for all sufficiently large m.

We argue by contradiction. Let us place all the necks N; horizontally so that the
geodesic y passes through each N; from the left to the right. We observe that the
geodesic segment v*™ must pass through the right half of Ny; otherwise v¥ cannot
be minimal. Then for large enough m, the distance from p; to the geodesic segment
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7*™ must be achieved by the distance from p; to some interior point py’ of v*™. Let
us draw a minimal geodesic 1 from p; to the interior point py’ with the angle at the
intersection point pi’ € nN~v*™ to be 5. Suppose the claim is false. Then the angle
between 1 and v at p; is close to 0 or 7 since £® is small.

If the angle between 7 and v at p; is close to 0, we consider the triangle Ap;py'~(m)
and construct a comparison triangle Ap;p;’7(m) in the plane with the same corre-
sponding length. Then by Toponogov’s comparison theorem, we see the sum of the
inner angles of the comparison triangle Ap;pi’y(m) is less than 37 /4, which is impos-
sible.

If the angle between 1 and v at p; is close to 7, by drawing a minimal geodesic
& from ¢ to p;, we see that £ must pass through the right half of Ny and the left
half of N;; otherwise £ cannot be minimal. Thus the three inner angles of the tri-
angle Ap;pr’qi are almost 0,7/2, and 0 respectively. This is also impossible by the
Toponogov comparison theorem.

Hence we have proved that the geodesic segment v*™ passes through N; for m
large enough.

Consider the triangle Aprgry(m) with two long sides pry(m)(C v) and gxy(m)(=
km)

~*™). For any s > 0, choose points py on pry(m) and §x on gxy(m) with d(pk, pr) =
d(qk, qr) = s. By Toponogov’s comparison theorem, we have

)
_ d(Br,y(m))? + d(Gi, y(m))? — 2d(Br, 7(m))d(Gi, ¥ (m)) cos £ (pry(m) i)
d(pr, v(m))? + d(gqk, y(m))? — 2d(pk, v(m))d(gx, y(m)) cos £ (pry(m)qx)
< AP, 7 (m))? + d(Gr, 7(m)? — 2d(pr, y(m))d(Gr, ¥(m)) cos £(Pry(m)dx)
~ d(pr,v(m))? + d(qr, v(m))? — 2d(pk, y(m))d(qr, v(m)) cos £ (pry(m)qr)
_ (d(@Br,v(m)) — d(Gr,7(m)))* + 2d(Br, v(m))d(Gr, 7 (m)) (L — cos £ (ry (1))
(d(Pr, v(m)) — d(Gr,v(m)))? + 2d(pk, v(m))d(gk, y(m)) (1 — cos £ (pry(m)qk))
< APr,7(m))d(Gr, y(m))
= d(pk, v(m))d(gr,v(m))

as m — 00, where £(pry(m)qx) and £(Pry(m)di) are the corresponding angles of
the comparison triangles.

Letting m — oo, we see that v*™ has a convergent subsequence whose limit *
is a geodesic ray passing through all N; with [ > k. Let us denote by p; = v(t;),j =
1,2,.... From the above computation, we deduce that

d(prs qi) < d(v(tk + 5),7"(s))

for all s > 0.

Let p(z) = lim;— oo (t — d(z,7(t))) be the Busemann function constructed from
the ray . Note that the level set ¢~ !((p;)) N N; is close to the center sphere S; for
any j = 1,2,.... Now let gy be any fixed point in ¢~ (x(px)) N Ni. By the definition
of Busemann function ¢ associated to the ray v, we see that p(7*(s1)) — p(v¥(s2)) =
s1 — s for any s1, so > 0. Consequently, for each [ > k, by choosing s = t; — tj, we
see YF(t; — t) € = (p(p1)) N N Since v(t +t; — ti) = p, it follows that

d(pr, qr) < d(pr, v"(s)).
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with s = #; —t; > 0. This implies that the diameter of ¢ ~*(¢(px)) N Ny is not greater
than the diameter of =1 (p(p;)) N N; for any [ > k, which is a contradiction for [
much larger than k.

Therefore we have proved the proposition. O

In [63], Hamilton discovered an important repulsion principle (cf. Theorem 21.4
of [63]) about the influence of a bump of strictly positive curvature in a complete
noncompact manifold of nonnegative sectional curvature. Namely minimal geodesic
paths that go past the bump have to avoid it. As a consequence he obtained a finite
bump theorem (cf. Theorem 21.5 of [63]) that gives a bound on the number of bumps
of curvature.

Let M be a complete noncompact Riemannian manifold with nonnegative sec-
tional curvature K > 0. A geodesic ball B(p,r) of radius r centered at a point p € M
is called a curvature S-bump if sectional curvature K > (3/r? at all points in the
ball. The ball B(p,r) is called A-remote from an origin O if d(p, O) > Ar.

Finite Bump Theorem (Hamilton [63]). For every 8 > 0 there exists A < 0o
such that in any complete manifold of nonnegative sectional curvature there are at
most a finite number of disjoint balls which are A\-remote curvature G-bumps.

This finite bump theorem played an important role in Hamilton’s study of the
behavior of singularity models at infinity and in the dimension reduction argument he
developed for the Ricci flow (cf. Section 22 of [63], see also [29] for application to the
Kéhler-Ricci flow and uniformization problem in complex dimension two). A special
consequence of the finite bump theorem is that if we have a complete noncompact
solution to the Ricci flow on an ancient time interval —co < t < T with T > 0
satisfying certain local injectivity radius bound, with curvature bounded at each time
and with asymptotic scalar curvature ratio A = limsup Rs? = oo, then we can find
a sequence of points p; going to oo (as in the following Lemma 6.1.3) such that a
cover of the limit of dilations around these points at time ¢ = 0 splits as a product
with a flat factor. The following result, obtained by Chen and the second author in
[34], is in similar spirit as Hamilton’s finite bumps theorem and its consequence. The
advantage is that we will get in the limit of dilations a product of the line with a
lower dimensional manifold, instead of a quotient of such a product.

PROPOSITION 6.1.2 (Chen-Zhu [34]).  Suppose (M,g;;) is a complete n-
dimensional Riemannian manifold with nonnegative sectional curvature. Let P € M
be fized, and P, € M a sequence of points and \, a sequence of positive numbers
with d(P, P;) — +00 and A\p,d(P, Py) — 400. Suppose also that the marked manifolds
(M, )\igij, Py) converge in the Cy2, topology to a Riemannian manifold M. Then the

limit M splits isometrically as the metric product of the form R x N, where N is a
Riemannian manifold with nonnegative sectional curvature.

Proof. Let us denote by |OQ| = d(O, Q) the distance between two points O, Q €
M. Without loss of generality, we may assume that for each k,

(6.1.1) 1+ 2|PP;| < |PPpyyl-

Draw a minimal geodesic ~; from P to P, and a minimal geodesic oy from Py to
Py.+1, both parametrized by arclength. We may further assume

(6.1.2) O = 1< 30(0) 311 (0))] < 7.
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By assumption, the sequence (M, A2 g;;, Py) converges (in the C2, topology) to a
Riemannian manifold (M , Gijs 16) with nonnegative sectional curvature. By a further
choice of subsequences, we may also assume 7 and o} converge to geodesic rays
and ¢ starting at P respectively. We will prove that ¥ U & forms a line in M, and
then by the Toponogov splitting theorem [89] the limit M must be splitted as R x N.

We argue by contradiction. Suppose 7 U ¢ is not a line; then for each k, there
exist two points A € v, and By € oy such that as k — 400,

)\kd(Pk, Ak) — A > 0,
Md(Py, Br) — B > 0,

(6.1.3)
)\kd(Ak,Bk) —C > 0,
but A+ B> C.
Py
Ok
=5, D
e Ay, Pry1

P

Now draw a minimal geodesic §; from Ay to Bg. Consider comparison triangles

Apkppjﬁ_l and AP, A;By, in R? with

|PyP| = |PyP|, | Py Pisr| = | Pi Pt |PPisa| = |PPisal,

and |pkAk| = |P]€Ak|, |P]€Bk| = |PkBk|, |AkBk| = |AkBk|
By Toponogov’s comparison theorem [8], we have
(6.1.4) LAy PyBy > LPPyPosy.

On the other hand, by (6.1.2) and using Toponogov’s comparison theorem again, we
have

(6.1.5) LPyPPysy < LPyPPyiy < %
and since | Py Py41| > |PPy| by (6.1.1), we further have
(6.1.6) UPyPoss P < LP.PPyiy < %
Thus the above inequalities (6.1.4)-(6.1.6) imply that

- 2
KAkPkBk>7T—E.
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Hence
- - R — R 2
(6.1.7) |A;§Bk|2 > |Akpk|2 + |P]€Bk|2 — 2|Akpk| . |P;€Bk| Ccos (7‘1’ — E) .

Multiplying the above inequality by A7 and letting k — +o00, we get
C>A+B

which contradicts (6.1.3).
Therefore we have proved the proposition. O

Let M be an n-dimensional complete noncompact Riemannian manifold. Pick
an origin O € M. Let s be the geodesic distance to the origin O of M, and R the
scalar curvature. Recall that in Chapter 4 we have defined the asymptotic scalar
curvature ratio

A = lim sup Rs?.
s——+o0
We now state a useful lemma of Hamilton (Lemma 22.2 in [63]) about picking
local (almost) maximum curvature points at infinity.

LEMMA 6.1.3. Given a complete noncompact Riemannian manifold with bounded
curvature and with asymptotic scalar curvature ratio

A = limsup Rs? = +o0,

s——+00

we can find a sequence of points x; divergent to infinity, a sequence of radii v; and a
sequence of positive numbers d; — 0 such that
(1) R(xz) < (14 0;)R(z;) for all x in the ball B(xj,r;) of radius r; around x;,
(i) r3R(x;) — 400,
(it1) A\j = d(z;,0)/r; — +o0,
(iv) the balls B(xj,r;) are disjoint,
where d(x;,0) is the distance of x; from the origin O.

Proof. Pick a sequence of positive numbers ¢; — 0, then choose A; — +00 so
that AjeZ — +oo. Let 0; be the largest number such that

sup{ R(x)d(z,0)? | d(z,0) < a;} < A;.
Then there exists some y; € M such that
R(yj)d(yj, 0)2 = Aj and d(yj, O) = 0j.

Now pick xz; € M so that d(z;,0) > o; and
1

R(xj) > sup{R(z) | d(z,0) = 0;}.

1+6j

Finally pick r; = €;0;. We check the properties (i)-(iv) as follows.
(i) Ifz e B(zj,rj)N{d(,O) > o;}, we have

R(z) < (1+ ¢;)R(x;)
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by the choice of the point x;; while if € B(x;,r;) N{d(-,0) < 0;}, we have

R(x) < A;/d(z,0)?
< ﬁ(flj/o?)
:ZTégﬁR@”

since d(z,0) > d(z;,0) — d(z,z;) > 0; —r; = (1 — €;)0,;. Thus we have obtained

R(z;),

R(ZZ?) < (1 + 5j)R({Ej), Vze B(Ij,Tj),

where §; = ((11:’:?'))2 —1—0asj— 4oo.

(ii) By the choices of r;j, z; and y;, we have

= Aj — 400, as j— +oo.
Py

(i) Since d(z;,0) > o; = 1;/€;, it follows that \; = d(z;,0)/r; — 400 as
7 — 4o0.
(iv) For any = € B(z;,7;), the distance from the origin
d(I, O) > d(Ija O) - d(I, Ij)
Z 05 —Tj
=(1—¢j)o; — 400, as j— +o0.
Thus any fixed compact set does not meet the balls B(x;,r;) for large enough j. If
we pass to a subsequence, the balls will all avoid each other. O

The above point picking lemma of Hamilton, as written down in Lemma 22.2 of
[63], requires the curvature of the manifold to be bounded. When the manifold has
unbounded curvature, we will appeal to the following simple lemma.

LEMMA 6.1.4. Given a complete noncompact Riemannian manifold with un-
bounded curvature, we can find a sequence of points x; divergent to infinity such that
for each positive integer j, we have |Rm(x;)| > j, and

|Rm(z)| < 4|Rm/(z;)|

for z € B(xj,

J
VIRm(z;)]| )

Proof. Each z; can be constructed as a limit of a finite sequence {y;}, defined
as follows. Let yo be any fixed point with |Rm(yo)| > j. Inductively, if y; cannot be
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taken as x;, then there is a y;;1 such that
[Rm(yi+1)| > 4|Rm(yi)],
J
d(Yi, Yi+1) <« ——=——.
[Rm(y;)|

Thus we have

[Rm(y:)| > 4'|Rm(yo)| = 4],

yzuyo _]Z\/zlk—l \/_

Since the manifold is smooth, the sequence {y;} must be finite. The last element
fits. O

6.2. Asymptotic Shrinking Solitons. We begin with the study of the asymp-
totic behavior of an ancient k-solution g;;(x,t), on M x (—o0,T) with T > 0, to the
Ricci flow as t — —oo.

Pick an arbitrary point (p,tg) € M x (—o0,0] and recall from Chapter 3 that

T=ty—t, for t<ty,

g = =it [ Va(Rv(s) to — 5)
s vl

+ 19(s)

5 v :[0,7] = M with
gi-<t07s>)d3

’ 70) =p, ¥(1) =¢
and

Vir) = [ (amr)E exp(-tla. T)aViy - (0)

We first observe that Corollary 3.2.6 also holds for the general complete manifold
M. Indeed, since the scalar curvature is nonnegative, the function L(-,7) = 47l(-,7)
achieves its minimum on M for each fixed 7 > 0. Thus the same argument in the
proof of Corollary 3.2.6 shows there exists ¢ = ¢(7) such that

—~

(6.2.1) lq(r),7) <

o3

for each 7 > 0.
Recall from (3.2.11)-(3.2.13), the Li-Yau-Perelman distance [ satisfies the follow-

ing

0 l 1
2.2 —l=—— —K,
(6.2.2) or + E+ 273/2
l 1
2 P— —
(6.2.3) |Vi*=—-R+ Y5
n 1
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and the equality in (6.2.4) holds everywhere if and only if we are on a gradient
shrinking soliton. Here K = [ s3/2Q(X)ds, Q(X) is the trace Li-Yau-Hamilton
quadratic given by

R
Q(X)=—-R; — — —2(VR,X) + 2Ric (X, X)
T
and X is the tangential (velocity) vector field of an L-shortest curve v : [0,7] — M
connecting p to q.

By applying the trace Li-Yau-Hamilton inequality (Corollary 2.5.5) to the ancient
k-solution, we have

QQU:—Rf—g—%V&X)+ﬂmC&X)

R
Z -
-
and hence
K:/SWMM%
0
> —/ V/sRds
0
2 _L(qa T)'
Thus by (6.2.3) we get
3l
(6.2.5) VI +R< =.
T

We now state and prove a result of Perelman [103] about the asymptotic shapes
of ancient k-solutions as the time t — —oo.

THEOREM 6.2.1 (Perelman [103]). Let g;;(-,t),—o0 <t < T with some T > 0,
be a nonflat ancient k-solution for some k > 0. Then there exist a sequence of points
qr and a sequence of times ti, — —oo such that the scalings of gi;(-,t) around g with
factor |ti| ™t and with the times t), shifting to the new time zero converge to a nonflat
gradient shrinking soliton in Cy.. topology.

Proof. Clearly, we may assume that the nonflat ancient x-solution is not a gradient
shrinking soliton. For the arbitrarily fixed (p, o), let ¢(7)(7 = to — t) be chosen as in
(6.2.1) with I(¢(7),7) < 5. We only need to show that the scalings of g;;(-,t) around
q(7) with factor 77! converge along a subsequence of 7 — +o00 to a nonflat gradient
shrinking soliton in the C%, topology.

We first claim that for any A > 1, one can find B = B(A) < 400 such that for
every T > 1 there holds

(6.2.6) l(g,7) < B and TR(q,to —7) < B,
whenever

17 <7 < A7 and dfo_%(q,q(%)) < AT,
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Indeed, by using (6.2.5) at 7 = Z, we have

(6.2.7) \/T \/>+SUP{|V\/|} -5 (60 (2))
< \/g—}— \/; AT

3l(q

and

(6.2.8) R (q, to — ;) <

1 (/8- %)

for ¢ € B,z (4( 7). VAT). Recall that the Li-Yau-Hamilton inequality implies that
the scalar curvature of the ancient solution is pointwise nondecreasing in time. Thus
we know from (6.2.8) that

2
(6.2.9) "Rlg,to —7) < 64 (@ ; @)

whenever §7 <7 < A7 and d} _,(g,q()) < AT.
2
By (6.2.2) and (6.2.3) we have
a1

Z LWV = —
= +3IV

This together with (6.2.9) implies that

g(flm?( +\/g>2

n
(q, q (%)) < A7. Hence by integrating this differ-

l\.’)l*\\
S~—

lol*\w

+

vl 5

l
2T
i.e.

whenever %? <7 < A7 and dfri
2
ential inequality, we obtain

= _ 2
VTl(g,7) = %l(q,%)§6A< ry %> N

and then by (6.2.7),

(6.2.10) (g, 7) <1 (q, %) oy <\/§+ \/gy
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whenever 37 < 7 < A7 and df - (q,9(%)) < A7. So we have proved claim (6.2.6).
2
Recall that ¢;;(7) = gi;(-,to — 7) satisfies (g;;)- = 2R;;. Let us take the scaling

of the ancient k-solution around q(g) with factor (3)71, ie.,

5is(5) = 2015 (10— 57
ij = ZGij \»lo — S5
gij\$s ng 0 5

where s € [0,+00). Claim (6.2.6) says that for all s € [1,2A] and all ¢ such that
d1st~ (1)(q,q(7)) < A, we have R(q,s) = ZR(q,to — s%) < B. Now taking into
account the x-noncollapsing assumption and Theorem 4.2.2, we can use Hamilton’s
compactness theorem (Theorem 4.1.5) to obtain a sequence 7, — +o0o such that the

marked evolving manifolds (M, g( (s s),q(%)), with g( )(s) = 2-9ij(- to — s3) and
€ [1,400), converge to a manifold (M, g;(s),q) with s € [1,+00), where gg;(s) is
also a solution to the Ricci flow on M.

Denote by I, the corresponding Li-Yau-Perelman distance of gff) (s). It is easy to
see that Ix (g, s) = I(q, ), for s € [1,+00). From (6.2.5), we also have

(6.2.11) |vik|§<k> + R™ <6y,
ij

where R¥) is the scalar curvature of the metric g J Claim (6.2.6) says that I, are
uniformly bounded on compact subsets of M x 1, +oo) (with the corresponding origins
q(5)). Thus the above gradient estimate (6.2.11) implies that the functions I}, tend
(up to a subsequence) to a function ! which is a locally Lipschitz function on M.

We know from (6.2.2)-(6.2.4) that the Li-Yau-Perelman distance Iy satisfies the
following inequalities:

(6.2.12) (Te)s — Al + |Vik|2 — R® + % >0,

R A
(6.2.13) 2ALL, — [Vip2+ R® 4 £

<0.

We next show that the limit [ also satisfies the above two inequalities in the sense of
distributions. Indeed the above two inequalities can be rewritten as

(6.2.14) (% ~ A+ 172<k>> ((4ms)"# exp(~I1)) <0,
(6215) _(4A_§(k))ef%+lk—n ,Tk <0,
S

in the sense of distributions. Note that the estimate (6.2.11) implies that I — [ in
the C” norm for any 0 < a < 1. Thus the inequalities (6.2.14) and (6.2.15) imply
that the limit [/ satisfies

(6.2.16) (% A +§) ((4ms)"% exp(—1)) <0

(6.2.17) (A —TR)et + — et <,
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in the sense of distributions.

Denote by V) (s) Perelman’s reduced volume of the scaled metric gfj’“ (s).
Since Ix(g, s) = I(q, Tk 5), we see that V) (s) = f/(%"s) where V is Perelman’s reduced
volume of the ancient k-solution. The monotonicity of Perelman’s reduced volume
(Theorem 3.2.8) then implies that
(6.2.18) Jim VR (s) =TV, for sel,2],
for some nonnegative constant V.

(We remark that by the Jacobian comparison theorem (Theorem 3.2.7), (3.2.18)
and (3.2.19), the integrand of V*)(s) is bounded by

(4ms) ™% exp(~lk(X, $)T ™ (s) < (4m) "% exp(—| X |*)

on T,M, where J®)(s) is the L£-Jacobian of the L-exponential map of the metric
gfj’“ )(s) at T, M. Thus we can apply the dominant convergence theorem to get the
convergence in (6.2.18). But we are not sure whether the limiting V' is exactly Perel-
man’s reduced volume of the limiting manifold (M, g;;(s)), because the points q(%)
may diverge to infinity. Nevertheless, we can ensure that V' is not less than Perelman’s
reduced volume of the limit.)

Note by (6.2.5) that
(6.2.19) v (2) — vk (1)

2
= /1 dis(f/(k) (s))ds

2 d . . }
- /1 ds /M (% A+ R<’f>) ((ams)~% exp(=1x)) Vo,

Thus we deduce that in the sense of distributions,

(6.2.20) (% ~A+ R) ((47s) "% exp(~1)) =0,
and
(4A — R)e™* = l:”e—%
or equivalently,
(6.2.21) 2A1 — |VI* + R+ Z__T" =0,

on M x [1,2]. Thus by applying standard parabolic equation theory to (6.2.20) we
find that [ is actually smooth. Here we used (6.2.2)-(6.2.4) to show that the equality
in (6.2.16) implies the equality in (6.2.17).

Set

v =[s(2A1 — |VI]> + R) + [ —n] - (47s) e .
Then by applying Lemma 2.6.1, we have

(9 = = = 1 n 7
(6222) (% — A+ R) v = —25|R1‘j + Vlvjl — %gijﬁ . (47‘(5)_56_l
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We see from (6.2.21) that the LHS of the equation (6.2.22) is identically zero. Thus
the limit metric g;; satisfies

_ =1
(6.2.23) Rij + ViVl — 5—gi; = 0,

so we have shown the limit is a gradient shrinking soliton.
To show that the limiting gradient shrinking soliton is nonflat, we first show that
the constant function V'(s) is strictly less than 1. Consider Perelman’s reduced volume

V(7) of the ancient x-solution. By using Perelman’s Jacobian comparison theorem
(Theorem 3.2.7), (3.2.18) and (3.2.19) as before, we have

V(r) = /(47TT)_%6_l(X’T)j(T)dX

g/ (4m)~Fe X ax
T,M
=1

Recall that we have assumed the nonflat ancient k-solution is not a gradient
shrinking soliton. Thus for 7 > 0, we must have V() < 1. Since the limiting function
V(s) is the limit of f/(%’“s) with 7, — 400, we deduce that the constant V(s) is
strictly less than 1, for s € [1,2].

We now argue by contradiction. Suppose the limiting gradient shrinking soliton

Gij(s) is flat. Then by (6.2.23),

o1 _

Putting these into the identity (6.2.21), we get

® |~

VI =

Since the function [ is strictly convex, it follows that v/4sl is a distance function (from
some point) on the complete flat manifold M. From the smoothness of the function
I, we conclude that the flat manifold M must be R™. In this case we would have its
reduced distance to be [ and its reduced volume to be 1. Since V is not less than the
reduced volume of the limit, this is a contradiction. Therefore the limiting gradient
shrinking soliton g;; is not flat. O

To conclude this section, we use the above theorem to derive the classification
of all two-dimensional ancient x-solutions which was obtained earlier by Hamilton in
Section 26 of [63].

THEOREM 6.2.2. The only nonflat ancient k-solutions to Ricci flow on two-
dimensional manifolds are the round sphere S? and the round real projective plane

RP2.

Proof. Let g;;(x,t) be a nonflat ancient x-solution defined on M x (—o0,T) (for
some T > 0), where M is a two-dimensional manifold. Note that the ancient k-solution
satisfies the Li-Yau-Hamilton inequality (Corollary 2.5.5). In particular by Corollary
2.5.8, the scalar curvature of the ancient k-solution is pointwise nondecreasing in
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time. Moreover by the strong maximum principle, the ancient x-solution has strictly
positive curvature everywhere.

By the above Theorem 6.2.1, we know that the scalings of the ancient k-solution
along a sequence of points g in M and a sequence of times ¢, — —oo converge to a
nonflat gradient shrinking soliton (M, g;;(z,t)) with —oo < ¢ < 0.

We first show that the limiting gradient shrinking soliton (M, g;;(«,t)) has uni-
formly bounded curvature. Clearly, the limiting soliton has nonnegative curvature and
is k-noncollapsed on all scales, and its scalar curvature is still pointwise nondecreasing
in time. Thus we only need to show that the limiting soliton has bounded curvature
at t = 0. We argue by contradiction. Suppose the curvature of the limiting soliton
is unbounded at t = 0. Of course in this case the limiting soliton M is noncompact.
Then by applying Lemma 6.1.4, we can choose a sequence of points z;,j = 1,2,...,
divergent to infinity such that the scalar curvature R of the limit satisfies

R(x;,0) > j and R(z,0) < 4R(x;,0)

forall j =1,2, ..., and z € By(x;,j//R(z,0)). And then by the nondecreasing (in
time) of the scalar curvature, we have

R(x, t) < 4R(xj, 0),

for all j = 1,2, ..., € Bo(xj,j/\/R(zj,0)) and ¢t < 0. By combining with Hamil-
ton’s compactness theorem (Theorem 4.1.5) and the k-noncollapsing, we know that a
subsequence of the rescaling solutions

(M,R(l‘j,O)Qij(l',f/R(l'j,O)),Jij), 7=12,...,

converges in the Cpy topology to a nonflat smooth solution of the Ricci flow. Then
Proposition 6.1.2 implies that the new (two-dimensional) limit must be flat. This
arrives at a contradiction. So we have proved that the limiting gradient shrinking
soliton has uniformly bounded curvature.

We next show that the limiting soliton is compact. Suppose the limiting soliton
is (complete and) noncompact. By the strong maximum principle we know that the
limiting soliton also has strictly positive curvature everywhere. After a shift of the

time, we may assume that the limiting soliton satisfies the following equation

_ 1
(6.2.24) ViV,f+Rij + Egij =0, on —oc0o<t<O,

everywhere for some function f. Differentiating the equation (6.2.24) and switching
the order of differentiations, as in the derivation of (1.1.14), we get

(6.2.25) ViR =2R;;V;f.

Fix some t < 0, say t = —1, and consider a long shortest geodesic v(s), 0 < s <3.
Let 29 = v(0) and X (s) = 4(s). Let V(0) be any unit vector orthogonal to 4(0) and
translate V(0) along v(s) to get a parallel vector field V(s), 0 < s <5 on ~. Set

sV (s), for 0 <s <1,
V(s) =4 V(s), for1 <s<s-1,
(5—3s)V(s), fors—1<s<3.
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It follows from the second variation formula of arclength that
/OS(|\7(5)|2 —R(X,V,X,V))ds > 0.
Thus we clearly have
/OSR(X, \7,X, \7)ds < const.,
and then
(6.2.26) /;R_ic(X,X)ds < const..

By integrating the equation (6.2.24) we get

and then by (6.2.26), we deduce

—(fon(s) >

2
and fo~y(s) > SZ — const. - § — const.

for s > 0 large enough. Thus at large distances from the fixed point xg the function
f has no critical points and is proper. It then follows from the Morse theory that
any two high level sets of f are diffeomorphic via the gradient curves of f. Since by
(6.2.25),

LRO(5), ~1) = (VR.i(5)
=2R;;VifV;f
>0

for any integral curve 7(s) of V f, we conclude that the scalar curvature R(x, —1) has
a positive lower bound on M, which contradicts the Bonnet-Myers Theorem. So we
have proved that the limiting gradient shrinking soliton is compact.

By Proposition 5.1.10, the compact limiting gradient shrinking soliton has con-
stant curvature. This says that the scalings of the ancient x-solution (M, g;;(z,t))
along a sequence of points g € M and a sequence of times ¢, — —oo converge in the
C* topology to the round S? or the round RP2. In particular, by looking at the time
derivative of the volume and the Gauss-Bonnet theorem, we know that the ancient
k-solution (M, g;;(x,t)) exists on a maximal time interval (—oco,T') with T' < +oc.

Consider the scaled entropy of Hamilton [60]

E(t) = /M Rlog[R(T — t)]dV;.
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We compute

R
(T —1)

(6.2.27) %E(t):/ 1og[R(T—t)]ARth+/ dv,
M

M

2
:/ [—@Hﬁ?—m] av;
M

:/M [—@HR—W} dv,

where r = [,, RdV;/Vol,(M) and we have used Vol (M) = ([,, RdV;) - (T —t) (by
the Gauss-Bonnet theorem).
For a smooth function f on the surface M, one can readily check

1 2
2 _ R vy . 2
/M(Af) —2/M’V1V3f 5 (A1)gis +/MR|Vf|7

/Mw:/M@—zAR(AfH/MRIVfIQ,

[ B [ @nar-am)

[AR + R?>—

and then

VR + RV f|?
—2/ ’VVf (Afgu %
By choosing Af = R —r, we get
[VR|? / 2
—_— - R—r
v R M( )
VR + RV f|?
-2 ‘VVf——(Afgu (BRI -,

If the equality holds, then we have
1
ViVif = 5(Af)gi; =0
i.e., Vf is conformal. By the Kazdan-Warner identity [77], it follows that
/ VR -Vf =0,
M
SO
0=-— / RAf
M
=— / (R—1)2.
M

Hence we have proved the following inequality due to Chow [37]

2
(6.2.28) /M @ > /M(R -r)?
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and the equality holds if and only if R = r.

The combination (6.2.27) and (6.2.28) shows that the scaled entropy E(t) is
strictly decreasing along the Ricci flow unless we are on the round sphere S? or its
quotient RP?. Moreover the convergence result in Theorem 5.1.11 shows that the
scaled entropy E has its minimum value at the constant curvature metric (round S?
or round RP?). We had shown that the scalings of the nonflat ancient s-solution
along a sequence of times ¢, — —oo converge to the constant curvature metric. Then
E(t) has its minimal value at ¢ = —o0, so it was constant all along, hence the an-
cient k-solution must have constant curvature for each t € (—oo,T'). This proves the
theorem. O

6.3. Curvature Estimates via Volume Growth. For solutions to the Ricci
flow, Perelman’s no local collapsing theorems tell us that the local curvature upper
bounds imply the local volume lower bounds. Conversely, one would expect to get
local curvature upper bounds from local volume lower bounds. If this is the case,
one will be able to establish an elliptic type estimate for the curvatures of solutions
to the Ricci flow. This will provide the key estimate for the canonical neighborhood
structure and thick-thin decomposition of the Ricci flow on three-manifolds. In this
section we derive such curvature estimates for nonnegatively curved solutions. In
the next chapter we will derive similar estimates for all smooth solutions, as well as
surgically modified solutions, of the Ricci flow on three-manifolds.

Let M be an n-dimensional complete noncompact Riemannian manifold with
nonnegative Ricci curvature. Pick an origin O € M. The well-known Bishop-Gromov
volume comparison theorem tells us the ratio Vol(B(O,r))/r™ is monotone nonin-
creasing in r € [0, 4+00). Thus there exists a limit

vay = lim JOLBO1)
r——+oo rn
Clearly the number vy is invariant under dilation and is independent of the choice of
the origin. v); is called the asymptotic volume ratio of the Riemannian manifold
M.

The following result obtained by Perelman in [103] shows that any ancient k-
solution must have zero asymptotic volume ratio. This result for the Ricci flow on
Kéhler manifolds was obtained by Chen and the second author in [32] independently.
Moreover in the Kéahler case, as shown by Chen, Tang and the second author in [29]
(for complex two dimension) and by Ni in [98] (for all dimensions), the condition of
nonnegative curvature operator can be replaced by the weaker condition of nonnega-
tive bisectional curvature.

LEMMA 6.3.1. Let M be an n-dimensional complete noncompact Riemannian
manifold. Suppose g;j(z,t), x € M and t € (—oo0,T) with T > 0, is a nonflat ancient
solution of the Ricci flow with nonnegative curvature operator and bounded curvature.
Then the asymptotic volume ratio of the solution metric satisfies

() = lim YoL(BO)

r——+o00 rn

=0
for each t € (—o0,T).

Proof. The proof is by induction on the dimension. When the dimension is two,
the lemma is valid by Theorem 6.2.2. For dimension > 3, we argue by contradiction.
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Suppose the lemma is valid for dimensions < n — 1 and suppose vy(tg) > 0
for some n-dimensional nonflat ancient solution with nonnegative curvature operator
and bounded curvature at some time ¢y < 0. Fixing a point zg € M, we consider the
asymptotic scalar curvature ratio

A= limsup R(z,to)dy, (z, o).

dio (x,x0)——+00

We divide the proof into three cases.

Case 1: A = +4o0.

By Lemma 6.1.3, there exist sequences of points x € M divergent to infinity, of

radii 7, — +00, and of positive constants d; — 0 such that
(i) R(z,to) < (14k)R(xk, to) for all z in the ball By, (zx, 1) of radius r around
L,

(i) r2R(z,to) — +oo as k — +o0,

(iil) dy, (zk, o) /rE — +00.

By scaling the solution around the points xy with factor R(xk,1o), and shifting
the time ¢y to the new time zero, we get a sequence of rescaled solutions

gr(s) = R(xx, to)g (', to + m>

to the Ricci flow. Since the ancient solution has nonnegative curvature operator
and bounded curvature, there holds the Li-Yau-Hamilton inequality (Corollary 2.5.5).
Thus the rescaled solutions satisfy

Rk(.’ﬂ, S) < (1 + 6k)

for all s < 0 and @ € By, (o)(@k, 1\/R(z,t0)). Since var(to) > 0, it follows from
the standard volume comparison and Theorem 4.2.2 that the injectivity radii of the
rescaled solutions gj at the points zj and the new time zero is uniformly bounded be-
low by a positive number. Then by Hamilton’s compactness theorem (Theorem 4.1.5),
after passing to a subsequence, (M, gi(s), z;) will converge to a solution (M, §(s), O)
to the Ricci flow with

R(y,s) <1, forall s <0and y € M,
and
R(0,0) = 1.
Since the metric is shrinking, by (ii) and (iii), we get
R($k7t0)d§(.7to+m)(‘r07 x) > R(xg, to)dg(.yto)(iﬂo, xk)

which tends to 400, as k — +oo, for all s < 0. Thus by Proposition 6.1.2, for
each s < 0, (M, §(s)) splits off a line. We now consider the lifting of the solution

(M, §(s)),s <0, to its universal cover and denote it by (M, g(s)),s < 0. Clearly we
still have

vir(0) > 0 and vz (0) > 0.
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By applying Hamilton’s strong maximum principle and the de Rham decomposi-

tion theorem, the universal cover M splits isometrically as X x R for some (n—1)-
dimensional nonflat (complete) ancient solution X with nonnegative curvature op-
erator and bounded curvature. These imply that vx(0) > 0, which contradicts the
induction hypothesis.

Case 2: 0 < A < +00.

Take a sequence of points ), divergent to infinity such that
R(zk,to)d; (zk, m0) — A, as k — +oo.
Consider the rescaled solutions (M, gx(s)) (around the fixed point zg), where

S

m) , S € (—O0,0]

9k(s) = R(zk,t0)g ( to +

Then there is a constant C' > 0 such that

Ry(z,0) < C/di(m,xo,O),
(6.3.1) Ry(x,0) =1,

dy(wx, 9,0) = VA >0,

where dj (-, 0, 0) is the distance function from the point zo in the metric g (0).

Since vas(to) > 0, it is a basic result in Alexandrov space theory (see for example
Theorem 7.6 of [20]) that a subsequence of (M, gi(s),xo) converges in the Gromov-
Hausdorff sense to an n-dimensional metric cone (M, §(0), o) with vertex zq.

By (6.3.1), the standard volume comparison and Theorem 4.2.2, we know that the
injectivity radius of (M, gi(0)) at xj is uniformly bounded from below by a positive
number pg. After taking a subsequence, we may assume zj converges to a point x.,
in M\ {0}. Then by Hamilton’s compactness theorem (Theorem 4.1.5), we can take
a subsequence such that the metrics g (s) on the metric balls Bo(zy, p0)(C M with
respect to the metric g5 (0)) converge in the C72, topology to a solution of the Ricci

flow on a ball By (%o, % po). Clearly the C7%, limit has nonnegative curvature operator

and it is a piece of the metric cone at the time s = 0. By (6.3.1), we have

(6.3.2) R(50,0) = 1.

Let x be any point in the limiting ball By (o, % po) and e; be any radial direction

at x. Clearly R~ic(el, e1) = 0. Recall that the evolution equation of the Ricci tensor
in frame coordinates is

%Rab = ARab + 2RacbdRcd-
Since the curvature operator is nonnegative, by applying Hamilton’s strong maximum
principle (Theorem 2.2.1) to the above equation, we deduce that the null space of Ric
is invariant under parallel translation. In particular, all radial directions split off
locally and isometrically. While by (6.3.2), the piece of the metric cone is nonflat.
This gives a contradiction.

Case 3: A=0.
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The gap theorem as was initiated by Mok-Siu-Yau [93] and established by Greene-
Wu [49, 50], Eschenberg-Shrader-Strake [45], and Drees [44] shows that a complete
noncompact n-dimensional (except n = 4 or 8) Riemannian manifold with nonnegative
sectional curvature and the asymptotic scalar curvature ratio A = 0 must be flat. So
the present case is ruled out except in dimension n = 4 or 8. Since in our situation
the asymptotic volume ratio is positive and the manifold is the solution of the Ricci
flow, we can give an alternative proof for all dimensions as follows.

We claim the sectional curvature of (M, g;;(z,to)) is positive everywhere. Indeed,
by Theorem 2.2.2, the image of the curvature operator is just the restricted holonomy
algebra G of the manifold. If the sectional curvature vanishes for some two-plane, then
the holonomy algebra G cannot be so(n). We observe the manifold is not Einstein since
it is noncompact, nonflat and has nonnegative curvature operator. If G is irreducible,
then by Berger’s Theorem [7], G = u(%). Thus the manifold is Kahler with bounded
and nonnegative bisectional curvature and with curvature decay faster than quadratic.
Then by the gap theorem obtained by Chen and the second author in [31], this K&hler
manifold must be flat. This contradicts the assumption. Hence the holonomy algebra
G is reducible and the universal cover of M splits isometrically as M; x Mo nontrivially.
Clearly the universal cover of M has positive asymptotic volume ratio. So M; and
M, still have positive asymptotic volume ratio and at least one of them is nonflat.
By the induction hypothesis, this is also impossible. Thus our claim is proved.

Now we know that the sectional curvature of (M, g;;(x, t)) is positive everywhere.
Choose a sequence of points ) divergent to infinity such that

R(xku to)d%() (,Tk, :EO) = sup{R(x,tO)dfo (xva) | dto ((E, ‘TO) > dto (.’L’k, ,’Eo)},
diy (Thy 0) = K,
R(ay, to)d, (xk, xo) = e — 0.

Consider the rescaled metric

91(0) = R(z, t0)g(-, to)
as before. Then
Ry (2,0) < ex/d3(x,20,0), for dy(z,z0,0) > Ve,
{ di (2, 0,0) = /e — 0.

As in Case 2, the rescaled marked solutions (M, gi(0), zo) will converge in the Gromov-
Hausdorff sense to a metric cone (M,§(0),20). And by the virtue of Hamilton’s
compactness theorem (Theorem 4.1.5), up to a subsequence, the convergence is in the
O topology in M \ {z¢}. We next claim the metric cone (M, §(0), zo) is isometric
to R™.

Indeed, let us write the metric cone M as a warped product R, x, X" ! for
some (n — 1)-dimensional manifold X"~1. By (6.3.3), the metric cone must be flat
and X"~ ! is isometric to a quotient of the round sphere S*~! by fixed point free
isometries in the standard metric. To show M is isometric to R”, we only need to
verify that X"~ ! is simply connected.

Let ¢ be the Busemann function of (M, g;;(+,%0)) with respect to the point zg.
Since (M, g5 (-, to)) has nonnegative sectional curvature, it is easy to see that for any
small € > 0, there is a 9 > 0 such that

(1 = &)dio (2, 20) < p(x) < diy (, 20)

(6.3.3)
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for all x € M \ By, (xo,70). The strict positivity of the sectional curvature of the
manifold (M, g;;(-,to)) implies that the square of the Busemann function is strictly
convex (and exhausting). Thus every level set p~!(a), with a > inf{¢(z) | z € M}, of
the Busemann function ¢ is diffeomorphic to the (n — 1)-sphere S*~1. In particular,
¢ !([a, 3a]) is simply connected for a > inf{p(z) | x € M} since n > 3.

Consider an annulus portion [1,2] x X"~ of the metric cone M =R x, X" 1.
It is the limit of (My, gx(0)), where

S dto (xu ,’EO) S

1 2
\/R(xk,to) R(mk,to) } '

Mk:{:veM’

It is clear that

1 1 2(1—¢) 4 1—¢ 2
v ( \/R(xk,to)’\/R(xk,to)D M co < \/R(xk,to)’\/R(xk,to)D

for k large enough. Thus any closed loop in {%} x X™ 1 can be shrunk to a point by
a homotopy in [1,2] x X"~ !. This shows that X! is simply connected. Hence we
have proven that the metric cone (M, §(0), xo) is isometric to R™. Consequently,

VOlg(tO) <B!7(to) (IO’ \/m) \ B-‘l(to) <I07 Rg‘ﬂﬂrkio)))
lim

k—+4o00 r "
R(:Ek,t())

for any r > 0 and 0 < 0 < 1, where «,, is the volume of the unit ball in the Euclidean
space R". Finally, by combining with the monotonicity of the Bishop-Gromov volume
comparison, we conclude that the manifold (M, g;;(-, %)) is flat and isometric to R”.
This contradicts the assumption.

Therefore, we have proved the lemma. 0O

=ap(1-0")

Finally we would like to include an alternative simpler argument, inspired by Ni
[98], for the above Case 2 and Case 3 to avoid the use of the gap theorem, holonomy
groups, and asymptotic cone structure.

Alternative Proof for Case 2 and Case 3. Let us consider the situation of 0 <
A < 400 in the above proof. Observe that vys(t) is nonincreasing in time ¢ by using
Lemma 3.4.1(ii) and the fact that the metric is shrinking in ¢. Suppose vas(to) > 0,
then the solution g;;(-,t) is k-noncollapsed for ¢ < ty for some uniform x > 0. By
combining with Theorem 6.2.1, there exist a sequence of points g and a sequence of
times ¢, — —oo such that the scalings of g;; (-, t) around g with factor |t;|~! and with
the times t; shifting to the new time zero converge to a nonflat gradient shrinking
soliton M in the Cy2, topology. This gradient soliton also has maximal volume growth
(i.e. vy;(t) > 0) and satisfies the Li-Yau-Hamilton estimate (Corollary 2.5.5). If the
curvature of the shrinking soliton M at the time —1 is bounded, then we see from
the proof of Theorem 6.2.2 that by using the equations (6.2.24)-(6.2.26), the scalar
curvature has a positive lower bound everywhere on M at the time —1. In particular,
this implies the asymptotic scalar curvature ratio A = oo for the soliton at the time
—1, which reduces to Case 1 and arrives at a contradiction by the dimension reduction
argument. On the other hand, if the scalar curvature is unbounded, then by Lemma
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6.1.4, the Li-Yau-Hamilton estimate (Corollary 2.5.5) and Lemma 6.1.2, we can do
the same dimension reduction as in Case 1 to arrive at a contradiction also. O

The following lemma is a local and space-time version of Lemma 6.1.4 on picking
local (almost) maximum curvature points. We formulate it from Perelman’s argu-
ments in the section 10 of [103].

LEMMA 6.3.2. For any positive constants B,C with B > 4 and C' > 1000, there

exists1 <A < min{%B, ﬁ(}'} which tends to infinity as B and C' tend to infinity and

satisfies the following property. Suppose we have a (not necessarily complete) solution
gij(t) to the Ricci flow, defined on M x [—to,0], so that at each time t € [—to,0]
the metric ball By(xo,1) is compactly contained in M. Suppose there exists a point
(', t") € M x (—to,0] such that
1
dy (2, 30) < 1 and |Rm(z',t')| > C + B(t' +to) "
Then we can find a point (T,t) € M x (—tg, 0] such that
1 _
de(Z, z0) < 5 with Q = |Rm(z,1)| > C+ B(t +to) ",
and

[Bm(z,t)] < 4Q

=

for all (—tg <) t— AQ™' <t < and dy(2,7) < £AZQ 3.

Proof. We first claim that there exists a point (Z,7) with —¢p < ¢ < 0 and
di(%,20) < 3 such that

Q = |BRm(z,1)| > C + B(f +to) ",
and
(6.3.4) |Rm(z,t)| < 4Q

wherever £ — AQ™Y <t <1, dy(z,x0) < di(z,z0) + (AQ™1)3.
We will construct such (Z,%) as a limit of a finite sequence of points. Take an
arbitrary (z1,t1) such that

1
dg, (x1,20) < 7 <t =0 and |Rm(x1,t1)| > C + Bty +to) .

Such a point clearly exists by our assumption. Assume we have already constructed
(zk, tr). If we cannot take the point (z,%r) to be the desired point (,?), then there
exists a point (zj1,tk+1) such that

te — AlRm(zy, )| 7" < trgr <t
and
diy oy (Thy1, w0) < dyy (T, T0) + (A|Rm(zk, tx)] )2,
but

|Rm(:vk+1, tk+1)| > 4|Rm(:vk, tk)|
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It then follows that

i=1

k
+ A2 <Z 2—<i—1>|Rm(x1,t1)|—%>

i=1

k
diy ) (Thy1,20) < dyy (21, 20) + Az (Z |Rm(17iati)|_é>

IN

2(AC )3

IN
Wl =~ &

+

thr1 — (—to) = Z(tiﬂ —ti) + (t1 — (—to))

v

k
_ ZA|Rm(:Z?1, ti)|71 + (tl - (—to))

Y

k
—AY 47 Rm(zy, 1)+ (0= (—to))
=1
24

—f(tl +to) + (t1 + to)

Y

Y

1

—(t t
2( 1+ o),
and

|Rim(zy41, te1)| > 45| Rm(z1, 1))
>4C — +00 as k — +oo.

Since the solution is smooth, the sequence {(z, t)} is finite and its last element fits.
Thus we have proved assertion (6.3.4).
From the above construction we also see that the chosen point (z,#) satisfies

i@, 70) < 5
and
Q = |Rm(z,1)] > C+ B(t +to)".
Clearly, up to some adjustment of the constant A, we only need to show that
(6.3.4) |[Rm(x,t)] < 4Q

wherever t — ﬁA%Q*l <t <t and dy(z,7) < lA%Q*%,
For any point (z,t) with dz(x,z) < %A%Q*%, we have
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and then by (6.3.4)
Rz, 7)] < 4Q.

Thus by continuity, there is a minimal ¢ € [t — ﬁA%Q_l,ﬂ such that
_ _ 1
(6.3.5) sup {|Rm(:v,t)| | ¥ <t<t di(z,z)< l—OAéQ—é} < 5Q.

For any point (z,t) with # < t < f and dy(2,7) < (AQ™")7, we divide the
discussion into two cases.

Case (1): d(Z,xg) < %(AQ_l)%.
From assertion (6.3.4) we see that
(6.3.5)’ sup{|Rm(z,t)| | ¥ <t<?%, di(z,20) < (AQ™1)?} < 4Q.
Since di(Z, x9) < %(AQ_l)%, we have
dt(fb,xo) < dt(I, if) + dt(d_?,xo)
1 1 3 1
< -g o 2 -3
< (AQ )+ S (4Q 7Y
(AQ™)=
which implies the estimate |Rm(z,t)| < 4Q from (6.3.5)".

Case (2): dy(Z, ) > %(AQ’l)%.
From the curvature bounds in (6.3.5) and (6.3.5)’, we can apply Lemma 3.4.1 (ii)
with rg = 1—10Q_% to get

IN

%(dt(f,xo)) > —40(n — 1)Q?

and then

dy(Z, z0) < d (T, w0) + 40n(Q?) (ﬁﬁ@*)

1
< di(@,20) + £(4Q7)*
where £ € (t,7] satisfies the property that d,(z,zo) > %(AQ*)% whenever s € [t,].
So we have either
di(z,20) < di(z,T) 4+ di (T, 20)

1 IR 3 —182
T5(AQ71? + 5472 +

n (4Q7)%

O] =

or

di(z, m0) < di(z, ) + dy (T, 20)
HAQTYE + (o) + £ (4Q )
di(Z, x0) + (AQ 1)z,

IN
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It then follows from (6.3.4) that |[Rm(x,t)| < 4Q.
Hence we have proved

[Rm(z,1)| < 4Q

for any point (z,t) with ¢’ < ¢ < { and d¢(z,z) < 1—10(AQ_1)%. By combining with

the choice of ¢’ in (6.3.5), we must have ¢ =t — ﬁA%Q_l. This proves assertion
(6.3.4)".

Therefore we have completed the proof of the lemma. O

We now use the volume lower bound assumption to establish the crucial curvature
upper bound estimate of Perelman [103] for the Ricci flow. For the Ricci flow on
Kéhler manifolds, a global version of this estimate (i.e., curvature decaying linear in
time and quadratic in space) was independently obtained in [29] and [32]. Note that
the volume estimate conclusion in the following Theorem 6.3.3 (ii) was not stated in
Corollary 11.6 (b) of Perelman [103]. The estimate will be used later in the proof of
Theorem 7.2.2 and Theorem 7.5.2.

THEOREM 6.3.3 (Perelman [103]). For every w > 0 there exist B = B(w) <
+o0o, C = C(w) < 400, 79 = 1o(w) > 0, and & = &(w) > 0 (depending also
on the dimension) with the following properties. Suppose we have a (not necessarily
complete) solution g;;(t) to the Ricci flow, defined on M x [—tor, 0], so that at each
time t € [—torg, 0] the metric ball By(xo,10) is compactly contained in M.

(i) If at each time t € [—torg, 0],

Rm(.,t) > —ry? on By(xo,7m0)

and Vol (Bi(zg,r9)) > wr,
then we have the estimate
|Rm(z,t)| < Cry? + B(t + torg) ™!

whenever —torg <t <0 and dy(z,z0) < 1ro.
(i1) If for some 0 < T < tg,

Rm(z,t) > —7“0_2 for te [—?r%,O],x € Bi(zg,10),

and Vol o(Bo(zo,r0)) > wr{,
then we have the estimates
Vol (B (w0, 70)) > &rd for all max{—7r3, —torg} <t <0,
and
|Rm(z,t)| < Cry? 4+ B(t — max{—7r3, —ora}) "

whenever max{—7r3, —ord} <t <0 and di(z,z0) < %TO'
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Proof. By scaling we may assume 79 = 1.

(i) By the standard (relative) volume comparison, we know that there exists
some w’ > 0, with w’ < w, depending only on w, such that for each point (z,t) with
—tp <t <0 and di(x,z) < %, and for each r < %, there holds
(6.3.6) Vol ;(By(x, 7)) > w'r".

We argue by contradiction. Suppose there are sequences B, C' — +o0, of solutions
95 (t) and points (2/,t') such that

1
dmyﬁwgz,—m<ﬂ§0aM|&Mffﬂ>C+BW+mrﬁ
Then by Lemma 6.3.2, we can find a sequence of points (7, ) such that

df(:fv .I()) <

)

w| =

Q = |Rm(z,1)| > C + B(t+t9) !,
and
|Rm(z,t)| < 4Q

wherever (—tg <) t— AQ™! <t <{, di(z,7) < 1—10A%Q_%, where A tends to infinity
with B,C. Thus we may take a blow-up limit along the points (z, ) with factors Q
and get a non-flat ancient solution (M, gl(;o) (t)) with nonnegative curvature operator
and with the asymptotic volume ratio vpr_(t) > w’ > 0 for each t € (—00,0] (by

(6.3.6)). This contradicts Lemma 6.3.1.

(ii) Let B(w), C(w) be good for the first part of the theorem. By the volume
assumption at t = 0 and the standard (relative) volume comparison, we still have the
estimate

(6.3.6) Vol o(Bo(z,7)) > w'r™

for each © € M with do(z,z9) < % and r < We will show that £ = 57w/,
B =B(5 ™w') and C = C(5~™w') are good for the second part of the theorem.

By continuity and the volume assumption at ¢ = 0, there is a maximal subinterval
[—7,0] of the time interval [—7, 0] such that

W=

Vol ;(Bi(r9,1)) > w > 5 "w" forall te [-7,0].

This says that the assumptions of (i) hold with 5™’ in place of w and with 7 in
place of ¢y. Thus the conclusion of the part (i) gives us the estimate

(6.3.7) |Rm(x,t)| < C + B(t+71)7*

whenever ¢ € (—7,0] and d;(z, zo) < 1.
We need to show that one can choose a positive 7y depending only on w and the
dimension such that the maximal 7 > min{7, 70}.
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For t € (—7,0] and ¢ < di(z,20) < 1, we use (6.3.7) and Lemma 3.4.1(ii) to get

%dt(:v, 20) > —10(n — V(VT + (VB/VIF 1)

which further gives

do(x,20) > d_r(x,20) — 10(n — 1)(rVC + 2V Br).

This means
1 1
(6.3.8) B(—r)(x0,7) D By <x0, 7~ 10(n— D(rVC + 2\/BT)> .

Note that the scalar curvature R > —C/(n) for some constant C'(n) depending
only on the dimension since Rm > —1. We have

%Volt (Bo (wo, i —10(n — 1)(rVC + 2@)))

-/ (~R)aV;
Bo(z0,3—10(n—1)(rvVC+2VBT))
1
< C(n)Vol, <BO (xo, 7~ 10(n — 1)(rVC + 2\/37)))
and then
1
(6.3.9) Vol <B0 (xo, 7~ 100 — 1)(rVC + 2\/37)))
1
< ec(")TVol(_T) (BO <x0, i 10(n — 1)(7vVC + 2V BT))) .
Thus by (6.3.6)’, (6.3.8) and (6.3.9),
Vol () (B(-r))(0,1)
1
> Vol (_(B(-)) (wm Z)
1
> Vol (_ (BO (xo, 7~ 10(n — 1)(rVC + 2\/37))>
1
> e CMTVol <BO (xo, i 10(n — 1)(1vVC + 2V BT)>)
> e Oy G —10(n —1)(rVC + 2\/37)) .

So it suffices to choose 19 = 7o(w) small enough so that

e=Cmm G —10(n — 1)(roVC + 2\/B_To)>n > (ly

5

Therefore we have proved the theorem. O
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6.4. Ancient k-solutions on Three-manifolds. In this section we will deter-
mine the structures of ancient x-solutions on three-manifolds.

First of all, we consider a special class of ancient solutions — gradient shrinking
Ricci solitons. Recall that a solution g¢;;(¢) to the Ricci flow is said to be a gradient
shrinking Ricci soliton if there exists a smooth function f such that

1
(6.4.1) VZ-ij—l-Rij—l-Egij =0 for —c0o<t<O.

A gradient shrinking Ricci soliton moves by the one parameter group of diffeomor-
phisms generated by V f and shrinks by a factor at the same time.

The following result of Perelman [103] gives a complete classification for all three-
dimensional complete k-noncollapsed gradient shrinking solitons with bounded and
nonnegative sectional curvature.

LEMMA 6.4.1 (Classification of three-dimensional shrinking solitons).  Let
(M, gi;(t)) be a nonflat gradient shrinking soliton on a three-manifold. Suppose
(M, gi;(t)) has bounded and nonnegative sectional curvature and is k-noncollapsed
on all scales for some k > 0. Then (M, g;;(t)) is one of the following:

(i) the round three-sphere S®, or a metric quotient of S®;

(ii) the round infinite cylinder S* x R, or one of its Zy quotients.

Proof. We first consider the case that the sectional curvature of the nonflat
gradient shrinking soliton is not strictly positive. Let us pull back the soliton to its
universal cover. Then the pull-back metric is again a nonflat ancient k-solution. By
Hamilton’s strong maximum principle (Theorem 2.2.1), we know that the pull-back
solution splits as the metric product of a two-dimensional nonflat ancient k-solution
and R. Since the two-dimensional nonflat ancient x-solution is simply connected, it
follows from Theorem 6.2.2 that it must be the round sphere S?. Thus, the gradient
shrinking soliton must be S? x R/T", a metric quotient of the round cylinder.

For each o € ' and (z,s) € S? x R, we write o(z,5) = (01(x,s),02(z,s)) €
S? x R. Since o sends lines to lines, and sends cross spheres to cross spheres, we have
oa2(z,8) = 02(y,s), for all z,y € S2. This says that o2 reduces to a function of s
alone on R. Moreover, for any (z, s), (z’,s’) € S? x R, since o preserves the distances
between cross spheres S? x {s} and S? x {s'}, we have |o3(x, s) — oo(2',8")| = |s — &'
So the projection I's of I to the second factor R is an isometry subgroup of R. If the
metric quotient S? x R/T" were compact, it would not be x-noncollapsed on sufficiently
large scales as t — —oo. Thus the metric quotient S? x R/T is noncompact. It follows
that I'y = {1} or Zs. In particular, there is a I-invariant cross sphere S? in the round
cylinder S? x R. Denote it by S? x {0}. Then T acts on the round two-sphere S? x {0}
isometrically without fixed points. This implies T is either {1} or Zs. Hence we
conclude that the gradient shrinking soliton is either the round cylinder S? x R, or
RP? x R, or the twisted product S2xR where Z, flips both S? and R.

We next consider the case that the gradient shrinking soliton is compact and has
strictly positive sectional curvature everywhere. By the proof of Theorem 5.2.1 (see
also Remark 5.2.8) we see that the compact gradient shrinking soliton is getting round
and tends to a space form (with positive constant curvature) as the time approaches
the maximal time ¢ = 0. Since the shape of a gradient shrinking Ricci soliton does
not change up to reparametrizations and homothetical scalings, the gradient shrinking
soliton has to be the round three-sphere S? or a metric quotient of S3.

Finally we want to exclude the case that the gradient shrinking soliton is non-
compact and has strictly positive sectional curvature everywhere.
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Suppose there is a (complete three-dimensional) noncompact k-noncollapsed gra-
dient shrinking soliton g¢;;(t), —oo < ¢t < 0, with bounded and positive sectional cur-
vature at each t € (—00,0) and satisfying the equation (6.4.1). Then as in (6.2.25),
we have

(6.4.2) ViR =2R;;V, .

Fix some t < 0, say t = —1, and consider a long shortest geodesic v(s), 0 < s < 5.
Let 29 = v(0) and X (s) = 4(s). Let U(0) be any unit vector orthogonal to 4(0) and
translate U(0) along v(s) to get a parallel vector field U(s), 0 < s < 5, on 7. Set
sU(s), for 0<s<1,
U(s) =< Ul(s), for 1<s<s5-1
(5—98)U(s), for 53—1<s<3.

It follows from the second variation formula of arclength that
/ (|U(s)|? = R(X,U, X,U))ds > 0.
0

Since the curvature of the metric ¢;;(—1) is bounded, we clearly have

/ R(X,U, X,U)ds < const.
0

and then

(6.4.3) / Ric (X, X)ds < const..
0

Moreover, since the curvature of the metric g;;(—1) is positive, it follows from the
Cauchy-Schwarz inequality that for any unit vector field Y along v and orthogonal to
X(=4(s)), we have

/ |Ric(X,Y)|2ds§/ Ric (X, X)Ric (Y,Y)ds
0 0

< const. - /S Ric (X, X)ds
< const. ’
and then
(6.4.4) /05 |Ric (X,Y)|ds < const. - (v/5 4 1).
From (6.4.1) we know

1
VxVxf+Rie(X,X)~ 5 =0

and by integrating this equation we get

X(F6(6) - X(aO) + [ *Ric (X, X)ds - 25 =0,
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Thus by (6.4.3) we deduce
(6.4.5) g —const. < (X,Vf(v(3))) < ; + const..

Similarly by integrating (6.4.1) and using (6.4.4) we can deduce
(6.4.6) (¥, V£ (4(5)))] < const. - (VG + 1)

These two inequalities tell us that at large distances from the fixed point z( the
function f has no critical point, and its gradient makes a small angle with the gradient
of the distance function from xg.

Now from (6.4.2) we see that at large distances from x, R is strictly increasing
along the gradient curves of f, in particular

R= limsup R(z,-1)>0.

d(—1)(z,z0)—+00

Let us choose a sequence of points (xj,—1) where R(x),—1) — R. By the noncol-
lapsing assumption we can take a limit along this sequence of points of the gradient
soliton and get an ancient k-solution defined on —oco < ¢ < 0. By Proposition 6.1.2,
we deduce that the limiting ancient s-solution splits off a line. Since the soliton has
positive sectional curvature, we know from Gromoll-Meyer [52] that it is orientable.
Then it follows from Theorem 6.2.2 that the limiting solution is the shrinking round
infinite cylinder with scalar curvature R at time t = —1. Since the limiting solution
exists on (—o00,0), we conclude that R < 1. Hence

R(z,—-1) <1

when the distance from z to the fixed xg is large enough on the gradient shrinking
soliton.

Let us consider the level surface {f = a} of f. The second fundamental form of
the level surface is given by

P
- (50
’ < IVf)
:vlvjf/|vf|7 iaj:1327
where {ey, e2} is an orthonormal basis of the level surface. By (6.4.1), we have

1
Veiveif=§—Ric(ei,ei)2 ——= >0, 1=1,2,

T
N 5y

since for a three-manifold the positivity of sectional curvature is equivalent to R >
2Ric. It then follows from the first variation formula that

@ pntsat o [ ae (T
(6.4.7) daArea{f =a}= /{f_a} di (|Vf|>

1
— _(1-R
° /[f—a} |vf|( )

1 _
— _(1-R
>/{f_a}|vf|( )

>0
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for a large enough. We conclude that Area {f = a} strictly increases as a increases.
From (6.4.5) we see that for s large enough

ﬁ =2 < const
ds 2 v
and then
$2
‘f— T < const. - (s+1).

Thus we get from (6.4.7)

d
%Area{f =a} > Area{f =a}

1-R
2Va

for a large enough. This implies that
log Area {f = a} > (1 — R)v/a — const.

for a large enough. But it is clear from (6.4.7) that Area { f = a} is uniformly bounded
from above by the area of the round sphere of scalar curvature R for all large a. Thus
we deduce that R = 1. So

(6.4.8) Area{f =a} <87

for a large enough.

Denote by X the unit normal vector to the level surface {f = a}. By using the
Gauss equation and (6.4.1), the intrinsic curvature of the level surface {f = a} can
be computed as

(6.4.9)  intrinsic curvature
= Ri212 + det(hsj)

L (R — 9Ric (x, x)) ¢+ JetlHess ()

2 IV /I
1 ) 1 2
< §(R — 2Ric (X, X)) + W(tr (Hess (f)))
1 . :
= 5(R — 2Ric (X, X)) + W(l — (R - Ric (X, X)))?
1 , , (1 — R+ Ric (X, X))?
=5 |1~ Ric(X, X) - (1 - R+ Ric (X, X)) + L
1
<2

for sufficiently large a, since (1— R+ Ric(X, X)) > 0 and |V f| is large when a is large.
Thus the combination of (6.4.8) and (6.4.9) gives a contradiction to the Gauss-Bonnet
formula.

Therefore we have proved the lemma. O

As a direct consequence, there is a universal positive constant kg such that
any nonflat three-dimensional gradient shrinking soliton, which is also an ancient
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k-solution, to the Ricci flow must be xg-noncollapsed on all scales unless it is a met-
ric quotient of round three-sphere. The following result, claimed by Perelman in
the section 1.5 of [104], shows that this property actually holds for all nonflat three-
dimensional ancient x-solutions.

PROPOSITION 6.4.2 (Universal noncollapsing). There exists a positive constant
ko with the following property. Suppose we have a nonflat three-dimensional ancient
k-solution for some k > 0. Then either the solution is kg-noncollapsed on all scales,
or it is a metric quotient of the round three-sphere.

Proof. Let g;j(z,t),x € M and t € (—o0,0], be a nonflat ancient k-solution for
some k > 0. For an arbitrary point (p,to) € M x (—00,0], we define as in Chapter 3
that

T=ty—t, for t<to,

) = gzt { [ VARGt =9 + R,
¥ 0,71 = M with 2(0) =pr() =a.

and V() = [ (amr) S exp(—i(a. 7)aVi, - (0)

Recall from (6.2.1) that for each 7 > 0 we can find ¢ = ¢(7) such that I(¢,7) < 3.
In view of Lemma 6.4.1, we may assume that the ancient x-solution is not a gradient
shrinking Ricci soliton. Thus by (the proof of) Theorem 6.2.1, the scalings of g;; (to—7)
at ¢(7) with factor 7=! converge along a subsequence of 7 — +00 to a nonflat gradient
shrinking soliton with nonnegative curvature operator which is x-noncollapsed on all
scales. We now show that the limit has bounded curvature.

Denote the limiting nonflat gradient shrinking soliton by (M, g;;(,t)) with —oco <
t < 0. Note that there holds the Li-Yau-Hamilton inequality (Theorem 2.5.4) on any
ancient k-solution and in particular, the scalar curvature of the ancient k-solution is
pointwise nondecreasing in time. This implies that the scalar curvature of the limiting
soliton (M, g;;(w,t)) is still pointwise nondecreasing in time. Thus we only need to
show that the limiting soliton has bounded curvature at ¢ = 0.

We argue by contradiction. By lifting to its orientable cover, we may assume
that M is orientable. Suppose the curvature of the limiting soliton is unbounded at
t = 0. Of course in this case the limiting soliton M is noncompact. Then by applying
Lemma 6.1.4, we can choose a sequence of points z;,j = 1,2,..., divergent to infinity
such that the scalar curvature R of the limit satisfies

R(x;,0) > j and R(z,0) < 4R(x;,0)
for all x € Bo(zj,5/+/R(x;,0)) and j = 1,2, .... Since the scalar curvature is nonde-

creasing in time, we have
(6.4.10) R(x,t) < 4R(x;,0),

for all # € Bo(zj,5/+/R(x;,0)), all t < 0 and j = 1,2, .... By combining with
Hamilton’s compactness theorem (Theorem 4.1.5) and the s-noncollapsing, we know
that a subsequence of the rescaled solutions

(M, R(l‘j, O)Qij(x,t/R(,Tj, 0)),1']‘), 7=12,...,
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converges in the CpX. topology to a nonflat smooth solution of the Ricci flow. Then
Proposition 6.1.2 implies that the new limit at the new time {¢ = 0} must split off
a line. By pulling back the new limit to its universal cover and applying Hamilton’s
strong maximum principle, we deduce that the pull-back of the new limit on the
universal cover splits off a line for all time ¢ < 0. Thus by combining with Theorem
6.2.2 and the argument in the proof of Lemma 6.4.1, we further deduce that the new
limit is either the round cylinder S? x R or the round RP? x R. Since M is orientable,
the new limit must be S? x R. Since (M, g;;(x,0)) has nonnegative curvature operator
and the points {z,} going to infinity and R(xj, 0) — +o0, this gives a contradiction
to Proposition 6.1.1. So we have proved that the limiting gradient shrinking soliton
has bounded curvature at each time.

Hence by Lemma 6.4.1, the limiting gradient shrinking soliton is either the round
three-sphere S? or its metric quotients, or the infinite cylinder S? x R or one of its
Zo quotients. If the asymptotic gradient shrinking soliton is the round three-sphere
S? or its metric quotients, it follows from Lemma 5.2.4 and Proposition 5.2.5 that
the ancient k-solution must be round. Thus in the following we may assume the
asymptotic gradient shrinking soliton is the infinite cylinder S? x R or a Z, quotient
of §? x R.

We now come back to consider the original ancient x-solution (M, ¢;;(z, t)). By
rescaling, we can assume that R(z,t) < 1 for all (z,t) satisfying d¢,(x,p) < 2 and
t € [to — 1,t0]. We will argue as in the proof of Theorem 3.3.2 (Perelman’s no local
collapsing theorem I) to obtain a positive lower bound for Voly, (B, (p,1)).

Denote by & = Vol (By,(p,1))5. For any v € T,M we can find an £-geodesic
~(7), starting at p, with im,_,o+ /7%(7) = v. It follows from the L-geodesic equation
(3.2.1) that

& (V4) ~ 5VTVR+ 2Ric (74, = 0.

By integrating as before we see that for 7 < ¢ with the property v(o) € By, (p,1) as
long as o < 7, there holds

VTy(r) — v < C&(Jo] + 1)

where C' is some positive constant depending only on the dimension. Without loss of

generality, we may assume C¢& < % and & < ﬁ. Then for v € T,M with |v| < i{’%

and for 7 < & with the property (o) € By, (p, 1) as long as o < 7, we have

oy (9, (7)) < / "K(o)ldo
T do

< Les
2 0 Vo

=1

This shows

(6.4.11) Eexp{|v| < %g—%} (€) C By, (p, 1).
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We decompose Perelman’s reduced volume 17(5) as

(6.4.12) V() :/ﬁ {ri<tet}©

+f 1
M\Ecxp{hﬁﬁifig }(E)

(47€) ™% exp(—1(q, €))dVz, ¢ (q).

By using (6.4.11) and the metric evolution equation of the Ricci flow, the first term
on the RHS of (6.4.12) can be estimated by

/ (46 exp(—U(g,©)dViy_c(a)
Lexp{|v|<$€72}(8)

= / (47€) 2% dV,, (q)
Bto (pv 1)

= (4m)~EecE

3
<&z,

while by using Theorem 3.2.7 (Perelman’s Jacobian comparison theorem), the second
term on the RHS of (6.4.12) can be estimated by

(6.4.13) (47€) ™2 exp(—1(q, €))dV;y—e(q)

/M\Ecxp{|v<if% }(E)

< A7) "3 exp(—I(T T (T)|r=odv
/{|v>;gé}( )% exp(—1(r) T ()]0

[ el
{lv[>7€72}

3

= (47()72
<§%

since lim, o+ 77 2.7(7) = 1 and lim, o+ {(7) = |v]? by (3.2.18) and (3.2.19) respec-
tively. Thus we obtain

(6.4.14) V(€) < 263,

On the other hand, we recall that there exist a sequence 7, — +00 and a sequence
of points ¢(7,) € M with I(q(), 7) < 3 so that the scalings of the ancient x-solution

at ¢(7i) with factor 7, ! converge to either round S? x R or one of its Zs quotients.
For sufficiently large k, we construct a path v: [0, 27;] — M, connecting p to any
given point ¢ € M, as follows: the first half path 7|0 5] connects p to q(7x) such that

1
2/7%

and the second half path 7|, -] is a shortest geodesic connecting ¢(7x) to ¢ with
respect to the metric g;;(to — 7%). Note that the rescaled metric Ty 1 gij(to — T) over
the domain Bi,—r, (¢(7k), /Tk) X [to — 27k, to — 7] is sufficiently close to the round

Uq(Tk), k) =

/oTk VTR + [§(m)P)dr < 2,
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S? x R or its Zy quotients. Then there is a universal positive constant 3 such that

a2m) < —— (" + ) vA@+ R
v U T

1 27y . )
<Vi+ W/ VAR + [5(n)[2)dr
<3

for all ¢ € Byy—r,(q(T), /7). Thus

V(2r,) = /M(4w(27k))*% exp(—1(q, 27))dVig —2r, (q)

. / (4r(27))~E Vi —3me (0)
Bt()*ﬁc (q(Tk)ﬂ/ﬁ)
>0

for some universal positive constant B Here we have used the curvature estimate
(6.2.6). By combining with the monotonicity of Perelman’s reduced volume (Theorem
3.2.8) and (6.4.14), we deduce that

B<V(2m) <V(€) < 263
This proves
Voly, (Bt (p, 1)) > ko >0

for some universal positive constant xg. So we have proved that the ancient k-solution
is also an ancient kg-solution. O

The important Li-Yau-Hamilton inequality gives rise to a parabolic Harnack es-
timate (Corollary 2.5.7) for solutions of the Ricci flow with bounded and nonnegative
curvature operator. As explained in the previous section, the no local collapsing the-
orem of Perelman implies a volume lower bound from a curvature upper bound, while
the estimate in the previous section implies a curvature upper bound from a volume
lower bound. The combination of these two estimates as well as the Li-Yau-Hamilton
inequality will give an important elliptic type property for three-dimensional ancient
r-solutions. This elliptic type property was first implicitly given by Perelman in [103]
and it will play a crucial role in the analysis of singularities.

THEOREM 6.4.3 (Elliptic type estimate). There exist a positive constant n and
a positive increasing function w:  [0,4+00) — (0, +00) with the following properties.
Suppose we have a three-dimensional ancient k-solution (M, g;;(t)), —oco <t <0, for
some k > 0. Then

(i) for every x,y € M andt € (—o0,0], there holds

R(l‘,t) < R(y7 t) 'w(R(yvt)d?(‘T?y));

(i1) for allxz € M and t € (—o0,0], there hold

|VR|(z,t) < nR?(z,t) and ‘%—If (z,t) < nR*(x,t).
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Proof. (i) Consider a three-dimensional nonflat ancient x-solution g¢;;(z,t) on
M x (—00,0]. In view of Proposition 6.4.2, we may assume that the ancient solution is
universal kg-noncollapsed. Obviously we only need to establish the estimate at t = 0.
Let y be an arbitrarily fixed point in M. By rescaling, we can assume R(y,0) = 1.

Let us first consider the case that sup{R(z,0)d3(z,y) | x € M} > 1. Define z to
be the closest point to y (at time ¢t = 0) satisfying R(z,0)d%(z,y) = 1. We want to
bound R(z,0)/R(z,0) from above for x € By(z,2R(z,0)7%).

Connect y and z by a shortest geodesic and choose a point Z lying on the geo-
desic satisfying do(Z, 2) = 1 R(z, 0)~2. Denote by B the ball centered at Z and with
radius 1 R(z, 0)~2 (with respect to the metric at ¢ = 0). Clearly the ball B lies in

By (y, R(z,0)"2) and lies outside Bo(y, %R(z, 0)~2). Thus for « € B, we have
1
R(z,0)d(z,y) <1 and do(z,y) > 5R(z,or%

and hence

1
R(z,0) < ——— forall x € B.
(3R(z,0)72)?

Then by the Li-Yau-Hamilton inequality and the kg-noncollapsing, we have
> 3

Vol o(Bo(z,8R(2,0)"%)) > ;%(83(2,0)-%)3.

=

Volo(B) > ko (iR(z,O)

and then

So by Theorem 6.3.3(ii), there exist positive constants B(kg), C(ko), and 1(xo) such
that

B(ko)

(6.4.15) R(z,0) < (C(ko) +
To(ﬁo)

)R(z,0)

for all 2 € By(z,2R(z,0)"2).

We now consider the remaining case. If R(x,0)d3(z,y) < 1 everywhere, we choose
a point z satisfying sup{R(z,0) | x € M} < 2R(z,0). Obviously we also have the
estimate (6.4.15) in this case.

We next want to bound R(z,0) for the chosen z € M. By (6.4.15) and the
Li-Yau-Hamilton inequality, we have

B(ko)

R(z,t) < (C(ko) +
7'0(/%0)

)R(z,0)

for all # € By(z,2R(2,0)"2) and all ¢ < 0. It then follows from the local derivative
estimates of Shi that

@(z,t) < C(ko)R(2,0)?, forall — R '(2,0)<t<0

which implies

(6.4.16) R(z,—cR™!(2,0)) > cR(z,0)
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for some small positive constant ¢ depending only on k. On the other hand, by using
the Harnack estimate in Corollary 2.5.7, we have

(6.4.17) 1= R(y,0) > ¢R(z, —cR *(z,0))

for some small positive constant ¢ depending only on kg, since do(y, z) < R(z, O)_%
and the metric g;;(¢) is equivalent on

Bo(z,2R(2,0)77) x [—cR™!(z,0), 0]

with ¢ > 0 small enough. Thus we get from (6.4.16) and (6.4.17) that

(6.4.18) R(z,0)< A

for some positive constant A depending only on kg. _
Since By(z,2R(2,0)"2) D By(y, R(z,0)"2) and R(z,0)"2 > (A)~2, the combi-
nation of (6.4.15) and (6.4.18) gives

(6.4.19) R(z,0) < (C(ko) +

whenever = € By(y,(A)"%). Then by the rg-noncollapsing there exists a positive
constant ro depending only on kg such that

Vol (Bo(y,r0)) > FL()T‘S’.
For any fixed Ry > 1o, we then have

Vol o(Bo(y, Ro)) > kory = ro(5-)* - R

By applying Theorem 6.3.3 (ii) again and noting that the constant k¢ is universal,
there exists a positive constant w(Ry) depending only on Ry such that

1
R(x,0) < w(R?) for all z € By(y, ZRO)'

This gives the desired estimate.

(ii) This follows immediately from conclusion (i), the Li-Yau-Hamilton inequality
and the local derivative estimate of Shi. O

As a consequence, we have the following compactness result due to Perelman [103].

COROLLARY 6.4.4 (Compactness of ancient kg-solutions). The set of nonflat
three-dimensional ancient kg-solutions is compact modulo scaling in the sense that
for any sequence of such solutions and marking points (xy,0) with R(xk,0) = 1, we
can extract a Cr. converging subsequence whose limit is also an ancient ko-solution.

Proof. Consider any sequence of three-dimensional ancient «g-solutions and mark-
ing points (zx,0) with R(x,0) = 1. By Theorem 6.4.3(i), the Li-Yau-Hamilton
inequality and Hamilton’s compactness theorem (Theorem 4.1.5), we can extract a
Cpe. converging subsequence such that the limit (M, g;;(z,t)), with —oo < t < 0,
is an ancient solution to the Ricci flow with nonnegative curvature operator and kg-
noncollapsed on all scales. Since any ancient kg-solution satisfies the Li-Yau-Hamilton
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inequality, it implies that the scalar curvature R(z,t) of the limit (M, g;;(z,t)) is
pointwise nondecreasing in time. Thus it remains to show that the limit solution has
bounded curvature at ¢t = 0.

Obviously we may assume the limiting manifold M is noncompact. By pulling
back the limiting solution to its orientable cover, we can assume that the limiting man-
ifold M is orientable. We now argue by contradiction. Suppose the scalar curvature
R of the limit at ¢ = 0 is unbounded.

By applying Lemma 6.1.4, we can choose a sequence of points x; € M,j =
1,2,..., divergent to infinity such that the scalar curvature R of the limit satisfies

R(x;,0) > j and R(z,0) < 4R(x;,0)

forallj =1,2, ..., and z € Bo(z;,j/v/R(x;,0)). Then from the fact that the limiting

scalar curvature R(x,t) is pointwise nondecreasing in time, we have
(6.4.20) R(x,t) < 4R(x;,0)

forallj = 1,2, ..., 2 € Bo(zj,5/+/R(x;,0)) and t < 0. By combining with Hamilton’s
compactness theorem (Theorem 4.1.5) and the kg-noncollapsing, we know that a
subsequence of the rescaled solutions

(M, R(l‘j, O)Qij(x,t/R(,Tj, 0)),1']‘), 7=12,...,

converges in the C}5, topology to a nonflat smooth solution of the Ricci flow. Then
Proposition 6.1.2 implies that the new limit at the new time {t = 0} must split off
a line. By pulling back the new limit to its universal cover and applying Hamilton’s
strong maximum principle, we deduce that the pull-back of the new limit on the
universal cover splits off a line for all time ¢ < 0. Thus by combining with Theorem
6.2.2 and the argument in the proof of Lemma 6.4.1, we further deduce that the new
limit is either the round cylinder S? x R or the round RP? x R. Since M is orientable,
the new limit must be S?xR. Moreover, since (M, g;;(x, 0)) has nonnegative curvature
operator and the points {x;} are going to infinity and R(z;,0) — +oo, this gives a
contradiction to Proposition 6.1.1. So we have proved that the limit (M, g;;(x,t)) has
uniformly bounded curvature. O

Arbitrarily fix € > 0. Let g¢;;(z,t) be a nonflat ancient k-solution on a three-
manifold M for some k > 0. We say that a point zg € M is the center of an
evolving e-neck at ¢t = 0, if the solution g;;(z,t) in the set {(z,t) | —e2Q~' <t <
0,d?(z,m0) < e 2Q 7'}, where Q = R(x0,0), is, after scaling with factor @, e-close (in
the Cle'] topology) to the corresponding set of the evolving round cylinder having
scalar curvature one at ¢t = 0.

As another consequence of the elliptic type estimate, we have the following global
structure result obtained by Perelman in [103] for noncompact ancient k-solutions.

COROLLARY 6.4.5. For any € > 0 there exists C = C(g) > 0, such that if g;;(t)
is a nonflat ancient k-solution on a noncompact three-manifold M for some xk > 0,
and M, denotes the set of points in M which are not centers of evolving e-necks at
t =0, then at t = 0, either the whole manifold M is the round cylinder S x R or its
Zo metric quotients, or M. satisfies the following

(i) M. is compact,

(it) diam M. < CQ~z and C~'Q < R(z,0) < CQ, whenever x € M., where

Q = R(x0,0) for some xg € OM..



THE HAMILTON-PERELMAN THEORY OF RICCI FLOW 395

Proof. We first consider the easy case that the curvature operator of the ancient
k-solution has a nontrivial null vector somewhere at some time. Let us pull back the
solution to its universal cover. By applying Hamilton’s strong maximum principle and
Theorem 6.2.2, we see that the universal cover is the evolving round cylinder S? x R.
Thus in this case, by the argument in the proof of Lemma 6.4.1, we conclude that
the ancient s-solution is either isometric to the round cylinder S? x R or one of its Zs
metric quotients (i.e., RP? x R, or the twisted product S2xR where Z, flips both S,
or R).

We then assume that the curvature operator of the nonflat ancient x-solution is
positive everywhere. Firstly we want to show M. is compact. We argue by contra-
diction. Suppose there exists a sequence of points 2z, k£ = 1,2,..., going to infinity
(with respect to the metric g;;(0)) such that each zj is not the center of any evolving
e-neck. For an arbitrarily fixed point zg € M, it follows from Theorem 6.4.3(i) that

0< R(Zo, 0) < R(Zk, O) : w(R(zk, O)dg(zk, Zo))
which implies that
lim R(Zk, O)dg(zk, Zo) = +o00.

k—o0
Since the sectional curvature of the ancient k-solution is positive everywhere, the
underlying manifold is diffeomorphic to R3, and in particular, orientable. Then as
before, by Proposition 6.1.2, Theorem 6.2.2 and Corollary 6.4.4, we conclude that zx
is the center of an evolving e-neck for k sufficiently large. This is a contradiction, so
we have proved that M, is compact.

Again, we notice that M is diffeomorphic to R? since the curvature operator is
positive. According to the resolution of the Schoenflies conjecture in three-dimensions,
every approximately round two-sphere cross-section through the center of an evolving
e-neck divides M into two parts such that one of them is diffeomorphic to the three-ball
B3. Let ¢ be the Busemann function on M, it is a standard fact that ¢ is convex and
proper. Since M, is compact, M. is contained in a compact set K = ¢~ *((—oc, A]) for
some large A. We note that each point € M\ M. is the center of an e-neck. It is clear
that there is an e-neck N lying entirely outside K. Consider a point x on one of the
boundary components of the e-neck N. Since x € M \ M, there is an e-neck adjacent
to the initial e-neck, producing a longer neck. We then take a point on the boundary
of the second e-neck and continue. This procedure can either terminate when we
get into M, or go on infinitely to produce a semi-infinite (topological) cylinder. The
same procedure can be repeated for the other boundary component of the initial
e-neck. This procedure will give a maximal extended neck N. If N never touches
M, the manifold will be diffeomorphic to the standard infinite cylinder, which is
a contradiction. If both ends of N touch M., then there is a geodesic connecting
two points of M. and passing through N. This is impossible since the function ¢
is convex. So we conclude that one end of N will touch M, and the other end will
tend to infinity to produce a semi-infinite (topological) cylinder. Thus we can find an
approximately round two-sphere cross-section which encloses the whole set M. and
touches some point 29 € dM.. We next want to show that R(zo,0)z - diam(M.) is
bounded from above by some positive constant C' = C(¢) depending only on e.

Suppose not; then there exists a sequence of nonflat noncompact three-
dimensional ancient k-solutions with positive curvature operator such that for the
above chosen points xg € M. there would hold

(6.4.21) R(0,0)? - diam (M.) — +oc.
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By Proposition 6.4.2, we know that the ancient solutions are kg-noncollapsed on all
scales for some universal positive constant xg. Let us dilate the ancient solutions
around the points x¢ with the factors R(z¢,0). By Corollary 6.4.4, we can extract a
convergent subsequence. From the choice of the points z¢ and (6.4.21), the limit has
at least two ends. Then by Toponogov’s splitting theorem the limit is isometric to
X xR for some nonflat two-dimensional ancient kg-solution X. Since M is orientable,
we conclude from Theorem 6.2.2 that limit must be the evolving round cylinder S? x R.
This contradicts the fact that each chosen point zq is not the center of any evolving
e-neck. Therefore we have proved

diam (M.) < CQ ™2

for some positive constant C' = C(e) depending only on e, where Q = R(zg,0).
Finally by combining this diameter estimate with Theorem 6.4.3(i), we immedi-
ately deduce

clQ < R(z,0) < CQ, whenever z € M.,

for some positive constant C depending only on . O

We now can describe the canonical structures for three-dimensional nonflat (com-
pact or noncompact) ancient k-solutions. The following theorem was given by Perel-
man in the section 1.5 of [104]. Recently in [34], this canonical neighborhood result
has been extended to four-dimensional ancient k-solutions with isotropic curvature
pinching.

THEOREM 6.4.6 (Canonical neighborhood theorem). For any & > 0 one can
find positive constants Cy = Ci(e) and Cy = Ca(e) with the following property.
Suppose we have a three-dimensional nonflat (compact or noncompact) ancient k-
solution (M, g;j(z,t)). Then either the ancient solution is the round RP? x R, or
every point (z,t) has an open neighborhood B, with By(x,r) C B C By(z,2r) for
some 0 < r < C1R(z, t)_%, which falls into one of the following three categories:

(a) B is an evolving e-neck (in the sense that it is the slice at the time t of
the parabolic region {(z',t') | ' € B,t' € [t — e 2R(z,t)~',t]} which is,
after scaling with factor R(x,t) and shifting the time t to zero, e-close (in
the C="1 topology) to the subset (S* x 1) x [—e~2,0] of the evolving standard
round cylinder with scalar curvature 1 and length 2e=* to I at the time zero),
or

(b) B is an evolving e-cap (in the sense that it is the time slice at the time t
of an evolving metric on B3 or RP3 \ B3 such that the region outside some
suitable compact subset of B or RP3\ B3 is an evolving e-neck), or

(¢) B is a compact manifold (without boundary) with positive sectional curvature
(thus it is diffeomorphic to the round three-sphere S* or a metric quotient of
$%);

furthermore, the scalar curvature of the ancient k-solution on B at time t is between
Cy 'R(x,t) and Oy R(x,t), and the volume of B in case (a) and case (b) satisfies

(CaR(z,t))™2 < Vol (B) < er’.

Proof. As before, we first consider the easy case that the curvature operator has
a nontrivial null vector somewhere at some time. By pulling back the solution to
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its universal cover and applying Hamilton’s strong maximum principle and Theorem
6.2.2, we deduce that the universal cover is the evolving round cylinder S? x R. Then
exactly as before, by the argument in the proof of Lemma 6.4.1, we conclude that the
ancient k-solution is isometric to the round S? x R, RP? x R, or the twisted product
SZXR where Z, flips both S? and R. Clearly each point of the round cylinder S? x R
or the twisted product S?xR has a neighborhood falling into the category (a) or (b)
(over RP? \ B3).

We now assume that the curvature operator of the nonflat ancient x-solution is
positive everywhere. Then the manifold is orientable by the Cheeger-Gromoll theorem
[23] for the noncompact case or the Synge theorem [22] for the compact case.

Without loss of generality, we may assume ¢ is suitably small, say 0 < € < ch>'
If the nonflat ancient k-solution is noncompact, the conclusions follow immediately
from the combination of Corollary 6.4.5 and Theorem 6.4.3(i). Thus we may assume
the nonflat ancient x-solution is compact. By Proposition 6.4.2, either the compact
ancient s-solution is isometric to a metric quotient of the round S3?, or it is o-
noncollapsed on all scales for the universal positive constant rg. Clearly each point of
a metric quotient of the round S? has a neighborhood falling into category (c). Thus
we may further assume the ancient k-solution is also kg-noncollapsing.

We argue by contradiction. Suppose that for some ¢ € (0, ﬁ), there exist a
sequence of compact orientable ancient xg-solutions (M, gx) with positive curvature
operator, a sequence of points (z, 0) with 2 € M}, and sequences of positive constants
Cix — oo and Co = w(4C%), with the function w given in Theorem 6.4.3, such
that for every radius r, 0 < r < ClkR(:vk,O)_%, any open neighborhood B, with
By(zk,r) C B C Bo(xg,2r), does not fall into one of the three categories (a), (b) and
(¢), where in the case (a) and case (b), we require the neighborhood B to satisfy the
volume estimate

(CgkR(ZCk,O))_% < Volo(B) < er®.

By Theorem 6.4.3(i) and the choice of the constants Caj, we see that the diameter
of each My at t = 0 is at least C’lkR(xk,O)*%; otherwise we can choose suitable
r € (0,CyxR(xx,0)"2) and B = My, which falls into the category (c) with the scalar
curvature between Cy,'R(z,0) and CarR(z,0) on B. Now by scaling the ancient
ko-solutions along the points (zx,0) with factors R(xy,0), it follows from Corollary
6.4.4 that a sequence of the ancient xo-solutions converge in the Cp%. topology to a
noncompact orientable ancient xg-solution.

If the curvature operator of the noncompact limit has a nontrivial null vector
somewhere at some time, it follows exactly as before by using the argument in the
proof of Lemma 6.4.1 that the orientable limit is isometric to the round S? x R, or
the twisted product S2XR where Z, flips both S? and R. Then for k large enough,
a suitable neighborhood B (for suitable r) of the point (xj,0) would fall into the
category (a) or (b) (over RP? \ B?) with the desired volume estimate. This is a
contradiction.

If the noncompact limit has positive sectional curvature everywhere, then by using
Corollary 6.4.5 and Theorem 6.4.3(i) for the noncompact limit we see that for k large
enough, a suitable neighborhood B (for suitable r) of the point (xj,0) would fall
into category (a) or (b) (over B?) with the desired volume estimate. This is also a
contradiction.

Finally, the statement on the curvature estimate in the neighborhood B follows
directly from Theorem 6.4.3(i). O
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7. Ricci Flow on Three-manifolds. We will use the Ricci flow to study
the topology of compact orientable three-manifolds. Let M be a compact three-
dimensional orientable manifold. Arbitrarily given a Riemannian metric on the man-
ifold, we evolve it by the Ricci flow. The basic idea is to understand the topology of
the underlying manifold by studying long-time behavior of the solution of the Ricci
flow. We have seen in Chapter 5 that for a compact three-manifold with positive
Ricci curvature as initial data, the solution to the Ricci flow tends, up to scalings,
to a metric of positive constant curvature. Consequently, a compact three-manifold
with positive Ricci curvature is diffeomorphic to the round three-sphere or a metric
quotient of it.

However, for general initial metrics, the Ricci flow may develop singularities in
some parts while it keeps smooth in other parts. Naturally one would like to cut off
the singularities and continue to run the Ricci flow. If the Ricci flow still develops
singularities after a while, one can do the surgeries and run the Ricci flow again. By
repeating this procedure, one will get a kind of “weak” solution to the Ricci flow.
Furthermore, if the “weak” solution has only a finite number of surgeries at any finite
time interval and one can remember what had been cut during the surgeries, and
if the “weak” solution has a well-understood long-time behavior, then one will also
get the topology structure of the initial manifold. This theory of surgically modified
Riccei flow was first developed by Hamilton [64] for compact four-manifolds and further
developed more recently by Perelman [104] for compact orientable three-manifolds.

The main purpose of this chapter is to give a complete and detailed discussion of
the Ricci flow with surgery on three-manifolds.

7.1. Canonical Neighborhood Structures. Let us call a Riemannian metric
on a compact orientable three-dimensional manifold normalized if the eigenvalues
of its curvature operator at every point are bounded by % >A>u>v> —%, and
every geodesic ball of radius one has volume at least one. By the evolution equation
of the curvature and the maximum principle, it is easy to see that any solution to the
Ricci flow with (compact and three-dimensional) normalized initial metric exists on
a maximal time interval [0, tyax) With tpax > 1.

Consider a smooth solution g;;(z,t) to the Ricci flow on M x [0,T'), where M is
a compact orientable three-manifold and T < +o00. After rescaling, we may always
assume the initial metric g;;(-, 0) is normalized. By Theorem 5.3.2, the solution g;; (-, t)

then satisfies the pinching estimate
(7.1.1) R > (—v)[log(—v) + log(1 + t) — 3]
whenever v < 0 on M x [0,T). Recall the function

y = f(x) = z(logx — 3), for e <2 < +o0,

is increasing and convex with range —e? < y < +o00, and its inverse function is also
increasing and satisfies

lim f~'(y)/y = 0.

y—-+oo
We can rewrite the pinching estimate (7.1.1) as

(712) Rt = —[f " (R(z,0)(1 + 1)/ (R, /(1 + )| R(z, 1)
on M x [0,T).
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Suppose that the solution g;;(-,t) becomes singular as t — T. Let us take a
sequence of times ¢, — T, and a sequence of points pi, € M such that for some positive
constant C, |Rm|(x,t) < CQy with Qr = |[Rm(px,t)| for all z € M and ¢ € [0, ty].
Thus, (pg,tx) is a sequence of (almost) maximum points. By applying Hamilton’s
compactness theorem and Perelman’s no local collapsing theorem I as well as the
pinching estimate (7.1.2), a sequence of the scalings of the solution g;;(x,t) around the
points py with factors @ converges to a nonflat complete three-dimensional orientable
ancient k-solution (for some x > 0). For an arbitrarily given ¢ > 0, the canonical
neighborhood theorem (Theorem 6.4.6) in the previous chapter implies that each
point in the ancient k-solution has a neighborhood which is either an evolving e-neck,
or an evolving e-cap, or a compact (without boundary) positively curved manifold.
This gives the structure of singularities coming from a sequence of (almost) maximum
points.

However the above argument does not work for singularities coming from a se-
quence of points (yx, 7%) with 7, — T and |Rm(yk, 7)| — +00 when |Rm(yk, 7%)| is
not comparable with the maximum of the curvature at the time 73, since we cannot
take a limit directly. In [103], Perelman developed a refined rescaling argument to
obtain the following singularity structure theorem. We remark that our statement of
the singularity structure theorem below is slightly different from Perelman’s original
statement (cf. Theorem 12.1 of [103]). While Perelman assumed the condition of
k-noncollapsing on scales less than ry, we assume that the initial metric is normalized
so that from the rescaling argument one can get the x-noncollapsing on all scales for
the limit solutions.

THEOREM 7.1.1 (Singularity structure theorem). Given ¢ > 0 and Ty > 1, one
can find ro > 0 with the following property. If g;j(z,t),x € M and t € [0,T) with
1 < T < Ty, is a solution to the Ricci flow on a compact orientable three-manifold
M with normalized initial metric, then for any point (xg,to) with to > 1 and Q =
R(zo,t0) > rg°, the solution in {(z,t) | d2 (z,20) < e72Q71, to—e2Q7 1 <t <t}
is, after scaling by the factor Q, e-close (in the C[‘Sfl]-topology) to the corresponding
subset of some orientable ancient k-solution (for some k > 0).

Proof. Since the initial metric is normalized, it follows from the no local collapsing
theorem I or I’ (and their proofs) that there is a positive constant , depending only
on Ty, such that the solution in Theorem 7.1.1 is k-noncollapsed on all scales less
than /Ty. Let C(g) be a positive constant larger than or equal to e~2. It suffices to
prove that there exists ro > 0 such that for any point (zg,tp) with tx > 1 and Q =
R(zo,t0) > 152, the solution in the parabolic region {(z,t) € M x [0,T) | d? (z,z0) <
Ce)Q 1 to — C(e)Q ! <t < to} is, after scaling by the factor @, e-close to the
corresponding subset of some orientable ancient x-solution. The constant C(e) will
be determined later.

We argue by contradiction. Suppose for some € > 0, there exist a sequence of
solutions (Mp, gi(-,t)) to the Ricci flow on compact orientable three-manifolds with
normalized initial metrics, defined on the time intervals [0,7%) with 1 < T} < Ty,
a sequence of positive numbers ry — 0, and a sequence of points z; € My and
times ¢ > 1 with Qr = Ri(zg, tr) > r,;z such that each solution (My, gi(-,)) in the
parabolic region {(z,t) € My, x [0,T}) | d? (z,zx) < C(e)Q; 't —C(e)Qy ' <t < ti}
is not, after scaling by the factor @, e-close to the corresponding subset of any
orientable ancient k-solution, where Ry denotes the scalar curvature of (My, gx).

For each solution (Mj, gi(-,t)), we may adjust the point (zj,t;) with t; >
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and with Qr = Ry (zk,tr) to be as large as possible so that the conclusion of the
theorem fails at (zy,tx), but holds for any (z,t) € My x [ty — HrQ;, ', 1] satisfying
Ry (z,t) > 2Qg, where H, = %r,f — +00 as k — +oo. Indeed, suppose not, by
setting (xk,,tk,) = (zk,tx), we can choose a sequence of points (zg,,tr,) € My X
[tk(zfm - HkRk(xk(zfl)7t/€(171))717t/€(171)] such that Rk(xkz ) tkz) > 2Rk(‘rk(171) ) tk(zfm)
and the conclusion of the theorem fails at (zy,,tr,) for each | = 2,3,.... Since the
solution is smooth, but

Ri(hy ty) = 2Re(@rgyy s th_yy) = - > 27 Ri(, ),

and
Uy 2 tk([—l) - HkRk(xk(zflwtk(zfl))_l

-1

>ty — Hp Y 5 TRy (g, )~
=1

1
> Y
-2

this process must terminate after a finite number of steps and the last element fits.
Let (Mg, gx(-,t), zx) be the rescaled solutions obtained by rescaling
(Mg, gr(-,t)) around zj with the factors Qr = Ri(xk,tx) and shifting the time ¢y
to the new time zero. Denote by Ry, the rescaled scalar curvature. We will show that
a subsequence of the orientable rescaled solutions (M, i (-, t), ) converges in the
Cre topology to an orientable ancient x-solution, which is a contradiction. In the

loc
following we divide the argument into four steps.

Step 1. First of all, we need a local bound on curvatures.

LEMMA 7.1.2. For each (z,t) with tk—%Hngl <t < tg, we have Ry(x,t) < 4Qy
whenever t —cQ;t <t <t and d2(z,z) < @', where Qy = Qi + Ry, (z,) and ¢ >0
18 a small universal constant.

Proof. Consider any point (z,t) € Bg(Z, (cle)%) x [t —eQ;, ', 1] with ¢ > 0 to be
determined. If Ry (x,t) < 2Qj, there is nothing to show. If Ry (x,t) > 2Qy, consider a
space-time curve v from (z,t) to (z,%) that goes straight from (z,t) to (z,%) and goes
from (z,t) to (z,%) along a minimizing geodesic (with respect to the metric gx(-,1)).
If there is a point on v with the scalar curvature 2Qy, let yo be the nearest such
point to (x,t). If not, put yo = (Z,%). On the segment of v from (z,t) to yo, the
scalar curvature is at least 2Qy. According to the choice of the point (z,tx), the
solution along the segment is e-close to that of some ancient x-solution. It follows
from Theorem 6.4.3 (ii) that

<29

_1 a9, __
VI < 2 and |2 ()

on the segment. (Here, without loss of generality, we may assume ¢ is suitably small).
Then by choosing ¢ > 0 (depending only on 7) small enough we get the desired
curvature bound by integrating the above derivative estimates along the segment.
This proves the lemma. O

Step 2. Next we want to show that for each A < +o00, there exist a positive
constant C(A) (independent of k) such that the curvatures of the rescaled solutions
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gr(+,t) at the new time ¢ = 0 (corresponding to the original times ¢j) satisfy the
estimate

| R (y, 0) < C(A)

whenever dg, (..0)(y, zr) < A and k > 1.
For each p > 0, set

M (p) = sup{Ry(,0) | k> 1,2 € M}, with do(z,z1) < p}
and
po =sup{p = 0| M(p) < +oo}.

By the pinching estimate (7.1.1), it suffices to show pg = +o0.

Note that py > 0 by applying Lemma 7.1.2 with (Z,f) = (g, tx). We now argue
by contradiction to show pg = 400. Suppose not, we may find (after passing to a
subsequence if necessary) a sequence of points y; € My, with do(zg, yx) — po < +00
and Rk(yk, 0) — 4o0. Let 7, (C M) be a minimizing geodesic segment from zj, to
yi. Let zx € i be the point on v closest to y; with Rk (2x,0) = 2, and let ), be the
subsegment of v, running from z; to yx. By Lemma 7.1.2 the length of 3 is bounded
away from zero independent of k. By the pinching estimate (7.1.1), for each p < po,
we have a uniform bound on the curvatures on the open balls Bo(zk, p) C (Mg, Gr)-
The injectivity radii of the rescaled solutions g at the points z; and the time ¢ =0
are also uniformly bounded from below by the x-noncollapsing property. Therefore
by Lemma 7.1.2 and Hamilton’s compactness theorem (Theorem 4.1.5), after passing
to a subsequence, we can assume that the marked sequence (Bo(zk, po), gk (+,0), zk)
converges in the Cp%. topology to a marked (noncomplete) manifold (Boo, §oos Too)
the segments -y, converge to a geodesic segment (missing an endpoint) v C Boo
emanating from .., and () converges to a subsegment (s of Yoo. Let Bs denote
the completion of (Bso, foo), and Yoo € Boo the limit point of yue.

Denote by Roo the scalar curvature of (B, §oo). Since the rescaled scalar curva-
tures Ry, along 3 are at least 2, it follows from the choice of the points (z,0) that for
any qo € fso, the manifold (Bs, §oo) in {¢ € Bso| distgm (q,90) < C(e)(Roo(q0)) ™1}
is 2e-close to the corresponding subset of (a time slice of) some orientable ancient
k-solution. Then by Theorem 6.4.6, we know that the orientable ancient k-solution
at each point (z,t) has a radius r, 0 < r < C1(2¢)R(x,t)~ 2, such that its canon-
ical neighborhood B, with By(z,r) C B C By(z,2r), is either an evolving 2e-neck,
or an evolving 2z-cap, or a compact manifold (without boundary) diffeomorphic to a
metric quotient of the round three-sphere S?, and moreover the scalar curvature is be-
tween (Co(2¢)) 1 R(x,t) and Ca(2¢)R(z,t), where C;(2¢) and Cy(2¢) are the positive
constants in Theorem 6.4.6.

We now choose C(g) = max{2C%(2¢),e72}. By the local curvature estimate
in Lemma 7.1.2, we see that the scalar curvature R. becomes unbounded when
approaching y.. along 7. This implies that the canonical neighborhood around ¢q
cannot be a compact manifold (without boundary) diffeomorphic to a metric quotient
of the round three-sphere S2. Note that v is shortest since it is the limit of a sequence
of shortest geodesics. Without loss of generality, we may assume ¢ is suitably small
(say, ¢ < ﬁ). These imply that as qg gets sufficiently close to Yoo, the canonical
neighborhood around ¢p cannot be an evolving 2e-cap. Thus we conclude that each
qo € Yoo sufficiently close to Yy is the center of an evolving 2e-neck.
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Let

U= |J Blgo.47(Rec(0)) %) (C (B, Goc)),

q0EYoo

where B(qo,4m(Roo(q0))~2) is the ball centered at gy € Boo with the radius
4m(Roo(g0))~2. Clearly U has nonnegative sectional curvature by the pinching es-
timate (7.1.1). Since the metric g is cylindrical at any point gy € 7Yoo which is
sufficiently close to Y., we see that the metric space U = U U {y} by adding in
the point Yoo, is locally complete and intrinsic near y.,. Furthermore y, cannot be
an interior point of any geodesic segment in U. This implies the curvature of U at
Yoo 18 nonnegative in the Alexandrov sense. It is a basic result in Alexandrov space
theory (see for example Theorem 10.9.3 and Corollary 10.9.5 of [9]) that there exists
a three-dimensional tangent cone Cwa at Yo which is a metric cone. It is clear that
its aperture is < 10e, thus the tangent cone is nonflat.

Pick a point p € Cwa such that the distance from the vertex y., to p is one
and it is nonflat around p. Then the ball B(p, ) C C,_U is the Gromov-Hausdorff
limit of the scalings of a sequence of balls By (pk, sk) C (Mg, gr(-,0)) by some factors
ax, where s, — 0F. Since the tangent cone is three-dimensional and nonflat around
p, the factors a must be comparable with Ry, (pk,0). By using the local curvature
estimate in Lemma 7.1.2, we actually have the convergence in the C}X, topology for
the solutions gi(-,t) on the balls By(pk, sk) and over some time interval ¢ € [, 0]
for some sufficiently small § > 0. The limiting ball B(p, %) C C,. U is a piece of
the nonnegative curved and nonflat metric cone whose radial directions are all Ricci
flat. On the other hand, by applying Hamilton’s strong maximum principle to the
evolution equation of the Ricci curvature tensor as in the proof of Lemma 6.3.1, the
limiting ball B(p, %) would split off all radial directions isometrically (and locally).
Since the limit is nonflat around p, this is impossible. Therefore we have proved that
the curvatures of the rescaled solutions gi(+,¢) at the new times ¢t = 0 (corresponding
to the original times tx) stay uniformly bounded at bounded distances from z, for all
k.

We have proved that for each A < +o00, the curvature of the marked manifold
(Mg, gi(-,0),2%) at each point y € M}, with distance from zj, at most A is bounded
by C(A). Lemma 7.1.2 extends this curvature control to a backward parabolic neigh-
borhood centered at y whose radius depends only on the distance from y to xk.
Thus by Shi’s local derivative estimates (Theorem 1.4.2) we can control all deriva-
tives of the curvature in such backward parabolic neighborhoods. Then by using the
k-noncollapsing and Hamilton’s compactness theorem (Theorem 4.1.5), we can take
a O subsequent limit to obtain (Ms, Goo(,t), e ), which is k-noncollapsed on all
scales and is defined on a space-time open subset of My, x (—o0,0] containing the
time slice Mo, x {0}. Clearly it follows from the pinching estimate (7.1.1) that the
limit (Mo, §oo(+, 0), Too) has nonnegative curvature operator (and hence nonnegative
sectional curvature).

Step 3.  We further claim that the limit (Moo, §oo(+,0), Zoo) at the time slice
{t = 0} has bounded curvature.

We know that the sectional curvature of the limit (Moo, foo (-, 0), Zoo) is nonnega-
tive everywhere. Argue by contradiction. Suppose the curvature of (Moo, Goo(+,0), Zoo)
is not bounded, then by Lemma 6.1.4, there exists a sequence of points ¢; € My, di-
verging to infinity such that their scalar curvatures ]:Zoo(qj,O) — 400 as j — 400
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and

Roo(z,0) < 4]:200(%, 0)

for € B(gj,7/1/Roc(4j,0)) C (Moo, doo(-,0)). By combining with Lemma 7.1.2
and the k-noncollapsing, a subsequence of the rescaled and marked manifolds
(Mo, Roo(qj, 0)doo(+,0), gj) converges in the C. topology to a smooth nonflat limit
Y. By Proposition 6.1.2, the new limit Y is isometric to a metric product N x R for
some two-dimensional manifold N. On the other hand, in view of the choice of the
points (z, tx), the original limit (Moo, oo(+,0), o) at the point ¢; has a canonical
neighborhood which is either a 2e-neck, a 2e-cap, or a compact manifold (without
boundary) diffeomorphic to a metric quotient of the round S3. It follows that for j
large enough, ¢; is the center of a 2e-neck of radius (R (gj, 0))~2z. Without loss of
generality, we may further assume that 2e < gg, where ¢ is the positive constant
given in Proposition 6.1.1. Since (Ruo(g;,0))"2 — 0 as j — 400, this contradicts
Proposition 6.1.1. So the curvature of (Muo, §oo(+,0)) is bounded.

Step 4. Finally we want to extend the limit backwards in time to —oo.

By Lemma 7.1.2 again, we now know that the limiting solution (M, §oo(, 1)) is
defined on a backward time interval [—a, 0] for some a > 0.

Denote by

t' = inf{f| we can take a smooth limit on (#,0] (with bounded
curvature at each time slice) from a subsequence

of the convergent rescaled solutions gg}.

We first claim that there is a subsequence of the rescaled solutions g which converges
in the C2, topology to a smooth limit (Ms, oo (-, )) on the maximal time interval
(t',0].

Indeed, let ¢} be a sequence of negative numbers such that ¢}, — ¢’ and there exist
smooth limits (Moo, G5 (+,t)) defined on (#,,0]. For each k, the limit has nonnegative
sectional curvature and has bounded curvature at each time slice. Moreover by Lemma
7.1.2, the limit has bounded curvature on each subinterval [—b,0] C (t},,0]. Denote
by Q the scalar curvature upper bound of the limit at time zero (where Q is the same
for all k). Then we can apply the Li-Yau-Hamilton estimate (Corollary 2.5.7) to get

. ~ [ —t
ko (p ) < k
R <Q (=5 ).

where RE_(x,t) are the scalar curvatures of the limits (Mso, G5 (-,%)). Hence by the
definition of convergence and the above curvature estimates, we can find a subsequence
of the above convergent rescaled solutions g, which converges in the C}%, topology to
a smooth limit (Ms, §oo(+,t)) on the maximal time interval (¢, 0].

We next claim that ¢ = —co.

Suppose not, then by Lemma 7.1.2; the curvature of the limit (Moo, Goo(:, 1))
becomes unbounded as t — ' > —oo. By applying the maximum principle to the
evolution equation of the scalar curvature, we see that the infimum of the scalar
curvature is nondecreasing in time. Note that ]:ZOO(:COO,O) = 1. Thus there exists
some point Yoo € Mo, such that

c 3
Roo (yoor ¥+ 75) < 5
Yoor U 75) <3
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where ¢ > 0 is the universal constant in Lemma 7.1.2. By using Lemma 7.1.2 again
we see that the limit (Moo, §oo (-, )) in a small neighborhood of the point (Yoo, + 15)
extends backwards to the time interval [t' — {5, + {5]. We remark that the distances
at time ¢ and time 0 are roughly equivalent in the following sense

(7.1.3) di(z,y) > do(x,y) > di(z,y) — const.

for any z,y € My and t € (¢,0]. Indeed from the Li-Yau-Hamilton inequality
(Corollary 2.5.7) we have the estimate

Roo(x,t)gQ( : ), on My, x (t,0].

t—t

By applying Lemma 3.4.1 (ii), we have

de(,y) < do(z,y) + 30(—15')\/5

for any x,y € Mo and t € (¢',0]. On the other hand, since the curvature of the limit
metric goo(+,t) is nonnegative, we have

dt(xay) > do(:v,y)

for any x,y € My and t € (#,0]. Thus we obtain the estimate (7.1.3).

Let us still denote by (Mg, gr(-,t)) the subsequence which converges on the maxi-
mal time interval (¢/,0]. Consider the rescaled sequence My, gi(-,t)) with the marked
points z, replaced by the associated sequence of points yx — Yoo and the (original
unshifted) times t; replaced by any s € [tr + (¢ — 2—60)62,:1,15;C + '+ 2—%)@,:1]. It
follows from Lemma 7.1.2 that for k large enough, the rescaled solutions (My, gi (-, t))
at yp satisfy

Rk(yk, t) <10

for all t € [t — {5, + 15]. By applying the same arguments as in the above Step 2,

we conclude that for any A > 0, there is a positive constant C'(A) < 400 such that
Ry(z,t) < C(A)

for all (z,t) with di(z,yx) < Aand t € [t — 55," + 55]. The estimate (7.1.3) implies
that there is a positive constant Ay such that for arbitrarily given small €’ € (0, 155),

for k large enough, there hold
di(z, yk) < Ao

for all ¢ € [t' + €, 0]. By combining with Lemma 7.1.2, we then conclude that for any
A > 0, there is a positive constant C(A) such that for k large enough, the rescaled
solutions (Mg, gi(+,t)) satisfy

Ryi(z,t) < C(A)

for all @ € Bo(z, A) and t € [t/ — 155 (C(A))71, 0.
Now, by taking convergent subsequences from the (original) rescaled solutions
(Mg, gi (-, t), 1 ), we see that the limiting solution (Mo, §oo (-, t)) is defined on a space-

time open subset of M, x (—00, 0] containing M, X [t', 0]. By repeating the argument
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of Step 3 and using Lemma 7.1.2, we further conclude the limit (M, §oo(+,t)) has
uniformly bounded curvature on My, x [t',0]. This is a contradiction.

Therefore we have proved a subsequence of the rescaled solutions (My, gi(-, t), zx)
converges to an orientable ancient k-solution, which gives the desired contradiction.
This completes the proof of the theorem. O

We remark that this singularity structure theorem has been extended by Chen
and the second author in [34] to the Ricci flow on compact four-manifolds with positive
isotropic curvature.

7.2. Curvature Estimates for Smooth Solutions. Let us consider solutions
to the Ricci flow on compact orientable three-manifolds with normalized initial met-
rics. The above singularity structure theorem (Theorem 7.1.1) tells us that the so-
lutions around high curvature points are sufficiently close to ancient x-solutions. It
is thus reasonable to expect that the elliptic type estimate (Theorem 6.4.3) and the
curvature estimate via volume growth (Theorem 6.3.3) for ancient k-solutions are
heritable to general solutions of the Ricci flow on three-manifolds. The main purpose
of this section is to establish such curvature estimates. In the fifth section of this
chapter, we will further extend these estimates to surgically modified solutions.

The first result of this section is an extension of the elliptic type estimate (The-
orem 6.4.3). This result is reminiscent of the second step in the proof of Theorem
7.1.1.

THEOREM 7.2.1 (Perelman [103]). For any A < +oo, there exist K = K(A) <
+oo and o = «a(A) > 0 with the following property. Suppose we have a solution
to the Ricci flow on a three-dimensional, compact and orientable manifold M with
normalized initial metric. Suppose that for some xo € M and some ro > 0 with
ro < «, the solution is defined for 0 <t < r2 and satisfies

|Rm|(z,t) <ry?, for 0<t<rd, do(z,20) < 1o,
and
VOlo(Bo(xo,To)) Z Ail’l”g.
Then R(x,13) < Kry? whenever dyz(z,0) < Aro.

Proof. Given any large A > 0 and letting o > 0 be chosen later, by Perelman’s no
local collapsing theorem IT (Theorem 3.4.2), there exists a positive constant £ = £(A)
(independent of ) such that any complete solution satisfying the assumptions of
the theorem is k-noncollapsed on scales < 1 over the region {(z,t) | %r% <t <

73, di(z,20) < 5Arg}. Set
1 1
€=minq —€g, — ¢,
4 77100

where €( is the positive constant in Proposition 6.1.1. We first prove the following
assertion.

CramM. For the above fixed € > 0, one can find K = K(A4,¢) < +oo such that
if we have a three-dimensional complete orientable solution with normalized initial
metric and satisfying

|Rm|(z,t) <712 for 0 <t <72 do(x,z0) <70,
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and
VOIQ(Bo(xo, 7‘0)) 2 Aing

for some g € M and some g > 0, then for any point z € M with drg (x,20) < 3Ary,
either

R(z, 7‘3) < Kra2

or the subset {(y,t) | d% (y,z) < e ?R(x,r3)"", r§—e ?R(x,r§)~" <t < r§} around
0

the point (z,73) is e-close to the corresponding subset of an orientable ancient -

solution.

Notice that in this assertion we don’t impose the restriction of 1y < «, so we can
consider for the moment 79 > 0 to be arbitrary in proving the above claim. Note
that the assumption on the normalization of the initial metric is just to ensure the
pinching estimate. By scaling, we may assume rg = 1. The proof of the claim is
essentially adapted from that of Theorem 7.1.1. But we will meet the difficulties of
adjusting points and verifying a local curvature estimate.

Suppose that the claim is not true. Then there exist a sequence of solutions
(Mg, gx (-, t)) to the Ricci flow satisfying the assumptions of the claim with the origins
Zo,, and a sequence of positive numbers Kj; — oo, times ¢, = 1 and points xj €
My, with dy, (zg,x0,) < 34 such that Qr = Rp(xk,tx) > K and the solution in
{(z,t) | th = C(e)Q;, " <t < ty, d? (z,21) < C(e)Q; '} is not, after scaling by the
factor Qy, e-close to the corresponding subset of any orientable ancient x-solution,
where R}, denotes the scalar curvature of (M, gi (-, t)) and C(g)(> £72) is the constant
defined in the proof of Theorem 7.1.1. As before we need to first adjust the point
(:Ek,tk) with ¢, > % and dtk (:Ek,xok) < 4A so that Qp = Rk(ilfk,tk) > K} and the
conclusion of the claim fails at (z, tx), but holds for any (z,t) satisfying Ry (z,t) >
2Qk, tx — Hlezl <t <t and di(z,20,) < dy, (2, X0,) —i—Hk%Q;%, where Hy =
iKk — 00, as k — +o0.

Indeed, by starting with (xg,, ¢k, ) = (2, 1) we can choose (Tk,,tr,) € My X
(0, 1] with 15, — HkRk(ivkl,tkl)_l < tg, < ti,, and dtk2 (;vkz,;vok) < dtkl (.’L‘kl,xok) +
Hk% Ri(xk, ,te,)~ 2 such that Rg(zh,,tr,) > 2Ri(2k, .tk ) and the conclusion of the
claim fails at (z,, tg,); otherwise we have the desired point. Repeating this process,
we can choose points (zk,,tk,), ¢ = 2,...,J, such that

Rp(wp;,tr,) > 2Rp(wp, s try ),
tki—l - HkRk('rkifutkifl)il < tki < tki—l’

1
dtki (:Elﬂ ) xok) < dtki,I (xki—l ) xok) + sz Ry, (Iki—17tkifl) )

[SE

and the conclusion of the claim fails at the points (z,,tx;), ¢ = 2,...,j. These
inequalities imply

Ri(an, tiy) > 277 Ry (apy , ty) > 2771 K,
j—2

1 _ 1
1>t 2ty —sziRk(Iklatkl) t> >
i=0
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and
1 =2 1 1
dtkj (Th;, 0,,) < d,, (@k,, o, ) + H? Z —iRk($k17tk1)_§ < 4A.
i=0 (v2)

Since the solutions are smooth, this process must terminate after a finite number of
steps to give the desired point, still denoted by (z, ).

For each adjusted (z,tx), let [t,¢x] be the maximal subinterval of [t —
%s_Qlel, tr] so that the conclusion of the claim with K = 2Qj, holds on

1 1 1
P(xkatkaﬁHkéQkéat/_tk)
L i -3 ’
=< (z,t) | z € By xk,EHka Jte [t te]

for all sufficiently large k. We now want to show t' = ¢, — %5_262,:1.

Consider the scalar curvature Ry, at the point zj over the time interval [/, ;].
If there is a time ¢ € [t/,tx] satisfying Ry (xk,t) > 2Qk, we let ¢ be the first of such
time from t¢;. Then the solution (My,gi(-,t)) around the point zj over the time
interval [f — %5*26,2,;1, t] is e-close to some orientable ancient x-solution. Note from
the Li-Yau-Hamilton inequality that the scalar curvature of any ancient k-solution
is pointwise nondecreasing in time. Consequently, we have the following curvature
estimate

Ri(xk,t) <2(1+¢)Qk

for t € [f — 1e72Q; ", ti] (or t € [t, tx] if there is no such time £). By combining with
the elliptic type estimate for ancient k-solutions (Theorem 6.4.3) and the Hamilton-
Ivey pinching estimate, we further have

(7.2.1) |Rm(z, 1) < 5w(1)Qk

for all = € By(xy, (3Qx)"2) and t € [i— 1e72Q; ' ti] (or t € [t',t;]) and all sufficiently
large k, where w is the positive function in Theorem 6.4.3.
For any point (x,t) with # — %67262;1 <t <t (ort e[t ty]) and de(x, zx) <

11
1—10H £ @, *, we divide the discussion into two cases.
11
Case (1): di(zk,xo,) < %Hﬁ@k 2,
(7.2.2) di(z,xo,) < di(x,x) + di(zk, To,)
1 1 _1 3 1 _1
< EH,?Q,C 2+ 1—0H,§Qk 2

Lot
< SHEQ*.

L1
Case (2): di(ay,x0,) > SHZQ,®.
From the curvature bound (7.2.1) and the assumption, we apply Lemma 3.4.1(ii)
_1
with 79 = @, * to get
d

= (@ (wr, 70,)) > =20(w(1) + 1)Q§,
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and then for k large enough,

dy (., zo,,) Sdf(kaokH?O( w(1 )+1) Q"

Sdf(xkvxok)+ H2Qk B

« L1
where t € (t, ;] satisfies the property that d,(zx, 7o, ) > 5 Hz2 Q) * whenever s € [t,].
So we have

(7.2.3) di(z, 0, ) < di(x,x) + di(zk, To,)

<_H2Qk (Ik7x0k)+ Hsz

1 1 _1
SR,
for all sufficiently large k. Then the combination of (7.2.2), (7.2.3) and the choice
of the points (xy,t;) implies ¢’ = t;, — —5 —2Q; ! for all sufficiently large k. (Here we
also used the maximality of the subinterval [t',tx] in the case that there is no time in
[t/,tk] with Rk(xk, ) Z QQk)

Now we rescale the solutions (My, gi(-,t)) into (Mg, gi(+,t)) around the points
by the factors Qr = Ry (zk,t;) and shift the times t; to the new times zero. Then
the same arguments from Step 1 to Step 3 in the proof of Theorem 7.1.1 prove that
a subsequence of the rescaled solutions (My, gk (-, t)) converges in the C2, topology
to a limiting (complete) solution (Mo, §oo(, t)), which is defined on a backward time
interval [—a, 0] for some a > 0. (The only modification is in Lemma 7.1.2 of Step 1
by further requiring ¢y — —E_sz L<t<ty).

We next study how to adapt the argument of Step 4 in the proof of Theorem 7.1.1.
As before, we have a maximal time interval (¢, 0] for which we can take a smooth
limit (Moo, Joo(+, ), Too ) from a subsequence of the rescaled solutions (Mg, gi (-, t), Tk ).
We want to show ts, = —00.

Suppose not; then t,, > —oc0. Let ¢ > 0 be a positive constant much smaller than
10 2. Note that the infimum of the scalar curvature is nondecreasing in time. Then
we can find some point yo, € My and some time ¢t = to, + 6 with 0 < 6§ < 5 such
that Reo (Yoo, toe +0) < 3.

Consider the (unrescaled) scalar curvature Ry of (Mg, gx(-,t)) at the point xy
over the time interval [ty + (ts + £)Q; ', tx]. Since the scalar curvature Roo of the
limit on My X [too + g, 0] is uniformly bounded by some positive constant C, we have
the curvature estimate

S dtk (Ikv xok) +

Ry (wg,t) < 2CQ%

for all t € [t + (teo + g)Q;l,tk] and all sufficiently large k. Then by repeat-
ing the same arguments as in deriving (7.2.1), (7.2.2) and (7.2.3), we deduce that
the conclusion of the claim with K = 2@Qj holds on the parabolic neighborhood
Pz, tk, %Hé Q;%, (too + £)Q; ") for all sufficiently large k.

Let (yk, tk + (too + 01)Q, ") be a sequence of associated points and times in the
(unrescaled) solutions (My,gi(-,t)) so that after rescaling, the sequence converges
to the (Yoo, too + 6) in the limit. Clearly g < 6 < 20 for all sufficiently large k.
Then, by considering the scalar curvature Ry at the point y; over the time interval
[tr + (too — g)Q;l, t + (too +01)Q '], the above argument (as in deriving the similar
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estimates (7.2.1)-(7.2.3)) implies that the conclusion of the claim with K = 2@Q}, holds

L1
on the parabolic neighborhood P(yk, t, 15 HZ Q) %, (teo — g)Q;l) for all sufficiently
large k. In particular, we have the curvature estimate

Ri(yr,t) <4(1+¢)Qk

for t € [te + (too — £)Q5 "t + (too + 0x)Q;, '] for all sufficiently large k.

We now consider the rescaled sequence (M, gx(-,t)) with the marked points re-
placed by yi and the times replaced by s, € [tr + (too — E)le,tk + (too + E)le].
By applying the same arguments from Step 1 to Step 3 in the proof of Theorem 7.1.1
and the Li-Yau-Hamilton inequality as in Step 4 of Theorem 7.1.1, we conclude that
there is some small constant a’ > 0 such that the original limit (Mso, §oo(+,t)) is ac-
tually well defined on Mo, X [too — @', 0] with uniformly bounded curvature. This is a
contradiction. Therefore we have checked the claim.

To finish the proof, we next argue by contradiction. Suppose there exist sequences
of positive numbers K — 400, ap — 0, as kK — —+o00, and a sequence of solutions
(Mg, gi(,t)) to the Ricci flow satisfying the assumptions of the theorem with origins
xg, and with radii ro, satisfying ro, < ap such that for some points x3 € Mj, with
drgk (@, o, ) < Arg, we have

(7.2.4) Ry, 15,) > Kirg?

for all k. Let (Mg, gr(-,t),x0,) be the rescaled solutions of (Mg, gx(+,t)) around the
origins xo, by the factors g 2 and shifting the times r?)k to the new times zero.
The above claim tells us that for k large, any point (y,0) € (Mg, gx(-,0), zo,) with
dg,(-,0)(y, w0,) < 3A and with the rescaled scalar curvature Ri(y,0) > K}, has a
canonical neighborhood which is either a 2e-neck, or a 2e-cap, or a compact manifold
(without boundary) diffeomorphic to a metric quotient of the round three-sphere.
Note that the pinching estimate (7.1.1) and the condition «p — 0 imply any sub-
sequential limit of the rescaled solutions (M, gx(+,t), 2o, ) must have nonnegative
sectional curvature. Thus the same argument as in Step 2 of the proof of Theorem
7.1.1 shows that for all sufficiently large k, the curvatures of the rescaled solutions
at the time zero stay uniformly bounded at those points whose distances from the
origins xg, do not exceed 2A4. This contradicts (7.2.4) for k large enough.
Therefore we have completed the proof of the theorem. O

The next result is a generalization of the curvature estimate via volume growth
in Theorem 6.3.3 (ii) where the condition on the curvature lower bound over a time
interval is replaced by that at a time slice only.

THEOREM 7.2.2 (Perelman [103]). For any w > 0 there exist 7 = 7(w) > 0,
K = K(w) < 400, a = a(w) > 0 with the following property. Suppose we have
a three-dimensional, compact and orientable solution to the Ricci flow defined on
M x [0,T) with normalized initial metric. Suppose that for some radius ro > 0 with
ro < a and a point (zo,to) € M x [0,T) with T > to > 4772, the solution on the ball
By, (zg,r0) satisfies

Bm(z,ty) > —7“52 on By, (zo,70),

and Vol 4, (B, (w0,70)) > wry.
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Then R(z,t) < Kry? whenever t € [ty — 713, 1] and dy(x,z0) < 170.
Proof. 1f we knew that
Rm(z,t) > —ry?

for all ¢t € [0,t0] and di(z,z¢) < 19, then we could just apply Theorem 6.3.3 (ii) and
take 7(w) = 1o(w)/2, K(w) = C(w) + 2B(w)/70(w). Now fix these values of 7 and
K.

We argue by contradiction. Consider a three-dimensional, compact and orientable
solution g;;(t) to the Ricci flow with normalized initial metric, a point (xo,to) and
some radius rg > 0 with rg < «, for @« > 0 a sufficiently small constant to be
determined later, such that the assumptions of the theorem do hold whereas the
conclusion does not. We first claim that we may assume that any other point (a/,t’)
and radius 7’ > 0 with the same property has either ¢ >ty or t/ < to — 277Z, or 21’ >
70. Indeed, suppose otherwise. Then there exist (z(, t;) and 7, with t{, € [to—277F, to]
and () < %ro, for which the assumptions of the theorem hold but the conclusion does
not. Thus, there is a point (z,¢) such that

t €[ty —7(rp)?, ty] C |to — 278 — %rg,to

and  R(z,t) > K(r}) ™2 > 4Kr, 2.

If the point (x(,t,) and the radius r{ satisfy the claim then we stop, and otherwise
we iterate the procedure. Since ty > 477% and the solution is smooth, the iteration
must terminate in a finite number of steps, which provides the desired point and the
desired radius.

Let 7/ > 0 be the largest number such that

(7.2.5) Rm(z,t) > —ry?

whenever t € [tg — 773, to] and di(x,20) < 1o. If 7/ > 27, we are done by Theorem
6.3.3 (ii). Thus we may assume 7’ < 27. By applying Theorem 6.3.3(ii), we know
that at time ¢’ = to — 7/73, the ball By (zq,70) has

(7.2.6) Vol (By (20, 70)) > &(w)rf

for some positive constant £(w) depending only on w. We next claim that there exists
a ball (at time t' = to — 7'13) By (a’,r") C By (xo,r0) with

1
(7.2.7) Vol (By (a',17)) > Sos(r')?
and with
(7.2.8) %0 > 1" = c(w)ro

for some small positive constant ¢(w) depending only on w, where ajg is the volume
of the unit ball B? in the Euclidean space R3.

Indeed, suppose that it is not true. Then after rescaling, there is a sequence of
Riemannian manifolds M;, i =1,2,..., with balls B(x;,1) C M; so that

(7.2.5) Rm > -1 on B(x;,1)
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and
(7.2.6) Vol (B(x;,1)) > &(w)

for all 4, but all balls B(x},7]) C B(z;,1) with & > r} > 1 satisfy

(7.2.9) Vol (B(z},77)) < %ag(rz’-)g.

It follows from basic results in Alexandrov space theory (see for example Theorem
10.7.2 and Theorem 10.10.10 of [9]) that, after taking a subsequence, the marked
balls (B(x;,1),x;) converge in the Gromov-Hausdorff topology to a marked length
space (Boo, Too) With curvature bounded from below by —1 in the Alexandrov space
sense, and the associated Riemannian volume forms dVol ys, over (B(z;,1),x;) con-
verge weakly to the Hausdorff measure u of Bo,. It is well-known that the Hausdorff
dimension of any Alexandrov space is either an integer or infinity (see for example
Theorem 10.8.2 of [9]). Then by (7.2.6)", we know the limit (Bs,Zoo) is a three-
dimensional Alexandrov space of curvature > —1. In the Alexandrov space theory, a
point p € B is said to be regular if the tangent cone of B, at p is isometric to R3.
It is also a basic result in Alexandrov space theory (see for example Corollary 10.9.13
of [9]) that the set of regular points in By is dense and for each regular point there
is a small neighborhood which is almost isometric to an open set of the Euclidean
space R3. Thus for any ¢ > 0, there are balls B(x/,7.,) C Bs with 0 <1/ < % and
satisfying

B (2l 1%)) = (1= )as(rly)”.

This is a contradiction with (7.2.9).

Without loss of generality, we may assume w < %043. Since 7' < 27, it follows
from the choice of the point (xo,t9) and the radius r¢ and (7.2.5), (7.2.7), (7.2.8) that
the conclusion of the theorem holds for (2/,¢) and 7’. Thus we have the estimate

R(z,t) < K(r')~2

whenever t € [t — 7(r")%,¢] and d;(z,2") <
the pinching estimate (7.1.1), we have

ir’ . For a > 0 small, by combining with

|Rm(x,t)| < K'(r')72

whenever ¢ € [t' — 7(1")?,¢] and dy(x,2") < 11/, where K’ is some positive constant
depending only on K. Note that this curvature estimate implies the evolving metrics
are equivalent over a suitable subregion of {(z,t) | t € [t/ — 7(r")?,¢'] and di(z,2') <

17'}. Now we can apply Theorem 7.2.1 to choose o = a(w) > 0 so small that
(7.2.10) R(z,t) < K(w)(r') ™2 < K(w)e(w) 2y 2

whenever t € [t — Z(r')?,#'] and d¢(x,2") < 10r. Then the combination of (7.2.10)
with the pinching estimate (7.1.2) would imply

Rm(z,t) > ~[f " (R(e,0)(1 + 1)/ (R(z,t)(1 + )] Rz, 1)
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on the region {(z,t) | t € [t'—Z(r')?,¢'] and d;(x, o) < o} when o = a(w) > 1o small
enough. This contradicts the choice of 7/. Therefore we have proved the theorem. O

The combination of the above two theorems immediately gives the following con-
sequence.

COROLLARY 7.2.3. For any w > 0 and A < +o0, there exist 7 = 7(w, A) > 0,
K = K(w,A) < 400, and o = a(w, A) > 0 with the following property. Suppose we
have a three-dimensional, compact and orientable solution to the Ricci flow defined
on M x [0,T) with normalized initial metric. Suppose that for some radius ro > 0
with ro < a and a point (zo,tg) € M x [0,T) with T > to > 471, the solution on the
ball By, (xo,70) satisfies

Bm(z,ty) > —7“52 on By, (zo,70),

and Vol (B, (0,70)) > wry.
Then R(x,t) < Kry? whenever t € [to — 712, to] and di(z,20) < Ar.
We can also state the previous corollary in the following version.

COROLLARY 7.2.4 (Perelman [103]). For any w > 0 one can find p = p(w) > 0
such that if gi;(t) is a complete solution to the Ricci flow defined on M x [0,T) with
T > 1 and with normalized initial metric, where M is a three-dimensional, compact
and orientable manifold, and if By, (xo,r0) is a metric ball at time to > 1, with g < p,
such that

min{ Rm(x,to) | © € By, (xo,70)} = —7’0_2,
then

Vol (B, (zo,70)) < wrg.

Proof. We argue by contradiction. Suppose for any p > 0, there is a solution and
a ball By, (zg,70) satisfying the assumption of the corollary with ro < p, top > 1, and
with

min{ Rm(z,ty) | € By, (w0,70)} = 75 2,
but
Vol 4, (B, (0, 70)) > wry.
We can apply Corollary 7.2.3 to get
R(z,t) < Kry?

whenever t € [to—7713,to] and d;(z, x¢) < 270, provided p > 0 is so small that 47p? < 1
and p < a, where 7, a and K are the positive constants obtained in Corollary 7.2.3.
Then for rg < p and p > 0 sufficiently small, it follows from the pinching estimate
(7.1.2) that

Rm(z,t) > ~[f " (R, )(1 + 1)/ (R(z,t)(1 + )] Rz 1)
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in the region {(z,t) | t € [to — 7(r0)?,to] and di(x,79) < 279}. In particular, this
would imply

min{ Rm(z, to)|z € By, (z0,70)} > —1g 2.

This contradicts the assumption. 00

7.3. Ricci Flow with Surgery. One of the central themes of the Ricci flow
theory is to give a classification of all compact orientable three-manifolds. As we
mentioned before, the basic idea is to obtain long-time behavior of solutions to the
Ricci flow. However the solutions will in general become singular in finite time.
Fortunately, we now understand the precise structures of the solutions around the
singularities, thanks to Theorem 7.1.1. When a solution develops singularities, one
can perform geometric surgeries by cutting off the canonical neighborhoods around
the singularities and gluing back some known pieces, and then continue running the
Ricci flow. By repeating this procedure, one hopes to get a kind of “weak” solution.
In this section we will give a detailed description of this surgery procedure and define
a global “weak” solution to the Ricci flow.

Given any ¢ > 0, based on the singularity structure theorem (Theorem 7.1.1), we
can get a clear picture of the solution near the singular time as follows.

Let (M, gi;(-,t)) be a maximal solution to the Ricci flow on the maximal time
interval [0,T) with T < 400, where M is a connected compact orientable three-
manifold and the initial metric is normalized. For the given € > 0 and the solution
(M, gi;(-,t)), we can find 7o > 0 such that each point (z,t) with R(z,t) > ry? satisfies
the derivative estimates

(7.3.1) IVR(z,t)| < nR?(x,t) and }QR(,T,t)} < nR?(z,t),

ot

where > 0 is a universal constant, and has a canonical neighborhood which is either
an evolving e-neck, or an evolving e-cap, or a compact positively curved manifold
(without boundary). In the last case the solution becomes extinct at the maximal
time T and the manifold M is diffeomorphic to the round three-sphere S? or a metric
quotient of S? by Theorem 5.2.1.

Let © denote the set of all points in M where the curvature stays bounded as
t — T. The gradient estimates in (7.3.1) imply that Q is open and that R(x,t) — oo
as t — T for each x € M \ Q.

If Q is empty, then the solution becomes extinct at time 7'. In this case, either
the manifold M is compact and positively curved, or it is entirely covered by evolving
e-necks and evolving e-caps shortly before the maximal time 7. So the manifold M
is diffeomorphic to either S3, or a metric quotient of the round S?, or S x S!, or
RP3#RP?. The reason is as follows. Clearly, we only need to consider the situation
that the manifold M is entirely covered by evolving e-necks and evolving e-caps shortly
before the maximal time 7. If M contains a cap C, then there is a cap or a neck
adjacent to the neck-like end of C'. The former case implies that M is diffeomorphic
to S?, RP?, or RP*#RP?. In the latter case, we get a new longer cap and continue.
Finally, we must end up with a cap, producing a S3, RP?, or RP*#RP?. If M contains
no caps, we start with a neck N. By connecting with the necks that are adjacent to
the boundary of N, we get a longer neck and continue. After a finite number of steps,
the resulting neck must repeat itself. Since M is orientable, we conclude that M is
diffeomorphic to S% x S'.
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We can now assume that €2 is nonempty. By using the local derivative estimates
of Shi (Theorem 1.4.2), we see that as ¢ — T the solution g;;(-,t) has a smooth limit
Gij(-) on Q. Let R(x) denote the scalar curvature of g;;. For any p < rg, let us
consider the set

0, ={ze Q| Rx) < ).

By the evolution equation of the Ricci flow, we see that the initial metric g;;(-,0) and
the limit metric g;;(-) are equivalent over any fixed region where the curvature remains
uniformly bounded. Note that for any fixed z € 0Q, and any sequence of points z; € §2
with x; — @ with respect to the initial metric g;;(-,0), we have R(x;) — +oo. In fact,
if there were a subsequence xj, so that limy_, R(x;,) exists and is finite, then it
would follow from the gradient estimates (7.3.1) that R is uniformly bounded in some
small neighborhood of z € 90 (with respect to the induced topology of the initial
metric g;;(-,0)); this is a contradiction. From this observation and the compactness
of the initial manifold, we see that 2, is compact (with respect to the metric g;;(-)).

For further discussions, let us introduce the following terminologies. Denote by I
an interval.

Recall that an e-neck (of radius r) is an open set with a Riemannian metric,
which is, after scaling the metric with factor 72, e-close to the standard neck S? x I
with the product metric, where S? has constant scalar curvature one and I has length
26! and the e-closeness refers to the Cl¢™ '] topology.

A metric on S? x I, such that each point is contained in some e-neck, is called an
e-tube, or an e-horn, or a double e-horn, if the scalar curvature stays bounded on
both ends, or stays bounded on one end and tends to infinity on the other, or tends
to infinity on both ends, respectively.

A metric on B? or RP? \ B? is called a e-cap if the region outside some suitable
compact subset is an e-neck. A metric on B? or RP? \ B3 is called an capped s-horn
if each point outside some compact subset is contained in an e-neck and the scalar
curvature tends to infinity on the end.

Now take any e-neck in (2, g;;) and consider a point x on one of its boundary
components. If x € 2\ Q,, then there is either an e-cap or an e-neck, adjacent to the
initial e-neck. In the latter case we can take a point on the boundary of the second
e-neck and continue. This procedure can either terminate when we get into €, or
an e-cap, or go on indefinitely, producing an e-horn. The same procedure can be
repeated for the other boundary component of the initial e-neck. Therefore, taking
into account that 2 has no compact components, we conclude that each e-neck of
(€, gi;) is contained in a subset of 2 of one of the following types:

) an e-tube with boundary components in 2, or
) an e-cap with boundary in ©,, or
(7.3.2) c) an e-horn with boundary in €2, or
) a capped e-horn, or

)

a double e-horn.

Similarly, each e-cap of (€2, g;;) is contained in a subset of Q of either type (b) or
type (d).

It is clear that there is a definite lower bound (depending on p) for the volume of
subsets of types (a), (b) and (c), so there can be only a finite number of them. Thus
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we conclude that there is only a finite number of components of €} containing points
of ,, and every such component has a finite number of ends, each being an e-horn.
On the other hand, every component of €2, containing no points of 2,, is either a
capped e-horn, or a double e-horn. If we look at the solution at a slightly earlier
time, the above argument shows each e-neck or e-cap of (M, ¢;;(-,t)) is contained in
a subset of types (a) or (b), while the e-horns, capped e-horns and double e-horns (at
the maximal time T) are connected together to form e-tubes and e-caps at the times
t shortly before T.

double e-horn

capped e-horn

Hence, by looking at the solution at times shortly before T, we see that the
topology of M can be reconstructed as follows: take the components £2;, 1 < 5 <k,
of €2 which contain points of ),, truncate their e-horns, and glue to the boundary
components of truncated €2, a finite collection of tubes S? x I and caps B3 or RP3 \B3.
Thus, M is diffeomorphic to a connected sum of Qj, 1 < j <k, with a finite number
of copies of S? x St (which correspond to gluing a tube to two boundary components
of the same (2;), and a finite number of copies of RP?. Here Qj denotes £2; with each
e-horn one point compactified. More geometrically, one can get Q; in the following
way: in every e-horn of €2; one can find an e-neck, cut it along the middle two-sphere,
remove the horn-shaped end, and glue back a cap (or more precisely, a differentiable
three-ball). Thus to understand the topology of M, one only needs to understand the
topologies of the compact orientable three-manifolds Qj, 1< <k

Naturally one can evolve each ; by the Ricci flow again and, when singularities
develop again, perform the above surgery for each e-horn to get new compact ori-
entable three-manifolds. By repeating this procedure indefinitely, it will likely give a
long-time “weak” solution to the Ricci flow. The following abstract definition for this
kind of “weak” solution was introduced by Perelman in [104] .

DEFINITION 7.3.1. Suppose we are given a (finite or countably infinite) collection
of three-dimensional smooth solutions g () to the Ricci flow defined on My, x [t ;)
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and go singular as t — tg, where each manifold Mj, is compact and orientable, possibly
disconnected with only a finite number of connected components. Let (Q, gj;) be the
limits of the corresponding solutions gfj (t) ast — tg, as above. Suppose also that for
each k we have ¢, =t |, and that (Qk_l,gfjfl) and (Mg, gf;(t;;)) contain compact
(possibly disconnected) three-dimensional submanifolds with smooth boundary which
are isometric. Then by identifying these isometric submanifolds, we say the collection
of solutions gfj (t) is a solution to the Ricci flow with surgery (or a surgically
modified solution to the Ricci flow) on the time interval which is the union of all
[ty tz), and say the times t; are surgery times.

To get the topology of the initial manifold from the solution to the Ricci flow
with surgery, one has to overcome the following two difficulties:

(i) how to prevent the surgery times from accumulating?

(ii) how to obtain the long time behavior of the solution to the Ricci flow with

surgery?

Thus it is natural to consider those solutions having “good” properties. For
any arbitrarily fixed positive number e, we will only consider those solutions to the
Ricci flow with surgery which satisfy the following a priori assumptions (with
accuracy ¢).

Pinching assumption. The eigenvalues A > p > v of the curvature operator
of the solution to the Ricci flow with surgery at each point and each time satisfy

(7.3.3) R > (—v)[log(—v) + log(1 + t) — 3]

whenever v < 0.

Canonical neighborhood assumption (with accuracy €). For any given
€ > 0, there exist positive constants C; and Cs depending only on ¢, and a nonin-
creasing positive function r : [0,400) — (0, +00) such that at each time ¢ > 0, every
point x where scalar curvature R(z,t) is at least 7~2(¢) has a neighborhood B, with
Bi(x,0) C B C By(z,20) for some 0 < o < C1R™2(x,t), which falls into one of the
following three categories:

(a) B is a strong e-neck (in the sense B is the slice at time ¢ of the parabolic
neighborhood {(2/,t') | 2’ € B,t' € [t — R(x,t)~',t]}, where the solution is
well defined on the whole parabolic neighborhood and is, after scaling with
factor R(z,t) and shifting the time to zero, e-close (in the clE topology)
to the subset (S? x I) x [—1,0] of the evolving standard round cylinder with
scalar curvature 1 to S? and length 2e~! to I at time zero), or

(b) B is an e-cap, or

(¢) B is a compact manifold (without boundary) of positive sectional curvature.
Furthermore, the scalar curvature in B at time ¢ is between C; ' R(x,t) and CoR(x, t),
satisfies the gradient estimates

OR
(7.3.4) |VR| <nR? and ‘E‘ < nR?,
and the volume of B in case (a) and case (b) satisfies

(CoR(x,))™2 < Voly(B) < e0°.

Here 7 is a universal positive constant.
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Without loss of generality, we always assume the above constants C; and Cy are
twice bigger than the corresponding constants C1(5) and C2(5) in Theorem 6.4.6 with
the accuracy 5.

We remark that the above definition of the canonical neighborhood assumption
is slightly different from that of Perelman in [104] in two aspects: (1) it allows the
parameter r to depend on time; (2) it also includes an volume upper bound for the
canonical neighborhoods of types (a) and (b).

Arbitrarily given a compact orientable three-manifold with a Riemannian metric,
by scaling, we may assume the Riemannian metric is normalized. In the rest of
this section and the next section, we will show the Ricci flow with surgery, with the
normalized metric as initial data, has a long-time solution which satisfies the above a
priori assumptions and has only a finite number of surgery times at each finite time
interval. The construction of the long-time solution will be given by an induction
argument.

First, for the arbitrarily given compact orientable normalized three-dimensional
Riemannian manifold (M, ¢;;(z)), the Ricci flow with it as initial data has a maximal
solution g¢;;(z,¢) on a maximal time interval [0,7) with T" > 1. It follows from
Theorem 5.3.2 and Theorem 7.1.1 that the a priori assumptions (with accuracy ¢)
hold for the smooth solution on [0,7). If T = 400, we have the desired long time
solution. Thus, without loss of generality, we may assume the maximal time 7" < 400
so that the solution goes singular at time 7.

Suppose that we have a solution to the Ricci flow with surgery, with the nor-
malized metric as initial data, satisfying the a priori assumptions (with accuracy ¢),
defined on [0,T) with T < 400, going singular at time 7" and having only a finite
number of surgery times on [0,7). Let § denote the set of all points where the cur-
vature stays bounded as t — T'. As we have seen before, the canonical neighborhood
assumption implies that §2 is open and that R(z,t) — oo as ¢ — T for all z lying
outside §2. Moreover, as t — T, the solution g;;(z,t) has a smooth limit g;;(z) on .

For some § > 0 to be chosen much smaller than e, we let p = ér(T) where r(t)
is the positive nonincreasing function in the definition of the canonical neighborhood
assumption. We consider the corresponding compact set

0, ={reQ|R) <p?),

where R(z) is the scalar curvature of g;;. If €, is empty, the manifold (near the
maximal time T') is entirely covered by e-tubes, e-caps and compact components with
positive curvature. Clearly, the number of the compact components is finite. Then
in this case the manifold (near the maximal time T') is diffeomorphic to the union
of a finite number of copies of S3, or metric quotients of the round S3, or S? x S*,
or a connected sum of them. Thus when €, is empty, the procedure stops here, and
we say the solution becomes extinct. We now assume (2, is not empty. Then we
know that every point € Q\ Q, lies in one of the subsets of € listed in (7.3.2), or
in a compact component with positive curvature, or in a compact component which
is contained in Q \ Q, and is diffeomorphic to either S3, or S x S or RP*#RP3.
Note again that the number of the compact components is finite. Let us throw away
all the compact components lying in Q \ €2, and all the compact components with
positive curvature, and then consider those components €1;, 1 < j < k, of 2 which
contain points of Q,. (We will consider those components of Q \ €2, consisting of
capped e-horns and double e-horns later). We will perform surgical procedures, as
we roughly described before, by finding an e-neck in every horn of Q;, 1 < j < k,
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and then cutting it along the middle two-sphere, removing the horn-shaped end, and
gluing back a cap.

In order to maintain the a priori assumptions with the same accuracy after
the surgery, we will need to find sufficient “fine” necks in the e-horns and to glue
sufficient “fine” caps. Note that 6 > 0 will be chosen much smaller than £ > 0.
The following lemma due to Perelman [104] gives us the “fine” necks in the e-horns.
(At the first sight, we should also cut off all those e-tubes and e-caps in the surgery
procedure. However, in general we are not able to find a “fine” neck in an e-tube or
in an e-cap, and surgeries at “rough” e-necks will certainly lose some accuracy. If we
perform surgeries at the necks with some fixed accuracy ¢ in the high curvature region
at each surgery time, then it is possible that the errors of surgeries may accumulate
to a certain amount so that at some later time we cannot recognize the structure of
very high curvature regions. This prevents us from carrying out the whole process in
finite time with a finite number of steps. This is the reason why we will only perform
the surgeries at the e-horns.)

LEMMA 7.3.2 (Perelman [104]). Given 0 <& < 145,0 < d <& and 0 < T < +0o0,
there exists a radius 0 < h < dp, depending only on § and r(T), such that if we have
a solution to the Ricci flow with surgery, with a normalized metric as initial data,
satisfying the a priori assumptions (with accuracy €), defined on [0,T), going singular
at time T and having only a finite number of surgery times on [0,T), then for each
point x with h(z) = R™2(x) < h in an e-horn of (0, gi;) with boundary in Q,, the
neighborhood Br(x,6 'h(z)) £ {y € Q | dr(y,x) < 5~ h(z)} is a strong 6-neck (i.e.,
Br(z,07h(z)) x [T — h?(z),T) is, after scaling with factor h=2(x), 6-close (in the
ol topology) to the corresponding subset of the evolving standard round cylinder
S? x R owver the time interval [—1,0] with scalar curvature 1 at time zero).

:ZZ/

strong d-neck Q,

Proof. We argue by contradiction. Suppose that there exists a sequence of solu-
tions gfj(-,t), k=1,2,..., to the Ricci flow with surgery, satisfying the a priori as-
sumptions (with accuracy ¢), defined on [0, T') with limit metrics (QF, gfj), k=1,2,...,
and points ¥, lying inside an e-horn of Q¥ with boundary in Q’;, and having h(z%) — 0
such that the neighborhoods Br(z*, 6 1h(a*)) = {y € QF | dr(y,2*) < §71h(a¥)}
are not strong J-necks.

Let g7 (-, t) be the solutions obtained by rescaling by the factor R(z*) = h=2(z*)
around z* and shifting the time 7" to the new time zero. We now want to show that a
subsequence of §fj(, t),k =1,2,..., converges to the evolving round cylinder, which
will give a contradiction.

Note that ﬁfj(, t),k=1,2,..., are solutions modified by surgery. So, we cannot
apply Hamilton’s compactness theorem directly since it is stated only for smooth
solutions. For each (unrescaled) surgical solution gfj(~,t), we pick a point z*, with
R(z") = 2C3(e)p~2, in the e-horn of (QF, k) with boundary in Q%, where Cy(e) is

p7
the positive constant in the canonical neighborhood assumption. From the definition



THE HAMILTON-PERELMAN THEORY OF RICCI FLOW 419

of e-horn and the canonical neighborhood assumption, we know that each point z
lying inside the e-horn of (¥, g¥) with dg;cj (z,Q8) > dg;cj (2%,QF) has a strong e-neck
as its canonical neighborhood. Since h(z*) — 0, each z* lies deeply inside an e-horn.
Thus for each positive A < 400, the rescaled (surgical) solutions g;(-,¢) with the

k

marked origins 2% over the geodesic balls Bk (. o (xF, A), centered at z* of radii A
gk,

(with respect to the metrics gJ5(-,0)), will be smooth on some uniform (size) small
time intervals for all sufficiently large k&, if the curvatures of the rescaled solutions Z}fj
at t = 0 in Bgfj(,70)(xk,A) are uniformly bounded. In such a situation, Hamilton’s
compactness theorem is applicable. Then we can apply the same argument as in the
second step of the proof of Theorem 7.1.1 to conclude that for each A < 400, there
exists a positive constant C(A) such that the curvatures of the rescaled solutions
@kj(, t) at the new time 0 satisfy the estimate

|[Rmil(y,0) < C(A)

whenever dﬁ?j(nO) (y,2*) < A and k > 1; otherwise we would get a piece of a non-flat
nonnegatively curved metric cone as a blow-up limit, which contradicts Hamilton’s
strong maximum principle. Moreover, by Hamilton’s compactness theorem (Theorem
4.1.5), a subsequence of the rescaled solutions §fj (,t) converges to a Cfy, limit g5% (-, 1),
defined on a spacetime set which is relatively open in the half spacetime {¢ < 0} and
contains the time slice t = 0.

By the pinching assumption, the limit is a complete manifold with nonnegative
sectional curvature. Since zF was contained in an e-horn with boundary in Q’; and
h(z*)/p — 0, the limiting manifold has two ends. Thus, by Toponogov’s splitting
theorem, the limiting manifold admits a metric splitting 32 x R, where X2 is diffeo-
morphic to the two-sphere S? because z* was the center of a strong e-neck.

By combining with the canonical neighborhood assumption (with accuracy €), we
see that the limit is defined on the time interval [—1, 0] and is e-close to the evolving
standard round cylinder. In particular, the scalar curvature of the limit at time ¢t = —1
is e-close to 1/2.

Since h(x*¥)/p — 0, each point in the limiting manifold at time t = —1 also has
a strong e-neck as its canonical neighborhood. Thus the limit is defined at least on
the time interval [—2,0] and the limiting manifold at time ¢t = —2 is, after rescaling,
e-close to the standard round cylinder.

By using the canonical neighborhood assumption again, every point in the limiting
manifold at time ¢t = —2 still has a strong e-neck as its canonical neighborhood. Also
note that the scalar curvature of the limit at ¢t = —2 is not bigger than 1/2+¢. Thus
the limit is defined at least on the time interval [—3,0] and the limiting manifold at
time ¢t = —3 is, after rescaling, e-close to the standard round cylinder. By repeating
this argument we prove that the limit exists on the ancient time interval (—oo, 0].

The above argument also shows that at every time, each point of the limit has
a strong e-neck as its canonical neighborhood. This implies that the limit is -
noncollaped on all scales for some x > 0. Therefore, by Theorem 6.2.2, the limit
is the evolving round cylinder S? x R, which gives the desired contradiction. O

In the above lemma, the property that the radius h depends only on § and the
time T but is independent of the surgical solution is crucial; otherwise we will not be
able to cut off enough volume at each surgery to guarantee the number of surgeries
being finite in each finite time interval. We also remark that the above proof actually
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proves a stronger result: the parabolic region {(y,t) | y € Br(z,d th(z)),t € [T —
§72h2(x), T} is, after scaling with factor h=2(z), é-close (in the C1 '] topology) to
the corresponding subset of the evolving standard round cylinder S? x R over the time
interval [—6~2, 0] with scalar curvature 1 at the time zero. This fact will be used later
in the proof of Proposition 7.4.1.

We next want to construct “fine” caps. Take a rotationally symmetric metric
on R3 with nonnegative sectional curvature and positive scalar curvature such that
outside some compact set it is a semi-infinite standard round cylinder (i.e. the metric
product of a ray with the round two-sphere of scalar curvature 1). We call such a
metric on R? a standard capped infinite cylinder. By the short-time existence
theorem of Shi (Theorem 1.2.3), the Ricci flow with a standard capped infinite cylinder
as initial data has a complete solution on a maximal time interval [0,7") such that
the curvature of the solution is bounded on R3 x [0,7”] for each 0 < T” < T'. Such a
solution is called a standard solution by Perelman [104].

The following result proved by Chen and the second author in [34] gives the
curvature estimate for standard solutions.

PROPOSITION 7.3.3. Let g;; be a complete Riemannian metric on R™ (n > 3)
with nonnegative curvature operator and positive scalar curvature which is asymptotic
to a round cylinder of scalar curvature 1 at infinity. Then there is a complete solution
gij (-, t) to the Ricci flow, with g;; as initial metric, which exists on the time interval

[0, "T_l), has bounded curvature at each time t € [0, "T_l), and satisfies the estimate
Ofl
7

for some C' depending only on the initial metric g;;.

Proof. Since the initial metric has bounded curvature operator and a positive
lower bound on its scalar curvature, the Ricci flow has a solution g;;(-,t) defined
on a maximal time interval [0,7) with T" < oo which has bounded curvature on
R™ x [0,T"] for each 0 < T' < T. By Proposition 2.1.4, the solution g;;(-,t) has
nonnegative curvature operator for all ¢ € [0,7). Note that the injectivity radius of
the initial metric has a positive lower bound. As we remarked at the beginning of
Section 3.4, the same proof of Perelman’s no local collapsing theorem I concludes that
gij (-, t) is k-noncollapsed on all scales less than VT for some £ > 0 depending only
on the initial metric.

We will first prove the following assertion.

CLAM 1. There is a positive function w : [0,00) — [0, 00) depending only on
the initial metric and & such that

R(z,t) < R(y, )w(R(y, t)d; (=, y))

for all z,y e R", t € [0,T).

The proof is similar to that of Theorem 6.4.3. Notice that the initial metric has
nonnegative curvature operator and its scalar curvature satisfies the bounds

(7.3.5) C'<R(x)<C

1

oTYel and

for some positive constant C'. By the maximum principle, we know T >
R(z,t) < 2C for t € [0, 125). The assertion is clearly true for ¢ € [0, 15].
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Now fix (y,to) € R™ x [0,T) with g > 125 Let z be the closest point to y with

the property R(z,t0)d (z,y) =1 (at time to). Draw a shortest geodesic from y to z
and choose a point Z on the geodesic satisfying dy, (z, %) = 1R(z, to)~ 2, then we have

1

1 1 T2
R(z,to) € —— By, (2 -R(zt0) ).
(z,t0) < (%R(z,to)_%)Q on By, (z,4 (z, 0) )

Note that R(x,t) > C~! everywhere by the evolution equation of the scalar

curvature. Then by the Li-Yau-Hamilton inequality (Corollary 2.5.5), for all (z,t) €

Biy (2, 5oz R(2,t0)72) X [to — (g2 R(2,10)"2)?, to], we have

Combining this with the x-noncollapsing property, we have

(i)

1 1 " 1\ "™
T2 > 2 .
Vol (Bto (z,SR(z,to) 2)) >k <64nC> (SR(z,to) z)
So by Theorem 6.3.3 (ii), we have

(S

.1 _
Vol (Bto (z, %R(z,to)

and then

R(x,t0) < C(Kk)R(z,tg) for all x € By, (z,4R(z,to)7%) .

Here and in the following we denote by C(k) various positive constants depending
only on x,n and the initial metric.

Now by the Li-Yau-Hamilton inequality (Corollary 2.5.5) and local gradient esti-
mate of Shi (Theorem 1.4.2), we obtain

R(z,t) < C(k)R(z,tp) and }%R (z,t) < C(k)(R(z,t))?

for all (z,t) € Byy(2,2R(2,t0)"%)) X [to — (zom R(2,t0) %), to]. Therefore by com-
bining with the Harnack estimate (Corollary 2.5.7), we obtain

R(y,to) > C(rk) ' R(z,to — C(r) ' R(z,t9) ")
> C(k) " 2R(2,t0)

Consequently, we have showed that there is a constant C'(k) such that
Vol (Bto (y,R(y,to)’%)) > C(r)™! (R(y,to)’%)

and

R(z,ty) < C(k)R(y,to) for all z € By, (y,R(y,to)fé) .
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In general, for any r > R(y, to) "2, we have

Vol (Bto (yv 7‘)) > 0(5)71 (T‘2R(y, to))igr"'

By applying Theorem 6.3.3(ii) again, there exists a positive constant
w(r?R(y,to)) depending only on the constant 72 R(y,to) and « such that

R(z,t0) < R(y,to)w(r’*R(y,to)) for all = € By, (y, ir) .

This proves the desired Claim 1.

Now we study the asymptotic behavior of the solution at infinity. For any 0 <
to < T, we know that the metrics g;;(x,t) with ¢ € [0,%o] has uniformly bounded
curvature. Let xj be a sequence of points with do(xg,xx) — oo. After passing to
a subsequence, g;;(x,t) around zj will converge to a solution to the Ricci flow on
R x S~ ! with round cylinder metric of scalar curvature 1 as initial data. Denote the
limit by g;;. Then by the uniqueness theorem (Theorem 1.2.4), we have

n—1

R(z,t) = —2£ for all t € [0, #o].

2

It follows that T < "T_l In order to show T = "T_l, it suffices to prove the following
assertion.

CrLAamM 2. Suppose T < ”Tfl Fix a point zg € R"™, then there is a § > 0, such
that for any z € M with do(z,z0) > 6!, we have

n—1
—1

n—21

2

R(z,t) <20 +

for all t €[0,7T),

where C' is the constant in (7.3.5).
In view of Claim 1, if Claim 2 holds, then

sup  R(y,t) <w (6‘2 (2C+ nnl;l)) (20 + : )
M7 x[0,T) w T 5T

< 0

which will contradict the definition of 7.
To show Claim 2, we argue by contradiction. Suppose for each § > 0, there is a
point (zs,ts) with 0 < ¢t5 < T such that

-1
R(zs,ts5) > 2C + 717}17 and do(zs,20) > 6L

5 — s
Let
_ n—1
ts =supt ’ sup R(y,t) <20+ :
M"\Bo(zo,éil) 2 —t

n—1
. . = 1 7
Since do(yﬁl;r:;ﬂoo R(y,t) = # and SUD A/ [0, 11 ] R(y,t) <20, weknow 2z < t5 <

ts and there is a Zs such that do(zo,Zs) > 0~ and R(Zs,15) = 2C+ +21—. By Claim

n—1
Rt —ts
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1 and Hamilton’s compactness theorem (Theorem 4.1.5), for 6 — 0 and after taking
a subsequence, the metrics g;;(z,t) on By(Zs, %) over the time interval [0, 5] will
converge to a solution §;; on R x S"~! with the standard metric of scalar curvature
1 as initial data over the time interval [0, f~], and its scalar curvature satisfies

- _ -1
T Tl
~ n—1 -
R((E,t) < 2C+ ﬁ, for all t € [O,too],
7 leo

where (Too, too) is the limit of (Zs,%5). On the other hand, by the uniqueness theorem
(Theorem 1.2.4) again, we know

R(Zoo,to0) = 2

which is a contradiction. Hence we have proved Claim 2 and then have verified
_ n—1
T = "5,
Now we are ready to show

-1 n—1
(7.3.6) R(z,t) > e for all (z,t) € R" x [0, 5 ),

2

for some positive constant C depending only on the initial metric.
For any (z,t) € R™" x [0, %), by Claim 1 and k-noncollapsing, there is a constant
C(k) > 0 such that

Vol (Bi(w, R(z,t) %)) = C(r) ™ (R, 1) *)".

Then by the well-known volume estimate of Calabi-Yau (see for example [128] or
[112]) for complete manifolds with Ric > 0, for any a > 1, we have

).

On the other hand, since (R", g;;(-, %)) is asymptotic to a cylinder of scalar curvature
(251)/ (251 — 1), for sufficiently large a > 0, we have

Volt(Bt <:C,a ”;1 —t)) §C(n)a(n;1 —t)g.

Combining the two inequalities, for all sufficiently large a, we have:

(VB

Vol (B:(z, aR(x, t)_%)) > C(r)™H 8%(1%(90, t)”

n n—1
-1 > = —1 1
C(n)a (n - t) >Vol; | B | z,a 2 — | R(z,1t) :
R(z,t)"2
a ngl t n
> l— R 7t _% )
= 8n R(x,t)_% ( (=) )

which gives the desired estimate (7.3.6). Therefore the proof of the proposition is
complete. O
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We now fix a standard capped infinite cylinder for dimension n = 3 as follows.
Consider the semi-infinite standard round cylinder Ny = S? x (—o0, 4) with the metric
go of scalar curvature 1. Denote by z the coordinate of the second factor (—oo,4).
Let f be a smooth nondecreasing convex function on (—o0,4) defined by

f(z)=0, z<0,

f=

)=
f(z) is strictly convex on z € [3,3.9],
)=

f=

where the (small) constant ¢ > 0 and (big) constant P > 0 will be determined later.
Let us replace the standard metric go on the portion S? x [0,4) of the semi-infinite
cylinder by § = e2/gy. Then the resulting metric § will be smooth on R? obtained
by adding a point to S? x (—o0,4) at z = 4. We denote by C(c, P) = (R3, ). Clearly,
C(e, P) is a standard capped infinite cylinder.

We next use a compact portion of the standard capped infinite cylinder C(c, P)
and the d-neck obtained in Lemma 7.3.2 to perform the following surgery procedure
due to Hamilton [64].

Consider the metric g at the maximal time T' < +4oo. Take an e-horn with
boundary in €2,. By Lemma 7.3.2, there exists a d-neck IV of radius 0 < h < dp in the
e-horn. By definition, (N, h=2g) is d-close (in the ol topology) to the standard
round neck S? x I of scalar curvature 1 with I = (=§71,671). Using the parameter
z € I, we see the above function f is defined on the d-neck N.

Let us cut the d-neck N along the middle (topological) two-sphere N ({z =
0}. Without loss of generality, we may assume that the right hand half portion
N {z > 0} is contained in the horn-shaped end. Let ¢ be a smooth bump function
with ¢ = 1 for z < 2, and ¢ = 0 for z > 3. Construct a new metric g on a (topological)
three-ball B? as follows

(7.3.7) - 203

—1log(16 — 22), z € [3.9,4),

9, z=0,
(7.3.8) g= e . zelo,

pe g+ (1—p)e > hgy,  2€[2,3],

h2e=2f gq, z € [3,4].

The surgery is to replace the horn-shaped end by the cap (B3, §). We call such surgery
procedure a d-cutoff surgery.

The following lemma determines the constants ¢ and P in the J-cutoff surgery so
that the pinching assumption is preserved under the surgery.

LEMMA 7.3.4 (Justification of the pinching assumption). There are universal
positive constants dg, co and Py such that if we take a §-cutoff surgery at a d-neck of
radius h at time T with § < 6o and h™2 > 2¢? log(1 +T), then we can choose ¢ = ¢y
and P = Py in the definition of f(z) such that after the surgery, there still holds the
pinching condition

(7.3.9) R > (—0)[log(=7) 4+ log(1 +T) — 3]

whenever b < 0, where R is the scalar curvature of the metric g and U is the least
eigenvalue of the curvature operator of g. Moreover, after the surgery, any metric ball
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of radius 6~ 2h with center near the tip (i.e., the origin of the attached cap) is, after

“1
scaling with factor h=2, 62 -close (in the C1® 21 topology) to the corresponding ball of
the standard capped infinite cylinder C(co, Pp).

Proof. First, we consider the metric g on the Portion {0 < z < 2}. Under the
conformal change § = e~2/g, the curvature tensor Rij1; is given by

Rijii = e 2| Rijri + |V 12 (Gugjx — Gixgjt) + (fix + fife)gi

+ (i + fi )Gk — (fa + fif)gie — (fix + fife)Gir |-

If {F, = Fé% is an orthonormal frame for g;;, then {F, = e/F, = F! 621»} is an

orthonormal frame for §;;. Let

then
(7.3.10) Rapea = €/ [Rabcd + [V f1?(Baddbe — SacOba) + (fac + fafe)Oba
+ (foa + fofa)oac = (Faa + Faf)oe = (Foc + fof)ud).

and
(7.3.11) R=e*(R+4Af —2|Vf]?)
Since

df _r P d*f _» (P2 2P

dz T g T (?_z_3)’

then for any small 8 > 0, we may choose ¢ > 0 small and P > 0 large such that for

z € [0, 3], we have
df \*
()] <o

On the other hand, by the definition of §-neck of radius h, we have

a
dz

af  d*f
(7.3.12) |e2f-—1|4—‘ ’-+ Tz g <0

|g - h2go|go < 6h27

IV9glge < 0R%, for 1<j <[5,

where go is the standard metric of the round cylinder S? x R. Note that in three
dimensions, we can choose the orthonormal frame {F, F», F3} for the metric g so
that its curvature operator is diagonal in the orthonormal frame {\/§F2 A Fy,\/2F5 A
Fi V2F A Fy} with eigenvalues 7 < i < X and

U =2Ro303, [ =2R3131, A=2Ri212.
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Since h=2§ is d-close to the standard round cylinder metric go on the §-neck, we have
|Rs131| + | Ragos| < 05h2,
(7.3.13) |R1212 — %h72| < 6%h72,
|Fy —h 12, < 85hL,
for suitably small § > 0. Since V,z = Vz(F,) and V,Vyz = V22(F,, F}), it follows
that
Vsz—h™H < &5h L,
V12| + |Vaz| < 65071,
and
VoViz| < 65h72, for 1<a,b<3.
| | ; ;

By combining with

- df - - - df = = dfo =
Vaf = _fvaza vavbf = _fvllvbz + _fvilzvbz
dz dz dz?
and (7.3.12), we get
|?af|<26‘h_1§27§, for 1 <a<3,
(7.3.14) IVaVif| < 65h2LL unless a = b= 3,

VaVsf —h—2Lf| < sin—2LL,
By combining (7.3.10) and (7.3.14), we have

dz27
Rs131 > Ryizi + (1603 — 5%)}‘72%’
Rosas > Rogas + (1 - 607 — 5%)}172%,

|Rabcd| < (9% + 5%)h72%, otherwise,

Ri212 > Risrz — (67 + 5g)h_2d2—f
(1

(7.3.15)

where 6 and § are suitably small. Then it follows that

R>Ri—60b +ohn2tt
- d227
1 1 d2

< -0 —[2-2(03 + 65)]h*2d—£,

for suitably small 6 and §.
If 0 < —7 < €2, then by the assumption that h=2 > 2e%log(1 + T'), we have

R>R
1
> _h 2
=2
> e?log(1+ 1)

> (—v)[log(—v) +log(1 +T) — 3].
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While if —7 > €2, then by the pinching estimate of g, we have

=}
=o]]

AVARAVARLY,

Ylog(—7) +log(1 4+ T) — 3]
)log(—7) +log(1+T) — 3.

|
N

—
|
S

So we have verified the pinching condition on the portion {0 < z < 2}.

Next, we consider the metric § on the portion {2 < z < 4}. Let 6 be a fixed
suitably small positive number. Then the constant ¢ = ¢y and P = P, are fixed.
So ¢ = min e[y g % > 0 is also fixed. By the same argument as in the derivation
of (7.3.15) from (7.3.10), we see that the curvature of the metric § = e~2/ gy of the
standard capped infinite cylinder C(co, Py) on the portion {1 < z < 4} is bounded
from below by %C > 0. Since h™2g is d-close to the standard round metric go, the
metric h=2j defined by (7.3.8) is clearly d%-close to the metric § = e~ 2/ gy of the
standard capped infinite cylinder on the portion {1 < z < 4}. Thus as § is sufficiently
small, the curvature operator of § on the portion {2 < z < 4} is positive. Hence the
pinching condition (7.3.9) holds trivially on the portion {2 < z < 4}.

The last statement in Lemma 7.3.4 is obvious from the definition (7.3.8). O

Recall from Lemma 7.3.2 that the d-necks at a time ¢ > 0, where we performed
Hamilton’s surgeries, have their radii 0 < h < 6p = 6%r(t). Without loss of generality,
we may assume the positive nonincreasing function r(¢) in the definition of the canon-
ical neighborhood assumption is less than 1 and the universal constant dp in Lemma
7.3.4 is also less than 1. We define a positive function §(t) by

(7.3.16) 5(t) = min{ L 50 50} for t € [0, +00).

2e2 log(

From now on, we always assume 0 < § < 6(t) for any §-cutoff surgery at time
t > 0 and assume ¢ = ¢y and P = Fy. As a result, the standard capped infinite
cylinder and the standard solution are also fixed. The following lemma, which will
be used in the next section, gives the canonical neighborhood structure for the fixed
standard solution.

LEMMA 7.3.5. Let g;;(x,t) be the above fized standard solution to the Ricci flow
on R3 x [0,1). Then for any € > 0, there is a positive constant C(e) such that each
point (z,t) € R3 x [0,1) has an open neighborhood B, with By(x,r) C B C By(z,2r)
for some 0 < 1 < C(e)R(x,t)" 2, which falls into one of the following two categories:
either

(a) B is an e-cap, or

(b) B is an e-neck and it is the slice at the time t of the parabolic neighborhood

By(z,e *R(x,t)"2) x [t — min{R(x,t)"1,t},t], on which the standard solu-
tion is, after scaling with the factor R(x,t) and shifting the time t to zero,
e-close (in the cl™ topology) to the corresponding subset of the evolving
standard cylinder S*> x R over the time interval [— min{tR(z,t),1},0] with
scalar curvature 1 at the time zero.

Proof. The proof of the lemma is reduced to two assertions. We now state and
prove the first assertion which takes care of those points with times close to 1.
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ASSERTION 1. For any € > 0, there is a positive number 6 = 0(¢) with 0 < 6 < 1
such that for any (zg,%p) € R? x [0, 1), the standard solution on the parabolic neigh-
borhood By, (x, e  R(z0,t0) ™ 2) X [to — 2R (0, to) 1, to] is well-defined and is, after
scaling with the factor R(zo,to), e-close (in the Cl5™'] topology) to the corresponding
subset of some orientable ancient x-solution.

We argue by contradiction. Suppose Assertion 1 is not true, then there exist
€ > 0 and a sequence of points (xy,tr) with ¢ — 1, such that for each k, the
standard solution on the parabolic neighborhood

By, (25, & "R(xp, te)"2) X [te — & 2R(xp, te) ", ]

is not, after scaling by the factor R(xg,tx), &-close to the corresponding subset of
any ancient k-solution. Note that by Proposition 7.3.3, there is a constant C' > 0
(depending only on the initial metric, hence it is universal ) such that R(z,t) >
C~1/(1 —t). This implies

E_QR(wk,tk)_l < 05_2(1 — tk) < tg,

and then the standard solution on the parabolic neighborhood By, (zk,
E T R(wp, te)"2) X [tk — & 2R(xp, tr) "L, ts] is well-defined for k large. By Claim 1
in the proof of Proposition 7.3.3, there is a positive function w : [0,00) — [0, 00) such
that

R(ZE, tk) S R(:Ek, tk)w(R(a:k, tk)d?k (ZE, xk))

for all z € R3. Now by scaling the standard solution g;;(-,¢) around zj with the
factor R(zy,t;) and shifting the time ¢ to zero, we get a sequence of the rescaled
solutions gf;(x,t) = R(xk, tx)gij (2, tx +t/R(2k, tx)) to the Ricci flow defined on R?
with ¢ € [—R(xk, tx)tr,0]. We denote the scalar curvature and the distance of the
rescaled metric gfj by RF and d. By combining with Claim 1 in the proof of Proposition
7.3.3 and the Li-Yau-Hamilton inequality, we get

Rk(xv 0) < w(d%(x, xk))
R d) < I )
t+ R(CL‘;C, tk)tk
for any € R?® and ¢ € (—R(x, tk)tk, 0]. Note that R(zg,tx)tr — oo by Proposition
7.3.3. We have shown in the proof of Proposition 7.3.3 that the standard solution is x-
noncollapsed on all scales less than 1 for some £ > 0. Then from the k-noncollapsing
property, the above curvature estimates and Hamilton’s compactness theorem, we
know gf;(z,t) has a convergent subsequence (as k — oo) whose limit is an ancient, -
noncollapsed, complete and orientable solution with nonnegative curvature operator.
This limit must have bounded curvature by the same proof of Step 3 in the proof of
Theorem 7.1.1. This gives a contradiction. Hence Assertion 1 is proved.

We now fix the constant 6(c) obtained in Assertion 1. Let O be the tip of the
standard capped infinite cylinder R3 (it is rotationally symmetric about O at time 0,
and it remains so as ¢ > 0 by the uniqueness Theorem 1.2.4).

ASSERTION 2. There are constants Bj(¢) and Ba(e) depending only on ¢, such
that if (zo,t0) € R?® x [0,0) with dy,(29,0) < Bi(e), then there is a 0 < r < Ba(¢)
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such that By, (wo,7) is an e-cap; if (zo,to) € R3 x [0,0) with dy, (70, O) > Bi(e), then
the parabolic neighborhood By, (0, 'R0, t0) " 2) X [to —min{R(z0,t0) "L, o}, to] is
after scaling with the factor R(zg,to) and shifting the time to to zero, e-close (in the
cll topology) to the corresponding subset of the evolving standard cylinder S? x R

over the time interval [— min{toR(zg, o), 1}, 0] with scalar curvature 1 at time zero.

Since the standard solution exists on the time interval [0,1), there is a con-
stant By(e) such that the curvatures on [0,6(¢)] are uniformly bounded by By(e).
This implies that the metrics in [0,6(g)] are equivalent. Note that the initial met-
ric is asymptotic to the standard capped infinite cylinder. For any sequence of
points xp with do(O,x,) — oo, after passing to a subsequence, g¢;;(z,t) around
x), will converge to a solution to the Ricci flow on R x S? with round cylinder
metric of scalar curvature 1 as initial data. By the uniqueness theorem (Theorem
1.2.4), the limit solution must be the standard evolving round cylinder. This implies
that there is a constant Bi(g) > 0 depending on e such that for any (zo,%o) with
to < 0(¢) and dy,(x0,0) > Bi(e), the standard solution on the parabolic neighbor-
hood By, (0, 2 R(xo,t0)"2) X [to —min{ R(zq, to) ", to}, to] is, after scaling with the
factor R(xg,tp), e-close to the corresponding subset of the evolving round cylinder.
Since the solution is rotationally symmetric around O, the cap neighborhood struc-
tures of those points zo with d;,(xg, O) < Bj(e) follow directly. Hence Assertion 2 is
proved.

The combination of these two assertions proves the lemma. O

Since there are only a finite number of horns with the other end connected to €,
we perform only a finite number of such §-cutoff surgeries at time T. Besides those
horns, there could be capped horns and double horns which lie in Q\,. As explained
before, they are connected to form tubes or capped tubes at any time slightly before
T. So we can regard the capped horns and double horns (of Q\ Q,) to be extinct and
throw them away at time T'. We only need to remember that the connected sums were
broken there. Remember that we have thrown away all compact components, either
lying in Q\ Q, or with positive sectional curvature, each of which is diffeomorphic to
either S?, or a metric quotient of S?, or S2 x S or RP*#RP?. So we have also removed
a finite number of copies of S3, or metric quotients of S3, or S x S* or RP*#RP? at
the time T'. Let us agree to declare extinct every compact component either
with positive sectional curvature or lying in Q\ Q,; in particular, this allows us
to exclude the components with positive sectional curvature from the list of canonical
neighborhoods.

In summary, our surgery at time T consists of the following four procedures:

(1) perform &-cutoff surgeries for all e-horns, whose other ends are connected to
Qp;

(2) declare extinct every compact component which has positive sectional curva-
ture;

(3) throw away all capped horns and double horns lying in Q\ Q,;

(4) declare extinct all compact components lying in 2\ Q,.

(In Sections 7.6 and 7.7, we will add one more procedure by declaring extinct every
compact component which has nonnegative scalar curvature.)

By Lemma 7.3.4, after performing surgeries at time 7', the pinching assumption
(7.3.3) still holds for the surgically modified manifold. With this surgically modified
manifold (possibly disconnected) as initial data, we now continue our solution under



430 H.-D. CAO AND X.-P. ZHU

the Ricci flow until it becomes singular again at some time 77(> T'). Therefore, we
have extended the solution to the Ricci flow with surgery, originally defined on [0,T)
with T' < 400, to the new time interval [0,7") with 7/ > T'. By the proof of Theorem
5.3.2, we see that the solution to the Ricci flow with surgery also satisfies the pinching
assumption on [0,7”). It remains to verify the canonical neighborhood assumption
(with accuracy €) for the solution on the time interval [T, 7”) and to prove that this
extension procedure works indefinitely (unless it becomes extinct at some finite time)
and that there exists at most a finite number of surgeries at every finite time interval.
We leave these arguments to the next section.

Before we end this section, we check the following two assertions of Perelman in
[104] which will be used in the next section to estimate the Li-Yau-Perelman distance
of space-time curves which stretch to surgery regions.

LEMMA 7.3.6 (Perelman [104]). For any 0 < ¢ < 1/100, 1 < A < +o0 and
0<6<1, one can find § = §(A,0,¢) with the following property. Suppose we have a
solution to the Ricci flow with surgery which satisfies the a priori assumptions (with
accuracy €) on [0,T] and is obtained from a compact orientable three-manifold by a
finite number of §-cutoff surgeries with each § < §. Suppose we have a cutoff surgery
at time Ty € (0,T), let o be any fized point on the gluing caps (i.e., the regions
affected by the cutoff surgeries at time Ty), and let Ty = min{T, Ty + 0h*}, where h
is the cutoff radius around xo obtained in Lemma 7.3.2. Then either
(i) the solution is defined on P(xq, Ty, Ah, Ty —Tp) £ {(x,t) | € By(zo, Ah),t €
[Ty, T1]} and is, after scaling with factor h=2 and shifting time Ty to zero,
A~L-close to a corresponding subset of the standard solution, or

(ii) the assertion (i) holds with Ty replaced by some time t* € (Ty,T1), where
tt is a surgery time; moreover, for each point in Br,(xg, Ah), the solution
is defined for t € [Ty, tt) but is not defined past t* (i.e., the whole ball
Br,(z0, Ah) is cut off at the time t).

Proof. Let () be the maximum of the scalar curvature of the standard solution in
the time interval [0, 8] and choose a large positive integer N so that At = % <
en Q7 'h2, where the positive constant 7 is given in the canonical neighborhood
assumption. Set tx = Tp + kAt, k=0,1,...,N.

From Lemma 7.3.4, the geodesic ball By, (zg, Aoh) at time Ty, with Ay = 53
is, after scaling with factor h=2, § 3_close to the corresponding ball in the standard
capped infinite cylinder with the center near the tip. Assume first that for each point
in Br, (zo, Aoh), the solution is defined on [Ty, ¢1]. By the gradient estimates (7.3.4)
in the canonical neighborhood assumption and the choice of At we have a uniform
curvature bound on this set for h~2-scaled metric. Then by the uniqueness theorem
(Theorem 1.2.4), if §2 — 0 (i.e. Ag = 672 — 400), the solution with i~ 2-scaled
metric will converge to the standard solution in the C%, topology. Therefore we
can define A;, depending only on Ay and tending to infinity with Ag, such that the
solution in the parabolic region P(zg, Ty, A1h,t1 —Tp) 2 {(x,t) | x € By(xo, A1h),t €
[To, To + (t1 — Tp)]} is, after scaling with factor h=2 and shifting time T} to zero,
Al_l—close to the corresponding subset in the standard solution. In particular, the
scalar curvature on this subset does not exceed 2Qh~2. Now if for each point in
Br, (xg, A1h) the solution is defined on [Tp, 2], then we can repeat the procedure,
defining Ay, such that the solution in the parabolic region P(xq, Ty, Ash,ts — Tp) £
{(z,t) | € Bi(wo, Ash),t € [To,To + (t2 — Tp)]} is, after scaling with factor h=2
and shifting time T, to zero, A, L_close to the corresponding subset in the standard
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solution. Again, the scalar curvature on this subset still does not exceed 2Qh 2.
Continuing this way, we eventually define Ay. Note that N is depends only on 6
and €. Thus there exists a positive 6 = 6(A,6,¢) such that for § < &, we have
Ag > Ay > -+ > Ax > A, and assertion (i) holds when the solution is defined on
BTO (,To, A(N,l)h) X [To, Tl].

The above argument shows that either assertion (i) holds, or there exists some
k(0 <k < N-—1)and a surgery time t* € (t,tx+1] such that the solution on
Br, (z0, Arh) is defined on [Tp, t™), but for some point of this set it is not defined past
t*. Now we consider the latter case. Clearly the above argument also shows that the
parabolic region P(wzg, Ty, Axs1h,tt —Tp) £ {(z,t) | © € Bi(z, Api1h),t € [To, t1)}
is, after scaling with factor h~2 and shifting time Ty to zero, Al;il-close to the
corresponding subset in the standard solution. In particular, as time tends to tT,
the ball Br,(zo, Ag+1h) keeps on looking like a cap. Since the scalar curvature
on Br, (7o, Agh) x [Ty, tx] does not exceed 2Qh~2, it follows from the pinching as-
sumption, the gradient estimates in the canonical neighborhood assumption and the
evolution equation of the metric that the diameter of the set Br,(zo, Axh) at any
time ¢ € [Ty, tt) is bounded from above by 46~ zh. These imply that no point of
the ball Br,(zo, Arh) at any time near t* can be the center of a d-neck for any
0<6<6(A,0,¢) with §(A,60,¢) > 0 small enough, since 46~ 2 h is much smaller than
5~ 1h. However the solution disappears somewhere in the set Br, (7o, Axh) at time
tT by a cutoff surgery and the surgery is always done along the middle two-sphere
of a d-neck. So the set Br,(zo, Axh) at time ¢ is a part of a capped horn. (Recall
that we have declared extinct every compact component with positive curvature and
every compact component lying in 2\ ©2,). Hence for each point of Br,(xo, Axh) the
solution terminates at ¢*. This proves assertion (ii). O

COROLLARY 7.3.7 (Perelman [104]). For any | < oo one can find A = A(l) <
oo and 0 = 6(1), 0 < 0 < 1, with the following property. Suppose we are in the
situation of the lemma above, with § < §(A,0,¢). Consider smooth curves vy in the set
Br, (0, Ah), parametrized by t € [Ty, T,], such that ¥(Ty) € Br,(xo, 4L) and either
T,=Ti <T, or T, < Ty and v(T) € OBr,(x0, Ah), where xo is any fized point on
a gluing cap at Ty and Ty = min{T, To + 0h?}. Then

T’Y
[ @600+ 0P > 1.

To

Proof. We know from Proposition 7.3.3 that on the standard solution,

6 6
/ Rdt > const. / (1—t)"tdt

0 0
= —const. -log(1 — 0).

By choosing 0 = 6(1) sufficiently close to 1 we have the desired estimate for the
standard solution.

Let us consider the first case: T, =T1 < T'. For 6 = (1) fixed above, by Lemma
7.3.6, our solution in the subset Br, (zo, Ah) and in the time interval [Ty, T’,] is, after
scaling with factor h=2 and shifting time T} to zero, A~'-close to the corresponding
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subset in the standard solution for any sufficiently large A. So we have

T, 9
L/(Mﬂ&ﬂ+ﬁ@ﬂﬁ2wmt/ﬂeﬂ”ﬁ
0

To
= —const. - log(1l — 0).

Hence we have obtained the desired estimate in the first case.

We now consider the second case: T, < T and v(Ty) € 0Br,(xo,Ah). Let
6 = (1) be chosen above and let @ = Q(I) be the maximum of the scalar curvature
on the standard solution in the time interval [0, ].

On the standard solution, we can choose A = A(l) so large that for each ¢ € [0, 6],

diStt (LL'Q, aBo(LL'Q, A)) Z diSto (xo, 8Bo(x0, A)) - 4.(Q + 1)t
>A-4(Q+1)0
4

>-A
-5

dist; (Io,aBo <$0, g)) < §7

where we have used Lemma 3.4.1(ii) in the first inequality. Now our solution in the
subset Br, (o, Ah) and in the time interval [Ty, T,] is, after scaling with factor h~2
and shifting time T, to zero, A~!-close to the corresponding subset in the standard
solution. This implies that for A = A(l) large enough

and

1
2

T, T,
;ms/ wmws</ wmwo (T, ~ T,

To TO

NG

Hence

Ty ) 5 A2
[ .0+ P 251

This proves the desired estimate. 0

7.4. Justification of the Canonical Neighborhood Assumptions. We con-
tinue the induction argument for the construction of a long-time solution to the Ricci
flow with surgery. Let us recall what we have done in the previous section. Let ¢ be an
arbitrarily given positive constant satisfying 0 < ¢ < 1/100. For an arbitrarily given
compact orientable normalized three-manifold, we evolve it by the Ricci flow. We may
assume that the solution goes singular at some time 0 < t]” < +o0 and know that the
solution satisfies the a priori assumptions (with accuracy €) on [0,¢]) for a nonincreas-
ing positive function r = r1(¢) (defined on [0, +00)). Suppose that we have a solution
to the Ricci flow with surgery, defined on [0,¢]) with 0 < t] <5 <--- <t} < +oo,
satisfying the a priori assumptions (with accuracy ) for some nonincreasing positive
function r = ry(t) (defined on [0, +00)), going singular at time ¢; and having &;-cutoff
surgeries at each time t;r, 1<i¢<k-1,whered; < S(t;r) foreach1 <i¢ < k—1. Then
for any 0 < 6, < & (t:), we can perform dg-cutoff surgeries at the time t; and extend
the solution to the interval [0, tzﬂ) with tZ‘H > ;. Here §(t) is the positive function
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defined in (7.3.16). We have already shown in Lemma 7.3.4 that the extended solution
still satisfies the pinching assumption on [0, tzﬂ).

In view of Theorem 7.1.1, there always is a nonincreasing positive function r =
Tr+1(t), defined on [0, +00), such that the canonical neighborhood assumption (with
accuracy €) holds on the extended time interval [0, tZ+1) with the positive function r =
rr+1(t). Nevertheless, in order to prevent the surgery times from accumulating, the
key is to choose the nonincreasing positive functions r = r;(t),i = 1,2, ..., uniformly.
That is, to justify the canonical neighborhood assumption (with accuracy €) for the
indefinitely extending solution, we need to show that there exists a nonincreasing
positive function 7(¢), defined on [0, +00), which is independent of k, such that the
above chosen nonincreasing positive functions satisfy

ri(t) > 7(t), on [0,+00),

foralli=1,2,...,k+ 1. -
By a further restriction on the positive function §(t), we can verify this after
proving the following assertion which was stated by Perelman in [104].

PROPOSITION 7.4.1 (Justification of the canonical neighborhood assumption).
Given any small € > 0, there exist decreasing sequences 0 < r; < €, k; > 0, and
0 < g] < €2, j=1,2,---, with the following property. Define the positive function
5(t) on [0,+00) by o(t) = gj for t € [(j — 1)e%,j%). Suppose there is a surgically
modified solution, defined on [0, T) with T < 400, to the Ricci flow which satisfies the
following:

(1) it starts on a compact orientable three-manifold with normalized initial metric,
and

(2) it has only a finite number of surgeries such that each surgery at a time
t € (0,T) is a 0(t)-cutoff surgery with

0 < 6(t) < min{d(t),8(t)}.

Then on each time interval [(j — 1)e2, 72 N[0, T), 5 = 1,2,---, the solution satisfies
the kj-noncollapsing condition on all scales less than € and the canonical neighborhood
assumption (with accuracy €) with r =7;.

Here and in the following, we call a (three-dimensional) surgically modified solu-
tion g;;(t),0 <t < T, k-noncollapsed at (z¢,%y) on the scales less than p (for some
k> 0,p > 0) if it satisfies the following property: whenever r < p and

|[Rm(a, )| <12

for all those (z,t) € P(zo,to,r, —12) = {(2/,¢') | 2’ € By/(wo,7),t' € [to — 1%, t0]}, for
which the solution is defined, we have

Voly, (Bi, (zo,7)) > K.

Before we give the proof of the proposition, we need to verify a sk-noncollapsing
estimate which was given by Perelman in [104].

LEMMA 7.4.2. Given any 0 < € < & (for some sufficiently small universal
constant &), suppose we have constructed the sequences satisfying the proposition for
1 < j < m (for some positive integer m). Then there exists k > 0, such that for any
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r, 0<r<e, one can find 5 = g(?‘, g), 0 < 5 < €2, which may also depend on the
already constructed sequences, with the following property. Suppose we have a solution
with a compact orientable normalized three-manifold as initial data, to the Ricci flow
with finite number of surgeries on a time interval [0,T] with me? < T < (m + 1)e2,
satisfying the assumptions and the conclusions of Proposition 7.4.1 on [0,me?), and
the canonical neighborhood assumption (with accuracy €) with r on [me2,T), as well
as 0 < §(t) < min{0,6(t)} for any 6-cutoff surgery with § = 8(t) at a time t €
[(m —1)e2, T]. Then the solution is k-noncollapsed on [0, T) for all scales less than e.

Proof. Consider a parabolic neighborhood
P({E(),to,?”o, —Tg) 2 {(.I,t) | T € Bt(xo,To),t (S [to — ’I”g, to]}

with me? <ty < T and 0 < 7 < &, where the solution satisfies |Rm/| < 7"62, whenever
it is defined. We will use an argument analogous to the proof of Theorem 3.3.2 (no
local collapsing theorem I) to prove

(7.4.1) Vol 4, (B, (0, 70)) > k7.

Let 1 be the universal positive constant in the definition of the canonical neigh-
borhood assumption. Without loss of generality, we always assume 1 > 10. Firstly,
we want to show that one may assume rg > %r.

Obviously, the curvature satisfies the estimate

|Rm(z,t)| < 20ry 2,
for those (z,t) € P(xo, to, %ro, —ér%) = {(z,t) | z € By(xo, %ro),t € [to—érg,to]},
for which the solution is defined. When rg < %r, we can enlarge ro to some r( € [rg, 7]
so that

|Rm| < 2072

on P(xzg, to, %7‘6, —#rfﬁ) (whenever it is defined), and either the equality holds some-
where in P(x, to, %ré, —(%r’g + ¢')) for any arbitrarily small € > 0 or r(, = r.

In the case that the equality holds somewhere, it follows from the pinching as-
sumption that we have

R> 10152
somewhere in P(xq, o, %7‘6, —(%r’g + ¢')) for any arbitrarily small ¢ > 0. Here,
without loss of generality, we have assumed r is suitably small. Then by the gradient
estimates in the definition of the canonical neighborhood assumption, we know

R(zo,t0) > 7“6_2 > 2,

Hence the desired noncollapsing estimate (7.4.1) in this case follows directly from the
canonical neighborhood assumption. (Recall that we have excluded every compact
component which has positive sectional curvature in the surgery procedure and then
we have excluded them from the list of canonical neighborhoods. Here we also used
the standard volume comparison when the canonical neighborhood is an e-cap.)
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While in the case that r{, = r, we have the curvature bound

1\ 2
|[Rm(z,t)] < (%T) ,

for those (z,t) € P(:co,to,%r,—(%ry) = {(z,t) | z € Bt(xo,%r),t € [to —

(;—nr)z,to]}, for which the solution is defined. It follows from the standard volume

comparison that we only need to verify the noncollapsing estimate (7.4.1) for ro = %r.

Thus we have reduced the proof to the case ry > %r.

Recall from Theorem 3.3.2 that if a solution is smooth everywhere, we can get
a lower bound for the volume of the ball By, (xo,79) as follows: define 7(t) = tg — ¢t
and consider Perelman’s reduced volume function and the Li-Yau-Perelman distance
associated to the point xg; take a point Z at the time t = €2 so that the Li-Yau-
Perelman distance [ attains its minimum Iy (7) = (T, 7) < % for 7 =ty — &2; use
it to obtain an upper bound for the Li-Yau-Perelman distance from zy to each point
of By(z,1), thus getting a lower bound for Perelman’s reduced volume at 7 = to;
apply the monotonicity of Perelman’s reduced volume to deduce a lower bound for
Perelman’s reduced volume at 7 near 0, and then get the desired estimate for the
volume of the ball By, (zg, 7). Now since our solution has undergone surgeries, we
need to localize this argument to the region which is unaffected by surgery.

We call a space-time curve in the solution track admissible if it stays in the space-
time region unaffected by surgery, and we call a space-time curve in the solution track
a barely admissible curve if it is on the boundary of the set of admissible curves.

First of all, we want to estimate the £-length of a barely admissible curve.

CrLamM. For any L < oo one can find § = §(L,7,7,,,€) > 0 with the following
property. Suppose that we have a curve ~y, parametrized by t € [Ty, to], (m — 1)e? <
To < to, such that y(tg) = zo, Tp is a surgery time, and v(7p) lies in the gluing cap.
Suppose also each d-cutoff surgery at a time in [(m — 1), T] has 6 < §. Then we
have an estimate

(7.4.2) /T Vi TE(R (4(8),0) + )Pt > T

where R, = max{R,0}.

Since rg > %r and |Rm| < ry? on P(zg,to, 70, —72) (Whenever it is defined), we
can require § > 0, depending on r and 7,,, to be so small that (Tp) does not lie in
the region P(zq,to, 70, —rg). Let At be the maximal number such that 7|[t0,At7t0] C
P(xg,to, 70, —At) (i.e., to — At is the first time when ~y escapes the parabolic region
P(zo,to, 70, —72)). Obviously we only need to consider the case:

/t iAt Vo — (R (7(t),1) + |ﬁ(t)|2)dt <L

We observe that At can be bounded from below in terms of L and ry. Indeed, if
At > r¢, there is nothing to prove. Thus we may assume At < rg. By the curvature
bound |Rm| < 752 on P(z0,t,70, —r2) and the Ricci flow equation we see

to
[ bitwlde = ero
t

0—At
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for some universal positive constant c. On the other hand, by the Cauchy-Schwarz

inequality, we have
to 1
([ 7m=)
to—At Vo — 1t

N|=
Nl=

/0 [y(#)]dt < ( ) \/to —t(Ry + |ﬁ|2)dt>
to—At —
< (2L)3 (Atﬁ

which implies
) 2
(7.4.3) (At)z > —Y,

Thus

to to—At
/ Vi =Ry + )t > Vio—E(Ry + APt

To

1

(At) */ (Ry + |¥*)dt

_( o{Shord) [ s

while by Corollary 7.3.7, we can find § = 6(L,r, 7, €) > 0 so small that

to—At 272 -1
/ (Ry + |¥|2)dt > L (min {—0,T0}> .
- oL

Then we have proved the desired assertion (7.4.2).

Recall that for a curve 7, parametrized by 7 =1to —t € [0, 7], with v(0) = ¢ and
7 <to— (m—1)e%, we have L(y fo VT(R + [§]?)dr. We can also define L (v)
by replacing R with R, in the prev1ous formula Recall that R > —1 at the initial
time ¢ = 0 for the normalized initial manifold. Recall that the surgeries occur at the
parts where the scalar curvatures are very large. Thus we can apply the maximum
principle to conclude that the solution with surgery still satisfies R > —1 everywhere
in space-time. This implies

m

(7.4.4) Li(y) < L(y) + (2¢%)2.

By applying the assertion (7.4.2), we now choose 6>0 (depending on r, € and 77,)
such that as each d-cutoff surgery at the time interval t € [(m — 1)e?,T] has 6 < ¢,
every barely admissible curve v from (zg, %) to a point (z,t) (with ¢ € [(m —1)e?,y))
has

Li(y) > 22V2.

Thus if the Li-Yau-Perelman distance from (zg,%) to a point (z,t) (with ¢t € [(m —
1)e2,t0)) is achieved by a space-time curve which is not admissible, then its Li-Yau-
Perelman distance has

(7.4.5) 1> w
24/2¢

> 10e7!
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We also observe that the absolute value of I(xg,7) is very small as 7 closes to zere.
Thus the maximum principle argument in Corollary 3.2.6 still works for our solutions
with surgery because barely admissible curves do not attain the minimum. So we
conclude that

Imin () = min{l(z,7) | = lies in the solution manifold at o — 7} < g

for 7 € (0,t9 — (m—1)?]. In particular, there exists a minimizing curve vy of Iyin(to —
(m —1)e?), defined on 7 € [0,t9 — (m — 1)&2] with (0) = z¢, such that

3
(7.4.6) Li() <35 2v/2¢ + 2v/2¢*
< be,

since 0 < ¢ < &y with &; sufficiently small (to be further determined). Consequently,
there exists a point (Z,7) on the minimizing curve vy with ¢ € [(m — 1)e? 4 12, (m —
e 4 3% (ie., 7 € [to — (m — 1)e? — 32 tg — (m — 1)e? — 1&?]) such that

(7.4.7) R(z,t) < 257,,°.

Otherwise, we have

to—(m—1)e?—1e?
Li(y) > / VAR(y(7), to — 7)dr
t

0o—(m—1)e2—2¢2

~ 5 /1 1
> 257”;12 152 <§€2>
> be,

since 0 < 7, < . This contradicts (7.4.6).

Next we want to get a lower bound for Perelman’s reduced volume of a ball around
7 of radius about 7, at some time slightly before #.

Denote by 6; = %617_1 and 0y = 6%117_1, where 7 is the universal positive constant
in the gradient estimates (7.3.4). Since the solution satisfies the canonical neighbor-
hood assumption on the time interval [(m — 1), me?), it follows from the gradient
estimates (7.3.4) that

(7.4.8) R(x,t) < 4007, 2

for those (x,t) € P(z,, 017, —0272,) = {(z', ') | 2’ € By (%, 017), ' € [t—0272,,1]},
for which the solution is defined. And since the scalar curvature at the points where
the §-cutoff surgeries occur in the time interval [(m — 1)e2, me?) is at least (§) 27,2,
the solution is well-defined on the whole parabolic region P(Z,t,6017,,, —0272,) (i.e.,
this parabolic region is unaffected by surgery). Thus by combining (7.4.6) and (7.4.8),
we know that the Li-Yau-Perelman distance from (zg,t) to each point of the ball
Bi_g,72 (%,017y,) is uniformly bounded by some universal constant. Let us define

Perelman’s reduced volume of the ball B_g,72 (Z,017,), by
‘/71‘.07{4*92;‘?71 (B5792F72n (fv ol?m))
-/ (t(to — T+ 0:7%,)) "2
Bf—egffn (2,017m)

-exp(—l(q, to — T + 0272,))dVi_g,m (q),
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where [(g,7) is the Li-Yau-Perelman distance from (xo,%9). Hence by the -
noncollapsing assumption on the time interval [(m — 1)e2, me?), we conclude that
Perelman’s reduced volume of the ball By_g,= (2, 017, is bounded from below by a
positive constant depending only on ,, and 7,.

Finally we want to apply a local version of the monotonicity of Perelman’s reduced
volume to get a lower bound estimate for the volume of the ball By, (zo,70).

We have seen that the Li-Yau-Perelman distance from (zo, tg) to each point of the
ball By g,72 (%, 6017 ) is uniformly bounded by some universal constant. Now we can
choose a sufficiently small (universal) positive constant & such that when 0 < e < &g,
by (7.4.5), all the points in the ball By g, (Z,017,) can be connected to (zo,to)
by shortest £-geodesics, and all of these £-geodesics are admissible (i.e., they stay in
the region unaffected by surgery). The union of all shortest £-geodesics from (zg, to)
to the ball By g,z (T,017,,) defined by CBg_ g, (T,6017) = {(x,t) | (2,t) lies in
a shortest L-geodesic from (z9,0) to a point in Bi_g,z2 (Z,017,)}, forms a cone-
like subset in space-time with the vertex (zg,to). Denote B(t) by the intersection of
the cone-like subset C'Bj_g,72 (T,017,) with the time-slice at ¢. Perelman’s reduced
volume of the subset B(t) is given by

Vo i(B(t)) = /B (=) eap(llg to —0)dVi(g).

Since the cone-like subset C'By_g,72 (7, 017,,) lies entirely in the region unaffected by
surgery, we can apply Perelman’s Jacobian comparison theorem (Theorem 3.2.7) to
conclude that

(7.4.9) Vig—t(B(t)) > Viy—tra,72, (Bi—o,m2 (,0177))

for all t € [t — 0272, to], where ¢(f,, T ) is some positive constant depending only on
K, and 7o,.

Set & = rg 'Voly, (By, (20,70))%. Our purpose is to give a positive lower bound
for £&. Without loss of generality, we may assume £ < %, thus 0 < &r3 < to—t+672,.

Denote by B(tg — &r3) the subset of the time-slice {t = to — &r2} of which every
point can be connected to (xg,tp) by an admissible shortest £-geodesic. Clearly,
Bty — &r2) € B(to — £r2). We now argue as in the proof of Theorem 3.3.2 to bound
Perelman’s reduced volume of B(ty — ¢rg) from above.

Since rg > %7‘ and 0 = 5(7‘, g, Tm) sufficiently small, the whole region P(zg,to, ro,

—r) is unaffected by surgery. Then by exactly the same argument as in deriving

(3.3.5), we see that there exists a universal positive constant & such that when 0 <
& < &, there holds

(7.4.10) L exp (ér3) C By, (20,70)-

{lvol<ie %}
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Perelman’s reduced volume of E(to — &rd) is given by
(7.4.11)  Veya(Blto — £r9))

[ amed)E exn(—la. €)1V, 630
B(to—&r?)

-/ (4mer)# expl(—1(a. &NV, :3(0)
B(to— £7‘0 ﬂﬁexp{ e 1577}(&‘0)

4 / (4mr2) 4 exp(—1(q, £r2))dViy _e2(a).
B(to—&rg)\ L exp 1 (€r2)

{lvj<%e™ 2}

The first term on the RHS of (7.4.11) can be estimated by

raz (4mer)# expl(—1(a. €NV, r3(0)
(to—€rg)NL exp

2
{\v\sis’%}(&”)

< eCf(4r)3 .63

for some universal constant C, as in deriving (3.3.7). While as in deriving (3.3.8), the
second term on the RHS of (7.4.11) can be estimated by

ray [ (amerd) % expl—ila, €)1V, 3(0)
(to-srdN\Coxp 4 (6rd)
visg

< 47777%6)( “UTNT ()]s —odv
/{|v> 5*%}( ) p(—U(7))T (7)|r=0

= (4m)"3 / - exp(—|v]})dv
{lvl>1¢ 2}

where we have used Perelman’s Jacobian comparison theorem (Theorem 3.2.7) in
the first inequality. Hence the combination of (7.4.9), (7.4.11), (7.4.12) and (7.4.13)
bounds £ from below by a positive constant depending only on x,, and 7,,. Therefore
we have completed the proof of the lemma. O

Now we can prove the proposition.

Proof of Proposition 7.4.1. The proof of the proposition is by induction: having
constructed our sequences for 1 < j < m, we make one more step, defining 7,1,
K41, 5m+1, and redeﬁnlng 5 = (5m+1 In view of the previous lemma, we only need
to define 7,41 and 6m+1

In Theorem 7.1.1 we have obtained the canonical neighborhood structure for
smooth solutions. When adapting the arguments in the proof of Theorem 7.1.1 to
the present surgical solutions, we will encounter the new difficulty of how to take a
limit for the surgically modified solutions. The idea to overcome the difficulty con-
sists of two parts. The first part, due to Perelman [104], is to choose &, and 0,1
small enough to push the surgical regions to infinity in space. (This is the reason
why we need to redefine gm = gm+1.) The second part is to show that solutions are
smooth on some small, but uniform, time intervals (on compact subsets) so that we
can apply Hamilton’s compactness theorem, since we only have curvature bounds;
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otherwise Shi’s interior derivative estimate may not be applicable. In fact, the sec-
ond part is more crucial. That is just concerned with the question of whether the
surgery times accumulate or not. Our argument will use the canonical neighborhood
characterization of the standard solution in Lemma 7.3.5.

We now start to prove the proposition by contradiction. Suppose for sequence of

positive numbers r® and 6%%, satisfying r® — 0 as o — oo and 6*% < -1 (— 0), there
a3

exist sequences of solutions gio‘jﬁ to the Ricci flow with surgery, where each of them
has only a finite number of cutoff surgeries and has a compact orientable normalized
three-manifold as initial data, so that the following two assertions hold:
(i) each é-cutoff at a time t € [(m — 1)e2, (m + 1)&?] satisfies § < 6*7; and
(i) the solutions satisfy the statement of the proposition on [0, me?], but violate
the canonical neighborhood assumption (with accuracy ¢) with r = r® on
[me?, (m + 1)e?).
For each solution gf‘jﬁ , we choose ¢ (depending on « and () to be the nearly first
time for which the canonical neighborhood assumption (with accuracy ) is violated.
More precisely, we choose ¢ € [me?, (m + 1)e?] so that the canonical neighborhood
assumption with r = r® and with accuracy parameter ¢ is violated at some (Z, ),
however the canonical neighborhood assumption with accuracy parameter 2e holds
on t € [me?,t]. After passing to subsequences, we may assume each 6*° is less than
the  in Lemma 7.4.2 with r = r® when « is fixed. Then by Lemma 7.4.2 we have
uniform k-noncollapsing on all scales less than ¢ on [0, {] with some x > 0 independent
of a, (.

Slightly abusing notation, we will often drop the indices o and .

Let §f35 be the rescaled solutions around (z,f) with factors R(z,%)(> r~2? — +0o0)
and shift the times ¢ to zero. We hope to take a limit of the rescaled solutions for
subsequences of a, 3 — oo and show the limit is an orientable ancient x-solution,
which will give the desired contradiction. We divide our arguments into the following
six steps.

Step 1. Let (y,t) be a point on the rescaled solution Z]gﬁ with R(y,1) < A (for
some A > 1) and t € [—(f — (m — 1)e?)R(%,1),0]. Then we have estimate

(7.4.14) R(z,t) < 104

A

for those (z,t) in the parabolic neighborhood P(y,1, %nflA’%, —in AT £
{(«/,t) | 2 € By(y, Iy A=3)t € [f — tn~'A~1,{]}, for which the rescaled so-
lution is defined.

Indeed, as in the first step of the proof of Theorem 7.1.1, this follows directly
from the gradient estimates (7.3.4) in the canonical neighborhood assumption with
parameter 2¢.

Step 2. In this step, we will prove three time extension results.

ASSERTION 1. For arbitrarily fixed o, 0 < A < 400, 1 < C < 400 and
0<B< %52(1"0‘)_2 - %77_10_1, there is a By = Po(e, A, B, C) (independent of «)
such that if 8 > By and the rescaled solution Z]gﬁ on the ball EQ(E, A) is defined on a
time interval [—b, 0] with 0 < b < B and the scalar curvature satisfies

R(z,t) < C, on By(z,A) x [~b,0],

then the rescaled solution ﬁf}ﬁ on the ball By(Z, A) is also defined on the extended
time interval [—b— 7~ 'C~1,0].
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Before giving the proof, we make a simple observation: once a space point in
the Ricci flow with surgery is removed by surgery at some time, then it never appears
for later time; if a space point at some time ¢ cannot be defined before the time ¢ ,
then either the point lies in a gluing cap of the surgery at time t or the time ¢ is the
initial time of the Ricci flow.

Proof of Assertion 1. Firstly we claim that there exists 8y = fo(g, A, B, C) such
that when 8 > [y, the rescaled solution ﬁgﬁ on the ball By (z, A) can be defined before
the time —b (i.c., there are no surgeries interfering in By (Z, A) x [—b— ¢, —b] for some
¢ >0).

We argue by contradiction. Suppose not, then there is some point & € Eo(g’c, A)
such that the rescaled solution gj;ﬁ at  cannot be defined before the time —b. By
the above observation, there is a surgery at the time —b such that the point Z lies in
the instant gluing cap.

Let h (= R(%, 1)zh) be the cut-off radius at the time —b for the rescaled
solution. Clearly, there is a universal constant D such that D h < ﬁ(i, —b)_% < Dh.

By Lemma 7.3.4 and looking at the rescaled solution at the time —b, the gluing

- o1
cap and the adjacent §-neck, of radius h, constitute a (§%%)*-cap K. For any fixed
small positive constant ¢’ (much smaller than €), we see that

B(_y(,(8") ' R(%,~b)"

=

)oK

when 3 large enough. We first verify the following

Cram 1. For any small constants 0 < 6 < 1,0 >0, there exists a 3(8',¢,60) > 0
such that when 3 > 3(¢',¢,6), we have

(i) the rescaled solution §f35 over E(,b) (%,(8")""h) is defined on the time interval
[=b,0] N [~b, b+ (1 — 6)R?];

(ii) the ball E(,b) (%, (8")"'Rh) in the (go‘ﬁ)%—cap K evolved by the Ricci flow on
the time interval [—b, 0N [—b, —b+ (1 —0)h?] is, after scaling with factor h~2,
§’-close (in the ' topology) to the corresponding subset of the standard
solution.

This claim essentially follows from Lemma 7.3.6. Indeed, suppose there is a
surgery at some time ie [—b,0] N (=b, —b + (1 — )h?] which removes some point
Te E(,b) (Z,(8")""h). We assume ie (—b,0] is the first time with that property.

Then by Lemma 7.3.6, there is a 6 = §(¢', ¢, 9) such that if 098 < d, then the ball
E(_b) (z,(8")"'h) in the (go‘ﬁ)%—cap KC evolved by the Ricci flow on the time interval
[—b,z?) is, after scaling with factor h=2, §-close to the corresponding subset of the
standard solution. Note that the metrics for times in [—b, 1?) on E(_b) (z,(8")"'h) are
equivalent. By Lemma 7.3.6, the solution on E(,b) (z, (5’)_1ﬁ) keeps looking like a cap
for t € [0, g) On the other hand, by the definition, the surgery is always done along
the middle two-sphere of a §-neck with § < 58, Then for 0 large, all the points in
E(,b) (z,(8")"'h) are removed (as a part of a capped horn) at the time f. But (near
the tip of the cap) exists past the time #. This is a contradiction. Hence we have proved
that E(,b) (Z,(6")'h) is defined on the time interval [—b, 0] N [=b, —b + (1 — 6)A2].
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The §’-closeness of the solution on B b (7, (8") " h) x ([—b, 0]N[—b, —b+(1—6)h2])
with the corresponding subset of the standard solution follows from Lemma 7.3.6.
Then we have proved Claim 1.

We next verify the following
CLAM 2. There is § = §(CB), 0 < 6 < 1, such that b < (1 — §)h? when 3 large.

Note from Proposition 7.3.3, there is a universal constant D’ > 0 such that the
standard solution satisfies the following curvature estimate

/

R(y,s) > .
(y,8) 27—

We choose § = D’/2(D' +CB). Then for 3 large enough, the rescaled solution
satisfies

_ D' .
(7.4.15) R(z,t) > —————=—h"?
1—(t+bh2
on B(_y)(Z, (6")'h) x ([~b,0] N [~b, —b+ (1 — O)h?)).
Suppose b > (1 — é)iﬂ Then by combining with the assumption }N%(jz, t) < C for
t = (1 —60)h? — b, we have

and then

~ D’
1>(1-9) (1+CB>.
This is a contradiction. Hence we have proved Claim 2.
The combination of the above two claims shows that there is a positive constant
0 < 6 = 6(CB) < 1 such that for any small § > 0, there is a positive 3(&, ¢, 6) such
that when 3 > 3(&',¢,6), we have b < (1 — 6)h? and the rescaled solution in the ball
B( b (T, (0")~ 1h) on the time interval [—b, 0] is, after scaling with factor h =2, §’-close

(in the cl@” topology) to the correspondlng subset of the standard solution.
By (7.4.15) and the assumption R < C on By(z, A) x [—b,0], we know that the
cut-off radius h at the time —b for the rescaled solution satlsﬁes

D/
h>1\=
C’
Let ¢’ > 0 be much smaller than ¢ and min{A~', A}. Since do(:zz 7) < A, it follows
that there is constant C(f) depending only on 6 such that d—p)(Z,7) < C( NA <

(6')"'h. We now apply Lemma 7.3.5 with the accuracy parameter £/2. Let C(g/2)
be the positive constant in Lemma 7.3.5. Without loss of generality, we may assume
the positive constant Ci(¢) in the canonical neighborhood assumption is larger than
4C(g/2). When §'(> 0) is much smaller than ¢ and min{A~!, A}, the point & at the
time ¢ has a neighborhood which is either a %s—cap or a %a—neck.

Since the canonical neighborhood assumption with accuracy parameter ¢ is vio-
lated at (Z,t), the neighborhood of the point Z at the new time zero for the rescaled
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solution must be a 3e-neck. By Lemma 7.3.5 (b), we know the neighborhood is the

slice at the time zero of the parabolic neighborhood
4 o~ ~
P(z,0, gs‘lR(:E, 0)"2,— min{R(z,0)"',b})

(with R(z,0) = 1) which is 3e-close (in the clse™) topology) to the corresponding
subset of the evolving standard cylinder S? x R over the time interval [— min{b, 1},0]
with scalar curvature 1 at the time zero. If b > 1, the %a—neck is strong, which is a
contradiction. While if b < 1, the %s—neck at time —b is contained in the union of the
gluing cap and the adjacent d-neck where the §-cutoff surgery took place. Since ¢ is
small (say € < 1/100), it is clear that the point Z at time —b is the center of an e-neck
which is entirely contained in the adjacent d-neck. By the proof of Lemma 7.3.2, the
adjacent d-neck approximates an ancient x-solution. This implies the point Z at the
time ¢ has a strong e-neck, which is also a contradiction.

Hence we have proved that there exists 5y = Gy (e, A, B, C') such that when 8 > [y,
the rescaled solution on the ball By(#, A) can be defined before the time —b.

Let [tzﬁ ,0] D [=b,0] be the largest time interval so that the rescaled solution 535
can be defined on By(z, A) x [t%°,0]. We finally claim that ¢5° < —b — in~1C7! for
[ large enough.

Indeed, suppose not, by the gradient estimates as in Step 1, we have the curvature
estimate

R(z,t) < 10C
on By(z, A) x [tjﬁ ,—b]. Hence we have the curvature estimate
R(z,t) < 10C

on By(z,A) x [tjﬁ,O]. By the above argument there is a 8y = [o(c, A, B +
%n_lC_l, 10C) such that for 8 > fy, the solution in the ball By(Z, A) can be de-
fined before the time tjﬁ . This is a contradiction.

Therefore we have proved Assertion 1.

ASSERTION 2. For arbitrarily fixed o, 0 < A < 400, 1 < C < 400 and
0 < B < 3e2(r*)™2 — &5, there is a fy = BO(E,A,B,NC) (independent of «) such
that if 8 > By and the rescaled solution §f35 on the ball By(Z, A) is defined on a time

interval [—b + ¢/,0] with 0 < b < B and 0 < € < Zn~! and the scalar curvature
satisfies

R(z,t) < C on By(z,A) x [-b+¢,0],

and there is a point y € By(Z, A) such that R(y,—b+ ¢/) < 3, then the rescaled

solution gg" at y is also defined on the extended time interval [—b — %n_l, 0] and
satisfies the estimate

R(y,t) <15
for t € [-b— &0t —b+¢€].

Proof of Assertion 2. We imitate the proof of Assertion 1. If the rescaled solution
535 at y cannot be defined for some time in [—b — %n_l, —b+ €'), then there is a
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surgery at some time fe [-b— %n_l, —b + €] such that y lies in the instant gluing
cap. Let h (= R(z, f)%h) be the cutoff radius at the time ¢ for the rescaled solution.
Clearly, there is a universal constant D > 1 such that D~'h < R(y,#)"2 < Dh. By
the gradient estimates as in Step 1, the cutoff radius satisfies

h>D 11573,

As in Claim 1 (i) in the proof of Assertion 1, for any small constants 0 < 6 < %,
0’ > 0, there exists a 6(6’,5,9) > 0 such that for 8 > ﬁ(&’,s,é), there is no surgery
interfering in B3 (y, (6")71h) x ([t, (1 — 0)h% + ] N (£,0]). Without loss of generality,
we may assume that the universal constant 7 is much larger than D. Then we have
(1-0)h2+1> b+ 25n~ . As in Claim 2 in the proof of Assertion 1, we can use
the curvature bound assumption to choose = 6(B,C) such that (1 — )h2 + > 0;
otherwise
!
c>2
0h?
for some universal constant D’ > 1, and
z 1
t4+b| < —n71,
[t+bl < £5m

which implies

1>(1-6) (H(,*(%;%nl))'

This is a contradiction if we choose § = D'/2(D' + C(B + 251 1)).

So there is a positive constant 0 < 6 = 6(B,C) < 1 such that for any ¢’ > 0,
there is a positive 3(0’, ¢, 6) such that when § > 8(0,¢,6), we have i < (1 —6)h?
and the solution in the ball E;(:i:, (8')"'h) on the time interval [t:, 0] is, after scaling

with factor h2, §’-close (in the ] topology) to the corresponding subset of the
standard solution.

Then exactly as in the proof of Assertion 1, by using the canonical neighborhood
structure of the standard solution in Lemma 7.3.5, this gives the desired contradic-
tion with the hypothesis that the canonical neighborhood assumption with accuracy
parameter ¢ is violated at (Z,t), for 3 sufficiently large.

The curvature estimate at the point y follows from Step 1. Therefore the proof
of Assertion 2 is complete.

Note that the standard solution satisfies R(z1,t) < D" R(x2,t) for any ¢t € [0, 1]
and any two points x1, x2, where D” > 1 is a universal constant.

ASSERTION 3. For arbitrarily fixed a, 0 < A < 400, 1 < C' < 400, there is a

1
Bo = Bo(e, AC) such that if any point (yo,to) with 0 < —tg < $e2(r®)=2 — gn~1C~!
of the rescaled solution Z]f}ﬁ for B8 > fy satisfies R(yo,t0) < C', then either the rescaled

solution at yo can be defined at least on [ty — %617_10_1,1%0] and the rescaled scalar
curvature satisfies

R 1
R(yo,t) < 10C fort e [to _ En_lc_l,to ,
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or we have
E(,Tl,to) S 2DNE(£IJ2, to)

for any two points 1, xs € Eto (yo, A), where D" is the above universal constant.

Proof of Assertion 3. Suppose the rescaled solution ﬁaﬁ at yo cannot be defined
for some ¢ € [to — &=n"'C~',t); then there is a surgery at some time { € [to —
Ly~1C~, to] such that yo lies in the instant gluing cap. Let i (= R(Z,#)2h) be the

cutoff radius at the time ¢ for the rescaled solution g 9if af By the gradient estimates as
in Step 1, the cutoff radius satisfies

h>D 110202,

where D is the universal constant in the proof of the Assertion 1. Since we assume 7
is suitably larger than D as before, we have %iLQ +1t > ty. Asin Claim 1 (ii) in the
proof of Assertion 1, for arbitrarily small 6’ > 0, we know that for 3 large enough the
rescaled solution on Bj(yo, (6") k) x [f, o] is, after scaling with factor A2, &'-close
(in the C (CONY topology) to the corresponding subset of the standard solution. Since
(6')"'h > A for § large enough, Assertion 3 follows from the curvature estimate of
standard solution in the time interval [0, 3].

Step 3. For any subsequence (ag, 1) of (o, ) with 7®* — 0 and §“#* — 0
as k — 0o, we next argue as in the second step of the proof of Theorem 7.1.1 to
show that the curvatures of the rescaled solutions g;’;k * at the new times zero (after
shifting) stay uniformly bounded at bounded distances from z for all sufficiently large

k. More precisely, we will prove the following assertion:

~Q .
1Pk with rok —

ASSERTION 4. Given any subsequence of the rescaled solutions g;;
0 and §*# — 0 as k — oo, then for any L > 0, there are constants C(L) > 0 and
k(L) such that the rescaled solutions go"“ﬁ * satisfy
(i) R(zx,0) < C(L) for all points z Wlthfio(x,a_?) < Landall k > 1;
(i) the rescaled solutions over the ball By(Z, L) are defined at least on the time
interval [—n~*C(L)~*,0] for all k > k(L).

Proof of Assertion 4. For each p > 0, set

M (p) = sup {R(;v, 0) | k>1 and dy(z,Z) < p in the rescaled solutions g;}kﬁk}
and
po = sup{p >0 [ M(p) < +oo}.

Note that the estimate (7.4.14) implies that py > 0. For (i), it suffices to prove
pPo = +00.

We argue by contradiction. Suppose pg < +o0o. Then there is a sequence of
points y in the rescaled solutions go”‘ﬁ’c with do(x y) — po < +oo and R(y7 0) — +oo.
Denote by 4 a minimizing geodesic segment from Z to y and denote by By(Z, po) the
open geodesic ball centered at Z of radius py on the rescaled solution go‘kﬁ F

First, we claim that for any 0 < p < pg with p near pg, the rescaled solutions
on the balls By(Z, p) are defined on the time interval [—16n ' M(p)~*,0] for all large
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k. Indeed, this follows from Assertion 3 or Assertion 1. For the later purpose in
Step 6, we now present an argument by using Assertion 3. If the claim is not true,
then there is a surgery at some time £ € [—%n_lM(p)_l,O] such that some point
TS Eo(i, p) lies in the instant gluing cap. We can choose sufficiently small §' > 0
such that 2pg < (8')"2h, where h > D~1'20"2M(p)~% is the cutoff radius of the
rescaled solutions at . By applying Assertion 3 with (7,0) = (yo,t0), We see that
there is a k(po, M (p)) > 0 such that when k& > k(po, M(p)),

R(z,0) < 2D"

for all z € By (Z, p). This is a contradiction as p — po.

Since for each fixed 0 < p < pg with p near pg, the rescaled solutions are defined on
Bo(@, p) x [—1sm M (p)~1, 0] for all large k, by Step 1 and Shi’s derivative estimate,
we know that the covariant derivatives and higher order derivatives of the curvatures
on By(,p — W) x [—25n~'M(p)~",0] are also uniformly bounded.

By the uniform k-noncollapsing property and Hamilton’s compactness theorem
(Theorem 4.1.5), after passing to a subsequence, we can assume that the marked se-
quence (Bo(Z, po), Z]Z’“ﬁ *,Z) converges in the C7%, topology to a marked (noncomplete)
manifold (BOO,@?’;’,E) and the geodesic segments v converge to a geodesic segment
(missing an endpoint) v, C Bs emanating from Z.

Clearly, the limit has nonnegative sectional curvature by the pinching assumption.
Consider a tubular neighborhood along v, defined by

V= Boelto, 47(Reo(0))"2).

qoEYoo
where EOO denotes the scalar curvature of the limit and

)

is the ball centered at ¢y € Boo with the radius 4m(Roo(go)) 2. Let Bo denote the
completion of (B, g5y), and yoo € B the limit point of 7... Exactly as in the
second step of the proof of Theorem 7.1.1, it follows from the canonical neighborhood
assumption with accuracy parameter 2¢ that the limiting metric Z];’JO is cylindrical
at any point gy € Yoo which is sufficiently close to y and then the metric space
V =V U {yx} by adding the point y., has nonnegative curvature in the Alexandrov
sense. Consequently we have a three-dimensional non-flat tangent cone C,_V at yoo
which is a metric cone with aperture < 20e.

On the other hand, note that by the canonical neighborhood assumption, the
canonical 2e-neck neighborhoods are strong. Thus at each point ¢ € V near y, the
limiting metric ﬁ;’;’ actually exists on the whole parabolic neighborhood

Boo(qo, 4m(Roo (q0)) ™

Nl=

Nl=

VP (0037 )5~ g Bl ).

and is a smooth solution of the Ricci flow there. Pick z € C,_V with distance one
from the vertex yoo and it is nonflat around z. By definition the ball B(z, %) C
Cy..V is the Gromov-Hausdorff convergent limit of the scalings of a sequence of balls
Boo(ze,00)(C (V,g55)) where o, — 0. Since the estimate (7.4.14) survives on (V, g¥)
for all A < 400, and the tangent cone is three-dimensional and nonflat around z,
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we see that this convergence is actually in the CX. topology and over some ancient
time interval. Since the limiting B (2, 3)(C C,. V) is a piece of nonnegatively curved
nonflat metric cone, we get a contradiction with Hamilton’s strong maximum principle
(Theorem 2.2.1) as before. So we have proved py = co. This proves (i).

By the same proof of Assertion 1 in Step 2, we can further show that for any L,
the rescaled solutions on the balls Eo(g’c, L) are defined at least on the time interval
[ 'C(L)™1,0] for all sufficiently large k. This proves (ii).

Step 4. For any subsequence (ay, 3) of (a,3) with r® — 0 and 5% — 0
as k — oo, by Step 3, the x-noncollapsing property and Hamilton’s compactness
theorem, we can extract a C}%. convergent subsequence of g;}kﬁ * over some space-time
open subsets containing the slice {¢ = 0}. We now want to show any such limit has
bounded curvature at ¢t = 0. We prove by contradiction. Suppose not, then there
is a sequence of points z; divergent to infinity in the limiting metric at time zero
with curvature divergent to infinity. Since the curvature at z, is large (comparable to
one), z¢ has a canonical neighborhood which is a 2e-cap or strong 2e-neck. Note that
the boundary of 2e-cap lies in some 2e-neck. So we get a sequence of 2e-necks with
radius going to zero. Note also that the limit has nonnegative sectional curvature.
Without loss of generality, we may assume 2e < €¢, where ¢ is the positive constant
in Proposition 6.1.1. Thus this arrives at a contradiction with Proposition 6.1.1.

Step 5. In this step, we will choose some subsequence (ay, k) of («, 8) so that
we can extract a complete smooth limit of the rescaled solutions gj;kﬁ * to the Ricci
flow with surgery on a time interval [—a, 0] for some a > 0.

Choose ay, B — oo so that r*+ — 0, sarbr 0, and Assertion 1, 2, 3 hold with
a=ag, =0 forall Ae{p/q|p,q=1,2,...,k},and B,C € {1,2,...,k}. By Step
3, we may assume the rescaled solutions ﬁf‘jkﬁ * converge in the Cf°, topology at the
time ¢ = 0. Since the curvature of the limit at ¢ = 0 is bounded by Step 4, it follows
from Assertion 1 in Step 2 and the choice of the sequence (g, Sx) that the limiting
(Moo, G55 (-, 1)) is defined at least on a backward time interval [—a, 0] for some positive
constant a and is a smooth solution to the Ricci flow there.

Step 6.  We further want to extend the limit in Step 5 backwards in time to
infinity to get an ancient s-solution. Let Ef;’“ﬁ * be the convergent sequence obtained
in the above Step 5.

Denote by

tmax = sup{ t'|we can take a smooth limit on (—#',0] (with bounded
curvature at each time slice) from a subsequence of

the rescaled solutions ﬁf‘jkﬁ k }

We first claim that there is a subsequence of the rescaled solutions gj;kﬁ * which con-
verges in the Cfy, topology to a smooth limit (Moo, iy (+,t)) on the maximal time
interval (—tmax, 0].

Indeed, let t; be a sequence of positive numbers such that t; — t,.x and there exist
smooth limits (M, §7°(-, t)) defined on (—t¢, 0]. For each ¢, the limit has nonnegative
sectional curvature and has bounded curvature at each time slice. Moreover by the
gradient estimate in canonical neighborhood assumption with accuracy parameter 2¢,

the limit has bounded curvature on each subinterval [—b,0] C (—t,0]. Denote by Q
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the scalar curvature upper bound of the limit at time zero (@ is independent of £).
Then we can apply Li-Yau-Hamilton inequality (Corollary 2.5.5) to get

ty =~
—_—

RX(x,t) <

where R°(z,t) are the scalar curvatures of the limits (Mao, §5°(+,t)). Hence by the
definition of convergence and the above curvature estimates, we can find a subsequence
of the rescaled solutions Ef;’“ﬁ * which converges in the CX, topology to a smooth limit
(Moo, g5%(+,t)) on the maximal time interval (—tmax, 0].
We need to show —tpax = —00. Suppose —tmax > —00, there are only the
following two possibilities: either
(1) The curvature of the limiting solution (Mo, g5 (-, )) becomes unbounded as
3 \‘ _tmax; or
(2) For each small constant § > 0 and each large integer ko > 0, there is some k >
ko such that the rescaled solution Z)f}’“ﬁ * has a surgery time T}, € [—tmax—0,0]
and a surgery point xy lying in a gluing cap at the times T} so that dQTk (2k, T)
is uniformly bounded from above by a constant independent of € and k.
We next claim that the possibility (1) always occurs. Suppose not; then the
curvature of the limiting solution (M, g (+,t)) is bounded on Moo X (—tmax,0] by
some positive constant C. In particular, for any A > 0, there is a sufficiently large
integer k1 > 0 such that any rescaled solution ﬁg’“ﬁ ¥ with k£ > k1 on the geodesic
ball By(z, A) is defined on the time interval [—tmax + 5—1017_1@'_1,0] and its scalar
curvature is bounded by 2C there. (Here, without loss of generality, we may assume
that the upper bound C is so large that —tpax + %n’lé’l < 0.) By Assertion 1 in
Step 2, for k large enough, the rescaled solution ﬁf‘jkﬁ * over Eo(a_;, A) can be defined
on the extended time interval [—tpax — 5—1077*16”1,0] and has the scalar curvature
R < 10C on By(Z, A) X [~tmax — Ln~1C~1,0]. So we can extract a smooth limit
from the sequence to get the limiting solution which is defined on a larger time interval
[—tmax — %n_lé_l,O]. This contradicts the definition of the maximal time —#ax.
It remains to exclude the possibility (1).
By using Li-Yau-Hamilton inequality (Corollary 2.5.5) again, we have

o tmax ~
Roo(z,t) < ———Q.
0o(®8) < o ;@
So we only need to control the curvature near —t,,,x. Exactly as in Step 4 in the
proof of Theorem 7.1.1, it follows from Li-Yau-Hamilton inequality that

(7416) CZ()(I, y) < Czt (I, y) < JO(xvy) + 3Otmax\/5

for any x,y € Mo and t € (—tmax, 0].

Since the infimum of the scalar curvature is nondecreasing in time, we have some
point Yo, € My, and some time —tyax < too < —tmax—i—%n_l such that Re (Yoo, too) <
5/4. By (7.4.16), there is a constant Ay > 0 such that dy(Z,ys) < Ag/2 for all
t € (—tmax, 0]

Now we come back to the rescaled solution ﬁf‘jkﬁ . Clearly, for arbitrarily given
small ¢ > 0, when k large enough, there is a point y; in the underlying manifold of

§f‘j"6 * at time 0 satisfying the following properties

3
(7.4.17) R(ykstoo) < =

27 Cflvt(jayk)ggo
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for t € [—tmax + €,0]. By the definition of convergence, we know that for any fixed
Ag > 2Ay, for k large enough, the rescaled solution over By (Z, Ap) is defined on the
time interval [t~, 0] and satisfies

= 2tmax

R(z.t) < ——max 5
@0 S o

on By(Z, Ag) X [tos,0]. Then by Assertion 2 of Step 2, we have proved that there is a
sufficiently large integer ko such that when k > ko, the rescaled solutions §f3"6 Fat yg

can be defined on [—tmax — 5—1077_1,0], and satisfy

R(yk, t) <15

for t € [—tmax — 5—1077_1,t00].
We now prove a statement analogous to Assertion 4 (i) of Step 3.

ASSERTION 5. For the above rescaled solutions ﬁf‘jkﬁ * and kg, we have that for

any L > 0, there is a positive constant w(L) such that the rescaled solutions §Z’“ﬁ k

satisfy

R(z,t) <w(L)

for all (z,t) with dy(z,ys) < L and t € [~tymax — 257 ', Loo), and for all k > ko.

Proof of Assertion 5. We slightly modify the argument in the proof of Assertion
4 (i). Let

= s 1
M(p) = sup {R(:z:,t)|dt(a:,yk) <p and t € [~tmax — =5

in the rescaled solutions ﬁf‘jkﬁ kk > IQO}

nilatoo]

and
po = sup{p >0 [ M(p) < +oo}.

Note that the estimate (7.4.14) implies that py > 0. We only need to show py = +o0.
We argue by contradiction. Suppose pg < +oo. Then, after passing to
a subsequence, there is a sequence (Ji,tx) in the rescaled solutions Z]Z’“ﬁ ¥ with

ti € [—tmax — %n’l,too] and citk (Yk, Jr) — po < +oo such that E(gjk,tk) — +00. De-
note by y; a minimizing geodesic segment from yy to g at the time ¢; and denote by
By, (yk, po) the open geodesic ball centered at yj, of radius pg on the rescaled solution
gokBe, 4

9ij (s tr).

For any 0 < p < po with p near pg, by applying Assertion 3 as before, we get
that the rescaled solutions on the balls By, (yk, p) are defined on the time interval
[t — 15n "M (p)~', tx] for all large k. By Step 1 and Shi’s derivative estimate, we
further know that the covariant derivatives and higher order derivatives of the curva-
tures on By, (yk, p— (p“;p) )X [te—35m M (p)~*, t] are also uniformly bounded. Then
by the uniform x-noncollapsing property and Hamilton’s compactness theorem (The-
orem 4.1.5), after passing to a subsequence, we can assume that the marked sequence

(B, (i po), Z]Z’“ﬁ’“ (+,tx), yx) converges in the C°, topology to a marked (noncomplete)

loc
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manifold (B, 955 Yoo ) and the geodesic segments v, converge to a geodesic segment
(missing an endpoint) o, C Bs emanating from yee.

Clearly, the limit also has nonnegative sectional curvature by the pinching as-
sumption. Then by repeating the same argument as in the proof of Assertion 4 (i) in
the rest, we derive a contradiction with Hamilton’s strong maximum principle. This
proves Assertion 5.

We then apply the second estimate of (7.4.17) and Assertion 5 to conclude that
for any large constant 0 < A < 400, there is a positive constant C'(A) such that for

any small ¢’ > 0, the rescaled solutions §f3"ﬁ * satisfy
(7.4.18) R(z,t) < C(A),

for all z € By(z, A) and t € [~tmax + €,0], and for all sufficiently large k. Then by
applying Assertion 1 in Step 2, we conclude that the rescaled solutions ﬁf‘jkﬁ ¥ on the
geodesic balls Eo(g’c, A) are also defined on the extended time interval [—tmax + €' —

%n_lC (A)~1,0] for all sufficiently large k. Furthermore, by the gradient estimates as
in Step 1, we have

R(z,t) < 10C(A),

for # € By(Z,A) and t € [—tmax + € — in~1C(A)71,0]. Since ¢ > 0 is arbitrarily
small and the positive constant C(A) is independent of €, we conclude that the
rescaled solutions §f3"6 k on Eo (Z, A) are defined on the extended time interval [—tymax—
Ln~1C(A)~1,0] and satisfy

(7.4.19) R(z,t) < 10C(A),
for 2 € Bo(Z, A) and t € [—tyax — 751 1C(A)~1, 0], and for all sufficiently large k.
Now, by taking convergent subsequences from the rescaled solutions gj;kﬁ b we

see that the limit solution is defined smoothly on a space-time open subset of M., X
(—00,0] containing My X [—tmax,0]. By Step 4, we see that the limiting metric
gf;’(, —tmax) at time —tyax has bounded curvature. Then by combining with the
canonical neighborhood assumption of accuracy 2¢, we conclude that the curvature of
the limit is uniformly bounded on the time interval [—tyax, 0]. So we have excluded
the possibility (1).

Hence we have proved a subsequence of the rescaled solutions converges to an
orientable ancient x-solution.

Finally by combining with the canonical neighborhood theorem (Theorem 6.4.6),
we see that (Z,7) has a canonical neighborhood with parameter €, which is a contra-
diction. Therefore we have completed the proof of the proposition. O

Summing up, we have proved that for any £ > 0, (without loss of generality, we
may assume ¢ < &), there exist nonincreasing (continuous) positive functions & (t)
and 7(t), defined on [0, +00) with

~ _ . 1
(S(t) S 6(t) = min {m,&o} N

such that for arbitrarily given (continuous) positive function 6(t) with §(¢) < (¢)
on [0,400), and arbitrarily given a compact orientable normalized three-manifold as
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initial data, the Ricci flow with surgery has a solution on [0,T) obtained by evolving
the Ricci flow and by performing d-cutoff surgeries at a sequence of times 0 < ¢; <
to < oo <t < - < T, with §(¢;) < < d(t;) at each time ¢;, so that the pinching
assumption and the canonical neighborhood assumption (with accuracy ) with r =
7(t) are satisfied. (At this moment we still do not know whether the surgery times ¢;
are discrete.)

Since the d-cutoff surgeries occur at the points lying deeply in the e-horns, the
minimum of the scalar curvature Ry, (t) of the solution to the Ricci flow with surgery
at each time-slice is achieved in the region unaffected by the surgeries. Thus we know
from the evolution equation of the scalar curvature that

d 2 _,
ERmin(t) Z ngin(t)'
In particular, the minimum of the scalar curvature R, (t) is nondecreasing in time.

Also note that each §-cutoff surgery decreases volume. Then the upper derivative of
the volume in time satisfies

d A V(t+ At) = V()
(dt)v(t) = lim AS?—I?O N,

(7.4.20)

IN

—Rmin(0)V(2)
which implies that
V(t) < V(0)e Fmin(O)L,

On the other hand, by Lemma 7.3.2 and the d-cutoff procedure given in the
previous section, we know that at each time ¢;, each J-cutoff surgery cuts down the
volume at least at an amount of h3(t;) with h(t;) depending only on §(¢;) and 7(¢;).
Thus the surgery times ¢; cannot accumulate in any finite interval. When the solution
becomes extinct at some finite time 7', the solution at time near 7" is entirely covered by
canonical neighborhoods and then the initial manifold is diffeomorphic to a connected
sum of a finite copies of S? x S! and S3/T" (the metric quotients of round three-sphere).
So we have proved the following long-time existence result which was proposed by
Perelman in [104].

THEOREM 7.4.3 (Long-time existence theorem). For any fized constant € > 0,
there exist nonincreasing (continuous) positive functions g(t) and 7(t), defined on
[0,4+00), such that for an arbitrarily given (continuous) positive function §(t) with
5(t) < 8(t) on [0,+00), and arbitrarily given a compact orientable normalized three-
manifold as initial data, the Ricci flow with surgery has a solution with the following
properties: either
(i) it is defined on a finite interval [0,T) and obtained by evolving the Ricci flow
and by performing a finite number of cutoff surgeries, with each d-cutoff at
a time t € (0,T) having 6 = §(t), so that the solution becomes extinct at the
finite time T', and the initial manifold is diffeomorphic to a connected sum of
a finite copies of S* xS and S? /T (the metric quotients of round three-sphere)
;or

(i) it is defined on [0,400) and obtained by evolving the Ricci flow and by per-
forming at most countably many cutoff surgeries, with each d-cutoff at a time
t € [0, 400) having 6 = 6(t), so that the pinching assumption and the canoni-
cal neighborhood assumption (with accuracy €) with r = 7(t) are satisfied, and
there exist at most a finite number of surgeries on every finite time interval.
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In particular, if the initial manifold has positive scalar curvature, say R > a > 0,
then by (7.4.20), the solution becomes extinct at 7' < 3a. Hence we have the following
topological description of compact three-manifolds with nonnegative scalar curvature

which improves the well-known work of Schoen-Yau [109], [110].

COROLLARY 7.4.4 (Perelman [104]). Let M be a compact orientable three-
manifold with nonnegative scalar curvature. Then either M s flat or it is diffeomor-
phic to a connected sum of a finite copies of S* x St and S® /T (the metric quotients
of the round three-sphere).

The famous Poincaré conjecture states that every compact three-manifold with
trivial fundamental group is diffeomorphic to S3. Developing tools to attack the
conjecture formed the basis for much of the works in three-dimensional topology
over the last one hundred years. Now we use the Ricci flow to discuss the Poincaré
conjecture.

Let M be a compact three-manifold with trivial fundamental group. In particular,
the three-manifold M is orientable. Arbitrarily given a Riemannian metric on M, by
scaling we may assume the metric is normalized. With this normalized metric as
initial data, we consider the solution to the Ricci flow with surgery. If one can show
the solution becomes extinct in finite time, it will follow from Theorem 7.4.3 (i) that
the three-manifold M is diffeomorphic to the three-sphere S3. Such finite extinction
time result was first proposed by Perelman in [105], and recently, Colding-Minicozzi
has published a proof to it in [42]. So the combination of Theorem 7.4.3 (i) and
Colding-Minicozzi’s finite extinction result gives a complete proof of the
Poincaré conjecture.

We also remark that the above long-time existence result has been extended to
compact four-manifolds with positive isotropic curvature by Chen and the second au-
thor in [34]. As a consequence it gave a complete proof of the following classification
theorem of compact four-manifolds, with no essential incompressible space-form and
with a metric of positive isotropic curvature. The theorem was first proved by Hamil-
ton in ([64]), though it was later found that the proof contains some gaps (see for
example the comment of Perelman in Page 1, the second paragraph, of [104]).

THEOREM 7.4.5. A compact four-manifold with no essential incompressible space-
form and with a metric of positive isotropic curvature is diffeomorphic to S*, or RP*,
or S* x S, or S3xS! (the Zs quotient of S® x St where Zo flips S* antipodally and
rotates S by 180°), or a connected sum of them.

7.5. Curvature Estimates for Surgically Modified Solutions. In this sec-
tion we will generalize the curvature estimates for smooth solutions in Section 7.2 to
that of solutions with cutoff surgeries. We first state and prove a version of Theorem
7.2.1.

THEOREM 7.5.1 (Perelman [104]). For any e > 0 and 1 < A < 400, one
can find k = k(A,e) > 0, K1 = Ki(A,e) < 400, K9 = Ky(A,e) < 400 and 7 =
7(A,€) > 0 such that for any ty < +oo there exists 64 = d4(tg) > 0 (depending also
on €), nonincreasing in to, with the following property. Suppose we have a solution,
constructed by Theorem 7.4.3 with the nonincreasing (continuous) positive functions
8(t) and 7(t), to the Ricci flow with 6-cutoff surgeries on time interval [0,T] and with
a compact orientable normalized three-manifold as initial data, where each 0-cutoff
at a time t satisfies § = 6(t) < 8(t) on [0,T] and § = 6(t) < 64 on [, to]; assume
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that the solution is defined on the whole parabolic neighborhood P(zq,ty, 70, —73) =
{(z,t) | © € Bi(wo,70),t € [to — 13, t0]}, 2r¢ < to, and satisfies

|Rm| < TJ2 on P($0,t0,T07_T8)7

and Vol (B, (zo,70)) > Ailrg.

Then

(i) the solution is k-noncollapsed on all scales less than ro in the ball
Bto (‘TOu ATO);

(ii) every point x € By, (w0, Arg) with R(x,to) > Kiry 2 has a canonical neighbor-
hood B, with By, (x,0) C B C By, (z,20) for some 0 < o < C1(e)R™= (z, 1),
which is either a strong e-neck or an e-cap;

(iii) if ro < 7/To then R < Korg? in By, (w0, Arg).

Here Cy (¢) is the positive constant in the canonical neighborhood assumption.

Proof. Without loss of generality, we may assume 0 < ¢ < &y, where & is the
sufficiently small (universal) positive constant in Lemma 7.4.2.

(i) This is analog of no local collapsing theorem II (Theorem 3.4.2). In comparison
with the no local collapsing theorem II, this statement gives k-noncollapsing property
no matter how big the time is and it also allows the solution to be modified by surgery.

Let n(> 10) be the universal constant in the definition of the canonical neighbor-
hood assumption. Recall that we had removed every component which has positive
sectional curvature in our surgery procedure. By the same argument as in the first
part of the proof of Lemma 7.4.2, the canonical neighborhood assumption of the so-
lution implies the x-noncollapsing on the scales less than %?(to) for some positive
constant x depending only on Cj(g) and Ca(e) (in the definition of the canonical

neighborhood assumption). So we may assume %?(to) < 1o < 4/%, and study the

scales p, %F(to) < p <rg. Let z € By, (0, Aro) and assume that the solution satisfies
|[Rm| < p~?

for those points in P(z,to, p, —p*) = {(y,t) | y € Bi(z,p),t € [to — p?,to]} for which
the solution is defined. We want to bound the ratio Vol (B, (x, p))/p?® from below.

Recall that a space-time curve is called admissible if it stays in the region unaf-
fected by surgery, and a space-time curve on the boundary of the set of admissible
curves is called a barely admissible curve. Consider any barely admissible curve -+,
parametrized by t € [t.,to], to — 18 < t,, < to, with v(to) = x. The same proof for the
assertion (7.4.2) (in the proof of Lemma 7.4.2) shows that for arbitrarily large L > 0
(to be determined later), one can find a sufficiently small §(L, to, 7(to), 7(%),€) > 0
such that when each d-cutoff in [, to] satisfies § < 0(L, to, 7(to),7(%2), ), there holds

(7.5.1) Oww%mgﬂmﬂ+w@ﬁﬁsz

ty

From now on, we assume that each d-cutoff of the solution in the time interval
(%2, 10] satisfies & < (L, to, 7(to), 7(%2),€).
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Let us scale the solution, still denoted by g;;(-,t), to make 7o = 1 and the time
as tp = 1. By the maximum principle, it is easy to see that the (rescaled) scalar
curvature satisfies

3
R> -2
Y

on (0,1]. Let us consider the time interval [3,1] and define a function of the form
h(y,t) = ¢(di(zo,y) — A2t — 1))(L(y, 7) + 2V/7)

where 7 = 1 — ¢, ¢ is the function of one variable chosen in the proof of Theorem
3.4.2 which is equal to one on (—oo, 2%), rapidly increasing to infinity on (2—10, %), and

satisfies 2% —¢" > (2A +300)¢’ — C(A)¢ for some constant C(A) < +oo, and L
is the function defined by

Llavr) = nf {207 [ VAR +13)ds | (2(5).5),5 € 0.7

is a space-time curve with v(0) = z and () = q}.

Note that
(7.5.2) Liy,7) > 27 / J3Rds
0
> 472
> =21

since R> -3 and 0 <7 < % This says h is positive for t € [%, 1]. Also note that
(7.5.3) 27 +AL<6
e or -

as long as L is achieved by admissible curves. Then as long as the shortest £-geodesics
from (z0,0) to (y,7) are admissible, there holds at y and t =1 — 7,

(%—A)hz (¢'K%—A>dt—m} —¢”>-(£+2\/F)

1 _
— |64+ — —2(Vop,VL).
< + ﬁ> ¢ —2(Vo, VL)

Firstly, we may assume the constant L in (7.5.1) is not less than
2exp(C(A) + 100). We claim that Lemma 3.4.1(i) is applicable for d = d;(-,z¢)
at y and t =1 — 7 (with 7 € [0, 1]) whenever L(y, 7) is achieved by admissible curves
and satisfies the estimate

L(y, ) < 3y/Texp(C(A) + 100).

Indeed, since the solution is defined on the whole neighborhood P(zo, to, ro, —rg) with
ro = 1 and ty = 1, the point xy at the time t = 1 — 7 lies on the region unaffected
by surgery. Note that R > —3 for t € [1,1]. When L(y,7) is achieved by admissible
curves and satisfies L(y, 7) < 3/7exp(C(A4) + 100), the estimate (7.5.1) implies that
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the point y at the time t = 1 — 7 does not lie in the collars of the gluing caps. Thus
any minimal geodesic (with respect to the metric g;;(-,t) with t = 1 — 7) connecting
o and y also lies in the region unaffected by surgery; otherwise the geodesic is not
minimal. Then from the proof of Lemma 3.4.1(i), we see that it is applicable.

Assuming the minimum of A at a time, say t = 1 — 7, is achieved at a point,
say y, and assuming L(y,7) is achieved by admissible curves and satisfies L(y, ) <
3v/Texp(C(A) 4+ 100), we have

(L +2y7)Vé = —¢VL,

and then by the computations and estimates in the proof of Theorem 3.4.2,

(G-

(¢' K% —A) dt—2A} —¢”+2(¢22) (L +2y7) — (6+i>¢

Y%

Y%

—C(A)h — (6 + \%) Wh_w)

at y and t =1 — 7. Here we used (7.5.2) and Lemma 3.4.1(i).
As before, denoting by Amin(7) = min, h(z,1 — 7), we obtain

d i (T 6+/7+ 1 1
(7.5.4) " (log (%)) <CO(A) + 27{47:2\/; -
<o)+ 570

as long as the associated shortest £-geodesics are admissible with L < 3./7 exp(C(A)+
100). On the other hand, by definition, we have

. hmin (7-)
.D. | —_—
(7:5.5) B

The combination of (7.5.4) and (7.5.5) gives the following assertion:

Let T € [O,%]. If for each s € [0,7], inf{L(y,s) | di(wo,y) < A(2t — 1) +
with s = 1 — t} is achieved by admissible curves, then we have

L
10

_ 1
(7.5.6) inf {L(y,T) | di(zo,y) < A2t —1)+ 10 with T =1-— t}
< 2y/Texp(C(A) + 100).
Note again that R > —3 for ¢ € [3,1]. By combining with (7.5.1), we know that

any barely admissible curve v, parametrized by s € [0,7], 0 < 7 < 3, with 7(0) = =,
satisfies

/O VAR +[2)ds > T exp(O(4) + 100),

by assuming L > 2exp(C(A) + 100).
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Since |Rm| < p=2 on P(z,to,p,—p?) with p > %?(to) (and to¢ = 1)
and 0(L,to,7(to),7(2),e) > 0 is sufficiently small, the parabolic neighborhood

P(x,1,p,—p?) around the point (x,1) is contained in the region unaffected by the
surgery. Thus as 7 = 1 —t is sufficiently close to zero, # inf L can be bounded from
above by a small positive constant and then the infimum inf{L(y,7) | ds(zo,y) <
A(2t — 1) + 55 with 7 = 1 — ¢} is achieved by admissible curves.

Hence we conclude that for each 7 € [0, %], any minimizing curve -, of
inf{L(y,7)| di(wo,y) < A(2t — 1) + £ with 7 =1 — ¢} is admissible and satisfies

/OT V5(R + |4 ?)ds < exp(C(A) + 100).

Now we come back to the unrescaled solution. It then follows that the Li-Yau-
Perelman distance [ from (x, o) satisfies the following estimate

1 1
(7.5.7) min {l <y, to — 57‘8) ‘ Y€ By, 1,2 <3:0, ETQ)} < exp(C(A) + 100),

by noting the (parabolic) scaling invariance of the Li-Yau-Perelman distance.

By the assumption that |Rm| < 7"62 on P(zg,t0,70, —73), exactly as before, for
any ¢ € By _,2(x0,70), we can choose a path v parametrized by 7 € [0, 73] with
7(0) =z, ¥(r3) = ¢, and ¥(373) =y € By, _1,2(w0, 570), where 7| 1,2 achieves the
minimum min{l(y, to — 17d) | y € By, _1,2(@0, 7570)} and ol is a suitable curve
satisfying [(1,2 .2)(T) € Bio—r(20,70), for each 7 € [1r2,7r3], so that the L-length
of 7 is uniformly bounded from above by a positive constant (depending only on A)
multiplying ro. This implies that the Li-Yau-Perelman distance from (z,%y) to the
ball By, _,2(xo,70) is uniformly bounded by a positive constant L(A) (depending only

on A). Now we can choose the constant L in (7.5.1) by

1,2 .2
573570

L = max{2L(A),2exp(C(A) + 100)}.

Thus every shortest L-geodesic from (,to) to the ball B, _,2(zo,70) is necessarily
admissible. By combining with the assumption that Vol (By,(xo,70)) > A~trd,
we conclude that Perelman’s reduced volume of the ball By _,2(xo,70) satisfies
the estimate

(7.5.8)  Vy2(Byy_p2(w0,m0)) = / ( )(47”“3)_% exp(=1(g,75))dV;,—r2(q)
Bt07rg x0,T0

> c(A)

for some positive constant ¢(A4) depending only on A.

We can now argue as in the last part of the proof of Lemma 7.4.2 to get a lower
bound estimate for the volume of the ball By, (z,p). The union of all shortest £-
geodesics from (z,1o) to the ball By, _,2(zo,70), defined by

CBy,_r2(20,70) = {(y,1) | (y,t) lies in a shortest L-geodesic from
(2,t0) to a point in By, _,2(z0,70)},

forms a cone-like subset in space-time with vertex (z,ty). Denote by B(t) the inter-
section of the cone-like subset OB, 2 (x0,70) with the time-slice at ¢t. Perelman’s
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reduced volume of the subset B(t) is given by
Vira(BO) = [ rtto =) exp(ll to ~ )V
B(t

Since the cone-like subset CBy,_,2(wo,70) lies entirely in the region unaffected by
surgery, we can apply Perelman’s Jacobian comparison Theorem 3.2.7 and the esti-
mate (7.5.8) to conclude that

(7.5.9) Vig—t(B(t)) 2 V;2(Byy—rz (20, 70))

for all t € [to — 73, to).

As before, denoting by & = p~Voly, (B, (, p))%, we only need to get a positive
lower bound for £. Of course we may assume ¢ < 1. Consider E(to — ¢p?), the subset
at the time-slice {t = to — £p?} where every point can be connected to (z,t) by an
admissible shortest £-geodesic. Perelman’s reduced volume of B (to — £p?) is given by

(7.5.10) Ve, (B(to — £p?))

= /~ (4m€p?) ™% exp(—1(g, £0))dViy _ep2(q)
B(to—£p?)

/| (4mE?) exp(~1(g. E9°)) Vi, (0)
B(to—¢p?)NLexp _1 (&p?)

{lv]<%e™ 2}

+ [ (4mE?)~ exp(—1(q. E9°)Vi, e (0)
B(to—£p?)\L exp (€p%)

ﬂv\s%s’%}
Note that the whole region P(x,to,p, —p*) is unaffected by surgery because p >
%?(to) and 0(L, to,7(to),7(%),e) > 0 is sufficiently small. Then exactly as before,
there is a universal positive constant &y such that when 0 < ¢ < &, there holds

Loxp ety (€0%) C Big(.p)

1)
and the first term on RHS of (7.5.10) can be estimated by

s [ (4mp?) = exp(—U(a, E7)dViy e (0)
§(t0—£p2)ﬂ£exp“ ‘<1§,%}(5P2) V
vi=g

< eC(4m)aes

for some universal constant C; while the second term on RHS of (7.5.10) can be
estimated by

(7.5.12) (4m€p?)~ % exp(—1(q, £p*))dVi, —ep2 ()

/é(to£p2)\ﬂ exp _1 (&p?)

{lv]<%e 2}

S A
{lv|>3£¢" 2}

Since Bty — £p?) C B(to — £p?), the combination of (7.5.9)-(7.5.12) bounds ¢ from
below by a positive constant depending only on A. This proves the statement (i).
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(ii) This is analogous to the claim in the proof of Theorem 7.2.1. We argue by
contradiction. Suppose that for some A < +o00 and a sequence K¢ — oo, there exists
a sequence t§ such that for any sequences §*# > 0 with §*# — 0 for fixed a, we
have sequences of solutions gf‘jﬁ to the Ricci flow with surgery and sequences of points

xg‘ﬁ , of radii r P which satisfy the assumptions but violate the statement (ii) at some
2P € Ba (257, Arg?) with R(z*P,13) > K (r$?)=2. Slightly abusing notation, we
will often drop the indices «, 8 in the following argument.

Exactly as in the proof of Theorem 7.2.1, we need to adjust the point (z,ty). More

2 —
precisely, we claim that there exists a point (Z, ) € Bi(wo, 24ro) X [to— =2, to] with Q £
R(z,t) > Kyry? such that the point (,) does not satisfy the canonical neighborhood
statement, but each point (y,t) € P with R(y,t) > 4Q does, where P is the set of all
_ _ _ 1 _

(/') satisfying t — 1K1Q7' <t/ <1, dp(wo,2") < di(wo,Z) + K7 Q2. Indeed as
before, the point (Z,t) is chosen by an induction argument. We first choose (x1,t1) =
(z,to) which satisfies dy, (zg, 1) < Arg and R(zy,t1) > Kirg 2, but does not satisfy
the canonical neighborhood statement. Now if (z, tx) is already chosen and is not the
desired (z,?), then some point (zyy1, k1) satisfies ¢ — %KlR(:vk, t) 7 <ty <ty

1
i,y (20, Tpt1) < dyy (w0, 1) + K7 R(zp, ty) 2, and R(xggr, trer) > AR (k. tr), but
(Tg+1,tr+1) does not satisfy the canonical neighborhood statement. Then we have

R(Ik+1,tk+1) Z 4kR(ZE1,t1) Z 4kK1T62,

k
1
diy, 1 (0, Tpg1) < dy, (w0, 1) + K7 E R(xiati)_% < Arg + 27,
i=1

and

k
1 _ 1
to > tk-i—l > 1o — ZK] E R(.’L’l,tz) 1 >ty — 57‘%
=1

So the sequence must be finite and its last element is the desired (z, 7).

Rescale the solutions along (&, ) with factor R(z,%)(> K7y ?) and shift the times
t to zero. We will adapt both the proof of Proposition 7.4.1 and that of Theorem
7.2.1 to show that a sequence of the rescaled solutions Z)f}ﬁ converges to an ancient
k-solution, which will give the desired contradiction. Since we only need to consider
the scale of the curvature less than 7(£)~2, the present situation is much easier than
that of Proposition 7.4.1.

Firstly as before, we need to get a local curvature estimate.

For cach adjusted (Z,), let [t', 7] be the maximal subinterval of [t — on~'Q ™!, ]
so that for each sufficiently large o and then sufficiently large 8, the canonical

LK%Q_%,t'—f) ={(x,t) |z €

neighborhood statement holds for any (y, t) in P(z,t

)
1 _
By(z, K¢ Q2),t € [t',{]} with R(y,t) > 4Q, where 7 is the universal positive
constant in the definition of canonical neighborhood assumption. We want to show
(7.5.13) t=1t— in—lQ—l
5. 20 .

Consider the scalar curvature R at the point & over the time interval [t/ #]. If
there is a time ¢ € [t', #] satisfying R(Z,t) > 4Q), we let ¢ be the first of such time from
t. Since the chosen point (Z,#) does not satisfy the canonical neighborhood statement,
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we know R(z,%) < 7(f)~2. Recall from our designed surgery procedure that if there
is a cutoff surgery at a point = at a time ¢, the scalar curvature at (z,t) is at least
(6°7)=27(t)~2. Then for each fixed a, for 3 large enough, the solution gf‘jﬁ(-, t) around
the point Z over the time interval [t — 557~ 'Q ™', ] is well defined and satisfies the
following curvature estimate

R(z,t) < 8Q,
for t € [t — 557 'Q 71, 1] (or t € [t',#] if there is no such time ¢). By the assumption
that to > 2rg, we have

IRz, 1) > D R(ED)

> 15 (Kyrg )
= Kqi — +oo.

Thus by using the pinching assumption and the gradient estimates in the canonical
neighborhood assumption, we further have

|Rm(z,t)| < 30Q,

for all z € By(Z, %n_lQ_%) and t € [f— 550 *Q 1, 1] (or t € [¢/,1]) and all sufficiently
large o and 3. Observe that Lemma 3.4.1 (i) is applicable for d;(zo,7) with t €
[t—55n'Q1,1] (or t € [¢/,1]) since any minimal geodesic, with respect to the metric
gij (-, t), connecting xo and Z lies in the region unaffected by surgery; otherwise the
geodesic is not minimal. After having obtained the above curvature estimate, we can
argue as deriving (7.2.2) and (7.2.3) in the proof of Theorem 7.2.1 to conclude that
- _ _ 1_
any point (z,t), with  — &7~ 'Q ™' <t <f (or t € [t',#]) and dy(z,7) < K7 Q™ 3,
satisfies

1 1_
du(w, 70) < dy(@,30) + 5K QH,

for all sufficiently large o and . Then by combining with the choice of the points
(2,t), we prove t’ =t — 57~ 'Q~" (i.e., the canonical neighborhood statement holds

for any point (y, t) in the parabolic neighborhood P(z,t, 11—0K1% Q= —551 Q™) with
R(y,t) > 4Q) for all sufficiently large v and then sufficiently large 3.

Now it follows from the gradient estimates in the canonical neighborhood assump-
tion that the scalar curvatures of the rescaled solutions Z]f}ﬁ satisfy

R(z,t) < 40
for those (z,t) € P(z,0, %7771, —2—1077’1) L2 {2 t) | o € By (z, 11—077’1),15’ €
[—a5n~", 0]}, for which the rescaled solution is defined. (Here By denotes the geodesic
ball in the rescaled solution at time #'). Note again that R(z,%) < 7(f)~2 and recall
from our designed surgery procedure that if there is a cutoff surgery at a point z at
a time ¢, the scalar curvature at (x,t) is at least (6%7)~27(¢)~2. Then for each fixed
sufficiently large «, for 3 large enough, the rescaled solution gg" is defined on the

-1

whole parabolic neighborhood P(z, 0, %n , —2—1077_1). More generally, for arbitrarily

fixed 0 < K < 400, there is a positive integer aq so that for each @ > «p we can
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find Gy > 0 (dependmg on a) such that if g > 50 and (y,0) is a point on the rescaled
solution g gw with R(y7 0) < K and do(y, z) < K, we have estimate

(7.5.14) R(x, t) < 40K

for (z,t) € Py, 0,50 'K~3, —Ln 'K~Y) 2 {@,¢)]| 2 € Buly,
1—1()77_1I~(_%),t’ € [—2%77_1.[?_1,0]}. In partlcular, the rescaled solution is defined
on the whole parabolic neighborhood P(y, 0, %n_lff_%, —%n_lff_l).

Next, we want to show the curvature of the rescaled solutions at the new times
zero (after shifting) stay uniformly bounded at bounded distances from Z for some
subsequences of o and (. Let au,, B — +00 be chosen so that the estimate (7.5.14)
holds with K = m. For all p > 0, set

M (p) = sup{R(z,0) | m > 1,do(z, %) < p in the rescaled solutions gj}m"m}
and
po =sup{p = 0 [ M(p) < +oo}.

Clearly the estimate (7.5.14) yields py > 0. As we consider the unshifted time ¢, by
combining with the assumption that to > 272, we have

(7.5.15) Emiﬂz%R@@

> rg(Kirg?)
= K; — +o0.

It then follows from the pinching assumption that we only need to show py = 4o0.
As before, we argue by contradiction. Suppose we have a sequence of points y,, in
the rescaled solutions go""ﬁm with do(Z, ym) — po < +00 and R(ym,0) — +oo. De-

note by v, a minimizing geodesic segment from Z to y,,, and denote by EO(:T:, po) the
open geodesic balls centered at T of radius pg of the rescaled solutions. By applying
the assertion in statement (i), we have uniform x-noncollapsing at the points (z,1).
By combining with the local curvature estimate (7.5.14) and Hamilton’s compactness
theorem, we can assume that, after passing to a subsequence, the marked sequence
(Bo(Z, po), gw’"ﬁm Z) converges in the C°, topology to a marked (noncomplete) man-
ifold (Bw, gs5,Too) and the geodesic segments 7y, converge to a geodesic segment
(missing an endpoint) v, C B, emanating from z.,. Moreover, by the pinching
assumption and the estimate (7.5.15), the limit has nonnegative sectional curvature.
Then exactly as before, we consider the tubular neighborhood along s

V= | Buolao, 4n(Roc(a0)) %)

qoE€EY

and the completion By, of (Boo, g5%) With yeo € Bs the limit point of 7. As
before, by the choice of the points (Z,t), we know that the limiting metric ﬁff is
cylindrical at any point gy € 7o which is sufficiently close to y~. Then by the
same reason as before the metric space V = V U {ys} has nonnegative curvature in
Alexandrov sense, and we have a three-dimensional nonflat tangent cone C,_V at
Yoo- Pick z € O,V with distance one from the vertex and it is nonflat around z. By
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definition B(z, 3)(C C,_V) is the Gromov-Hausdoff convergent limit of the scalings
of a sequence of balls Bo (21, 0% )(C (V,g;55)) with o — 0. Since the estimate (7.5.14)
survives on (V,g7?) for all K < +00, we know that this convergence is actually in
the C, topology and over some time interval. Since the limit B(z,1)(C C,_V) is
a piece of a nonnegatively curved nonflat metric cone, we get a contradiction with
Hamilton’s strong maximum Principle (Theorem 2.2.1) as before. Hence we have
proved that a subsequence of the rescaled solution g;"jm" ™ has uniformly bounded
curvatures at bounded distance from T at the new times zero.

Further, by the uniform r-noncollapsing at the points (z,7) and the estimate
(7.5.14) again, we can take a Cfy. limit (Meo, G55, Zoo), defined on a space-time subset
which contains the time slice {¢ = 0} and is relatively open in M., x (—o0,0], for
the subsequence of the rescaled solutions. The limit is a smooth solution to the Ricci
flow, and is complete at ¢ = 0, as well as has nonnegative sectional curvature by the
pinching assumption and the estimate (7.5.15). Thus by repeating the same argument
as in the Step 4 of the proof Proposition 7.4.1, we conclude that the curvature of the
limit at t = 0 is bounded.

Finally we try to extend the limit backwards in time to get an ancient x-solution.
Since the curvature of the limit is bounded at ¢ = 0, it follows from the estimate
(7.5.14) that the limit is a smooth solution to the Ricci flow defined at least on a
backward time interval [—a, 0] for some positive constant a. Let (¢, 0] be the maximal
time interval over which we can extract a smooth limiting solution. It suffices to show
too = —00. If too > —00, there are only two possibilities: either there exist surgeries
in finite distance around the time ¢, or the curvature of the limiting solution becomes
unbounded as t \ too-

Let ¢ > 0 be a positive constant much smaller than ﬁn_l. Note again that the
infimum of the scalar curvature is nondecreasing in time. Then we can find some point
Yoo € M and some time t = to, + 0 with 0 < 6 < £ such that Reo (Yoo, too +0) < 2.

Consider the (unrescaled) scalar curvature R of gio‘j’"ﬁ ™(-,t) at the point T over
the time interval [t + (fo0 + g)Q_l, t]. Since the scalar curvature R, of the limit on
Moo X [too + g, 0] is uniformly bounded by some positive constant C, we have the
curvature estimate

R(z,t) <2CQ

for all t € [t + (to + £)Q 7', 1] and all sufficiently large m. For each fixed m and an,

we may require the chosen 3, to satisfy

. -2
(§mBm)=2 (F (%)) > mi(tg™) ™% = mQ.

When m is large enough, we observe again that Lemma 3.4.1 (ii) is applicable for
di(zo,Z) with t € [t + (te + $)Q~1,#]. Then by repeating the argument as in the
derivation of (7.2.1), (7.2.2) and (7.2.3), we deduce that for all sufficiently large m, the
canonical neighborhood statement holds for any (y,t) in the parabolic neighborhood
P35 EKEQ 4, (oo + £)Q7Y).

Let (Ym,t + (too + 0m)Q 1) be a sequence of associated points and times in the
(unrescaled) solutions gio‘j’"ﬁ ™(-,t) so that after rescaling, the sequence converges to
(Yoo, too + 0) in the limit. Clearly g < 60, < 20 for all sufficiently large m. Then by
the argument as in the derivation of (7.5.13), we know that for all sufficiently large
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m, the solution gio‘j’"ﬁm (+,t) at yu, is defined on the whole time interval [+ (oo + O —

31 Q7L T+ (teo + 0m)Q '] and satisfies the curvature estimate
R(ym,t) <8Q

there; moreover the canonical neighborhood statement holds for any (y,t) with
~ _ 1 _
R(y,t) > 4Q in the parabolic neighborhood P(y,t, %Kf@’%, (ts — £)Q7H).

~Qm Bm

We now consider the rescaled sequence g;; (,t) with the marked points re-
placed by y,, and the times replaced by sp, € [t + (tos — $)Q7 1, T+ (too + $)Q 7.
As before the Li-Yau-Hamilton inequality implies the rescaling limit around (ym,, $m)
agrees with the original one. Then the arguments in previous paragraphs imply the
limit is well-defined and smooth on a space-time open neighborhood of the maximal
time slice {t = to}. Particularly this excludes the possibility of existing surgeries in
finite distance around the time t.,. Moreover, the limit at ¢ = ¢, also has bounded
curvature. By using the gradient estimates in the canonical neighborhood assump-

_ 1 _
tion on the parabolic neighborhood P(y,,t, %Kf@’%, (too — %)Qfl), we see that
the second possibility is also impossible. Hence we have proved a subsequence of the
rescaled solutions converges to an ancient xk-solution.

Therefore we have proved the canonical neighborhood statement (ii).

(iil) This is analogous to Theorem 7.2.1. We also argue by contradiction. Suppose
for some A < +o00 and sequences of positive numbers K§ — +o00, 7* — 0 there exists
a sequence of times ¢ such that for any sequences §*° > 0 with 6% — 0 for fixed a, we

have sequences of solutions gio‘jﬁ to the Ricci flow with surgery and sequences of points

B

azg‘ﬁ , of positive constants ry” with ry F <o t& which satisfy the assumptions, but

for all «, 3 there hold
(7.5.16) R(zPt8) > K§(ry®)2, for some 2% e Bie (237, Arg?).

We may assume that 6% < §,4(tg) for all «, 8, where 644 (t$) is chosen so that
the statements (i) and (ii) hold on Bye (257, 4Ary"). Let gg" be the rescaled solutions

of gio‘jﬁ around the origins z” with factor (r”)~2 and shift the times ¢§ to zero. Then
by applying the statement (ii), we know that the regions, where the scalar curvature
of the rescaled solutions gfjﬁ is at least K;(= K;(4A)), are canonical neighborhood
regions. Note that canonical e-neck neighborhoods are strong. Also note that the

pinching assumption and the assertion
tg‘(rgﬁ)72 > (7*)™2 — 400, as a — 400,

imply that any subsequent limit of the rescaled solutions Qf‘jﬁ must have nonnegative
sectional curvature. Thus by the above argument in the proof of the statement (ii)
(or the argument in Step 2 of the proof of Theorem 7.1.1), we conclude that there
exist subsequences a = a,, 8 = By, such that the curvatures of the rescaled solutions
gfjm" ™ stay uniformly bounded at distances from the origins xg""ﬁ ™ not exceeding 2A.
This contradicts (7.5.16) for m sufficiently large. This proves the statements (iii).

Clearly for fixed A, after defining the 04 (to) for each ty, one can adjust the 5 A(to)
so that it is nonincreasing in .

Therefore we have completed the proof of the theorem. O

From now on we redefine the function §(t) so that it is also less than Sa(i+1)(2t)
and then the above theorem always holds for A € [1,2(¢o + 1)]. Particularly, we still
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have

~ - 1
0(t) <o(t) =min{—5—+—=,6
( ) = ( ) mln{ 262 ].Og(l +t)7 0}5
which tends to zero as t — +o0o0. We may also require that 7(¢) tends to zero as
t — +oo.
The next result is a version of Theorem 7.2.2 for solutions with surgery.

THEOREM 7.5.2 (Perelman [104]). For any € > 0 and w > 0, there exist T =
T(w,e) > 0, K = K(w,e) < +o0, 7 = F(w,e) > 0, § = O(w,e) > 0 and T =
T(w) < 400 with the following property. Suppose we have a solution, constructed by
Theorem 7.4.3 with the nonincreasing (continuous) positive functions 6(t) and 7(t),
to the Ricci flow with surgery on the time interval [0,to] with a compact orientable
normalized three-manifold as initial data, where each 0-cutoff at a time t € [0,to] has
§ = 6(t) < min{d(¢),7(2t)}. Let ro,to satisfy 6~ h < ro < i/Ty and ty > T, where h
is the mazimal cutoff radius for surgeries in [%“, to] (if there is no surgery in the time
interval [%2,to], we take h = 0), and assume that the solution on the ball By, (zo,70)

satisfies

Rm(z,ty) > —7“0_2, on By, (x,70),

and Vol (By, (z0,70)) > wrp.
Then the solution is well defined and satisfies
R(z,t) < Kry?

in the whole parabolic neighborhood

P (xo,to, %,—7’7‘8) = {(x,t) | z € B, (3:0, %0) ,t € [to —Trg,to]}.

Proof. We are given that Rm(z,ty) > —ry? for @ € Byy(wo,70), and
Vol 4, (Byy (z0,70)) > wrg. The same argument in the derivation of (7.2.7) and
(7.2.8) (by using the Alexandrov space theory) implies that there exists a ball
By, (', 7") C By, (x0,70) with

1

(7.5.17) Vol 4, (B, (2',7")) > 5043(7"/)3
and with
(7.5.18) ' > c(w)ro

for some small positive constant ¢(w) depending only on w, where as is the volume
of the unit ball in R3.
As in (7.1.2), we can rewrite the pinching assumption (7.3.3) as

Rm > —[f"H(R(1 +1))/(R(1 + )R,
where

y=f(z) = z(logz — 3), for e? <2z < +o0,
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is increasing and convex with range —e? < y < 400, and its inverse function is also
increasing and satisfies

lim f~'(y)/y = 0.
y—+oo

Note that tory 2 > 7~2 by the hypotheses. We may require 7'(w) > 8c(w)~!. Then
by applying Theorem 7.5.1 (iii) with A = 8¢(w)~! and combining with the pinching
assumption, we can reduce the proof of the theorem to the special case w = %Oég. In
the following we simply assume w = %a3.

Let us first consider the case rg < 7(tp). We claim that R(z,ty) < C3ry? on
By, (0, ), for some sufficiently large positive constant Cp depending only on . If not,
then there is a canonical neighborhood around (z,tp). Note that the type (c¢) canon-
ical neighborhood has already been ruled out by our design of cutoff surgeries. Thus
(z,to) belongs to an e-neck or an e-cap. This tells us that there is a nearby point y,
with R(y,to) > Cy *R(z,to) > CytC2ry? and dy, (y, ) < C1R(x,t0)"2 < C1Cy o,
which is the center of the e-neck By, (y,e 'R(y,to)~2). (Here Cy,Cy are the pos-
itive constants in the definition of canonical neighborhood assumption). Clearly,
when we choose Cy to be much larger than Cy,Cy and ¢!, the whole e-neck
Byy(y,e " R(y, to)~%) is contained in By, (o, 2) and we have

Vol to (Bto (y, E_IR(yv tO)_%))
(e~ R(y, o) "7 )?

Without loss of generality, we may assume € > 0 is very small. Since we have assumed
that Rm > —ry? on By, (w0,70) and Voly, (Byy(0,70)) > asrg, we then get a
contradiction by applying the standard Bishop-Gromov volume comparison. Thus we
have the desired curvature estimate R(z,to) < C2ry> on By, (o, 52).

Furthermore, by using the gradient estimates in the definition of canonical neigh-
borhood assumption, we can take K = 10C2,7 = 1457~ 'Cy* and 6 = £Cy" in this
case. And since rg > 67'h, we have R < 10C3r;? < 1h~% and the surgeries do not
interfere in P(xo,to, 72, —773).

We now consider the remaining case 7(tg) < rg < 7v/to. Let us redefine

Y £ By
T—mln{2,100n G, },

K = max{2 (C’—l— ﬁ) ,2503},
70

(7.5.19) < 87,

and
1 L
0=-K 2
2 2

where 7y = 79(w), B = B(w) and C' = C(w) are the positive constants in Theorem
6.3.3(ii) with w = %a3, and Cj is the positive constant chosen above. We will show
there is a sufficiently small 7 > 0 such that the conclusion of the theorem for w = %043
holds for the chosen 7, K and 6.

Argue by contradiction. Suppose not, then there exist a sequence of 7* — 0,
and a sequence of solutions g¢; with points (zf,¢f) and radii 7§ such that the as-

sumptions of the theorem do hold with r(t§) < r§ < 7*,/t§ whereas the conclusion
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does not. Similarly as in the proof of Theorem 7.2.2, we claim that we may as-
sume that for all sufficiently large «, any other point (x®,t*) and radius r* > 0

with that property has either t* > tf or t¢ = t§ with »* > r{; moreover t*
tends to 400 as @ — +o0o. Indeed, for fixed a and the solution g, let tf;m be

the infimum of all possible times t* with some point @ and some radius r* hav-
ing that property. Since each such t* satisfies 7*v/t® > r® > 7(t%), it follows that
when o is large, t&;, must be positive and very large. Clearly for each fixed suffi-
ciently large «, by passing to a limit, there exist some point z%;, and some radius
i (> T(t8;,) > 0) so that all assumptions of the theorem still hold for (z8;,,t%;.)
and 72, , whereas the conclusion of the theorem does not hold with R > K (r%, )~?2
somewhere in P(x&; % 1ro —7'( re.)?) for all suﬂimently large . Here we
used the fact that if B < K(re;,)™% on P(z,,t%, 1r&m, —7(r%,)?), then there
is no J-cutoff surgery there; otherwise there must be a po1nt there with scalar cur-
vature at least 167%( "5‘“)(77(753“%))_2 (7 (te,)) 2 (F( "5‘“)) 2> K(re,,)"? since
PO > e, > T(E,) and 7 — 0, Wthh is a contradiction.
After choosmg the first time ¢, , by passing to a limit again, we can then choose
i to be the smallest radius for all possible (x;,,t%;.)’s and r; ’s with that prop-
erty. Thus we have verified the claim.
For simplicity, we will drop the index « in the following arguments. By the

assumption and the standard volume comparison, we have

1
Voly, <Bt0 <$0, §T0>) > &oro

for some universal positive §. As in deriving (7.2.7) and (7.2.8), we can find a ball
By, (2, 70) C Byy(x0, 2) with

1 1
Vol 4, (B, (z4,75)) > 5043(7“6)3 and 370 >y > &yro

for some universal positive constant &). Then by what we had proved in the previous
case and by the choice of the first time ¢y and the smallest radius g, we know that

the solution is defined in P(xf), to, %, —7(r})?) with the curvature bound
R < K(r)) 2 < K(&) g2

Since 7y/Tg > ro > 7(tg) and 7 — 0 as a — oo, we see that ty) — 400 and tora2 — 400
as a — +o00. Define T(w) = 8c(w)™! + &, for some suitable large universal positive
constant £&. Then for a sufficiently large, we can apply Theorem 7.5.1(iii) and the
pinching assumption to conclude that

(7.5.20) R<K'rg% on P (xo,t0,4r0,—%(§6)2r§),

for some positive constant K’ depending only on K and &.
Furthermore, by combining with the pinching assumption, we deduce that when
« sufficiently large,

(7.5.21) Rm > —[f"YR(1 +1))/(RA+1)|R
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on P(zo, to, ro, —%(&))?*r2). So by applying Theorem 6.3.3(ii) with w = a3, we have
that when « sufficiently large,

(7.5.22) Vol y(Bi(z0,70)) > &1,

for all t € [to — Z(&))*r, to], and
. 2B
(7.5.23) R< (C - _—> rg? <

on P(xg,to, 3, —%(56)27"3), where &7 is some universal positive constant.
Next we want to extend the estimate (7.5.23) backwards in time. Denote by
t1 = to — Z(£y)*r3. The estimate (7.5.22) gives

VOltl (Btl (IO, TO)) > 517"3-

By the same argument in the derivation of (7.2.7) and (7.2.8) again, we can find a
ball By, (z1,71) C By, (%o, 70) with

1
Voly, (B, (w1,71)) > 50437”5’

and with
T > &1ro

for some universal positive constant ;. Then by what we had proved in the previous
case and by the lower bound (7.5.21) at ¢; and the choice of the first time tg, we
know that the solution is defined on P(z1,t1, 3, —77?) with the curvature bound
R < Kry?. By applying Theorem 7.5.1(iii) and the pinching assumption again we
get that for a sufficiently large,

(7.5.20)/ R< K"ry?

on P(xg,t1,4r0, —%(£])?r§), for some positive constant K" depending only on K and
&} Moreover, by combining with the pinching assumption, we have

(7.5.21) Rm > —[f"YR(1 +1))/(R1+1)|R

> —ry?

on P(xo,t1,4r, —%(£])?rg), for o sufficiently large. So by applying Theorem 6.3.3

(i) with w = %043 again, we have that for « sufficiently large,

(7.5.22)' Vol ¢(B(x0,70)) > &7,

for all t € [to — Z(&))%r3 — T(&)%r3, to], and
_ 2B 1
(7.5.23) R< (c + _—) o2 < 51{7«0—2

on P(x07t07 %7 _%(66)27‘3 - %(51)27‘3)
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Note that the constants &, &), & and & are universal, independent of the time
t; and the choice of the ball By, (x1,71). Then we can repeat the above procedure as
many times as we like, until we reach the time to —773. Hence we obtain the estimate
- 2B 1
(7.5.23)" R<(C+ =—)ry? < =Kry?
T0 2
on P(xo,to, 7, —7712), for sufficiently large . This contradicts the choice of the point
(z0,t0) and the radius r¢p which make R > Kr0_2 somewhere in P(xo, to, 7, —772).
Therefore we have completed the proof of the theorem. O

Consequently, we have the following result which is analog of Corollary 7.2.4.

COROLLARY 7.5.3. For any € > 0 and w > 0, there exist T = 7(w,e) > 0,
0 = 0(w,e) > 0 and T = T(w) with the following property. Suppose we have a
solution, constructed by Theorem 7.4.3 with the positive functions g(t) and 7(t), to
the Ricci flow with surgery with a compact orientable normalized three-manifold as

initial data, where each §-cutoff at a time t has § = 6(¢t) < min{d(¢),7(2t)}. If
By, (w0,70) is a geodesic ball at time to, with = h < rq < 7\/tg and to > T, where h
is the maximal cutoff radii for surgeries in [%’,to] (if there is no surgery in the time
interval [%,to], we take h =0), and satisfies

min{ Rm(x,tg) | © € By, (xo,70)} = —7“52,

then

Vol 4, (B, (0, 70)) < wry.

Proof. We argue by contradiction. Let § = 6(w,e) and T = 2T (w), where 0(w, ¢)
and T'(w) are the positive constant in Theorem 7.5.2. Suppose for any 7 > 0 there is

a solution and a geodesic ball By, (xo,79) satisfying the assumptions of the corollary
with §=1h < ry < #v/Ty and to > T, and with

min{Rm(x,to) | © € By, (x0,70)} = —7“52,
but
Voly, (Bt (20,70)) > wrg.

Without loss of generality, we may assume that 7 is less than the corresponding
constant in Theorem 7.5.2. We can then apply Theorem 7.5.2 to get

R(z,t) < Kry?

whenever t € [to—77§, o] and dy(x, z9) < I, where 7 and K are the positive constants
in Theorem 7.5.2. Note that tory? > 72 — +00 as 7 — 0. By combining with the
pinching assumption we have

Rm > —[f~Y(R(1 +1))/(RA+ 1))|R

L o
> _57"0
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in the region P(xo,to, 2, —775) = {(x,t) | € By(xo, %), t € [to — 71§, o]}, provided
7 > 0 is sufficiently small. Thus we get the estimate

|Rm| < K'ry?

in P(xo,to, 3, —7r2), where K’ is a positive constant depending only on w and e.
We can now apply Theorem 7.5.1 (iii) to conclude that

R(x,t) < Kry?

whenever ¢ € [to— %rg ,to] and dy(x, xo) < 1o, where Kisa positive constant depending
only on w and €. By using the pinching assumption again we further have

in the region P(zo,to,70, —373) = {(2,t) | @ € By(wo,70),t € [to — 373, t0]}, as long
as 7 is sufficiently small. In particular, this would imply

min{ Rm(z,ty) | © € By, (20,70)} > —15 2,

which is a contradiction. O

REMARK 7.5.4. In section 7.3 of [104], Perelman claimed a stronger statement
than the above Corollary 7.5.3 that allows 9 < #~'h in the assumptions. Neverthe-
less, the above weaker statement is sufficient to deduce the geometrization result.

7.6. Long Time Behavior. In Section 5.3, we obtained the long time behavior
for smooth (compact) solutions to the three-dimensional Ricci flow with bounded
normalized curvature. The purpose of this section is to adapt the arguments there to
solutions of the Ricci flow with surgery and to drop the bounded normalized curvature
assumption.

Recall from Corollary 7.4.4 that we have completely understood the topological
structure of a compact, orientable three-manifold with nonnegative scalar curvature.
From now on we assume that our initial manifold does not admit any metric with
nonnegative scalar curvature, and that once we get a compact component with
nonnegative scalar curvature, it is immediately removed. Furthermore, if a
solution to the Ricci flow with surgery becomes extinct in a finite time, we have also
obtained the topological structure of the initial manifold. So in the following we only
consider those solutions to the Ricci flow with surgery which exist for all times ¢ > 0.

Let g;5(t), 0 < t < +00, be a solution to the Ricci flow with J-cutoff surgeries,
constructed by Theorem 7.4.3 with normalized initial data. Let 0 < t; <t < .-+ <
ty < --- be the surgery times, where each d-cutoff at a time ¢ has § = §(tg) <
min{é(tx), 7(2t;)}. On each time interval (tx_y,t;) (denote by to = 0), the scalar
curvature satisfies the evolution equation

0]

° 2
7.6.1 —R=AR+2|Ric >+ =R?
( ) 5 + 2| Ric |” + 3

where Ric is the trace-free part of Ric. Then Ruin(t), the minimum of the scalar
curvature at the time ¢, satisfies

d

22
_mintZ_mint
= Ruin(0) 2 = R, (1)
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for t € (tx—1,tx), for each k = 1,2,.... Since our surgery procedure had removed all
components with nonnegative scalar curvature, the minimum Ry, (¢) is negative for
all t € [0, 4+00). Also recall that the cutoff surgeries were performed only on §-necks.
Thus the surgeries do not occur at the parts where Ry, (t) are achieved. So the
differential inequality

d 2
— Rpin(t) > ZR2. (¢
Ronin(t) > SR (1)

holds for all ¢ > 0, and then by normalization, Ryin(0) > —1, we have

3
7.6.2 Rmin t Z — a5’ )
(7.62) 025

for all ¢ > 0.

Meanwhile, on each time interval (t;_1, tx), the volume satisfies the evolution equation

d
—V=— [ RdV
dt /
and then by (7.6.2),
d 3 1
—V<-. V.
- —2 (t+3)

Since the cutoff surgeries do not increase volume, we thus have

(7.6.3) %log (V(t) <t + g)) <0

for all ¢ > 0. Equivalently, the function V (¢)(t + %)_% is nonincreasing on [0, +00).

We can now use the monotonicity of the function V (¢)(¢ + %)_% to extract the
information of the solution at large times. On each time interval (¢;_1,t;), we have

%log <V(t) (t + g>—g>

= - <Rmin(t) + ﬁ) + % A4 (Rmin(t) — R)dV

Then by noting that the cutoff surgeries do not increase volume, we get

V(t) V(0) t 3
(764) < exp{ —‘/O (Rmin(t) + m) dt

t+9F = @)

_/Ot%/M(R—Rmin(t))dth}

for all ¢ > 0. Now by this inequality and the equation (7.6.1), we obtain the following
consequence.

e

LEMMA 7.6.1. Let g;;(t) be a solution to the Ricci flow with surgery, constructed
by Theorem 7.4.3 with normalized initial data. If for a fited 0 < r < 1 and a se-
quence of times t* — 00, the rescalings of the solution on the parabolic neighborhoods
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Pzt rVto, —r?t®) = {(z,t) | © € By(z, rvt*),t € [t* — r2t> 1]}, with factor
(t*)~t and shifting the times t* to 1, converge in the C*° topology to some smooth lim-
iting solution, defined in an abstract parabolic neighborhood P(%,1,r,—r?), then this
limiting solution has constant sectional curvature —1/4t at any time t € [1 —r?,1].

In the previous section we obtained several curvature estimates for the solutions
to the Ricci flow with surgery. Now we combine the curvature estimates with the
above lemma to derive the following asymptotic result for the curvature.

LEMMA 7.6.2 (Perelman [104]). For any € > 0, let g;5(t), 0 < t < +o0, be a
solution to the Ricci flow with surgery, constructed by Theorem 7.4.3 with normalized
mitial data.

(i) Given w >0, r >0, £ > 0, one can find T = T(w,r,&,e) < +o0o such that

if the geodesic ball By, (xo,7v/to) at some time to > T has volume at least

3
wrtg and the sectional curvature at least —r—2ty*, then the curvature at xo
at time t =ty satisfies

(7.6.5) |2tR;; + gii] < €.

(i1) Given in addition 1 < A < oo and allowing T to depend on A, we can ensure
(7.6.5) for all points in By, (zo, Ar/To).

(iii) The same is true for all points in the forward parabolic neighborhood
P(x0, to, Arv/To, Ar?ty) = {(x,t) | © € By(wo, Ary/To),t € [to, to + Arto]}.

Proof. (i) By the assumptions and the standard volume comparison, we have
Vol to (Bto (‘T(Jv p)) > cwp3

for all 0 < p < ry/ty, where ¢ is a universal positive constant. Let 7 = 7(cw, ) be
the positive constant in Theorem 7.5.2 and set 79 = min{r,7}. On By, (z0,70v/t0)(C
Bto (IOa T\/%))v we have

(7.6.6) Rm > —(rov/to) 2

and Vol s, (By, (0, 70v/t0)) > cw(rov/to)®.
Obviously, there holds 71h < rgy/To < 7v/To when tq is large enough, where 0 =
O(cw,¢) is the positive constant in Theorem 7.5.2 and h is the maximal cutoff radius

for surgeries in [, o] (if there is no surgery in the time interval [%,t,], we take
h = 0). Then it follows from Theorem 7.5.2 that the solution is defined and satisfies

R < K(rov/ty) ™2

on whole parabolic neighborhood P(zy, to, Toﬁ, —7(rov/%0)?). Here 7 = 7(cw, &) and
K = K(cw,¢e) are the positive constants in Theorem 7.5.2. By combining with the
pinching assumption we have

Rm > =[f 7 (R(1 +1))/(R(1 +t))|R
> —const. K (rov/g) 2

in the region P(z, to, ”’ﬁ, —7(rov/f0)?). Thus we get the estimate

(7.6.7) |Rm| < K'(rov/to) >
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on P(zg, to, T“ﬁ, —7(r0+/0)?), for some positive constant K’ = K’(w,¢) depending
only on w and e.

The curvature estimate (7.6.7) and the volume estimate (7.6.6) ensure that as
to — 400 we can take smooth (subsequent) limits for the rescalings of the solution

with factor (£9) ! on parabolic neighborhoods P(zo, to, T“ﬁ, —7(r0v/10)?). Then by

applying Lemma 7.6.1, we can find T' = T'(w,r,£,¢) < 400 such that when ¢t > T,
there holds

(7.6.8) [2tRij + g45] <&,
on P(xg,to, %, —71(rov/0)?), in particular,
|2tRij + gij|($0, o) < &.

This proves the assertion (i).

(ii) In view of the above argument, to get the estimate (7.6.5) for all points
in By, (o, Ar\/ty), the key point is to get a upper bound for the scalar curvature on
the parabolic neighborhood P(zo, to, Arv/to, —7(rov/f0)?). After having the estimates
(7.6.6) and (7.6.7), one would like to use Theorem 7.5.1(iii) to obtain the desired scalar
curvature estimate. Unfortunately it does not work since our ryp may be much larger
than the constant 7(A,e) there when A is very large. In the following we will use
Theorem 7.5.1(ii) to overcome the difficulty.

Given 1 < A < +00, based on (7.6.6) and (7.6.7), we can use Theorem 7.5.1(ii) to
find a positive constant K; = Kj(w,, A, ¢) such that each point in B, (zg, 2Arv/10)
with its scalar curvature at least K7 (r/%p) 2 has a canonical neighborhood. We claim
that there exists T = T'(w,r, A, €) < 400 so that when tg > T, we have

(7.6.9) R < Ki(rv/to) ™2, on By, (wo,24r/1).

Argue by contradiction. Suppose not; then there exist a sequence of times tf —
400 and sequences of points zfy, #% with 2% € By (zf,2Ar\/t§) and R(z®,t§) =
Ki(r\/t§)?. Since there exist canonical neighborhoods (e-necks or e-caps) around
the points (%), there exist positive constants ¢1, Cy depending only on e such
that

1 _1
Vol o (Big (2%, Ky 2 (r\/15))) > e1 (K, 2 (r\/15))°
and

Cy K (ry/15) 7% < R(x, ) < CoE (r/15) 2,

_1
on Bya(z, K, *(ry/t§)), for all a. By combining with the pinching assumption we
have

Rm > —[f~Y(R(1 +1))/(R(1 +1))|R
> —const. C’gKl(r\/%)*Q,

1
on Bie(z%, K| *(ry/t§)), for all a. It then follows from the assertion (i) we just
proved that

lir_il_l |2tRij + gij|(:v°‘, tg) =0.
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In particular, we have
t R(z“,ty) < —1

for o sufficiently large.  This contradicts our assumption that R(z%,t§) =
Ki(ry/t§)™2. So we have proved assertion (7.6.9).
Now by combining (7.6.9) with the pinching assumption as before, we have

(7.6.10) Rm > —Ks(r/1y) >

on By, (z9,2Ar /1), where Ky = Ka(w,r, A,€) is some positive constant depending
only on w, r, A and €. Thus by (7.6.9) and (7.6.10) we have

7.6.11 Rm| < K!(rvt9) "2, on By, (zo,24r/t),
1 0

for some positive constant K1 = K| (w,r, A,¢) depending only on w, r, A and . This
gives us the curvature estimate on By, (o, 24r\/to) for all tg > T'(w,r, A, €).

From the arguments in proving the above assertion (i), we have the estimates
(7.6.6) and (7.6.7) and the solution is well-defined on the whole parabolic neighbor-
hood P(z, to, T”Zl/%, —7(rov/%0)?) for all tg > T(w,r, A,e). Clearly we may assume
that (K})"2r < min{Z,\/7r0}. Thus by combining with the curvature estimate
(7.6.11), we can apply Theorem 7.5.1(i) to get the following volume control

(7.6.12) Vol (B (z, (K1)~ 2rv/E0)) > k((K() ™2 r/Ho)?

for any x € By, (x0, Ary/1o), where k = k(w, r, A, €) is some positive constant depend-
ing only on w, r, A and . So by using the assertion (i), we see that for to > T with
T =T(w,r¢&, A, ¢) large enough, the curvature estimate (7.6.5) holds for all points in

By, (20, Ar\/1o).

(iii) We next want to extend the curvature estimate (7.6.5) to all points in the
forward parabolic neighborhood P(xg,to, Arv/To, Ar?to). Consider the time interval
[to,to + Ar?tg] in the parabolic neighborhood. In assertion (ii), we have obtained the
desired estimate (7.6.5) at ¢ = ¢y. Suppose estimate (7.6.5) holds on a maximal time
interval [to,t') with ¢’ < to + Ar?to. This says that we have

(7.6.13) [2tRij + gij| <&

on P(zg,to, Ary/To,t' — to) = {(z,t) | © € By(wo, Ar\/Tg),t € [to,t')} so that either
there exists a surgery in the ball By (xg, Ar\/to) at t = ¢/, or there holds |2tR;; +g;;| =
¢ somewhere in By (xg, Ary/tg) at t = t’. Since the Ricci curvature is near —% in the
geodesic ball, the surgeries cannot occur there. Thus we only need to consider the
latter possibility.

Recall that the evolution of the length of a curve v and the volume of a domain
Q) are given by

d .
ELt(v) = — / Ric (%, %)dst
v

and iVol,g(Q) = —/ RdV;.
dt o
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By substituting the curvature estimate (7.6.13) into the above two evolution equations
and using the volume lower bound (7.6.6), it is not hard to see

(7.6.14) Vol (By (20, V') > k' (')2

for some positive constant k' = '(w,r,£, A, ¢) depending only on w, r, £, A and ¢.
Then by the above assertion (ii), the combination of the curvature estimate (7.6.13)
and the volume lower bound (7.6.14) implies that the curvature estimate (7.6.5) still
holds for all points in By (xg, Ary/to) provided T = T(w,r,&, A, e) is chosen large
enough. This is a contradiction. Therefore we have proved assertion (iii). O

We now state and prove the important Thick-thin decomposition theorem. A

more general version (without the restriction on ) was implicitly claimed by Perelman
in [103] and [104].

THEOREM 7.6.3 (The Thick-thin decomposition theorem). For any w > 0 and
0 <e< %w, there exists a positive constant p = p(w,e) < 1 with the following
property. Suppose g;;(t) (t € [0, +00)) is a solution, constructed by Theorem 7.4.3 with

the nonincreasing (continuous) positive functions g(t) and 7(t), to the Ricci flow with
surgery and with a compact orientable normalized three-manifold as initial data, where
each d-cutoff at a time t has 6 = §(t) < min{d(t),7(2t)}. Then for any arbitrarily
fized € > 0, for t large enough, the manifold M, at time t admits a decomposition
M; = Minin(w,t) U Minick(w, t) with the following properties:
(a) For every x € Mypin(w,t), there exists some r = r(z,t) > 0, with 0 < r/t <
p\/z, such that

Rm > —(rvt)™2 on Bi(z,mVt), and

Vol ¢ (By(z,7Vt)) < w(rvt)>.
(b) For every x € Mpick(w,t), we have

12tRi; + gij| <& on Bi(x,pVt), and

Vol (B, W) = ooV,

Moreover, if we take any sequence of points x® € Minick(w, %), t* — +o0, then the
scalings of gi;(t*) around x® with factor (t*)~' converge smoothly, along a subse-
quence of a — 400, to a complete hyperbolic manifold of finite volume with constant
sectional curvatur —%.

Proof. Let 7 = 7(w,e),0 = O(w,e) and h be the positive constants obtained in
Corollary 7.5.3. We may assume p < 7 < e~3. For any point z € M;, there are two
cases: either

(i)  min{Rm | Bi(z, pvV1)} = —(pvV) "2,

(i)  min{Rm | Bi(z,pVt)} < —(pVt) "2
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Let us first consider Case (i). If Voly(Bi(z, pvt)) < Hw(pvt)?, then we can
choose r slightly less than p so that

Rm > —(pV) 2 > —(rVt)?

on By(x,rv/t)(C Bi(z, p\/1)), and

1
Vol (B (x, mV/1)) < Ew(p\/g)3 < w(rvt)?;
thus £ € Mypin(w,t). If Vol ;(By(z, pv/t)) > sw(pyv/t)?, we can apply Lemma 7.6.2(ii)
to conclude that for ¢ large enough,

2tRij + gij| <& on Bi(z, pvVt);

thus © € Mipick (w, t).
Next we consider Case (ii). By continuity, there exists 0 < r = r(z,t) < p such
that

(7.6.15) min{Rm | By(z,rVt)} = —(rvt)2.
If 9='h < rv/t (< 7V/t), we can apply Corollary 7.5.3 to conclude
Vol ;(Bi(x, mV1)) < w(rvt)3;

thus © € Mipin(w,t).
We now consider the difficult subcase v/t < 8~'h. By the pinching assumption,
we have

R

Y

(V)" (log[(rV) 2 (1 +1)] = 3)
(logr=2 = 3)(rvt) =2

2(rvt) 2

20°h

v

AVARLY,

somewhere in B;(z,7y/t). Since h is the maximal cutoff radius for surgeries in [£,¢],

27
by the design of the d-cutoff surgery, we have

h < sup {52(5)?(5) |se Bt] }

o).

Note also g(%) — 0 as t — 400. Thus from the canonical neighborhood assumption,

we see that for ¢ large enough, there exists a point in the ball By(x,rv/t) which has a
canonical neighborhood.
We claim that for ¢ sufficiently large, the point x satisfies

R(w.1) > 5002

and then the above argument shows that the point x also has a canonical e-neck or
e-cap neighborhood. Otherwise, by continuity, we can choose a point z* € By(x, rv/t)
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with R(z*,t) = 4(rv/t)~2. Clearly the new point z* has a canonical neighborhood
B* by the above argument. In particular, there holds

Cyt(e)R < = (rVt)™2 < Ca(e)R

N =

on the canonical neighborhood B*. By the definition of canonical neighborhood as-
sumption, we have

Bi(z*,0%) C B* C By(a*,20")

for some o* € (0,C1(e)R™ 2 (z*,t)). Clearly, without loss of generality, we may assume
(in the definition of canonical neighborhood assumption) that o* > 2R~ 2 (z*, ¢). Then

R(1+1t) > =Cyt(e)r2

vV
N = N =

Cy'(e)p

on By(x*,2rv/t). Thus when we choose p = p(w, e) small enough, it follows from the
pinching assumption that

Rm > ~[f7H(R(1+1))/(RA+ )R
1 _
> _Q(T\/Z) 27
on By(z*,2ry/t). This is a contradiction with (7.6.15).

We have seen that tR(z,t) > 1r=2(> 1p=2). Since r~2 > #?h =2t in this subcase,
we conclude that for arbitrarily given A < +oo,

(7.6.16) tR(z,t) > A%p~2

as long as t is large enough.

Let B, with By(z,0) C B C By(z,20), be the canonical e-neck or e-cap neigh-
borhood of (z,t). By the definition of the canonical neighborhood assumption, we
have

0<o<Cy(e)R3(x,t),

Cy'(e)R < R(z,t) < C2(e)R, on B,
and

w03.

(7.6.17) Vol 4(B) < eo® <

N~

Choose 0 < A < Cy(¢) so that o = AR™2(z,t). For sufficiently large ¢, since

R(1+1t) > Cy'(e)(tR(,t))
1

> 505 e,
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on B, we can require p = p(w, €) to be smaller still, and use the pinching assumption
to conclude

(7.6.18) Rm

vV

—[fTHROA+1)/(RA+1)R
—(AR™ 2 (z,t)) 2

_0‘72,

v

on B. For sufficiently large ¢, we adjust

(7.6.19) r=o(vVt)!
= (AR % (z,1)) (V)

<p,

by (7.6.16). Then the combination of (7.6.17), (7.6.18) and (7.6.19) implies that
x € Mypin(w,t).

The last statement in (b) follows directly from Lemma 7.6.2. (Here we also
used Bishop-Gromov volume comparison, Theorem 7.5.2 and Hamilton’s compactness
theorem to take a subsequent limit.)

Therefore we have completed the proof of the theorem. O

To state the long-time behavior of a solution to the Ricci flow with surgery, we
first recall some basic terminology in three-dimensional topology. A three-manifold
M is called irreducible if every smooth two-sphere embedded in M bounds a three-
ball in M. If we have a solution (M,,g;;(t)) obtained by Theorem 7.4.3 with a
compact, orientable and irreducible three-manifold (1, ¢;;) as initial data, then at
each time ¢ > 0, by the cutoff surgery procedure, the solution manifold M; consists
of a finite number of components where one of the components, called the essential
component and denoted by Mt(l)7 is diffeomorphic to the initial manifold M while
the rest are diffeomorphic to the three-sphere S3.

The main result of this section is the following generalization of Theorem 5.3.4. A
more general version of the result (without the restriction on €) was implicitly claimed
by Perelman in [104].

THEOREM 7.6.4 (Long-time behavior of the Ricci flow with surgery). Let w >
0 and 0 < e < 2w be any small positive constants and let (My, g;;(t)), 0 < t <
+o00, be a solution to the Ricci flow with surgery, constructed by Theorem 7.4.3 with
the nonincreasing (continuous) positive functions §(t) and 7(t) and with a compact,
orientable, irreducible and normalized three-manifold M as initial data, where each
d-cutoff at a time t has § = §(t) < min{o(¢t),7(2t)}. Then one of the following holds:
either
(i) for all sufficiently large t, we have My = Mipin(w,t); or
(i1) there exists a sequence of times t* — 400 such that the scalings of ¢;; (t*) on
the essential component Mt(i), with factor (t*)~1, converge in the C™ topol-
ogy to a hyperbolic metric on the initial compact manifold M with constant
sectional curvature —%; or
(ii) we can find a finite collection of complete noncompact hyperbolic three-
manifolds Hi, ..., Hm, with finite volume, and compact subsets Ki,..., K,
of Hi, ..., Hm respectively obtained by truncating each cusp of the hyperbolic
manifolds along constant mean curvature torus of small area, and for all t
beyond some time T' < 4+00 we can find diffeomorphisms ¢;,1 <1 <m, of K;
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into My so that as long as t is sufficiently large, the metric t= ¢} (t)gi;(t) is
as close to the hyperbolic metric as we like on the compact sets K1, ..., Kp,;
moreover, the complement M\ (o1 (K1) U -+ U pm(Ky)) is contained in the
thin part Minin(w, t), and the boundary tori of each K are incompressible in
the sense that each ) injects w1 (0K;) into w1 (My).

Proof. The proof of the theorem follows, with some modifications, essentially
from the same argument of Hamilton as in the proof of Theorem 5.3.4.

Clearly we may assume that the thick part Mipick(w, t) is not empty for a sequence
t* — 400, since otherwise we have case (i). If we take a sequence of points x® €
Minick(w, 1), then by Theorem 7.6.3(b) the scalings of g;;(¢t*) around z* with factor
(t*)~! converge smoothly, along a subsequence of a — +00, to a complete hyperbolic
manifold of finite volume with constant sectional curvature —%. The limits may be
different for different choices of (z*,t*). If a limit is compact, we have case (ii). Thus
we assume that all limits are noncompact.

Consider all the possible hyperbolic limits of the solution, and among them choose
one such complete noncompact hyperbolic three-manifold H with the least possible
number of cusps. Denote by h;; the hyperbolic metric of H. For all small a > 0 we
can truncate each cusp of H along a constant mean curvature torus of area a which
is uniquely determined; we denote the remainder by H,. Fix a > 0 so small that
Lemma 5.3.7 is applicable for the compact set L = H,. Pick an integer [y sufficiently
large and an €y sufficiently small to guarantee from Lemma 5.3.8 that the identity
map Id is the only harmonic map F' from H, to itself with taking 0H, to itself, with
the normal derivative of F' at the boundary of the domain normal to the boundary
of the target, and with dcig(3,)(F, Id) < eo. Then choose a positive integer go and

a small number §p > 0 from Lemma 5.3.7 such that if Fisa diffeomorphism of H,
into another complete noncompact hyperbolic three-manifold (H, h;;) with no fewer
cusps (than H), of finite volume and satisfying

1E*hij = hijllcao 4.y < o,
then there exists an isometry I of H to H such that
dclo(Ha)(ﬁ, I) < €.

By Lemma 5.3.8 we further require go and Jp to guarantee the existence of a har-
monic diffeomorphism from (Hg,gij) to (Hq, hsj) for any metric g;; on H, with
19i5 — hijllcao (1,) < do-

Let 2 € Minick(w, t),t* — +00, be a sequence of points such that the scalings
of g;;(t*) around z® with factor (¢*)~! converge to h;j. Then there exist a marked
point x° € H, and a sequence of diffecomorphisms F,, from H, into M« such that
F, (%) = x> and

(%)™  Fagig (t%) = hijllem 3,y — 0

as a — oo for all positive integers m. By applying Lemma 5.3.8 and the implicit
function theorem, we can change F,, by an amount which goes to zero as o — oo so
as to make F, a harmonic diffeomorphism taking 0H, to a constant mean curvature
hypersurface Fy,(OHg) of (Mya, (t*)71g;;(t*)) with the area a and satisfying the free
boundary condition that the normal derivative of F,, at the boundary of the domain
is normal to the boundary of the target; and by combining with Lemma 7.6.2 (iii),
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we can smoothly continue each harmonic diffeomorphism F,, forward in time a little
to a family of harmonic diffeomorphisms F,(t) from H, into M; with the metric
t=1g;;(t), with F,(t*) = F, and with the time ¢ slightly larger than t®, where F,(t)
takes OH, into a constant mean curvature hypersurface of (M, ¢ 1g;;(t)) with the
area a and also satisfies the free boundary condition. Moreover, since the surgeries
do not take place at the points where the scalar curvature is negative, by the same
argument as in Theorem 5.3.4 for an arbitrarily given positive integer ¢ > qg, positive
number § < Jo, and sufficiently large o, we can ensure the extension Fy(t) satisfies
Ht‘lF*( )9i5(t) = hijllcan,) < 0 on a maximal time interval t* <t < w® (or t* <
t < w® when w® = +00), and with |[(w*) ™ FZ(w*)gi; (W) — hijllcar,) = 6, when
w® < +00. Here we have implicitly used the fact that F,(w®)(0H,) is still strictly
concave to ensure the map Fy, (w®) is diffeomorphic.

We further claim that there must be some a such that w® = +o0; in other words,
at least one hyperbolic piece persists. Indeed, suppose that for each large enough «
we can only continue the family F,(t) on a finite interval t* < ¢ < w® < 400 with

[(w®) ™ Fa(w™)gis (W) = hijllcagr,) = 6.

Consider the new sequence of manifolds (Mye, g;;(w®)). Clearly by Lemma 7.6.1, the
scalings of g;;(w®) around the new origins F,(w®)(z*) with factor (w®)~! converge
smoothly (by passing to a subsequence) to a complete noncompact hyperbolic three-
manifold H with the metric ﬁij and the origin £*° and with finite volume. By the

choice of the old limit H, the new limit H has at least as many cusps as H. By the
definition of convergence, we can find a sequence of compact subsets U, exhausting
H and containing 2°°, and a sequence of diffeomorphisms F, of neighborhood of U,
into My with F, () = F,(w®)(2°°) such that for each compact subset U of H and
each integer m,

(@)™ (935 (@) = Pl oy = 0
as a — +o00. Thus for sufficiently large o, we have the map
Go=F 'oF,(w*): He—H
such that
IG5 hss = hijllcagr,) <0

for any fixed § > 6. Then a subsequence of G, converges at least in the C9~ 1(Ha)
topology to a map G, of H, into H which is a harmonic map from H, into H and
takes OH, to a constant mean curvature hypersurface Goo (0H,) of (H, hw) with the
area a, as well as satisfies the free boundary condition. Clearly, G is at least a
local diffeomorphism. Since G is the limit of diffeomorphisms, the only possibility
of overlap is at the boundary. Note that Goo(0H,) is still strictly concave. So G
is still a diffeomorphism. Moreover by using the standard regularity result of elliptic
partial differential equations (see for example [48]), we also have

(7.6.20) |G his — hijllcagr,y = 0.
Now by Lemma 5.3.7 we deduce that there exists an isometry I of H to H with

dCZU('Ha) (GOO7 I) < €p.
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Thus I~! 0 G is a harmonic diffeomorphism of H, to itself which satisfies the free
boundary condition and

dclo(HQ)(I_1 0 Goo, Id) < €.

However the uniqueness in Lemma 5.3.8 concludes that I~! o G5, = Id which contra-
dicts (7.6.20). So we have shown that at least one hyperbolic piece persists and the
metric ¢ FX(t)gi;(t), for w* <t < oo, is as close to the hyperbolic metric h;; as we
like.

We can continue to form other persistent hyperbolic pieces in the same way as long
as there is a sequence of points y°® € Mpia(w,t?),t” — 400, lying outside the chosen
pieces. Note that V(¢)(t+ %)_% is nonincreasing on [0, +00). Therefore by combining
with Margulis lemma (see for example [55] or [76]), we have proved that there exists a
finite collection of complete noncompact hyperbolic three-manifolds Hy, ..., H,, with
finite volume, a small number a¢ > 0 and a time T' < 400 such that for all £ beyond
T we can find diffeomorphisms ;(t) of (H;), into My, 1 <1 < m, so that as long as ¢
is sufficiently large, the metric t_lcpf (t)gi;(t) is as close to the hyperbolic metrics as
we like and the complement M\ (¢1(t)((H1)o) U -+ U @m () (Hm)a)) is contained in
the thin part Mipin(w, t).

It remains to show the boundary tori of any persistent hyperbolic piece are incom-
pressible. Let B be a small positive number and assume the above positive number
a is much smaller than B. Let M,(t) = ¢i(t)(Hi)a) (1 <1 < m) be such a per-
sistent hyperbolic piece of the manifold M; truncated by boundary tori of area at

with constant mean curvature, and denote by MS(t) = M\ M o (t) the part of M,
exterior to M, (t). Thus there exists a family of subsets Mp(t) C M,(t) which is a
persistent hyperbolic piece of the manifold M; truncated by boundary tori of area Bt

with constant mean curvature. We also denote by M§(t) = M,;\ M g (t). By Van
Kampen’s Theorem, if 71 (0Mp(t)) injects into w1 (M§(¢)) then it injects into w1 (M)
also. Thus we only need to show m (0Mp(t)) injects into m1 (M§(t)).

As before we will use a contradiction argument to show w1 (0Mp(t)) injects into
w1 (M§(t)). Let T be a torus in dMp(t) and suppose m1(7T") does not inject into
w1 (M§(t)). By Dehn’s Lemma we know that the kernel is a cyclic subgroup of m1(T)
generated by a primitive element. Consider the normalized metric g;;(t) = t~*g;;(¢)
on M;. Then by the work of Meeks-Yau [86] or Meeks-Simon-Yau [87], we know that
among all disks in M5 (t) whose boundary curve lies in T' and generates the kernel
of m(T'), there is a smooth embedded disk normal to the boundary which has the
least possible area (with respect to the normalized metric g;;(¢)). Denote by D the
minimal disk and A = A(t) its arca. We will show that A(t) decreases at a certain
rate which will arrive at a contradiction.

We first consider the case that there exist no surgeries at the time ¢. Exactly as
in Part IIT of the proof of Theorem 5.3.4, the change of the area A(t) comes from the
change in the metric and the change in the boundary. For the change in the metric,
we choose an orthonormal frame X, Y, Z at a point = in the disk D so that X and Y
are tangent to the disk D while Z is normal. Since the normalized metric g;; evolves
by

0 _ s ~
5704 = —t (G + 2Ry),
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the (normalized) area element do of the disk D around x satisfies

0 . —— = ~
510 = —t71(1 + Ric (X, X) + Ric (Y, Y))do.

For the change in the boundary, we notice that the tensor g;; + 2§ij is very small for
the persistent hyperbolic piece. Then by using the Gauss-Bonnet theorem as before,
we obtain the rate of change of the area

dA 1 R ~ 1 ~ oo 27 1 ~
6. — < - -+ = |do+ - ds — — + —-|L
(7.6.21) dt /D (t 2f> f/BDk ’ t O(t> 7

where & is the geodesic curvature of the boundary and L is the length of the boundary
curve D (with respect to the normalized metric g;;(t)). Since R > —3t/2(t + 2) for
all t > 0 by (7.6.2), the first term on the RHS of (7.6.21) is bounded above by

_/DGJF;;)J&S_% G_ou))ﬁ;

while the second term on the RHS of (7.6.21) can be estimated exactly as before by

1 ~ _ 1/71 ~
—/ kds < =(=40(1)]) L.
t Jop t \4

Thus we obtain

(7.6.22) % < % Ki + 0(1)) L-— G - o(1)> A-— 27@ .

Next we show that these arguments also work for the case that there exist surgeries
at the time ¢. To this end, we only need to check that the embedded minimal disk
D lies in the region which is unaffected by surgery. Our surgeries for the irreducible
three-manifold took place on d-necks in e-horns, where the scalar curvatures are at
least 6=2(7(t))~!, and the components with nonnegative scalar curvature have been
removed. So the hyperbolic piece is not affected by the surgeries. In particular, the
boundary 0D is unaffected by the surgeries. Thus if surgeries occur on the minimal
disk, the minimal disk has to pass through a long thin neck before it reaches the
surgery regions. Look at the intersections of the embedding minimal disk with a
generic center two-sphere S? of the long thin neck; these are circles. Since the two-
sphere S? is simply connected, we can replace the components of the minimal disk
D outside the center two-sphere S? by some corresponding components on the center
two-sphere S? to form a new disk which also has D as its boundary. Since the metric
on the long thin neck is nearly a product metric, we could choose the generic center
two-sphere S? properly so that the area of the new disk is strictly less than the area
of the original disk D. This contradiction proves the minimal disk lies entirely in the
region unaffected by surgery.

Since a is much smaller than B, the region within a long distance from OMp(t)
into Mg (t) will look nearly like a hyperbolic cusplike collar and is unaffected by the
surgeries. So we can repeat the arguments in the last part of the proof of Theorem
5.3.4 to bound the length L by the area A and to conclude

dA 0
< =

dt — ot
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for all sufficiently large times ¢, which is impossible because the RHS is not inte-
grable. This proves that the boundary tori of any persistent hyperbolic piece are
incompressible.

Therefore we have proved the theorem. O

7.7. Geometrization of Three-manifolds. In the late 70’s and early 80’s,
Thurston [122], [123] [124] proved a number of remarkable results on the existence
of geometric structures on a class of three-manifolds: Haken manifolds (i.e. each of
them contains an incompressible surface of genus > 1). These results motivated him
to formulate a profound conjecture which roughly says every compact three-manifold
admits a canonical decomposition into domains, each of which has a canonical geo-
metric structure. To give a detailed description of the conjecture, we recall some
terminology as follows.

An n-dimensional complete Riemannian manifold (M, g) is called a homoge-
neous manifold if its group of isometries acts transitively on the manifold. This
means that the homogeneous manifold looks the same metrically at everypoint. For
example, the round n-sphere S”, the Euclidean space R™ and the standard hyperbolic
space H"™ are homogeneous manifolds. A Riemannian manifold is said to be mod-
eled on a given homogeneous manifold (M, g) if every point of the manifold has a
neighborhood isometric to an open set of (M, g). And an n-dimensional Riemannian
manifold is called a locally homogeneous manifold if it is complete and is modeled
on a homogeneous manifold. By a theorem of Singer [119], the universal cover of a
locally homogeneous manifold (with the pull-back metric) is a homogeneous manifold.

In dimension three, every locally homogeneous manifold with finite volume is
modeled on one of the following eight homogeneous manifolds (see for example The-
orem 3.8.4 of [125]):

(1) S3, the round three-sphere;

(2) R3, the Euclidean space ;

(3) H3, the standard hyperbolic space;

(4) $? x R;

(5) H? x R;

(6) Nil, the three-dimensional nilpotent Heisenberg group (consisting of upper
triangular 3 x 3 matrices with diagonal entries 1);

(7) P/’Ei(l R), the universal cover of the unit sphere bundle of H?;
(8) Sol, the three-dimensional solvable Lie group.

A three-manifold M is called prime if it is not diffeomorphic to S® and if every
(topological) S? C M, which separates M into two pieces, has the property that one
of the two pieces is diffeomorphic to a three-ball. Recall that a three-manifold is
irreducible if every embedded two-sphere bounds a three-ball in the manifold. Clearly
an irreducible three-manifold is either prime or is diffeomorphic to S3. Conversely, an
orientable prime three-manifold is either irreducible or is diffeomorphic to S? x St (see
for example [69]). One of the first results in three-manifold topology is the following
prime decomposition theorem obtained by Kneser [79] in 1929 (see also Theorem 3.15
of [69]).

Prime Decomposition Theorem. FEvery compact orientable three-manifold
admits a decomposition as a finite connected sum of orientable prime three-manifolds.

In [90], Milnor showed that the factors involved in the above Prime Decompo-
sition are unique. Based on the prime decomposition, the question about topology
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of compact orientable three-manifolds is reduced to the question about prime three-
manifolds. Thurston’s Geometrization Conjecture is about prime three-manifolds.

Thurston’s Geometrization Conjecture. Let M be a compact, orientable
and prime three-manifold. Then there is an embedding of a finite number of disjoint
unions, possibly empty, of incompressible two-tori [, T? C M such that every com-
ponent of the complement admits a locally homogeneous Riemannian metric of finite
volume.

We remark that the existence of a torus decomposition, also called JSJ-
decomposition, was already obtained by Jaco-Shalen [74] and Johannsen [75]. The
JSJ-decomposition states that any compact, orientable, and prime three-manifold has
a finite collection, possibly empty, of disjoint incompressible embedding two-tori {777}
which separate the manifold into a finite collection of compact three-manifolds (with
toral boundary), each of which is either a graph manifold or is atoroidal in the sense
that any subgroup of its fundamental group isomorphic to Z x Z is conjugate into the
fundamental group of some component of its boundary. A compact three-manifold X,
possibly with boundary, is called a graph manifold if there is a finite collection of
disjoint embedded tori T; C X such that each component of X \ [J7; is an S' bundle
over a surface. Thus the point of the conjecture is that the components should all be
geometric.

The geometrization conjecture for a general compact orientable 3-manifold is
the statement that each of its prime factors satisfies the above conjecture. We say
a compact orientable three-manifold is geometrizable if it satisfies the geometric
conjecture.

We also remark that the Poincaré conjecture can be deduced from Thurston’s
geometrization conjecture. Indeed, suppose that we have a compact simply connected
three-manifold that satisfies the conclusion of the geometrization conjecture. If it were
not diffeomorphic to the three-sphere S3, there would be a prime factor in the prime
decomposition of the manifold. Since the prime factor still has vanishing fundamental
group, the (torus) decomposition of the prime factor in the geometrization conjecture
must be trivial. Thus the prime factor is a compact homogeneous manifold model.
From the list of above eight models, we see that the only compact three-dimensional
model is S®. This is a contradiction. Consequently, the compact simply connected
three-manifold is diffeomorphic to S?.

Now we apply the Ricci flow to discuss Thurston’s geometrization conjecture.
Let M be a compact, orientable and prime three-manifold. Since a prime orientable
three-manifold is either irreducible or is diffeomorphic to S? x S!, we may thus assume
the manifold M is irreducible also. Arbitrarily given a (normalized) Riemannian
metric for the manifold M, we use it as initial data to evolve the metric by the
Ricci flow with surgery. From Theorem 7.4.3, we know that the Ricci flow with
surgery has a long-time solution on a maximal time interval [0,T) which satisfies the
a priori assumptions and has a finite number of surgeries on each finite time interval.
Furthermore, from the long-time behavior theorem (Theorem 7.6.4), we have well-
understood geometric structures on the thick part. Whereas, to understand the thin
part, Perelman announced the following assertion in [104].

Perelman’s Claim ([104]). Suppose (M*®,gf:) is a sequence of compact ori-
entable three-manifolds, closed or with convex boundary, and w® — 0. Assume that
(1) for each point © € M® there exists a radius p = p*(x),0 < p < 1, not
exceeding the diameter of the manifold, such that the ball B(z,p) in the
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2.

)

metric g;; has volume at most wp?® and sectional curvatures at least —p~
(2) each component of the boundary of M* has diameter at most w®, and has a
(topologically trivial) collar of length one, where the sectional curvatures are
between —1/4 — e and —1/4 + e.
Then M* for sufficiently large « are diffeomorphic to graph manifolds.

The topology of graph manifolds is well understood; in particular, every graph
manifold is geometrizable (see [126]).

The proof of Perelman’s Claim promised in [104] is still not available in literature.
Nevertheless, recently in [118], Shioya and Yamaguchi provided a proof of Perelman’s
Claim for the special case that all the manifolds (M¢, gf}) are closed. That is, they
proposed a proof for the following weaker assertion.

Weaker Assertion (Theorem 8.1 of Shioya-Yamaguchi [118]). Suppose
(M<,gs%) is a sequence of compact orientable three-manifolds without boundary, and
w® — 0. Assume that for each point x € M® there exists a radius p = p®(x),
not exceeding the diameter of the manifold, such that the ball B(z, p) in the metric
g;5 has volume at most w®p> and sectional curvatures at least —p~2. Then M® for
sufficiently large « are diffeomorphic to graph manifolds.

Based on the the long-time behavior theorem (Theorem 7.6.4) and assuming the
above Weaker Assertion, we can now give a proof for Thurston’s geometrization con-
jecture . We remark that if we assume the above Perelman’s Claim, then we does not
need to use Thurston’s theorem for Haken manifolds in the proof of Theorem 7.7.1.

THEOREM 7.7.1. Thurston’s geometrization conjecture is true.

Proof. Let M be a compact, orientable, and prime three-manifold (without
boundary). Without loss of generality, we may assume that the manifold M is ir-
reducible also.

Recall that the theorem of Thurston (see for example Theorem A and Theorem
B in Section 3 of [94], see also [85] and [102]) says that any compact, orientable,
and irreducible Haken three-manifold (with or without boundary) is geometrizable.
Thus in the following, we may assume that the compact three-manifold M (without
boundary) is atoroidal, and then the fundamental group 1 (M) contains no noncyclic,
abelian subgroup.

Arbitrarily given a (normalized) Riemannian metric on the manifold M, we use
it as initial data for the Ricci flow. Arbitrarily take a sequence of small positive
constants w* — 0 as @« — +oo. For each fixed a, we set ¢ = w®/2 > 0. Then by
Theorem 7.4.3, the Ricci flow with surgery has a long-time solution (M, g% (t)) on
a maximal time interval [0,7%), which satisfies the a priori assumptions (with the
accuracy parameter ¢ = w®/2) and has a finite number of surgeries on each finite
time interval. Since the initial manifold is irreducible, by the surgery procedure, we
know that for each o and each ¢t > 0 the solution manifold M{* consists of a finite
number of components where the essential component (M) is diffeomorphic to the
initial manifold M and the others are diffeomorphic to the three-sphere S3.

If for some a = ag the maximal time 7% is finite, then the solution (M;*, gi* ()
becomes extinct at 7 and the (irreducible) initial manifold M is diffeomorphic to
S3/T (the metric quotients of round three-sphere); in particular, the manifold M is
geometrizable. Thus we may assume that the maximal time 7% = 400 for all «.

We now apply the long-time behavior theorem (Theorem 7.6.4). If there is some
a such that case (ii) of Theorem 7.6.4 occurs, then for some sufficiently large time
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t, the essential component (M) of the solution manifold M¢ is diffeomorphic to
a compact hyperbolic space, so the initial manifold M is geometrizable. Whereas if
there is some sufficiently large o such that case (iii) of Theorem 7.6.4 occurs, then it
follows that for all sufficiently large ¢, there is an embedding of a (nonempty) finite
number of disjoint unions of incompressible two-tori [ |, T? in the essential component
(M)M) of M. This is a contradiction since we have assumed the initial manifold
M is atoroidal.

It remains to deal with the situation that there is a sequence of positive ay —
+00 such that the solutions (M;™*, gi*(t)) always satisfy case (i) of Theorem 7.6.4.
That is, for each ay, M"* = Mipin(w®*,t) when the time ¢ is sufficiently large. By
the Thick-thin decomposition theorem (Theorem 7.6.3), there is a positive constant,
0 < p(w*) < 1, such that as long as ¢ is sufficiently large, for every x € M* =
Mipin (W™, 1), we have some r = 7(z,t), with 0 < rv/t < p(w®*)+/t, such that

(7.7.1) Rm > —(rVt)™2  on By(z,7V1),
and
(7.7.2) Vol ¢ (Bi (2, 7V1)) < w™ (rv/t)3.

Clearly we only need to consider the essential component (M*)(1). We divide
the discussion into the following two cases:

(1) there is a positive constant 1 < C' < 400 such that for each ay there is a
sufficiently large time ¢ > 0 such that

(7.7.3) r(@,b)ViE < C - diam (M) M)

for all z € (M{*)™) C Mypin(w, t1);
(2) there are a subsequence «y, (still denoted by ay), and sequences of positive
constants Cj — 400 and times T} < +oo such that for each ¢t > T}, we have

(7.7.4) r(x(t),t)\/z > (), - diam ((Mto"“)(l))

for some x(t) € (M), k =1,2,.... Here we denote by diam ((M¢)™M) the diam-
eter of the essential component (M) with the metric g5:(t) at the time .

Let us first consider case (1). For each point € (M*)1) C Mypin(w*, ty), we
denote by pi(z) = C~1r(z,tr)y/Tk. Then by (7.7.1), (7.7.2) and (7.7.3), we have

pr(z) < diam ((Mto;ik)(l)) 7

Voly, (Btk (l’,pk(l’))) < Voly, (Btk (‘Tv r(x,tk)\/ﬁ)) < CPw™ (pk(‘r))gv

and

Rm > —(r(z, ti)ViK) 2 > —(pr(z)) 2

on By, (z, pr(x)). Then it follows from the above Weaker Assertion that (Mf;")(l),
for sufficiently large k, are diffeomorphic to graph manifolds. This implies that the
(irreducible) initial manifold M is diffeomorphic to a graph manifold. So the manifold
M is geometrizable in case (1).
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We next consider case (2). Clearly, for each ay and the chosen Ty, we may
assume that the estimates (7.7.1) and (7.7.2) hold for all t > Ty and 2 € (M/*)™),
The combination of (7.7.1) and (7.7.4) gives

(7.7.5) Rm > —C, 2 (diam (M{*)M)=2 on (M)

for all ¢ > Tj. If there are a subsequence «y (still denoted by «ay) and a sequence of
times t € (T, +00) such that

(7.7.6) Voltk((MtO;k)(l)) < w;(diam((Mto;’“)(l)))?’

for some sequence wj, — 0, then it follows from the Weaker Assertion that (M),
for sufficiently large k, are diffeomorphic to graph manifolds which implies the initial
manifold M is geometrizable. Thus we may assume that there is a positive constant
w’ such that

(7.7.7) Vol o (M) D)) > o (diam (M) M))3

for each k and all ¢ > Tj.

In view of the estimates (7.7.5) and (7.7.7), we now want to use Theorem
7.5.2 to get a uniform upper bound for the curvatures of the essential components
((Mto‘k)(l),gf‘j’“ (t)) with sufficiently large time ¢. Note that the estimate in Theorem
7.5.2 depends on the parameter ¢ and our €’s depend on w®* with 0 < ¢ = w** /2; so
it does not work in the present situation. Fortunately we notice that the curvature
estimate for smooth solutions in Corollary 7.2.3 is independent of . In the following
we try to use Corollary 7.2.3 to obtain the desired curvature estimate.

We first claim that for each k, there is a sufficiently large T}, € (T, +00) such
that the solution, when restricted to the essential component ((M*)™), gi*(t)), has
no surgery for all ¢ > T}. Indeed, for each fixed k, if there is a §(t)-cutoff surgery
at a sufficiently large time ¢, then the manifold ((Mf"“)(l),gf;—’c (t)) would contain a

5(t)-neck By(y,d(t) " R(y,t)"2) for some y € (M{*)D) with the volume ratio
Vol (By(y, 3(t) ' R(y,t)~%))
(8(t) " Ry, t)~2)?

On the other hand, by (7.7.5) and (7.7.7), the standard Bishop-Gromov volume com-
parison implies that

(7.7.8) < 8w (t)°.

Vol (By(y, 5(t) ' R(y,t)"2))
(8(t) " Ry, t)~%)?
for some positive constant ¢(w’) depending only on w’. Since §(t) is very small when

t is large, this arrives at a contradiction with (7.7.8). So for each k, the essential
component ((M*)M), ;7 (t)) has no surgery for all sufficiently large ¢.

> c(w')

For each k, we consider any fixed time #; > 3T}. Let us scale the solution g:i (1)
on the essential component (M*)™1) by

g?jk('a S) = (Ek)ilggjk('vfks)'

Note that (M;*)() is diffeomorphic to M for all t. By the above claim, we see that
the rescaled solution (M, g;* (-, s)) is a smooth solution to the Ricci flow on the time

interval s € [3,1]. Set

T = (\/ﬁ)il diam ((Mi’“)(l)) .
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Then by (7.7.4), (7.7.5) and (7.7.7), we have

fkgc,;l—m), as k — o0,

Rm > —C72(7)72, on Bi(z(f), 7),
and
VOll(Bl(.’L'(fk),fk)) > w/(fk)s,

where Rm is the rescaled curvature, z(f) is the point given by (7.7.4) and
By (z(ty), 7) is the geodesic ball of rescaled solution at the time s = 1. Moreover, the
closure of By (x(tx), 7)) is the whole manifold (M, g (- 1)).

Note that in Theorem 7.2.1, Theorem 7.2.2 and Corollary 7.2.3, the condition
about normalized initial metrics is just to ensure that the solutions satisfy the
Hamilton-Ivey pinching estimate. Since our solutions (M;™,g;*(t)) have already
satisfied the pinching assumption, we can then apply Corollary 7.2.3 to conclude

|Rm(z, s)] < K (w') ()2,

whenever s € [1 — 7(w')(7)? 1], © € (M, g;}*(-,5)) and k is sufficiently large. Here
K(w') and 7(w') are positive constants depending only on w’. Equivalently, we have
the curvature estimates

(7.7.9) |Rm(-,t)] < K (w')(diam (MZ*)D))7, on M,

whenever t € [t — 7(w')(diam ((Mik)(l)))2, tx] and k is sufficiently large.
For each k, let us scale (M), g* (t)) with the factor (diam((M7* )(1))~2 and shift

the time #; to the new time zero. By the curvature estimate (7.7.9) and Hamilton’s
compactness theorem (Theorem 4.1.5), we can take a subsequential limit (in the C'*°
topology) and get a smooth solution to the Ricci flow on M x (—7(w’),0]. Moreover,
by (7.7.5), the limit has nonnegative sectional curvature on M x (—7(w’),0]. Recall
that we have removed all compact components with nonnegative scalar curvature. By
combining this with the strong maximum principle, we conclude that the limit is a
flat metric. Hence in case (2), M is diffeomorphic to a flat manifold and then it is
also geometrizable.
Therefore we have completed the proof of the theorem. O
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T; converges to a tensor 1", 267
o-cutoff surgery, 424
k-noncollapsed, 255, 433
A-remote, 360
L-Jacobian, 252
L-Jacobian field, 248
L-distance function, 245
L-exponential map

with parameter 7, 252
L-geodesic, 244

curve, 244

equation, 244
L-length, 244
e-cap, 414
e-horn, 414
e-neck, 414

strong, 416
e-neck of radius r, 357
e-tube, 414
k-jet

distance, 343

space, 343
(almost) maximum points, 291

a priori assumptions (with accuracye),
416
admissible curve, 435
ancient
k-solution, 357
solution, 233
asymptotic scalar curvature ratio, 303,
362
asymptotic volume ratio, 373
atoroidal, 482

barely admissible curve, 435
be modeled, 481
Berger’s rigidity theorem, 321
breather, 199
expanding, 199
shrinking, 199
steady, 199

canonical neighborhood assumption
(with accuracy ), 416

canonical neighborhood theorem, 396

capped e-horn, 414

center of an evolving e-neck, 394

Cheeger’s lemma, 288

classical sphere theorems, 321

classification of three-dimensional
shrinking solitons, 384

collapsed, 338

compactness of ancient kg-solutions,
393

conjugate heat equation, 235

converges to a marked manifold, 267

converges to an evolving marked man-
ifold, 282

curvature S-bump, 360

degree, 308
double e-horn, 414

Einstein
manifold, 174
metric, 174
elliptic type estimate, 391
essential component, 476
evolving e-cap, 396
evolving e-neck, 396
exceptional part, 338

finite bump theorem, 360
free boundary condition, 345

geometrizable, 482

gradient shrinking Ricci soliton, 384

graph manifold, 482

Gromoll-Meyer injectivity radius esti-
mate, 286

Haken, 481

Hamilton’s advanced maximum princi-
ple, 218

Hamilton’s compactness theorem, 285

Hamilton’s strong maximum principle,
213

Hamilton-Ivey pinching estimate, 224,
336

homogeneous manifold, 481

locally, 481

incompressible, 338
injectivity radius, 286
condition, 291
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irreducible, 476

Jacobian comparison theorem, 253

justification of the canonical neighbor-
hood assumption, 433

justification of the pinching assump-
tion, 424

Kaéhler-Ricci flow, 176

Kahler-Ricci soliton
expanding, 176
shrinking, 176
steady, 176

Klingenberg’s lemma, 286

Li-Yau-Hamilton estimate, 226, 230
Li-Yau-Hamilton quadratic, 230
Li-Yau-Perelman distance, 238, 250
Little Loop Lemma, 290

marked Riemannian manifold, 267
marking, 267

maximal solution, 291

Mostow type rigidity, 343

no local collapsing theorem I, 255, 256
no local collapsing theorem I’, 259

no local collapsing theorem II, 263
noncollapsing limit, 338

normalized, 398

normalized Ricci flow, 307

origin, 267

Perelman’s claim, 482

Perelman’s reduced volume, 243, 252
element, 254

pinching assumption, 416

Poincaré conjecture, 452

prime, 481
decomposition theorem, 481

regular, 411
Ricci flow, 173
Ricci flow with surgery, 416
Ricci soliton
expanding, 175
shrinking, 175
gradient , 175
steady , 175

Shi’s derivative estimate, 192

singularity model, 292
singularity structure theorem, 399
soliton

cigar, 177
steady, 175
solution

ancient, 233

nonsingular, 336

standard, 420
solution becomes extinct, 417
solution develops a singularity, 267
standard capped infinite cylinder, 420
support function, 220
surgery times, 416
surgically modified solution, 416

tangent cone, 219
thick-thin decomposition theorem, 473
Thurston’s geometrization conjecture,
482, 483
type I, 291-293
type II, 293
(a), 291, 294
(b), 292, 295
type III, 293
(a), 292, 296
(b), 292

universal noncollapsing, 388

Weaker Assertion, 483



