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SUPERSINGULAR K3 SURFACES IN CHARACTERISTIC 2 AS
DOUBLE COVERS OF A PROJECTIVE PLANE *

ICHIRO SHIMADAT

Abstract. For every supersingular K3 surface X in characteristic 2, there exists a homogeneous
polynomial G of degree 6 such that X is birational to the purely inseparable double cover of P?
defined by w? = G. We present an algorithm to calculate from G a set of generators of the numerical
Néron-Severi lattice of X. As an application, we investigate the stratification defined by the Artin
invariant on a moduli space of supersingular K3 surfaces of degree 2 in characteristic 2.

1. Introduction. We work over an algebraically closed field k of characteristic
2 in Introduction.

In [17], we have shown that every supersingular K3 surface X in characteristic 2
is isomorphic to the minimal resolution X of a purely inseparable double cover Yg
of P? defined by

w2 = G<X07X17X2)7

where G is a homogeneous polynomial of degree 6 such that the singular locus
Sing(Yy) of Y consists of 21 ordinary nodes. Conversely, if Yg has 21 ordinary
nodes as its only singularities, then X is a supersingular K3 surface. In character-
istic 2, we can define the differential dG of a homogeneous polynomial G of degree 6
as a global section of the vector bundle Q3,(6). The condition that Sing(Y¢) consists
of 21 ordinary nodes is equivalent to the condition that the subscheme Z(dG) of P?
defined by dG = 0 is reduced of dimension 0. The homogeneous polynomials of degree
6 satisfying this condition form a Zariski open dense subset Us g of H?(P?, Opz(6)).
The kernel of the linear homomorphism G — dG is the linear subspace

Voo :={ H? € H'(P?, 0p2(6)) | H € H°(P?, 0p2(3)) }

of HO(P%, Op2(6)). If G € Uz, then G + H? € Us s holds for any H? € Vy4; that
is, Va6 acts on Us g by translation. Let G and G’ be polynomials in Usg. The
supersingular K3 surfaces X and X¢ are isomorphic over P? if and only if there
exist ¢ € kX and H? € V56 such that

G' =G+ H>.

Therefore we can construct a moduli space 91 of supersingular K3 surfaces of degree
2 in characteristic 2 by

M .= ]P)*(Z/{Q’ﬁ/vzﬁ)/ PGL(?), k)

The purpose of this paper is to investigate the stratification of Uz ¢ by the Artin
invariant of the supersingular K3 surfaces. Our investigation yields an algorithm to
calculate a set of generators of the numerical Néron-Severi lattice of X¢ from the
homogeneous polynomial G € Us g.
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532 1. SHIMADA

Suppose that a polynomial G in Uz is given. The singular points of Y are
mapped bijectively to the points of Z(dG) by the covering morphism. We denote by

bc : Xg — P?

the composite of the minimal resolution X — Y& and the covering morphism Yg —
P2. The numerical Néron-Severi lattice of the supersingular K3 surface X is denoted
by S¢, which is a hyperbolic lattice of rank 22. Let Hg C X¢ be the pull-back of a
general line of P? by ¢g. For a point P € Z(dG), we denote by I'p the (—2)-curve
on X that is contracted to P by ¢q. It is obvious that the sublattice Sg of Sg
generated by the numerical equivalence classes [I'p] (P € Z(dG)) and [H¢] is of rank
22, and hence is of finite index in Sg.

DEFINITION 1.1. Let C' C P? be a reduced irreducible plane curve. We say
that C' is splitting in X if the proper transform D¢ of C in Xg is not reduced. If
C is splitting in X¢, then the divisor D¢ is written as 2Fc, where F¢ is a reduced
irreducible curve on Xg.

DEFINITION 1.2. A pencil £ of cubic curves on P? is called a regular pencil
splitting in X if the following hold;
e the base locus of £ consists of distinct 9 points,
e every singular member of £ is an irreducible nodal curve, and
e every member of £ is splitting in Xg.

The correctness of our main algorithm (Algorithm 9.4) is a consequence of the
following:

MAIN THEOREM. Suppose that G € Uz .

(1) Let Tzaa)y C Op2 denote the ideal sheaf of Z(dG). Then the linear system
|Z7(ac)(5)| is of dimension 2, and a general member of |z (5)| is reduced, irre-
ducible, and splitting in Xq.

(2) A line L C P? is splitting in X¢ if and only if |[L N Z(dG)| = 5.

(3) A smooth conic Q C P? is splitting in X¢g if and only if |Q N Z(dG)| = 8.

(4) Let € be a regular pencil of cubic curves of P? splitting in Xg. Then the base
locus Bs(E) of & is contained in Z(dG).

(5) The lattice Sg is generated by the sublattice S, and the classes [Fc|, where
C runs through the set of splitting curves of the following type:

e a general member of the linear system |Zz4cy(5)],

e q line splitting in Xq,

e a smooth conic splitting in X¢,

e a member of a regular pencil of cubic curves splitting in X¢.

ExaMpPLE 1.3. Consider the polynomial
(1.1) Gox = Xo X1 X2(Xg + X7 + X3),

which was discovered by Dolgachev and Kondo in [6]. They showed that every super-
singular K3 surface in characteristic 2 with Artin invariant 1 is isomorphic to X¢p -
The subscheme Z(dGpk) C P? consists of the Fy-rational points of P2. A line L C P?
is splitting in X¢,,, if and only if L is Fy-rational. The numerical Néron-Severi lattice
of Xapx is generated by the classes of the (—2)-curves

I'p (PeP*(Fy) and Fr (L€ (P?)Y(Fy)).
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(The classes [Hg,,| and [F¢|, where C' is a general member of |Z;qq,,)(5)], are
written as linear combinations of [T'p] and [FL].)

EXAMPLE 1.4. Consider the polynomial

G = Xo" X1+ Xo" X + X0’ X1 + X0’ X1° X5 + Xo* X1 X0+
+ X3 X% + X2 X1 X% + XoXo® + X1° Xo.
We put
Po=[a®+al +a®+a +a” +at+ad+al
ad?t+a'+a+®+a+a’+a, 1], and
Pr=[a?+ o' +a +a" +a’ +a® + ot +a,
aBrallta®+a’+attat+alta, 1],
where « is a root of the irreducible polynomial
B 2 B Pt P+ 1 € Foft].
The subscheme Z(dG) is reduced of dimension 0 consisting of the points
P, :=Frob”"(F) (v=0,...,6) and Py, :=Frob”(P;) (v=0,...,13),

where Frob is the Frobenius morphism a — a? over Fy. (We have Frob” (Py) = P,
and Frob14(P7) = P7.) There exists a line L that passes through the points Py, P,
Ps, P;, Piy. There exists a smooth conic () that passes through the points P;, P,
Py, P11, P14, P15, Pig, P1g. The lattice Sg is generated by the classes in S% and the
classes [F¢] associated to a general member of [Z7(45)(5)], the splitting lines Frob” (L)

and the splitting smooth conics Frob”(Q) for v = 0,...,6. (We have Frob’ (L) = L
and Frob’(Q) = Q.) The Artin invariant of X is 4.

ExAMPLE 1.5. Consider the polynomial
G .= X05X2 + X03X13 + X03X23 + X0X1X24 + X15X2.

The subscheme Z(dG) is reduced of dimension 0 consisting of the point [0,0, 1] and
the Frobenius orbit of the point

[0 +a'® +al® +al®+af+ad+a?+a,

AP ral’ta® ol taltra® +ad ta +ad +ad +a, 1],
where « is a root of the irreducible polynomial
20 419 1 P 0T 0 1t + 1 € Foft].

There are no reduced irreducible plane curves of degree < 3 that are splitting in X¢.
Hence S¢ is generated by the classes in Sg and the class [F¢] associated to a general
member of |Zz(4¢(5)|. Therefore the Artin invariant of X¢ is 10. Note that it is a
non-trivial problem to find explicit examples of supersingular K3 surfaces with big
Artin invariant. See [20] and [8, 9].

ExaMpPLE 1.6. Consider the polynomial

G = Xo" X1 + Xo* X1°Xa + Xo X" + X1° Xy,
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We put
Py=[a®+a?+a® +a” +a® +a +a? o' +a®+a? 1], and
Pu=[a®+a2+a' 104 a® +ad+a” +af +a?,
ol 4o+ a7 +ad, 1,
where « is a root of the irreducible polynomial
B 2 4 B3+t B+ 2+ 1 € Folt.

The subscheme Z(dG) is reduced of dimension 0. It consists of the points P, :=
Frob”(Fy) (v = 0,...,13) and Pyay, := Frob”(Py) (v = 0,...,6). (We have
Frob'(Py) = Py and Frob’ (Py4) = P14.) We put

A:={Py, P, P3, Pr, Py, Pig, P14, P1s, P1o}.

We have Fr0b7(A) = A. For each v = 0,...,6, there exists a regular pencil &, of
cubic curves splitting in X such that the base locus Bs(€,) is equal to Frob”(A).
The lattice Sg is generated by the classes in S and the classes [F¢] associated to
a general member of |Zz4¢)(5)| and the members of &, for v = 0,...,6. The Artin
invariant of X is 7.

The configuration of irreducible curves of degree < 3 splitting in X¢ is encoded
by the 2-elementary group

Ca = Sc;/5%7

which we will regard as a linear code in the Fa-vector space (S%)Y /S of dimension
22, where (S2)V is the dual lattice of S2. Using the basis

Tp]/2 (P € Z(dG)) and [Hgl/2
of (S)V, we can identify the Fo-vector space (S%)Y /S with
Pow(Z(dG)) & Fs,

where Pow(Z(dG)) is the power set of Z(dG) equipped with a structure of the Fa-
vector space by

A+B=(AUB)\(ANB) (A,BC Z(dG)).

We define the code Cqg C Pow(Z(dG)) to be the image of C5 by the projection
(S2)V /8% — Pow(Z(dG)). It turns out that we can recover from Cg the numerical
Néron-Severi lattice S, and obtain the configuration of curves of degree < 3 splitting
in Xg. In particular, we have

the Artin invariant of X¢ = 11 — dimp, Cq.

THEOREM 1.7. Let Z be a finite set with |Z| = 21, and let C C Pow(Z) be a code.
There exists a polynomial G € Us ¢ such that C is mapped to Cq C Pow(Z(dG)) by a
certain bijection Z = Z(dG) if and only if C satisfies the following conditions;

(a) dimg, C < 10,

(b) the word Z € Pow(Z) is contained in C, and
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(c) |A| €{0,5,8,9,12,13,16,21} for every word A € C.

We say that two codes C and C’ in Pow(Z) are said to be Ga;-equivalent if there
exists a permutation 7 of Z such that 7(C) = €’ holds. By computer-aided calculation,
we have classified all the Gy1-equivalence classes of codes satisfying the conditions
(a), (b) and (c) in Theorem 1.7. The list is given in §8.

THEOREM 1.8. The number r(o) of the Sa1-equivalence classes of codes with
dimension 11 — o satisfying the conditions (b) and (c) in Theorem 1.7 is given as
follows:

o 1]2]l3]a]s5]6]7]8]9]10
rio) || 1]3]13 41|58 4321|831

(1.2)

From the list, we obtain the following facts about the stratification of Uy ¢ by the
Artin invariant. For o = 1,...,10, we put

Uy, :={ G € Uz | the Artin invariant of Xg is o } and U<, := U Ugr.

o' <o
Note that each U<, is Zariski closed in Us .

COROLLARY 1.9. The number of the irreducible components of U, is at least
r(o), where r(o) is given in (1.2).

COROLLARY 1.10. The Zariski closed subset U<g of Uz consists of three irre-
ducible hypersurfaces U[33], U[42] and U[51], where U[ab] is the locus of all G € Us 6
that can be written as G = GGy + H?, where G,, Gy, and H are homogeneous poly-
nomials of degree a, b and 3, respectively.

COROLLARY 1.11. If the Artin invariant of X¢g is 1, then, via a linear automor-
phism of P2, the covering morphism Yo — P? is isomorphic to the Dolgachev-Kondo
surface Yo, — P2 in Example 1.3. In particular, the locus Uy is irreducible, and,
in the moduli space M = P, (Uz6/Va,6)/ PGL(3,k), the locus of supersingular K3
surfaces with Artin invariant 1 consists of a single point.

Purely inseparable covers of the projective plane are called Zariski surfaces, and
their properties have been studied by P. Blass and J. Lang [2]. In particular, an
algorithm to calculate the Artin invariant has been established [2, Chapter 2, Propo-
sition 6]. Our algorithm gives us not only the Artin invariant but also a geometric
description of generators of the numerical Néron-Severi group.

In [23], C. T. C. Wall classified quartic curves in characteristic 2 by an invariant
theory for the quartic form modulo the subspace of perfect squares.

This paper is organized as follows.

As is suggested above, the global section dG of Qﬂm (6) plays an important role
in the study of Xqg. In §2, we study global sections of Qlﬁ,g(b) in general, where b is
an integer > 4. The problem that is considered in this section is to characterize the
subschemes defined by s = 0, where s is a global section of Qf,(b), among reduced
0-dimensional subschemes Z of P2. A characterization is given in terms of the linear
system |Zz (b — 1)|. The results in this section hold in any characteristics.

In §3, we assume that the ground field is of characteristic p > 0, and define a global
section dG of Q%»Q (b), where G is a homogeneous polynomial of degree b divisible by
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p. We then investigate geometric properties of the purely inseparable cover Yg — P?
defined by w? = G, and the minimal resolution X¢ of Y. Many results of this section
have been already presented in [2].

From §4, we assume that the ground field is of characteristic 2. Let b be an even
integer > 4. In §4, we consider the problem to determine whether a given global
section of QF(b) is written as dG by some homogeneous polynomial G. In §5, we
associate to a homogeneous polynomial G a binary linear code Cg that describes
the numerical Néron-Severi lattice of Xg. A notion of geometrically realizable &,,-
equivalence classes of codes is introduced. In §6, we define a word wg(C) of Cq for
each curve C splitting in X¢, and study the geometry of splitting curves.

From §7, we put b = 6, and study the supersingular K3 surfaces X¢ in charac-
teristic 2. In §7, we review some known facts about K3 surfaces. In §8, the relation
between the code Cg and the configuration of curves splitting in X¢ is explained.
We present the complete list of geometrically realizable &q;1-equivalence classes of
codes. Theorems and Corollaries stated above are proved in this section. In §9, we
present an algorithm that calculates the code Cg from a given homogeneous polyno-
mial G € U, and give concrete examples. Some irreducible components of U, are
described in detail.

2. Global sections of 3, (b) in arbitrary characteristic. In this section, we
work over an algebraically closed field k of arbitrary characteristic.

Let b be an integer > 4. We consider the locally free sheaf
Q(b) := Q> @ Opz(b)
of rank 2 on the projective plane P2. From the exact sequence
(2.1) 0 — Q) — Op(b—1)% — Op(b) — 0,
we obtain
n = co(Qd)) = b*> — 3b+ 3.

For a global section s € HY(P?,Q(b)), we denote by Z(s) the subscheme of P? defined
by s = 0, and by Z () C Op= the ideal sheaf of Z(s). If Z(s) is a reduced 0-dimensional
scheme, then Z(s) consists of n reduced points.

The main result of this section is the following:

THEOREM 2.1. Let Z be a 0-dimensional reduced subscheme of P? with the ideal
sheaf T, C Op2. Suppose that length Oz = n. Then the following two conditions are
equivalent:

(i) There exists a global section s of Q(b) such that Z = Z(s).

(ii) There exists a pair (Co, C1) of members of the linear system |Zz(b—1)| such
that the scheme-theoretic intersection Cy N C1 is the union of Z and a 0-dimensional
subscheme T' C P? of length Op = b — 2 that is contained in a line disjoint from Z.

If these conditions are satisfied, then the global section s with Z = Z(s) is unique
up to multiplicative constants.

Let [Xo, X1, X2] be homogeneous coordinates of P2. We put

lo :={Xo =0}, U:=P?\ I,
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and let (g, x1) be the affine coordinates on U given by
To = XO/X2 and I = Xl/XQ.

We also regard [z, 1] as homogeneous coordinates of I.. Let e, be the global section
of Op2(b) that corresponds to X4 € HO(P2, Op2(b)). A section

(22) Jo(xo,xl)d.’ﬂo®€b+0’1(1’0,$1)d$1 X ep

of Q(b) on U extends to a global section of Q(b) over P? if and only if the following
holds;

(2.3) the polynomials o, 01, and o3 := zgog+x107 are of degree < b—1.

For ¢ = 0,1 and 2, let Jl(b_l)(mo, x1) be the homogeneous part of degree b — 1 of o;.
Then the condition (2.3) is rephrased as follows;

degoy < b, degoy < b, and there exists a homogeneous polynomial

(b—1) (b-1) _

2.4
(2:4) (o, 1) of degree b — 2 such that o, = x17 and o, = —x97.

In particular, we have
RO(P?, Q(b)) = b* — 1.

This equality also follows from the exact sequence (2.1).

Remark 2.2. Suppose that a global section s of Q(b) is given by (2.2) on U. The
subscheme Z(s) of P? is defined on U by 09 = 1 = 0. The intersection Z(s) Nl is

set-theoretically equal to the common zeros of the homogeneous polynomials aéb_l),

"V and o™ on ls. In particular, if s € HO(P2,Q(b)) is chosen generally, then

Z(s) is reduced of dimension 0.

Let © be the sheaf of germs of regular vector fields on P2, that is, O is the dual
of Qf,. Let e_; be the rational section of Op2(—1) that corresponds to 1/X5. The
vector space H(P?,©(—1))) is of dimension 3, and is generated by 6y, 01, 02, where

0 0 0 0
GO‘U: 671'0 ®e_q, 91|U: 87331 ®e_q, 02|U: (Cﬂoaxo +£C18xl> X e_q.

Since c2(0O(—1)) = 1, every non-zero global section 6 of ©(—1) has a single reduced
zero, which we will denote by (([f]), where [0] € P.(H°(P?,©(—1))) is the one-
dimensional linear subspace of H°(P?, ©(—1)) generated by §. When 0 is given by

0|U:A90+381+C92 (A,B,CQ]C),
then (([f]) is equal to [A,B,—C] in terms of the homogeneous coordinates

[Xo, X1, X2]. Thus we obtain an isomorphism

¢ PL(IOF,0(-1)) = P2,
For a hyperplane V' C H°(P?,0(—1)), we denote by lyy C P? the line corresponding

to V by (. For a line I C P2, we denote by V; C H°(P?,©(—1)) the hyperplane
corresponding to [ by (.
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Remark 2.3. Suppose that a hyperplane V of H?(P? ©(—1)) is generated by 7o
and 71. Then there exist affine coordinates (yo,%1) on Uy := P? \ Iy and a rational
section e’ ; of Op2(—1) having the pole along Iy, such that

0 0
TOlUV:8—yO®€L1, Tl‘UV:a—yl(X)eLl.

A global section s of £2(b) defines a linear homomorphism
ps + H'(P?,0(-1)) — H(P*,Iz5(b—1))

via the natural coupling Qﬁn ®© — Op2. Suppose that s is given by (2.2). For ¢ = 0,1
and 2, we put

5i(Xo, X1, X2) = X7 04(Xo /X2, X1/X2).
Then ¢; is given by

(2'5) (Ps(ei) =0; (7/ =0,1, 2)'

PROPOSITION 2.4. Let s be a global section of Q(b) such that Z(s) is reduced of
dimension 0. Then the following hold:

(1) The linear homomorphism ps is an isomorphism.

(2) Let 1 C P? be a line such that LN Z(s) =0, and let Ps; C |Iz(5(b—1)| be the
pencil corresponding to the hyperplane V; C H°(P%2,©(—1)) via the isomorphism ;.
Then the base locus of Py is of the form

Z(s) +T'(s,1),

where T'(s,1) is a 0-dimensional scheme of length Op(, ;) = b — 2. Moreover the ideal
sheaf Tr(s,1y C Op2 of I'(s,1) contains the ideal sheaf T; of the line I.

Proof. First we show that ¢, is injective. Suppose that there exists a non-zero
global section 6 of ©(—1) such that ¢,(f) = 0. We have affine coordinates (yg, y1) on
some affine part U’ of P? such that

0
9 ! — !/
v Yo @e-1

where €’ ; is a rational section of Opz(—1) that is regular on U’. We express s by
s|U" = (opdyo + o1 dy1) @ e},

where e} :=1/(e’_;)®". Since p5(0) = 0, we have of, = 0. Because Z(s) is of dimension
0, Z(s) N U’ must be empty. Hence of is a non-zero constant. Because b > 4, the
line P2 \ U’ at infinity is contained in Z(s) by Remark 2.2, which contradicts the
assumption. Therefore @, is injective.

Next we prove (2). We choose the homogeneous coordinates [Xg, X7, X3] in such
a way that [ is defined by X3 = 0. The hyperplane V; of H°(P2, ©(—1)) is generated
by 6y and ;. Since their images by ¢, are 6o and &1, the pencil Py; C |55 (b—1)]is
spanned by the curves Cy and C7 of degree b — 1 defined by 6o = 0 and 67 = 0. Since
Z(s) Nl =0 by the assumption, we see from Remark 2.2 that the scheme-theoretic
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intersection Cy N Cy NU coincides with Z(s), and at least one of Cy or C; does not
contain [ as an irreducible component. Hence the base locus of Ps; is Z(s) 4+ I'(s,1),
where I'(s, () is a 0-dimensional scheme whose support is contained in {. We have

length OF(S’l) =(b- 1)2 —n=>b-—2.

Note that the support of I'(s,!) is the zeros on [ of the homogeneous polynomial ~
of degree b — 2 that has appeared in (2.4). Suppose that s is general. Then ~ is
a reduced polynomial, and hence I'(s,l) is equal to the reduced scheme defined by
X2 = v(Xo,X1) = 0, because their supports and lengths coincide. In particular,
the ideal sheaf Zp(, ;) of T'(s,l) contains the ideal sheaf Z; of I. By the specialization
argument, we see that Zp(,; contains Z; for any s such that Z(s) is reduced, of
dimension 0 and disjoint from I.
It remains to show that ¢, is surjective. It is enough to show that

RO(P?, 705 (b—1)) = 3.

We follow the argument of [10, pp. 712-714]. Let 7 : S — P2 be the blow-up of P? at
the points of Z(s), and let E be the union of (—1)-curves on S that are contracted
by m. We have

F?=-n, Kg2=7n*Op(-3)®0s(E), and h°(S,Ks)=h'(S,Ks)=0.
Let L — S be the line bundle corresponding to the invertible sheaf
7 Op2(b— 1) ® Og(—FE).
There exists a natural isomorphism
(2.6) H°(S,L) = H°(P*, I(5(b—1)).

From h2(S,L) = h°(S, Ks—L) = 0 and x(Og) = 1, we obtain from the Riemann-Roch
theorem that

(2.7) hO(S, L) = h*(S,L) — (b — Tb+6)/2.

Let & and & be the global sections of the line bundle L corresponding to the ho-
mogeneous polynomials ¢4(6g) = 6o and ¢,(01) = 71 in HY(P?, I, (b — 1)) by the
natural isomorphism (2.6). Since Z(s) is reduced, the curves Cp = {69 = 0} and
Cy = {61 = 0} are smooth at each point of Z(s), and they intersect transversely at
each point of Z(s). Hence the divisors on S defined by £ = 0 and & = 0 have no
common points on F. Therefore we can construct the Koszul complex

0 — Os(Ks—L) = O5(Ks)®O0s5(Ks) — Ln-1(rs)(Ks+L) — 0

from & and &1, where Z—1(p(,,;)) C Og is the ideal sheaf of 7~ Y(T(s,1)). From this
complex, we obtain

(28) h’l(57 L) = hO(SaIﬂ'*l(F(s,l))(KS + L)) = hO(PaIF(s}l)(b - 4))

Suppose that b = 4. Then we have h° (IP’Q,IF(S,Z) (b—4)) = 0, and hence, from (2.6)-
(2.8), we obtain h%(P?, Zz(4 (b — 1)) = 3.

Suppose that b > 5. Assume that a general member D of |Zr ;) (b — 4)| satisfies
Il ¢ D. Then the length of the scheme-theoretic intersection of [ and D is b —4. Since
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Ip C Irs,y and Z; C Ir(s,), this contradicts length Op(, ;) = b — 2. Therefore the
linear system |Zp(,,) (b — 4)| possesses [ as a fixed component. Since Zp(, ;) O I, we
have

(2.9) KO (P, Ir(s 1) (b — 4)) = h°(P?, Op2(b — 5)) = 3+ (b°> — Tb+6)/2.

Combining (2.6)-(2.9), we obtain h°(P?,Z,(b— 1)) =3. O

Remark 2.5. Let s € H°(P2,Q(b)) be as in Proposition 2.4. The 2-dimensional
linear system |Z;(4)(b — 1)| defines a morphism

P, : P\ Z(s) — P*(H(P* Iz)(b—1))) = (P?)Y,

where the second isomorphism is obtained from the isomorphism ¢, and the dual of
¢. Let I € (P?)Y be a general line of P2. The inverse image of | by ®, coincides with
I'(s,1). Therefore @, is generically finite of degree b — 2.

Remark 2.6. Let s, [, V; and Ps; be as in Proposition 2.4. We have isomorphisms
P, =P, (V) by ¢s, and P.(V;) =1 by ¢. By composition, we obtain an isomorphism

ws,l : Ps,l = l.

The restriction of the pencil Ps; to [ consists of the fixed part I'(s,!) and one moving
point. The isomorphism v, ; maps C € Ps; to the moving point of the divisor C' N
of I. Indeed, let us fix affine coordinates (xg,x1) on U = P2\ [ as in the proof of
Proposition 2.4 so that V] is generated by 6y and 6;. The isomorphism P, (V;) =1 is
written explicitly as

C([0o + t01]) = [1,¢,0] € L.

On the other hand, the projective plane curve of degree b — 1 defined by the homoge-
neous polynomial

ws(bo +161) = 60 + o1

passes through the point [1,¢,0] by (2.4).

COROLLARY 2.7. Let s be a global section of Q(b) such that Z(s) is reduced of
dimension 0. Then the linear system |Zz5)(b—1)| is of dimension 2, and its base locus
coincides with Z(s). A general member of |Zzs)(b —1)| is reduced and irreducible.

Proof. The last statement follows from the assumption that Z(s) is reduced and
from Bertini’s theorem applied to the morphism ®, in Remark 2.5. 0

Proof of Theorem 2.1. The implication from (i) to (ii) has been already proved
in Proposition 2.4. Suppose that |Zz(b — 1)| has the property (ii). We will construct
a global section s of Q(b) such that Z = Z(s). Let [ be the line of P? containing the
subscheme I". We choose homogeneous coordinates [Xg, X1, Xo] such that [ is defined
by X = 0. Let 6¢(Xo, X1, X2) = 0 and &1(Xo, X1, X2) = 0 be the defining equations
of Cy and (1, respectively. We put

oo(xo,r1) := Go(z0,21,1), o1(xg, x1) := 71(20, 21, 1),
=0

aébil)(xowl) = 6o(x0,21,0), U(bfl)(foyxl) 1= 01(20, 71, 0).
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Let v(xg,x1) be the homogeneous polynomial of degree b — 2 such that v = 0 defines
the subscheme I' on the line [. Since Cy N C; is scheme-theoretically equal to Z + T,
and [ is disjoint from Z, the scheme-theoretic intersection Cy N C NI coincides with
I'. Hence there exist linearly independent homogeneous linear forms A\g(zo, 1) and
)\1(330, 1‘1) such that

b—1 b—1
U(() ) = AO’Ya Ug ) = Al’}/
By linear change of coordinates (g, z1), we can assume that A\g = x1 and A\; = —xp.

Then the section (oodzg + o1dz1) ® €, of Q(b) on P2\ [ extends to a global section
s of Q(b). We have Z(s) N (P2\1) = CoNCy N (P2\1) = Z. Because | ¢ Z(s), the
subscheme Z(s) is of dimension 0. Since the length n = c2(2(b)) of Oy, is equal to
that of Oy, we have Z = Z(s).

Next we prove the uniqueness (up to multiplicative constants) of s satisfying
Z = Z(s). Let s’ be another global section of Q(b) such that Z(s') = Z. The
morphism

Oy 0 P2\Z — P(H(P?,Zz(b—1)))

defined by the linear system |Zz(b — 1)| does not depend on the choice of s. Let
P € P*(H°(P2,Z5(b—1))) be a general point. By Remark 2.5, there exist lines [ and
I' of P? such that 521(15) is equal to I'(s,1) = I'(s’,!’). On the other hand, since
the length b — 2 of Op(,;) is > 2 by the assumption b > 4, the subscheme I'(s, 1)
determines the line [ containing I'(s,!) uniquely. Hence we have [ = I’, which implies
that ®, = ®,. Therefore the linear isomorphisms ¢s and @y are equal up to a

multiplicative constant, and hence so are s and s’ by (2.5). O

Remark 2.8. 1If there exists a pair (Cp, C1) of members of |Z(b — 1) satisfying
the condition in Theorem 2.1 (ii), then a general pair of members of |Zz(b — 1)| also
satisfies it.

3. Geometric properties of purely inseparable covers of P2. In this sec-
tion, we assume that the ground field k is of positive characteristic p. We fix a multiple
b of p greater than or equal to 4.

3.1. Definition of U,;. Let M and £ be line bundles on P? corresponding
to the invertible sheaves Opz(b/p) and Opz2(b), respectively. We have a canonical
isomorphism

(3.1) MeP I

Using this isomorphism, we have local trivializations of the line bundle £ such that the
transition functions are p-th powers, and hence the usual differentiation of functions
defines a linear homomorphism

H°(P? L) — H(P* Q. ® L) = H°(P?,Q(b)),
which we denote by G — dG. We put
Voo :={HP € H' (P>, L) | H € H (P>, M) }.

Note that V,, is a linear subspace of H(P?, L), because we are in characteristic p.
In fact, the kernel of the linear homomorphism G — dG is equal to V.
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Let [Xo, X1, X»] be homogeneous coordinates of P2, and let U be the affine part
{X3 # 0} of P2, on which affine coordinates zg := X¢/Xo and x; = X;/X, are
defined. Suppose that a global section G of L is given by a homogeneous polynomial
G(Xo, X1, X3) of degree b. Then dG is given by

dG|U = (3_5de + @dxl) ® ey,
0

where g(xg,z1) := G(x0, 21, 1), and e, is the section of L corresponding to X3

DEFINITION 3.1. Let G and G’ be global sections of L. We write G ~ G’ if there
exist a non-zero constant ¢ and a global section H of M such that G = ¢G’' + HP.

Remark 3.2. For a homogeneous polynomial G' := >, .., aij X X1 X} of
degree b, we put

G = > aij X6 X{ X5
(i,5,k)#(0,0,0) mod p

Let G and G’ be two global sections of L. Then G ~ G’ holds if and only if there
exists a non-zero constant ¢ such that G = cG’.

Let G be a global section of £. Using the isomorphism (3.1), we can define a
subscheme Y¢ of the total space of the line bundle M by the equation

w?P =G,
where w is a fiber coordinate of M. We denote by
e : Yo — P?

the canonical projection, which is a purely inseparable finite morphism of degree p.
It is easy to see that, set-theoretically, we have

75 (Z(dG)) = Sing(Ye).

Remark 3.3. If G ~ G, then we have Z(dG) = Z(dG"), and the schemes Y and
Yg are isomorphic over P2.

PROPOSITION 3.4. For a global section G of L, the following conditions are
equivalent to each other:
(i) The subscheme Z(dG) of P? is reduced of dimension 0.
(ii) For any G’ with G’ ~ G, the curve defined by G' = 0 has only ordinary nodes
as its singularities.
(iii) The surface Yg has only rational double points of type A,_1 as its singulari-
ties.
If G is chosen generally from H°(P?, L), then G satisfies these conditions.

Proof. Let P be an arbitrary point of P?, and Q the unique point of Y5 such that
m¢(Q) = P. We fix affine coordinates (xg, 1) with the origin P on an affine part
U C P2. Let G be expressed on U by an inhomogeneous polynomial of 2 and z;

G|U = coo + c1020 + corx1 + czox% + c11x0T1 + cogx% + (terms of higher degrees).
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Let G’ be another global section of £ that is expressed on U by
G'|U = ¢y + oo + chy1 + Chowd + ¢j120x1 + chorl + (terms of higher degrees).
If G ~ G’, there exists a non-zero constant ¢ such that
clo =ccro, ¢y =ccor, and iy =cer.
If p > 2, we also have
Chy = CC29, and chy = cCpa.
Since Z(dQ) is defined by

2GIU) _aGIL) _
8:60 B 8x1 B
locally around P, we have the following equivalences, from which the equivalence of
the conditions (i), (ii) and (iii) follows:

P ¢ Z(dQG)
<10 #0 or co1 #0
< if @ ~ G and G'(P) = 0, then the curve defined by G’ = 0 is smooth at P
<= Y is smooth at Q;

P is a reduced isolated point of Z(dQG)

= cig=co1 =0 and 4ecygcor — cfl #0

< if G’ ~ G and G'(P) = 0, then the curve defined by G’ = 0 is reduced at P
and has an ordinary node at P

<= Y has a rational double point of type 4,_; at Q.

As was shown above, the locus

Np := { G e H'(P?, L)

P € Z(dG), and
P is not a reduced isolated point of Z(dG)

is of codimension 3 in H°(P? L) for any P € P2. Therefore, if G € H°(P?, L) is
general, G is not contained in Np for any P € P?, and hence Z(dG) is reduced of
dimension 0. O

DEFINITION 3.5. We denote by U, ;, the Zariski open dense subset of H°(P?, L)
consisting of all G satisfying the conditions in Proposition 3.4. Note that, if G € U,
and G’ ~ G, then G’ € U, . For G € Uy, we put

EXG4+Vyp:={cG+HP | cek*, HEH P2 M)} ={G €U, | G~G}.

Remark 3.6. By the linear homomorphism
pac : HO(P?,0(-1)) — H°(P? Iz(c)(b—1))

that is an isomorphism for G € U, in virtue of Proposition 2.4, we see that the
2-dimensional linear system |Z;(4c)(b — 1) is spanned by the three curves defined by
0G/0Xy =0, 0G/0X; =0 and 0G/0X5 = 0.
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3.2. Geometric properties of Xg for G € U,;. From now on, we fix a
polynomial G € U, ;. Then Sing(Ys) consists of n = b? — 3b + 3 rational double
points of type A,_1. Let

¢c + Xg — P?

denote the composite of the minimal resolution X¢ — Yg of Yg and the purely
inseparable finite morphism 7g. We denote by Hg C X the pull-back of a general
line of P? via ¢¢.

ProposiTION 3.7. The canonical divisor Kg of the nonsingular surface X¢g is
linearly equivalent to (b —b/p — 3)Hg.

Proof. Let (zg,21) be affine coordinates on an affine part U of P? that contains
Z(d@G), and let g(zo,x1) be the inhomogeneous polynomial that corresponds to G on
U. On the surface Y, we have

ﬁd:r:o + 8—jdz1.

The rational 2-form

dw N dxg dw N dxq

dg/0r, B 0g/0xq

is therefore regular and nowhere vanishing on the Zariski open dense subset
16! (U\ Z(dG)) = 75" (U) \ Sing(Ye)

of Yg. By direct calculation, we can show that this rational 2-form has a zero of
order b — b/p — 3 along the pull-back 7751([00) of the line [, := P2\ U at infinity.
Since Sing(Ys) consists of only rational double points, the canonical divisor of X¢ is
(b—b/p — 3) times ¢ (lo). O

DEFINITION 3.8. We denote by Sg the numerical Néron-Severi lattice of X¢,
and by S the sublattice of S¢ that is generated by the class [Hg], and the classes
;] ¢ =1,...,n(p—1)) of smooth rational curves I'; on X that are contracted to
the singular points of Yg.

PROPOSITION 3.9. The quotient group Sg/S% is a finite elementary p-group.

Proof. Let C be a reduced irreducible curve on X¢g. If ¢¢(C) is a point, then
C is one of the curves T';, and hence [C] € S%. Suppose that ¢ (C) is of dimension

1. Let D C P2 denote the curve ¢¢(C) with the reduced structure, and let D C X¢
be the proper transform of D by ¢g. Obviously we have [15] € S2. If the morphism
o¢c|c : C — D is birational, then D= pC' holds, because ¢¢ is purely inseparable of
degree p over the generic point of D. Hence we have p[C] € Sg. If ¢c|c : C — D is of
degree > 1, then it must be of degree p and C' = D holds, and hence [C] is contained
inS2. 0

Since [H¢] and [Ty] (i = 1,...,n(p — 1)) are linearly independent in Sg ® Q, we
obtain the following;:

COROLLARY 3.10. The rank of S¢ is equal to n(p — 1) + 1.
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DEFINITION 3.11. A non-singular projective surface X is called supersingular
(in the sense of Shioda) if the rank of the numerical Néron-Severi lattice of X is equal
to the second Betti number by (X).

DEFINITION 3.12. A reduced irreducible surface X is called unirational if there
exists a dominant rational map from P? to X.

PROPOSITION 3.13. The surface X¢g is unirational and supersingular.

Proof. Let k(zo,71) be the rational function field of P%. Since ¢¢ : Xg —
P? is purely inseparable of degree p, the function field of X is contained in the
purely transcendental extension k(x(l)/ P x}/ Py of k. Therefore X is unirational. The

supersingularity of X¢ then follows from [18, Corollary 2]. O

Remark 3.14. Note that the second Betti number n(p — 1) + 1 of X¢ is equal to
that of a p-th cyclic cover of a complez projective plane branched along a nonsingular
plane curve of degree b.

4. Global sections of Q(b) in characteristic 2. From this section, we assume
that p = 2. Let b be an even integer > 4.

Let s be a global section of ©(b) such that Z(s) is reduced of dimension 0. Recall
from Remark 2.5 that the 2-dimensional linear system |Z4)(b—1)| defines a morphism

®, : P2\ Z(s) — P*(H(P* Iy)(b—1))) = (P?)V.

PROPOSITION 4.1. There exists a polynomial G € Ua, such that s = dG holds if
and only if the morphism ® is inseparable.

Proof. Recall that, for a general [ € (P?)V, the inverse image of [ by ®, is the
divisor I'(s, 1) of [ with degree b— 2 defined in Proposition 2.4. Therefore the following
three conditions on s are equivalent to each other:

(i) The morphism ®; is inseparable.

(ii) For a general line [ C P2, there exists a divisor A(s, ) of [ with degree b/2—1

such that I'(s,1) = 2A(s, () holds.

(iii) Let (xo,21) be general affine coordinates of P?, and let s be given on the affine

part by (ogdxg + 01dx1) ® €. Then there exists a homogeneous polynomial

§(20, 1) of degree b/2 — 1 such that of’ " = 2162 and o{"™") = 2062 hold.
Suppose that there exists G € Usp such that s = dG. Let (zg, 1) be general affine
coordinates on an affine part U. Then G|U is written as follows;

~oo(o, 3?1)2 + zov10(20, 561)2 + 1701 (0, 331)2 + zoz1711 (0, 961)27

where 7go is an inhomogeneous polynomial of degree < b/2, and 719, 701 and 11 are
inhomogeneous polynomials of degree < b/2 — 1. Then s = dG is written on U as

(730 + 21701 )dzo + (151 + w01y )d1) ® €.

Therefore the homogeneous part of v;; of degree b/2 — 1 yields the polynomial &
required in the condition (iii).

Conversely, suppose that the condition (ii) holds. Again we choose affine coordi-
nates (7o, 1) of P? defined on an affine part U C P? containing Z(s), and let s be
given by (oodzo + 01dx1) ® ey on U. Let [ be a line defined by

o+ Az + B =0 (A,Bek;).
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Then the hyperplane V; ¢ H°(P?, ©(—1)) corresponding to [ via ¢ is generated by 6,
and 0y, where

0s0|U = AiJri ®e_1, and 6y|U = BiJrzoierli Re_q.
81‘0 81:0 8301

For u € k, we put
O, :=ubo +6y € V.

The zero point ¢([0,]) of 6, is (Au + B,u) € . The member C,, of the pencil P,; C
|Z7(s)(b — 1)| corresponding to 6, via the isomorphism ¢, is defined by

©0s(04) = (Au+ B)og + uoy + (wgog + x101) = 0.

We put ¢ := x1|;, which is an affine parameter of the line [. The divisor of | cut out
by C,, is defined by the polynomial

©s(0u)(At + B,t) = (u+t)(Aoo (At + B, t) + o1 (At + B, t))

of t. Therefore the pencil {{NC,} of divisors on ! cut out by P, ; has a unique moving
point (Au + B, u) corresponding to the factor u + ¢, and the fixed part

I'(s,1) = {Aoo(At + B,t) + o1 (At + B, t) = 0}.

By the assumption, we see that
d
%(AO'()(At + B,t) + o1(At + B, t))

- A2%(At+3,t) +A
0

dog  Joy 0oy
(6—931 + a—xo)(AtJrB,t) oAt B

is zero for generic (and hence all) A, B and ¢. Therefore we have

80’0 -0 80'0 o 80'1 301 o
8x0 -7 8.131 o (9300’ 81‘1 o

This implies that there exist polynomials «, 8 and  such that
oo =a’+x17°, o1 =0+ 07>
We put
g = xoa® + 216% + zox172,
and let G be the homogeneous polynomial of degree b obtained from g by homoge-

nization. Since dg/0xy = o and dg/0x; = o1, we have dG = s. O

5. Codes arising from purely inseparable double covers of P2. We assume
that p = 2 and that b is an even integer > 4.

Remark on notation. From this section, we use typewriter fonts Z, 8%, C, Sz(C),
h, ep and P € Z in the situation where we are dealing with abstract codes and lattices
in order to distinguish them from the corresponding objects Z(dG), S, Ca, Sa, [Ha],
[['p] and P € Z(dG) of geometric origin.
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5.1. The discriminant group of a lattice. In this subsection, we review the
theory of discriminant groups of lattices due to Nikulin [12].

A lattice is a free Z-module of finite rank with a non-degenerate symmetric bilinear
form

AxA — Z

denoted by (u,v) — wuv. A lattice A is said to be even if u? € 2Z holds for every
u € A. For a lattice A, let AV denote the Z-module Hom(A,Z). We have a natural
injective homomorphism A < AV, whose cokernel

DG(A) := AY /A

is called the discriminant group of A. The order of DG(A) is equal, up to sign, to the
discriminant disc A of A. We denote by

pry : AY — DG(A)

the natural projection. We have a Q-valued symmetric bilinear form on AY that
extends the symmetric bilinear form on A. Hence a symmetric bilinear form

ba : DG(A) x DG(A) — Q/Z

is defined. When A is an even lattice, the quadratic form v — u? on A induces a
quadratic form

qr : DG(A) — Q/2Z
on DG(A) that relates to by by

N =

ba(u,v) = = (ga(u+v) — qa(u) — qa(v) ).

DEFINITION 5.1. For a subgroup H of DG(A), we put
HY :={ueDG(A) | by(u,v) =0 forall veH }.

A subgroup H of DG(A) is called b-isotropic if H is contained in H+. When A is
even, we say that H is g-isotropic if ga(u) = 0 holds for every u € H.

An owverlattice of A is a submodule A’ of AV such that A’ contains A and that
the Q-valued symmetric bilinear form of A takes values in Z on A’. Let A” be a
lattice, and suppose that there exists an injective isometry A — A” such that A”/A
is finite. Then we have a canonical injection A” < AY, and A” can be regarded as an
overlattice of A. When A’ is an overlattice of A, we have a sequence

AcCAN c @A) AN
of submodules of AV such that [A’: A] = [AY : (A))V].

PRrROPOSITION 5.2 (Nikulin [12]). Let A be a lattice.
(1) The correspondence

AN v Hpoi=pry (), H s Ay =pry'(H)
gives rise to a bijection between the set of overlattices of A and the set of b-isotropic
subgroups of DG(A). We have Ay /A = H and (A%)V/A = HY. In particular, the
discriminant group DG(A%y) is isomorphic to H/H.
(2) Suppose that A is even. Then the above correspondence yields a bijection
between the set of even overlattices of A and the set of q-isotropic subgroups of DG(A).
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5.2. Certain hyperbolic 2-elementary lattices and associated codes.

DErFINITION 5.3. A lattice A is called hyperbolic if the signature of the real
quadratic form on A @ R is (1,rank A — 1).

DEFINITION 5.4. A lattice A is called 2-elementary if the finite abelian
group DG(A) is 2-elementary, that is, if DG(A) is an Fa-vector space of dimension
log, | disc A|.

A 2-elementary lattice A is called of type I if u? € Z holds for every v € AV, that
is, if ba(x, ) = 0 holds for every x € DG(A).

Let Z be a finite set. (See Remark on notation.) We identify the Fa-vector space
% of functions from Z to Fy with the power set Pow(Z) of Z by

veF; — v (1) cz
A structure of the Fy-vector space on Pow(Z) is therefore defined by
A+ B=(AUB)\ (AN B) (A,B C 7).

An element of Pow(Z) is called a word. For a word A C Z, the cardinality |A| is called
the weight of A.
We consider an even hyperbolic 2-elementary lattice

S(z) = @Zep ®Zh

pPez

with the symmetric bilinear form given by

_[-2 iftp=q B -
epeq = . s eph—O, h* =2.
0 ifP#Q

Then we have

89V =EPzZ(er/2)@Z(n/2) C S{RQ

pPez
The discriminant group DG(89) is therefore naturally identified with
F2 o Fy = Pow(Z) ® Fy
in such a way that a vector
> (ap/2)ep + (b/2)h  (ap,b € Z)
of (89)V corresponds to
(A,b mod 2) € Pow(Z) @ Fo, where A ={P € Z|ap =1 mod 2}.

Hence we can consider subgroups of DG(S9) as binary linear codes in Pow(Z) & Fs.
Under this identification, the symmetric bilinear form bgy on DG(SY?) is given by

(—[AnA+1)/2modZ ifa=d =1,

A A/ /
(4, ), (A",0) — {_|AQA/|/2 mod Z otherwise,
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and the quadratic form ggo on DG(8Y) is given by

(4,0) (—|A|+1)/2 mod 2Z if o =1,
—

’ —|A|/2 mod 2Z if o= 0.

Therefore, from Proposition 5.2, we obtain the following:

COROLLARY 5.5. Let C be a code in Pow(Z)®Fy, which is considered as a subgroup
of DG(89) by the identification above. N

(1) If the submodule prs_g1 (C) of (S9)V corresponding to C is an overlattice of SY,
then the following holds;
(5.1) |A| mod 2 = « for every (A, a) € C.

(2) The submodule pr;)1 (C) is an even overlattice of 89 if and only if every (A, o) €
C satisfies

4| = 0 mod4 ifa=0,
|1 mod4 ifa=1.

We denote by
pz : Pow(Z) @ Fy — Pow(Z)
the projection onto the first factor.
DEFINITION 5.6. Let C be an arbitrary code in Pow(Z). We put
¢~ :={(A,a) ePow(Z)®Fy | AeC and |Al mod2=a},

and call it the lift of C. It is obvious that C™ is a linear subspace of Pow(Z) @ Fa,
that dimC™ is equal to dimC, and that C™ is the unique code satisfying (5.1) and
palC) =C.

We denote by Sz(C) the submodule pr;} (™) of (s9)V.

If the submodule Sz(C) of (S2)Y is an overlattice of S9, then we have
(5.2) | disc(Sz(C))| = 2T /|c|?.

Moreover the lattice Sz(C) is hyperbolic and 2-elementary, because so is S9. From
Proposition 5.2, we obtain the following:

PROPOSITION 5.7. The submodule Sz(C) of (S9) is an even overlattice of S if
and only if |A| =0 or 1 mod 4 holds for every A € C.

PROPOSITION 5.8. Suppose that n = |Z| is odd, and that Sz(C) is an overlattice
of 89. If C contains the word Z, then the 2-elementary lattice Sz(C) is of type L.

Proof. Suppose that C contains Z. Then C~ contains (Z, 1) because |Z| is odd. If
(A,a) € (C¥)*, then

bso((2,1), (4, ) = (—|A[+@)/2=0 in Q/Z,
and hence
bss (A, @), (4,0)) = (=] Al +)/2 = 0.

If u € (Sz(C))Y, then u mod SY € DG(S?) is contained in (C~)1, and therefore u? € Z
holds. Hence Sz(C) is of type I. O
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5.3. The lattice S¢ and the associated code. We fix a polynomial G € Uy .
Then Sing(Yg) consists of n = b — 3b+ 3 ordinary nodes that are mapped bijectively
to the points of Z(dG).

DEFINITION 5.9. For a point P € Z(dG), we denote by I'p the (—2)-curve on
X that is contracted to P by ¢g : Xg — P2.

In the numerical Néron-Severi lattice Sg of X, we have

2 ifP=0Q

0 ifP#£Q’ [Cp][Hg) =0, [Ha?=2.

[Crlle] = {

By sending ep to [['p] and h to [Hg|, we obtain an isomorphism
(5.3) S%wc) = Se-
Hence DG(S2) is identified with Pow(Z(dG)) @ Fa. Since S /S is finite by Propo-
sition 3.9, we can regard Sg as an overlattice of S2.
DEFINITION 5.10. We put
Ca :=S¢/5% C DG(S2) = Pow(Z(d@)) & F,, and
Ce = pziac)(Ca) C Pow(Z(dG)).

Note that C is the lift Cg of Cg, and that the overlattice 874 (Ca) = pr;)1 (5@)
(

Z(dG)

of SOZ( dc) corresponding to C¢ is identified with the overlattice S¢ of S by the
isomorphism (5.3).

PROPOSITION 5.11. (1) Suppose that b/2 is odd. Then |A| =0 or 1 mod 4 for
every A € Cq. (2) Suppose that b/2 is even. Then |A] = 0 or 3 mod 4 for every
AeCq.

Proof. Let Kg be the canonical divisor of Xg. By Proposition 3.7, we have
[Kg] = (b/2—3)[Hg] in Sg. Let A be a word in Cg. Suppose that |A| is even. Then

we have (4, 0) € Cg, and hence the vector
—3 2
V= B P
PecA
of (S%)V is contained in Sg. Since v? = —|A|/2 and v - [Kg] = 0, we have
(v* —v- [Ke])/2 = —|Al/4,

which is an integer by the the Riemann-Roch theorem. Therefore |A| = 0 mod 4
holds. Suppose that |A| is odd. Then we have (4, 1) € Cg, and hence

1
w = 5(2[1"1?] + [HG])
PecA
is contained in Sg. From

(w* —w- [Kg))/2=(T—|A|-b)/4 € Z,

we have |A| +b=3 mod 4. O
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5.4. Geometric realizability of an abstract code. Let Z be a finite set with
|Z| =n =0b*—3b+3.
The symmetric group &,, acts on Z and Pow(Z).

DEFINITION 5.12.  Two codes C and C’ in Pow(Z) are said to be &, -equivalent
if there exists T € &,, such that 7(C) = C’. We denote by [C] the &,,-equivalence class
of codes containing the code C C Pow(Z).

DEFINITION 5.13. Let C be a code in Pow(Z), and let [C] be the &,-equivalence
class of codes containing C. We say that [C] is geometrically realizable if there exist
G € Uy, and a bijection Z = Z(dG) that maps C C Pow(Z) to Cg C Pow(Z(d@)).

DEFINITION 5.14.  Let [C] and [C] be two &,-equivalence classes of codes in
Pow(Z). We write [C] < [C] if there exist representatives C € [C] and C’' € [C'] such
that C G C'.

Let [C] be a geometrically realizable class of codes. We put
Uspie):={ G € Uy | C=Cq by some bijection Z = Z(dG) }, and

Unp o) = || Uaien-
[¢']=[c]

THEOREM 5.15. For every [C], the locus Usp >(¢) is Zariski closed in Us .

Proof. Let Z;{vg,b — Us, be the étale covering of degree n! over U, ;, such that each
point of Us p, over G € Uz is a pair (G, 7¢), where 7¢ is a bijection from Z to Z(dG).
For a word A € Pow(Z), we put

Z]A = { (G Tg) S Zjlgb ‘ Tg(A) S CG }

Since the specialization homomorphism of numerical Néron-Severi lattices is injective
for a smooth family of projective varieties, the locus u A is Zariski closed in Us . For
a geometrically realizable class [C], the closed subset

U (N )

celc] Aec
of Z’/\[/Q’b is invariant under the &,-action on Ug,b over Usp, and is the pull-back of the
locus Uy p, >[c)- Therefore Uy p >(¢) is closed in Uy y. O
COROLLARY 5.16. For every geometrically realizable class [C] of codes, the locus
Usp 1) is locally Zariski closed in Usp.

Remark 5.17. The étale covering 1;?2717 — Uy, that has appeared in the proof of
Theorem 5.15 is constructed as follows. Let Z — Uz, be the universal family

{(P,G)€EP?> X Uy, | PEZ(dG)} — Uy

of Z(d@), which is an étale covering of degree n. We fix a base point Gy € Uz, and
let

po: m(Uzp, Go) — Aut(Z(dGo)) = 6,

be the monodromy action of the algebraic fundamental group of Us; on the set
Z(dGp). Let Z - Usp be the Galois closure of Z — Us p, which is an étale cover of
degree equal to the cardinality of Im . Then L~{27b is a disjoint union of [&,, : Im y|
copies of Z.
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5.5. An algorithm for making lists of codes. In this subsection, we describe
an algorithm that will be used in §9, when we make the complete list of geometrically
realizable classes of codes for supersingular K3 surfaces in characteristic 2.

Let Z be a finite set with |Z] = n. Suppose that we are given a subset WT of
{0,1,2,...,n}.

PROBLEM 5.18. Make the complete list Ly (k= 1,...,n) of the &,,-equivalence
classes [C] of codes C C Pow(Z) with the following properties;

(a) dimC =k,

(b) Z€ C, and

(c) |A] € WT for every A € C.

First we fix some notation and terminologies. For a code C C Pow(Z), we put
wtenum(C) := ZwIA‘,
Aec

where x is a formal variable. Let A = (Aop,...,Ax_1) be a sequence of words A; €
Pow(Z). We denote by (A) C Pow(Z) the code generated by Ay, ..., Ax,_1. A sequence
A of length k is called linearly independent if dim(A) = k. We put

wt(A) == (|40, ..., |Ak—1])-
For another word A € Pow(Z), we write
(A, A) == (Ag,..., Ap_1, A).
For 7 € G,,, we put
T(A) == (7(Ao), .., T(Ap-1))-

We define a sequence @(A) of length 2% by the following:
o If A = (Ay), then ©(A) := (Z, Ap).
e Suppose that £k > 1. We put A’ := (Ay,...,Ax—2), and let the sequence
W(A') be (By,...,Byk-1). Then we define

(ZJ(A) = (Bl, ey Bok1, By MAg_1,...,Bor1 N Akfl).
We then define a sequence w(A) of non-negative integers by
w(A) = wt(w(A)).

Suppose that we are given w(A). Then, for any subsets I and J of {0,1,...,k — 1},
the cardinality

[ Ain[)(z\4))
iel jeJ

can be obtained from w(A). Therefore, for two sequences A and A’, there exists
T € 6, such that 7(A) = A’ if and only if w(A) = w(A’) holds. In particular, we
have the following;:

PROPOSITION 5.19. Let A be a sequence of words, and let [C'] be an &,,-
equivalence class of codes containing C'. Then [(A)] < [C'] holds if and only if there
exists a sequence A’ of words of C' such that w(A) = w(A').
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The following subroutine determines whether two codes (A) and (A’) given by
sequences A and A’ are &,-equivalent or not.

SUBROUTINE 5.20. First we calculate dim(A) and dim(A’). If they differ, then
(A) and (A’) are not &,-equivalent. Otherwise, we calculate the weight enumerators
wtenum((A)) and wtenum((A’)). If they differ, then (A) and (A’) are not &,,-
equivalent. Otherwise, we calculate w(A), and search for a sequence A" of words
of (A’) such that w(A) = w(A”). Note that, if A" satisfies w(A) = w(A”), then
dim(A") = dim(A) = dim(A’) holds and hence (A") coincides with (A’). The codes
(A) and (A’) are &,-equivalent if and only if such a sequence A" is found.

We label the elements of Z as {Pg,...,P,_1}, and represent a word A of Pow(Z)
by a bit vector

v(4) = [, .-y 1],

where «; = 0 (resp. a; = 1) if P, ¢ A (resp. P; € A). For a column bit vector
b= T[607 s 751671]) we put

p(b) :=2""18, + 25728 + - + 285 o + Bro1 € Zo.

A sequence A = (Ay,...,Ax—1) is called &,,-increasing if the column vectors of the
k X n matrix

v(4o)
: =[bg,...,bp_1]
U(Ak_l)

yield an increasing sequence p(bg) < --- < p(b,—1). The following proposition is
obvious from the definition:

ProposiTION 5.21. (1) If A = (Aq,...,Ar—1) is S, -increasing, then the subse-
quence (Ao, ..., Am—1) of A is also &, -increasing for any m < k,

(2) For any sequence A = (Ag,...,Ar_1), there exists T € &,, such that T(A) is
&, -increasing.

(3) Suppose that A = (Ao, ..., Ar—1) is ©y-increasing, and let A € Pow(Z) be an
arbitrary word. Then there exists T € &, such that T(A) coincides with A and that
(A, 7(A4)) is &y-increasing.

ExaMpLE 5.22. The sequence given by the first three row vectors of the matrix
M below is &7-increasing, while the sequence of length 4 given by all the row vectors
of M is not Gr-increasing. By applying transpositions P3 <> P4 and P5 < Pg to M,
we obtain the matrix M’, which yields the &7-increasing sequence of length 4.

o

0

=

Il
oo oo
= i e
=== O
[EE e R e
OO O
— = ==
o o o
= )
OO O
o o
O =
— == =

1
1
1

Let [C] be an &,-equivalence class satisfying the conditions (a), (b) and (c) in
Problem 5.18. Then there exists a sequence A = (Ao, ..., Ag_1) of length k with the
following properties;

e A is linearly independent, and (A) € [C],
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e A is ©,-increasing,

e Ay =2Z,and |A;| <n/2fori=1,...,k— 1
Indeed, we have a linearly independent sequence A’ = (Aj,..., A} _,) that is a basis
of a code C € [C] with A, = Z. If there is a word A} (i > 0) with |A,| > n/2, then
we replace A} by Z + Al so that we can assume |A}| < n/2 for ¢ = 1,...,k — 1.
By applying a suitable permutation 7 € &,,, the sequence A := 7(A’) becomes &,,-
increasing, which is a basis of the code 7(C) in the class [C].

DEFINITION 5.23. A sequence A with these properties is called a standard basis
of the &,,-equivalence class [C].

The complete list Lj that we want to make will be given as a set
L, ={AW ... AWM}

of standard bases of length k.

PROPOSITION 5.24. Suppose that the complete list Ly, (k > 1) has been given
as a set Ly of standard bases of length k. Then Algorithm 5.25 below produces a set
Ly41 of standard bases of length k + 1 that gives the complete list Ly1.

ALGORITHM 5.25. Step 1. For each basis A®) € Lj, we make the list A® of
words A € Pow(Z) with the following properties;

(i) 14 < n/2,

(ii) (A A) is &,,-increasing, and

(iii) for any B € (A®), |B+ A| #0 and |B + A| € WT.
In other words, A is the list of all A € Pow(Z) such that (A A) is a standard
basis of an &,,-equivalence class of (k + 1)-dimensional codes satisfying the conditions
(b) and (c) in Problem 5.18.
Step 2. Set L1 to be an empty set.
Step 3. For each pair of A® € L, and A € AW, we check whether there exists
A’ € Ly such that (A’) and (A, A)) are &,,-equivalent by using Subroutine 5.20.
If there are no such A’, then we put (A®) A) in Ly, ;.

Proof. Tt is obvious that, if A € L4, then (A) is a (k + 1)-dimensional code
satisfying (b) and (c¢). It is also obvious that, if A and A’ are distinct standard bases
in Ly, then (A) and (A’) are not &,-equivalent. Therefore it is enough to show
that, for an arbitrary (k + 1)-dimensional code C satisfying (b) and (c), there exists
an element of L1 that is a standard basis of [C].

Let A = (Ao, ..., Ax) be a standard basis of [C]. We put A’ := (Ao, ..., Ax_1).
Then (A’) is a k-dimensional code satisfying (b) and (c). Hence there exists a standard
basis A® € L;, of the &,,-equivalence class [(A")]. Let 7 € &,, be an element that
maps the code (A’) to (A®)). We have

(A0, 7(4p))) = T({(A", A))) = T((A)) € [c].
Because A() is G ,-increasing, there exists o € &,, such that o(A®) = A(®) and that
o((AD,7(A)) = (A, o7 (Ap))

is &,,-increasing. Note that the sequence (A, o7(Ay)) is linearly independent, be-
cause the code (AW, o7(AL))) = o7((A)) is of dimension k 4 1. Note also that
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loT(Ak)| = |Ak] < n/2, because A = (A’ Ag) is a standard basis. Therefore
(AW 57(A)) is a standard basis of the &,,-equivalence class

[(AD,o7(Ax))] = [o7({A))] = [c].

In other words, the word o7(A) appears in A Therefore we have a hoped-for
standard basis in L. O

Starting with Ly = {(Z)}, we can make the lists Lj inductively.

Remark 5.26. By Proposition 5.19, we can make the list of pairs A € L; and
A’ € Ly such that [(A)] < [(A")].

6. Geometry of splitting curves. In this section, we assume p = 2, and fix a
polynomial G € Uy, where b is an even integer > 4.

6.1. Definition of splitting curves and associated code words. Let C' C P2
be a reduced irreducible curve, and let D¢ be the proper transform of C' in X¢. Since
¢c : Xg — P2 is purely inseparable of degree 2, either one of the following holds;

(i) D¢ is reduced and irreducible, or

(i) Do = 2F¢, where F¢ is a reduced irreducible curve on X birational to C

via ¢g.

DEFINITION 6.1.  We say that a reduced irreducible plane curve C' C P? is
splitting in X¢ if (ii) above holds. A reduced (but not necessarily irreducible) curve
is said to be splitting in Xg if every irreducible component of C' is splitting in X¢.

DEFINITION 6.2. Let C C P? be a reduced curve splitting in Xg. We denote
by F¢ the reduced divisor of X such that 2F¢ is the proper transform of C' in X,
and by wg(C) € Cg the image of the numerical equivalence class [F¢] € Sg by

PZ(dG)
—

Sq¢ — Sg/S% =Ca Ce.

Let C C P? be a reduced curve splitting in Xg. For a point P € Z(dG), let
mp(C) denote the multiplicity of C at P. Then we have

(6.1) [Fc] = %(— Z mp(C)[Lp] + (degC) [HG]>
PeZ(dG)

in Sg. Hence we have

(6.2) we(C)={PeZ(dG) | mp(C)=1 mod 2 }.

Suppose that C' is a union C7 U Cs of two splitting curves C; and Cy that have no
common irreducible components. From (6.2), we have

(6.3) wG(01 U 02) = ’wg(cl) + wg(CQ).
6.2. A general member of the linear system |Z;4q)(b— 1)|.

PROPOSITION 6.3. A general member C of |L;qqy(b— 1)| is splitting in X¢.

Proof. Recall that C is reduced and irreducible by Corollary 2.7. By Proposi-
tion 2.4, there exist an affine part U of P? containing Z(dG) and affine coordinates
(x0,21) on U such that C is defined by

waa(bo) =0,
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where 0y € H°(P2,0(—1)) is given by 6y|U = 9/0xo @ e_1. If G is written on U in
terms of (xg,x1) as

g(xo, 1) = yo0(o, x1)2 + xofylo(xo,xl)z + gglyol(xmmf + $09€1’Yl1(:ﬂo,x1)2,
then C' is defined by
Yo + 175 =0,
and Z(dG) is defined by
Yo + 1711 = 161 + Tovi = 0.

Note that y11|¢ is not zero, because Z(dG) is reduced. Hence we obtain

2 2 Y10 2
gle = (vo + z1701)lc = (W’oo + —701)
Y11 c

We put d¢ := (Y00 + Y10Y01/711)|c. The inverse image in X¢ of the generic point of
C is therefore isomorphic to

Spec k(C)[w]/(w + 6c)?,

which is not reduced. Therefore C' is splitting in Xg. O
COROLLARY 6.4. The code C C Pow(Z(dQ)) contains the word Z(dG).

Proof. Because Z(dG) is reduced, a general member C' of |Z;(4q)(b—1)| is smooth
at each point of Z(d@). Therefore we have wg(C) = Z(dG) by (6.2). O

COROLLARY 6.5. The lattice S is a 2-elementary hyperbolic lattice of type I. It
is even if and only if b/2 is odd.

Proof. The fact that Sg is 2-elementary and hyperbolic follows from the fact
that Sg is an overlattice of S&. Because Z(dG) € Cg, the lattice Sg is of type
I by Proposition 5.8. (Note that n = |Z(dG)| is odd.) Suppose that b/2 is odd.
Then S¢ is even by Propositions 5.7 and 5.11. Suppose that b/2 is even. Then
|Z(dG)| = 3 mod 4. Because Z(dG) € Cg, the lattice S¢ = Sz(4e)(Cg) is not even
by Proposition 5.7. O

6.3. Splitting curves with mild singularities. Let C C P? be a reduced (not
necessarily irreducible) curve, and P a point of C. Let (£,7) be a formal parameter
system of P2 at P.

DEFINITION 6.6. Let (a,b) be a pair of integers such that ¢ > b > 1 and that
a and b are prime to each other. We say that P is a cusp of C of type (a,b) if C is
defined by ¢ +n® = 0 locally at P under a suitable choice of (&,7). A cusp of type
(3,2) is called an ordinary cusp. Note that, if P is a cusp of type (a,b), then C is
locally irreducible at P.

DEFINITION 6.7. Let m be a positive integer. We say that P is a tacnode of
C with tangent multiplicity m if C is defined by n(n + £") = 0 locally at P under a
suitable choice of (£,7). A tacnode with tangent multiplicity 1 is called an ordinary
node.

PROPOSITION 6.8. Let C C P? be a reduced curve splitting in Xq, and let P be
a point of C.
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(1) Suppose that P € C is a cusp of type (a,b). Then P € Z(dG) if and only if
a+b=0 mod 2.

(2) Suppose that P € C' is a tacnode with tangent multiplicity m. Then P € Z(dG)
if and only if m =1 mod 2.

Proof. Let (£,m) be a formal parameter system of P? at P. We fix a global section
ey2 of the line bundle M = Op2(b/2) that is not zero at P. The global section G of
L = M®? is given by

Y& m) ey
locally at P, where v(&,n) is a formal power series of £ and 7, which we write as
WEm) =D efn’ (e € k).
The subscheme Z(dG) is defined by

o _n_,
9 om
locally at P.
(1) We choose (£,7) in such a way that C is defined by £ + n® = 0 locally at P.
Then

t— (5577) = (tb’ta)

is a normalization of C' at P. Since C is splitting in Xg, the formal power series
v(t*,t*) has a square root in the ring k[[t]] of formal power series of t. Suppose that
a + b is even. Then both a and b are odd, because a and b are prime to each other.
Looking at the coefficients of t* and t’ in 'y(tb,t“), we obtain c¢19 = ¢g1 = 0. Hence
P € Z(dG). Suppose that a + b is odd. Looking at the coefficient of ¢4+ in ~(¢°, %),
we obtain ¢1; = 0. If P € Z(dG), then ¢1; = 0 implies that Z(dG) would fail to be
reduced of dimension 0 at P. Hence P ¢ Z(dG).

(2) We choose (£,7n) in such a way that C is defined by n(n + &™) = 0 locally at
P. Since C is splitting in X¢, both «(t,0) and ~(t,t™) have square roots in kl[[t]].
From /7(¢,0) € k[[t]], we obtain ¢;9 = 0. Suppose that m is odd. Then we also
obtain ¢y, = 0 from /7(t,0) € k[[t]]. Looking at the coefficient of ¢ in ~(¢,t™), we
have ¢0 + co1 = 0. Therefore we have P € Z(dG). Suppose that m is even. Then
we obtain ¢,,41,0 = 0 from +/v(¢,0) € k[[t]]. Looking at the coefficient of ™1 in
~(t,t™), we have ¢;41,0 + c11 = 0. Therefore ¢17 = 0 follows and hence P ¢ Z(dG).
a

COROLLARY 6.9. Let C C P2 be a reduced curve splitting in Xg. If P € C is an
ordinary node, then P € Z(dG). If P € C is an ordinary cusp, then P ¢ Z(dG).

PROPOSITION 6.10. Let C' C P? be a reduced irreducible curve splitting in Xg.
Suppose that C' has ordinary nodes and ordinary cusps as its only singularities. Then
the morphism ¢¢|p. : Fo — C is the normalization of C.

Proof. Suppose that P € C is an ordinary node. Then P € Z(dG) by Corol-
lary 6.9. The curve F¢ intersects I'p at distinct two points, and F¢ is smooth at each
of these points.

Suppose that P € C' is an ordinary cusp. Since P ¢ Z(dG) by Corollary 6.9, there
exists a unique point @ of X¢ such that ¢¢(Q) = P. We choose a formal parameter
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system (&,7) of P2 at P so that C' is defined by &3 + 7% = 0 locally at P, and let
~v(&,7m) be the formal power series introduced in the proof of Proposition 6.8. Then
X is defined by

w? = y(€,n)
locally at @, where w is a fiber coordinate of M. Since /v(t2,t3) € k[[t]], we have

0
8—:7/(0,0) =cp1 = 0.

Therefore the pair (w —w(Q), n) is a formal parameter system of X¢ at Q. Moreover,
we have ¢19 # 0 because P ¢ Z(dG). We put

B(t) := /A2, 3) = by + byt + ...

The curve F¢ is given by w = 3(t) and n = t> at Q. Since c19 # 0, we have by # 0,
which implies that F¢ is smooth at @. O

PROPOSITION 6.11. Let C be a reduced (possibly reducible) curve of degree d that
is splitting in Xq. Suppose that C' has only ordinary nodes and ordinary cusps as its
singularities. Then we have

(6.4) lwa(C)| = d(b—d) + 4k,
where K is the number of ordinary cusps on C.

Proof. Let N(C) denote the set of ordinary nodes of C. By (6.1), (6.2) and
Corollary 6.9, the assumption on the singularities of C' implies that

(6.5) we(C)={PeCnZ(dG) | Cissmooth at P },

(6.6) CNZdG) =we(C) U N(C), and

(6.7) Fel=5(~ 3 Tel-2 3 el + d[H)).
Pewg(C) PeN(C)

We prove (6.4) by induction on the number of irreducible components of C. Suppose
that C is irreducible. Since F is the normalization of C' by Proposition 6.10, the
geometric genus of C is given by

1 1
(6.8) S[d=1)(d=2) 5~ IN(C)| = 5 FolFo + Ka) + 1,
where K¢ is the canonical divisor of Xg. By Proposition 3.7 and (6.5), (6.7), we
obtain (6.4). Suppose that C' is a union of two splitting curves C; and Cs that have
no common irreducible components. Let d; be the degree of C;, and k; the number
of ordinary cusps of C;. We have d = d; + do and x = k1 + k2. By the induction
hypothesis, we have |wg(C;)| = d;(b — d;) + 4k; for i = 1,2. By (6.3), we have

(6.9) [wa(C)] = lwa(C)] + [wa(Cr)| = 2lwe(Cr) Nwe(Cy)].

Suppose that P € wg(C1) Nwg(Cs). Then P € C; N Cy by (6.5). Suppose that
P € CyNCs. Then P is an ordinary node of C' and hence is contained in Z(dG) by
Corollary 6.9. Therefore P is contained in wg(C1) Nwa(C2) by (6.5). Thus we obtain

’wg(cl) n wg<02) =C1NCy,
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which implies |wg(Ch) N wg(Cs)| = didy. Putting this into (6.9) and using the
induction hypothesis, we obtain (6.4). O

Remark 6.12. Let G € Uz be chosen generally. Then a general member of the
linear system |Zz 4 (b — 1)| has (b — 2)*/4 ordinary cusps as its only singularities.
Indeed, we choose homogeneous coordinates [Xg, X7, Xa] generally so that the member
C of |Tz(4ay(b—1)| defined by 0G /90X = 0 is general. We write G as

XgTho + XiTH + X315 + XoXaT3; + X1XoTT, + X2 XoI'5,
where T';; are homogeneous polynomials of degree (b —2)/2. Then C is defined by
X1T3, + X3 = 0.

Since G and [Xy, X7, X5] are general, the homogeneous polynomials I'15 and T'gy are
also general. Hence Sing(C) consists of (b — 2)?/4 ordinary cusps located at the
intersection points of the curves defined by T'io = 0 and T'yg = 0. The equality (6.4)
becomes

n=>b—1+(b-2)?

in this case. The linear system |Z (4 (b — 1) gives a generalization of Serre’s exam-
ple [11, Chapter 3, Section 10, Exercise 10.7] of linear systems of plane curves with
moving singularities in positive characteristics.

6.4. Splitting curves with only ordinary nodes.

PROPOSITION 6.13. Let Go and Gp be homogeneous polynomials defining plane
curves C' and D such that deg Go +deg Gp = b. Suppose that GoGp is a polynomial
contained in k* G + Vo, Then the following hold;

(i) C and D are reduced and have no common irreducible components,

(ii) C'U D has only ordinary nodes as its singularities,

(iii) C and D are splitting in X¢g, and

(iv) we(C) =wag(D)=CnND.

Proof. The assertions (i) and (ii) follow from Proposition 3.4. The assertion (iii)
is obvious because X¢.q, is isomorphic to Xg over P2. By Corollary 6.9, we have
CND C Z(dG). Since C and D are smooth at each point of C' N D, we have
CND Cwg(C)and CND C wg(D) by (6.2). From Proposition 6.11, we have

|lwa(C)| = |lwg(D)| = degC - deg D = |C N D|.

Therefore (iv) holds. O
The converse of Proposition 6.13 is also true:

PROPOSITION 6.14. Let C be a curve defined by Go = 0. Suppose that C' is
reduced, has only ordinary nodes as its singularities, and is splitting in Xg. Then
there exists a homogeneous polynomial Gp of degree b — deg G¢ such that GoGp s
contained in kG + Vap.

Proof. First note that the degree of G¢ is < b by Proposition 6.11. Let N(C)
denote the set of ordinary nodes of C, and let v : C — C be the normalization of
C, that is, C' is the disjoint union of normalizations of irreducible components of C'.
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For P € N(C), let P, and P, denote the points of C that are mapped to P by v.
Consider the following commutative diagram:

HO®B2L,M) 2% HOCOMle) 2 HYC, v M]e)
! ! ) !
HOP?,L) 5 HOC.Lle) 5 HOC,v*Lle),

where the left horizontal arrows are restrictions, the right horizontal arrows are the
pull-backs by v, and the vertical arrows are the squaring map f — f2. For each
P e N(C), we have canonical isomorphisms of 1-dimensional vector spaces

(6.10) VMl @k(P1) 2 v M|c @ k(P), v'L|e®k(P)2v'Lic®k(P),

where k(P;) is the residue field of O at P; € C. The homomorphisms Vi, and
v} are injective, and their images coincide with the spaces of all sections f that
satisfy f(Py) = f(P2) for every P € N(C), where f(Py) and f(P) are compared
by the canonical isomorphisms (6.10). Consider the images g € H®(C, L|c) and
G e H(C,v*L|c) of G € HO(P2, £). We have

(6.11) g(Py) = g(P) for any P € N(C).

Because C' is splitting in X¢, there exists a global section h e Ho(é, v*M|¢) such
that h2 = §. By (6.11), we have h(P;) = h(P») for each P € N(C). Hence there exists
h € H°(C, M|c) such that v}, (h) = h. Then we have g = h? because v is injective.
Since the restriction homomorphism H°(P2, M) — H°(C, M|¢) is surjective, there
exists H € H°(P?, M) such that (G + H?)|c = 0. Then the polynomial G + H? is

divisible by G¢. O
6.5. Splitting lines and splitting smooth conics.

PROPOSITION 6.15. (1) Let L C P? be a line. If |[LN Z(dG)| > (b—2)/2, then L
is splitting in Xg. (2) Let Q@ C P? be a smooth conic. If |QN Z(dG)| > b— 1, then Q
is splitting in Xq.

Proof. (1) We choose a general line [, C P?, and fix affine coordinates (zg,z1)
on U := P?\ [, such that L is defined by x; = 0. Let us consider xy as an affine
parameter of L. We express G on U by

(6-12) ’Yoo(xo, 351)2 + 550’710(330, Il)2 + 961701(330, $1)2 + Jﬂoan(xo, $1)2-
Then L N Z(dG) is defined on L by
Y10(z0,0)* = Y01(20,0)* + Y11 (20, 0)* = 0.

Note that the degree of vy¢ is at most (b—2)/2. Hence the assumption |LNZ(dG)| >
(b—2)/2 implies that v19(zg, 0) is constantly equal to zero. Therefore v1o(xo, z1) can
be written as x1010(z0,2z1). Then G is equal to

Yoo + w1 (Tox103) + V51 + ToVi1)

on U. Hence L is splitting in X¢.
(2) Let lo be a general tangent line to @, and let (xg,x1) be affine coordinates
on U = P?\ I, such that Q is defined by x1 + 23 = 0. We consider z( as an affine
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parameter of ). Again we write G on U as in (6.12). Then @ N Z(dG) is defined on
Q by

710($0, 37(2))2 + 96(2)711(370796(2))2 = %1(330796(2))2 + 900711(960790(2))2 = 0.
Since the degrees of v19 and 711 are at most (b — 2)/2, the number of the roots of
Y10(zo, x(QJ)z + x(Qﬂll(xO’l“g)Q = (710(z0, x(QJ) + 550’711(9007333))2

is at most b — 1. Consequently the assumption |@Q N Z(dG)| > b — 1 implies that
(710 + oy11)|@ = 0. Then G|q is written as

Yoo (o, $3)2 + 553701(%0, 90(2))2,

which is the square of (v00 + Z0701)|q. Therefore @ is splitting. O

COROLLARY 6.16. (1) If L C P? is a line, then |L N Z(dG)| is either < (b—2)/2
orb—1. (2) If Q@ C P? is a smooth conic, then |Q N Z(dG)| is either < b — 1 or
2(b—2).

EXAMPLE 6.17. Let ¢ = 2" be a power of 2. We put b := ¢+ 2, and consider the
homogeneous polynomial

Gpi.g = XoX1 Xo (X + X074 X371

of degree b, which is a generalization of Dolgachev-Kondo’s polynomial (1.1) of degree
6. It is easy to see that Z(dGpk 4) consists of all F -rational points of P?. Because
n=>b>—-3b+3 =¢q*>+q+1is equal to the cardinality of P?(F,), the polynomial
Gpk,q is a member of Usy. Every Fg-rational line contains ¢ +1 = b — 1 points of
Z(dGpx,q), and hence is splitting in Xqp, .

7. Known facts about K3 surfaces.

7.1. The Artin-Rudakov-Shafarevich theory. Let p be an arbitrary prime
integer, and X a supersingular K3 surface in characteristic p. Artin [1] showed that
the discriminant of the numerical Néron-Severi lattice NSx of X is equal to —p3°,
where o is a positive integer < 10. This integer o is called the Artin invariant of X.

PROPOSITION 7.1 (Artin [1], Rudakov-Shafarevich [14], Shioda [19]). For any
pair (p, o) of a prime integer p and a positive integer o < 10, there exists a supersin-
gular K3 surface in characteristic p with Artin invariant o.

For an integer o with 1 < o < 10, let Ag, denote the lattice with the following
properties;

(RS1) even, hyperbolic, and of rank 22,

(RS2) 2-elementary of type I, and

(RS3) disc Ay, = —22°.

PROPOSITION 7.2 (Rudakov-Shafarevich [15]). The conditions (RS1)-(RS3) de-
termine the lattice Ay , uniquely up to isomorphisms.

PROPOSITION 7.3 (Rudakov-Shafarevich [15]). Let X be a supersingular K3
surface in characteristic 2 with Artin invariant o. Then the lattice NS x is isomorphic
to Ay ». More precisely, let v € Ay, be a vector with v2 > 0. Then there exists an
isometry ¢ from Ag, to NSx such that ¢p(v) is the class [H] of a nef line bundle H
of X.
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7.2. K3 surfaces as sextic double planes. Let T be a negative definite even
lattice. A vector v € T is called a root if v? = —2. We put

Roots(T) :=={veT | v*=-2}.

It is well-known that Roots(T') forms a root system of type ADE ([3, 7]).

DEFINITION 7.4. A pair (X, H) of a K3 surface X and a line bundle H of X
with H? = 2 and |H| # () is called a sextic double plane if the complete linear system
|H| is fixed component free. If (X, H) is a sextic double plane, then |H| defines a
generically finite morphism

g X — P?
of degree 2.
For a sextic double plane (X, H), we denote by

X — Yy — P?

the Stein factorization of ®|z|. The normal K3 surface Y|y | has only rational double
points as its singularities. We denote by R(X, H) the ADE-type of the singular points
of Yjp|, that is, R(X, H) is the type of the ADFE-configuration of (—2)-curves that
are contracted by X — Y.

Remark 7.5. Let (X, H) be a sextic double plane. We have

(7.1) Yiu| = Spec ®.Ox = Proj (EB HO(X, H®m)> :

m=0

Indeed, let s be a non-zero element of H°(P?, Op2(1)), and let sx be the global section
@y (s) of H. We put U := {s # 0} C P. Then the module I'(U, ®|.Ox) of sections
of Ox over ‘I)I_I;I(U) = {sx # 0} C X is canonically isomorphic to the degree 0 part
of the graded ring

N 1
P HO(x, H®™) {—} .
Sx
m=0
Hence the isomorphism (7.1) holds.
The graded ring &°_, H°(X, H®™) is generated by elements Xg, X1, X5 of degree
1 and an element w of degree 3, and the relations are generated by

(7.2) w? + C(Xo, X1, X2)w + G(Xo, X1, X2) = 0.

where C' and G are homogeneous polynomials of degree 3 and 6, respectively. Hence
Y| g is defined by (7.2) in the weighted projective space P(3,1,1,1).

PROPOSITION 7.6 (Urabe [22], Nikulin [13]). Let X be a K3 surface and H a
line bundle on X with H* = 2.

(1) The pair (X, H) is a sextic double plane if and only if H is nef and the set
{u€e NSx |u?=0,u-[H] =1} is empty.

(2) Suppose that (X, H) is a sextic double plane. Then R(X,H) coincides with
the ADE-type of the root system Roots([H|'), where [H]*- C NS is the orthogonal
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complement of [H| in NSx. More precisely, the classes of (—2)-curves contracted by
X — Y| form a simple root system of Roots([H]*).

Proposition 7.6 is true in any characteristic. Indeed, the proof of Proposition 1.7
in [22] can be transplanted in any characteristic except for the use of the Kawamata-
Vieweg vanishing theorem, which can be replaced by Proposition 0.1 in [13].

7.3. Purely inseparable sextic double planes. The following is obvious:

PROPOSITION 7.7. If G is a polynomial in Us ¢, then (Xq, Hg) is a sextic double
plane, and R(X¢q, Hg) = 21 A1 holds.

Conversely, we have the following:

PROPOSITION 7.8 ([17]). Let (X, H) be a sextic double plane. If R(X, H) = 214,
then p = 2 and the morphism ® g : X — P? is purely inseparable.

Let (X, H) be a sextic double plane such that R(X,H) = 21A;. Then there
exists a homogeneous polynomial G(Xo, X1, X2) of degree 6 such that Y|z is defined
by w? = G. Since Y| i) has rational double points of type 21A4; as its only singularities,
we have G € Usg.

COROLLARY 7.9. If (X, H) is a sextic double plane with R(X, H) = 21A;, then
there exists G € Ua g such that X = X, H = Hg, Y =Ye and @ = é¢.

8. The list of geometrically realizable classes of codes. In this section, we
study the case where p =2 and b = 6.

8.1. A characterization of geometrically realizable classes of codes.

THEOREM 8.1. Let Z be a set with |Z| = 21, and let C C Pow(Z) be a code.
The Ga1-equivalence class [C] containing C is geometrically realizable if and only if the
following hold:

(a) dimcC < 10,

(b) zecC, and

(c) |A| €{0,5,8,9,12,13,16,21} for any A € C.

Proof. Suppose that [C] is geometrically realizable, and let G be a polynomial in
Uz ¢ such that C = Cg by some bijection Z = Z(dG). We have

| disc S| = 2222 dimCo _ 922—2dim¢

Since the Artin invariant of X is positive, we have dim C < 10. By Corollary 6.4, we
have Z(dG) € C¢g, and hence Z € C. By Proposition 5.11, |A| mod 4 is either 0 or 1
for any A € Cqg. Therefore, in order to show that C satisfies (c), it is enough to show
that |A| ¢ {1,4,17,20} for any A € Cq. Suppose that there is an element A € Cq
with |A| = 1. Then there exists P € Z(dG) such that ({P},1) is contained in the lift

Cg = Cg of Ci. Hence the vector

1
vi= 2(~[05] + [Ho))
is contained in Sg. Because v-[Hg| = 1 and v? = 0, we see from Proposition 7.6 that
(Xg, Hg) is not a sextic double plane, which is absurd. Suppose that there is a word
A € Cg with |A] = 4. Then (A,0) is a word in the lift C5; of Cg. Hence the vector

vi= (S I0p)

PecA
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is contained in Sg. Because v - [Hg] = 0 and v? = —2, the vector v is an ele-
ment of Roots([Hg]*). However, we see from Proposition 7.6 that every vector in
Roots([Hg]*) is written as a linear combination of [['p] (P € Z(dG)) with integer
coefficients. Thus we get a contradiction. Suppose that there is a word A € Cg with
|A] = 17 or 20. Then Z(dG) + A € Cg is of weight 4 or 1, which is impossible as has
been shown above. Therefore the code C satisfies (a), (b) and (c).

Suppose that C satisfies (a), (b) and (c). We put

o0:=11—-dimC.
By Proposition 5.7 and the property (c), the submodule Sz(C) = pr;)1 (™) of (s9)V
yA
corresponding to the lift C~ C DG(SY) of C is an even overlattice of S2.
CrAIM 8.2. The even overlattice Sz(C) of S is isomorphic to A 5.

Proof of Claim 8.2. By Proposition 7.2, it is enough to show that Sz(C) satisfies
the conditions (RS1), (RS2) and (RS3). It is obvious that Sz(C) is 2-elementary and
hyperbolic. By Proposition 5.8, the property (b) implies that Sz(C) is of type I.
By (5.2), we have |disc(Sz(C))| =2%7. 0O

By Proposition 7.1, there exists a supersingular K3 surface X in characteristic 2
with Artin invariant o. In Sz(C), we have the vector h with h? = 2. By Proposition 7.3,
there exists an isometry

¢ : Sz(C) = NSx
such that ¢(h) is the class [H] of a nef line bundle H on X with H? = 2.
CLAIM 8.3. The pair (X, H) is a sextic double plane with R(X, H) = 214;.

Proof of Claim 8.3. By Proposition 7.6 and the isometry ¢, it is enough to show
that the set

(8.1) {ueszC) | uw*=0,uh=1}

is empty, and that the ADE-type of the root system Roots(h') is 2141, where h' is
the orthogonal complement of h in Sz(C). Suppose that a vector

1
u= E(Zapeerbh) (ap €Z, beZ)

pPez

of 87(C) is contained in the set (8.1). Because uh = 1, we have b = 1. Because u? = 0,
we have Y a2 = 1. Hence u is of the form (h =+ ep)/2. Its image in C™ by the natural
projection Sz(C) — Sz(C)/SY therefore yields an element ({P},1) € Pow(Z) @ Fy. This
contradicts the property (c). Let

1
T:§(ZGPGP+bh) (GPGZ, bEZ)

pPezZ

be a root of h*. Because rh = 0, we have b = 0. Because u? = —2, we have Y a2 = 4.
Hence 7 is either

1
+ep, or 5;4(:':913) with |A] = 4.
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By the property (c) of C, the latter cannot occur. Hence Roots(h') is equal to
{xep | P € Z}, and its ADE-type is 214;. O

By Corollary 7.9, there exists G € Uy such that X = Xqg, H = Hg and
® 1| = ¢g. Note that the isometry

¢ : Sz(C) = NSx =S¢

maps Roots(h') to Roots([Hg]") bijectively. Composing the isometry ¢ with reflec-
tions with respect to some ep if necessary, we can assume that ¢ maps each ep (P € Z)
to [T'p] for some P € Z(dG). The correspondence ep — I'p gives us a bijection
Z =~ Z(dG) that induces C = C. Hence the class [C] is geometrically realizable. O

8.2. From the code to the configuration of splitting curves. In this sub-
section, we fix a polynomial G € Us ¢ and show how to read from C¢ the configuration
of plane curves of degree < 3 splitting in Xg.

DEFINITION 8.4. For a word A € Pow(Z(dG)) with |A| € {5,8,9}, we put

1 if |Al =5,
degA:=4q2 if |4 =38,
3 if [A] = 0.

We say that a word A of Cg is reducible in Cq if there exist words A; and Ay of Ca
with |A1],]A2] € {5,8,9} such that A = A; + Ay and deg A = deg A; + deg A5 hold.
We say that A is irreducible in Cg if A is not reducible in Cg.

A word of Cg with weight 5 is always irreducible in Cg.

PROPOSITION 8.5. The correspondence L — LN Z(dG) gives a bijection from the
set of lines L C P? splitting in Xq to the set of words A € Cq of weight 5.

Proof. Suppose that a line L is splitting in X. Then we have wg (L) = LNZ(dG)
by (6.2) and |wg(L)| = 5 by Proposition 6.11.

Conversely suppose that a word A € Cg with |A| =5 is given. A line L satisfying
LN Z(dG) = A is, if exists, obviously unique. Because (4, 1) is a word in the lift Cg
of Cq, we have a vector

wi= (= YI0e] + [He)

PecA

in Sg. Because u? = —2 and u - [Hg] = 1, the class u is represented by an effective
divisor D of X¢g. Since DHg = 1, there exists a reduced irreducible component Dy of
D such that ¢g : Xg — P? induces a birational morphism from Dy to a line L C P2.
Moreover D — Dy is a linear combination of the curves I' p with non-negative integer
coefficients. Since the proper transform of L in X¢ is 2Dy, the line L is splitting in
Xa, and Fr, = Dy holds. Since u — [Dy] is in S, we have

(A,1) =u mod S = [Do] mod S = [F1] mod S2.

Therefore we obtain A = wg(L) = LN Z(dG). O

Remark 8.6. Let L and Lo be distinct splitting lines. By Corollary 6.9, we see
that wg(L1) Nwe(Le) consists of one point, which is the intersection point of L; and
Lo, and the word wg (L1 U La) = wg(L1) + wa (L) is of weight 8.
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Remark 8.7. Let Ly, Ly and L3 be distinct splitting lines. The word
’wg(Ll ULy U Lg) = ’wg(Ll) + ’wg(Lg) + ’wg<L3)

is of weight 9 if L1 U Lo U L3 has only ordinary nodes as its singularities, while this
word is of weight 13 if L; N Ls N L3 is non-empty.

PROPOSITION 8.8. The correspondence Q — Q N Z(dG) gives a bijection from
the set of smooth conics Q C P? splitting in X to the set of words A € Cg of weight
8 irreducible in Cq.

Proof. Suppose that a smooth conic @ is splitting in Xg. Then the word wg(Q) =
Q N Z(dG) of Cq is of weight 8 by Proposition 6.11. If wg(Q) were reducible in Cg,
then QN Z(dG) would be written as A; + As, where A; and A, are words of Cg with
weight 5. By Proposition 8.5, the points in A; (i = 1,2) are collinear, and hence @
would contain two sets of four collinear points, which contradicts the assumption that
Q is smooth. Hence the word wg(Q) is irreducible in Cg.

Suppose that A € Cg is a word of weight 8 that is irreducible in Cg. Since
(A,0) € Cz, the vector

wi= 2 (= YOI0R] + 2[Hg)

PecA

of (S&)V is contained in Sg. Because u? = —2 and u - [Hg] = 2, the vector u is the

class of an effective divisor D on X¢. Let Dy be the union of irreducible components
of D whose image by ¢¢ are of dimension 1. Since u — [Dy] is a linear combination
of the classes [I'p] with non-negative integer coefficients, we have

[Do] mod S = (A,0) in Cg.

Because DoHg = 2, the plane curve ¢g(Dg) with the reduced structure is either a
line or a conic. Suppose that ¢g(Dg) is a line L. If L is not splitting in X¢, then the
morphism ¢g|p, : Do — L is of degree 2, while if L is splitting, then Dy is 2Fy. In
either case, Dy is the proper transform of L and hence [Dy] is contained in Sg. This
is absurd because A # 0. Therefore ¢ (Dy) is a conic Q. Since ¢g|p, : Do — Q
is of degree 1, the conic @ is splitting, and Dy = Fg holds. From (8.2), we have
A =wg(Q). If Q is a union of two lines L; and Lo, then both Ly and Lo are splitting
and A = wg(L1) + wg(L2) holds from (6.3), which contradicts the irreducibility of
the word A in Cg. (See Remark 8.6.) Therefore @) is a smooth conic. Because
we(Q) = QN Z(dG) by (6.2), we obtain A = QN Z(dG). O

Remark 8.9. Let L be a splitting line, and @ a splitting smooth conic. If L
intersects ) transversely, then wg (L) Nweg(Q) consists of the two intersection points
of L and @, and wg(L U Q) = wg(L) + wa(Q) is of weight 9. If L is tangent to @,
then we (L) Nwa(Q) is empty, and wg(L U Q) = wa(L) + wa(Q) is of weight 13.

Remark 8.10. Let Q1 and @2 be distinct splitting smooth conics. Let us investi-
gate the intersection of ()1 and Q2. Because

lwe(Q1 U Q2)] = lwa(Q1) + wa(Q2)] = 16 — 2|we(Q1) Nwa(Q2)]

is in {0,5,8,9,12,13,16,21} by Theorem 8.1, |wg(Q1) Nwa(Q2)| is 4, 2 or 0.
Suppose that |wg(Q1) N wa(Q2)] = 4. Then @ and Q- intersect transversely.
Let Gg, and Gg, be homogeneous polynomials of degree 2 defining 1 and @2,
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respectively. Since Q1 U Q5 is a splitting curve with only ordinary nodes, Proposi-
tion 6.14 implies that there exists a homogeneous polynomial G¢, of degree 2 such
that Gg,Gg,Gq, is a member of k*G + V2 6. Then the conic Q3 defined by G, =0
is splitting in X¢, and wg(Q3) = we(@Q1) + we(Q2) holds.
Suppose that |wg(Q1) Nwe(Q2)| = 2. By Proposition 6.8, we have the following
two possibilities of intersection of ()1 and Qs;
e transverse at two points, and with multiplicity 2 at one point, or
e transverse at one point, and with multiplicity 3 at one point.
Suppose that |wg(Q1) N wa(Q2)] = 0. Then @ and @2 intersect either with
multiplicity 2 at two points, or with multiplicity 4 at one point.

COROLLARY 8.11. A word A € Cg of weight 8 or 9 is irreducible in Cq if and
only if no three points of A are collinear.

Proof. Suppose that A is reducible in Cg. Then A is written as A; + Ay, where A;
and As are words of Cg such that (|A|,|A1],]Az|) is either (8,5,5) or (9,5,8). Note
that ANA; = A1\ (A1 NAy) is of weight > 3, because |41 NAs| = (JA1]+|A2| —|A])/2
is < 2. Since the points of A; are collinear by Proposition 8.5, three points of A are
collinear. Suppose that three points of A are on a line L. By Proposition 6.15, the
line L is splitting in Xg. We put A’ := A + wg(L) € Cg. The weight

|A"| = |A|+5—2[ANwg(L)|

of A" is among the set {0,5,8,9,12,13,16,21} by Theorem 8.1. Because wg(L) =
LN Z(dG) and A C Z(dG), we have ANwg(L) = AN L and hence |A N wg(L)] is
> 3. Therefore the triple (JA|,|ANwg(L)|,|A4’]) is either (8,4,5) or (9,3,8). In either
case, A = A"+ wg(L) is reducible in Cg. O

DEFINITION 8.12. A pencil £ = {E,;} of cubic curves E; C P? is called regular
if the base locus Bs(€) of £ consists of distinct 9 points and every singular member
of £ is an irreducible nodal curve.

Note that a general member of a regular pencil £ of cubic curves is smooth.
Indeed, a general member of £ is reduced because |Bs(€)| = 9. If a general member
of £ is singular, then it must have an ordinary cusp ([21, 16]), and hence any singular
member cannot be an irreducible nodal curve.

LEMMA 8.13. Let £ be a reqular pencil of cubic curves.
(1) The pencil € coincides with |Ipsg)(3)].
(2) There are no three collinear points in Bs(&).

Proof. In order to prove (1), it is enough to show that dim |Zgyg)(3)| < 1. If
dim |Zpg(£)(3)| > 1, then there would be eight points in Bs(£) on a conic, or five points
in Bs(€) on a line. (See for example [10, p.715].) In either case, we get a contradiction
to Bézout’s theorem. Suppose that there exists a subset of Bs(&) of weight 3 that is
on a line L. We put B’ := Bs(£) N L, and let Zp/r, C Of, be the ideal sheaf of B’ on
L. From the exact sequence

HO(PQ’IBS(E')\B'(Q)) - HO(P2vIBs(€)(3)) - HO(vaB/CL(B))v

we see that a union of L and a conic is a member of € = |Zpy(¢)(3)|, which contradicts
the regularity of £. O

DEFINITION 8.14. A pencil £ of cubic curves is called splitting in X¢g if every
member of £ is reduced and splitting in Xg.
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PROPOSITION 8.15. The correspondence € — Bs(E) gives a bijection from the
set of regqular pencils of cubic curves splitting in Xg to the set of irreducible words
A € Cq of weight 9. The inverse map is given by A |Z4(3)].

Proof. Let € be a regular pencil of cubic curves splitting in X, and let E and E’
be members of £ that span £. Each of E and E’ is a smooth or irreducible nodal cubic
curve splitting in Xg. Let E° and E’° be the smooth parts of E and E’, respectively.
Then we have

(8.2) wg(E)=E°NZ(dG) and wg(E')=FE"°NZ(dG)
by (6.2), and
(8.3) lwe(E)| = [we(E")| =9

by Proposition 6.11. On the other hand, the base locus Bs(€) of £ is equal to E°NE’,
and is contained in the set of ordinary nodes of the reducible splitting curve E U E’.
Hence

(8.4) Bs(&) = E°NE’° C Z(dG)
holds by Corollary 6.9. Comparing (8.2), (8.3) and (8.4), we obtain
wa(B) = wa(F') = B(€).

In particular, Bs(€) is a word in Ci. From Lemma 8.13 and Corollary 8.11, the word
Bs(€) is irreducible in Cg.

Suppose that an irreducible word A of Cg with weight 9 is given. A splitting
regular pencil & with Bs(€) = A is, if exists, equal to |Z4(3)| by Lemma 8.13, and
hence is unique. Let us prove the existence of such a pencil £. Since (A4, 1) € C, we
have a vector

wi= 3(= Yo I0r] + 3lHa)

PcA

in Sg. Because u? = 0 and u-[Hg] = 3, the vector u is the class of an effective divisor
D on Xg. Let Dy be the union of irreducible components of D whose image by ¢¢g
are of dimension 1. Because D — Dy is a sum of the curves I'p with non-negative
integer coefficients, we have

[Do] mod S& = (A, 1) in Cg.

Because DygHg = 3, there are three possibilities;

e there exists a splitting line L such that Dy = 3F],

e there exist distinct lines L and L’ such that L is splitting and that Dy is the

union of Fy, and the proper transform of L', or

e there exists a reduced cubic curve E splitting in X such that Dy = FEg.
In the first or the second case, we have (A4,1) = [Fy] mod S, and hence |A| =
|lwe(L)| = 5, which contradicts the assumption. Therefore there exists a reduced
splitting cubic curve E such that Dy = Fg. In particular, we have A = wg(E). If E
were reducible, then the word A would be also reducible in Cg by Remarks 8.7 and 8.9.
Hence F is irreducible. If E' had an ordinary cusp, then A = wg(E) would be of weight
13 by Proposition 6.11. Therefore F is a smooth or irreducible nodal cubic curve. Let
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Gg be a homogeneous polynomial of degree 3 such that E is defined by Gg = 0. By
Proposition 6.14, there exists another homogeneous cubic polynomial G g+ such that
GeGg € k*G + VQ,G. For t € k, we put

Gg, ' =Gg +tGE.
Then we have
GEGE,, € kXG+V276

for any ¢t € k. Let E; denote the cubic curve defined by Gg, = 0, and let £ be the
pencil {E; |t € kU {oo}}. By Proposition 6.13, every member E; is a reduced curve
with only ordinary nodes as its singularities, and is splitting in Xg. Moreover, the
cubic curves F and F; intersect transversely and

Hence € is a pencil splitting in X such that Bs(€) = A. If a member Ey, of £ were
reducible, then the word A = wg(Ey,) would also be reducible in Cg. Hence & is
regular. O

COROLLARY 8.16. The word Bs(E) of Cq corresponding to a regular splitting
pencil € of cubic curves is equal to wg(E), where E is an arbitrary member of £.

COROLLARY 8.17. Let A € Cq be an irreducible word of weight 9. If the 2-
dimensional vector space H°(P?,T4(3)) is generated by G and G, then the homo-
geneous polynomial GgGrr of degree 6 is contained in k*G + Vo 6.

Remark 8.18. It is known that a regular pencil £ of cubic curves has exactly 12
singular members {FE1, ..., EF12}. Suppose that the regular pencil £ is splitting in Xg.
The ordinary node P; of a singular member F; is a point of Z(dG) by Corollary 6.9.
By assigning P; to the singular member F;, we obtain a bijection

{Ela"'aE12} = Z(dG)\BS(g)

Remark 8.19. The decomposition of a reducible word A € Cq of weight 9 into a
sum of irreducible words is not unique. For example, let G; and G be general homo-
geneous polynomials of degree 1, and let G5 and G be general homogeneous poly-
nomials of degree 2. Then G := G1G1G2GY is contained in Us g. (See Example 9.9.)
The lines L := {G; = 0}, L' := {G}] = 0} and the smooth conics @ := {G2 = 0},
Q' := {G, = 0} are splitting in X by Proposition 6.13. We have two decompositions
of the word

wg (L) + we(Q) = wa(L') + wa(Q')

of weight 9, which is equal to wg(E), where E is an arbitrary member of the splitting
(non-regular) pencil of cubic curves spanned by LU Q and L' U Q’.

Remark 8.20. Let € be a regular splitting pencil of cubic curves.
Let L be a splitting line. Because

Bs(€) + wa(L)| = 14 = 2[Bs(€) Nwa(L)],

the weight of Bs(&)Nwg (L) is either 1 or 3. By Corollary 8.11, |Bs(€)Nweg(L)| cannot
be 3. Let E; be a general member of £. Suppose that E; intersects L transversely at
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a point P. Then P is an ordinary node of the reducible splitting curve E; U L, and
hence P € Z(dG) by Corollary 6.9. In particular, P is contained in Bs(£) Nwg(L).
Therefore the restriction £|L of £ to L consists of one fixed point and a moving
non-reduced point of multiplicity 2.

Let @ be a smooth splitting conic. Then |Bs(£) N we(Q)] is either 2 or 4 or 6.
Suppose that |Bs(£) Nwa(Q)| = 6, and let P be a point of we(Q) \ (Bs(E) Nwa(Q)).
There exists a member Ep of £ that has an ordinary node at P by Remark 8.18.
Then @ must be contained in Ep, which contradicts the regularity of £. Hence
IBs(€) Nwe(Q)] is 2 or 4. When |Bs(€) N wg(Q)| = 2 (resp. 4), the restriction £|Q
of £ to @ consists of two (resp. four) fixed points and moving non-reduced points of
total multiplicity 4 (resp. 2).

Remark 8.21. Let A € Cg be a word of weight 13. Then one of the following
holds:

(i) There are three splitting lines L1, Lo, L3 meeting at a point such that A =
w(;(Ll) + ’wg(Lz) + wG(L3).

(ii) There are a splitting line L and a splitting smooth conic @ such that L is
tangent to @ and that A = wg(L) + we(Q).

(iii) There exists a cuspidal cubic curve C splitting in X such that A = wg(C).

We put Gg := X2 + X1 Xz, and let G4 be a general homogeneous polynomial of
degree 4. Then GGy is a polynomial in Us 6, and the smooth conic @) defined by
Gg = 0 is splitting in Xg,q,. Let C be the cubic curve defined by 90G4/90Xy = 0. It
is easy to see that C has one ordinary cusp as its only singularities, and is splitting
in Xg,q,. Moreover, the word wg,c,(C) coincides with Z(dGqG4) \ wa,c,(Q)-

Since Cg is generated by Z(dG) € Cg and irreducible words of weight 5, 8 and 9,
we obtain the following:

COROLLARY 8.22. The lattice Si is generated by the following vectors;
e [Hg| and [I'p] (P € Z(dG)),
[Fcl], where C'is a general member of |Zzac)(5)],
[FL], where L runs through the set of splitting lines,
[Fol, where Q runs through the set of splitting smooth conics,
Fg|, where E runs through the set of members of reqular splitting pencils of
cubic curves.

Main Theorem in Introduction has now been proved by Propositions 6.3, 8.5, 8.8,
8.15 and Corollary 8.22.

8.3. The list. Using Theorem 8.1 and Algorithm 5.25, we make the complete
list of geometrically realizable classes of codes. In the list below, the following data
are recorded.

e 0: The Artin invariant 11 — dimC of the corresponding supersingular K3
surfaces. For each o, the number (o) of geometrically realizable classes with
Artin invariant o is also given.

e std: A standard basis of the Gg1-equivalence class [C]. (See Definition 5.23.)
A word is expressed by a bit vector, and a bit vector [ay, . .., agg] is expressed
by the integer 220+ - - +2a19+ . Since [1,...,1] = 221 —1 corresponding
to the word Z is always in standard bases by definition, it is omitted.

e 1: The number of words of weight 5; that is, the number of splitting lines.

e q: The number of irreducible words of weight 8; that is, the number of split-
ting smooth conics.
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or

Fic. 8.1. The configurations of smooth conics for qq

Fia. 8.2. The configuration of smooth conics for tql

e: The number of irreducible words of weight 9; that is, the number of split-
ting regular pencils of cubic curves.

There are several pairs of classes of codes with identical (0,1,q,e). (For example,
the classes No.134-No.136. See Examples 9.5 and 9.10.) By trial and error, we have
found that the following added data are sufficient to distinguish all the geometrically
realizable classes of codes.

t1: The number of triples { L, Lo, L3} of splitting lines such that Ly N LyN L3
consists of one point; that is, the number of triples {A;, As, A3} of distinct
words of weight 5 satisfying |A; N A2 N Az| = 1.

1q: The number of pairs (L, Q) of a splitting line L and a splitting smooth
conic @ such that L is tangent to Q; that is, the number of pairs (A4, B) of
words such that |A| =5, |B| = 8, B is irreducible, and AN B = {.

qq: The number of pairs {Q, Q’} of splitting smooth conics such that there
exist exactly two points of Q N Q" at which @ and Q' intersect with odd
intersection multiplicity; that is, the number of pairs {A, A’} of irreducible
words of weight 8 such that |A N A’| = 2. See Figure 8.1.

tql: The number of triples {Q1, Q2, @3} of smooth splitting conics with the
configuration as in Figure 8.3; that is, the number of triples {41, A2, A3} of
irreducible words of weight 8 such that |A; N A;| = 4 for each i # j and
|A1 N Ay N As| = 3.

tq2: The number of triples {Q1, Q2, @3} of smooth splitting conics such that,
for each ¢,j with i # j, there exist exactly two points of @; N Q; at which
Q; and Q; intersect with odd intersection multiplicity; that is, the number of
triples {A1, Aa, A3} of irreducible words of weight 8 such that |4; N A;| = 2
for i # j. See Figure 8.3.

The complete list of geometrically realizable classes of codes

No.| o std
| No.| o |

|1 g e[tlflq| qq tql tq2 |

o =10.

r(10) = 1.

\0|10| /O 0O 0]0[0| 0 O O \
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119131 |1 0 0]0]0] s R

2 19255 | 10107101 0, O

3 19 511 | 0 1] | | , ,

c=38 r(8) = 8.
4 | 8 |31, 481 2 0 0]0[0] 0, 0, 0
5 | 8 |31, 8160 1 2 0/0[2] 0, 0, O
6 | 8 |31, 2019 T 1 0[0/0]| 0, 0, 0
7 | 8 |31, 8161 /1T 0 21010 0, O, 0
8 | 8 | 255, 3855 [0 3 0]0J0] O O, 0
9 | 8 |255, 16131 0 2 110(0] 1, 0, 0
10 | 8 | 255, 7951 0 1 2(0/0] 0, 0, 0
11 | 8 | 511, 32263 0O 0 31010 O, O, 0
o="7 r(7) =21.

12 | 7 |31, 8160, 481 /3 1 0113 0 O, 0
13 | 7 |31, 2019, 2301 /3 0 O0J0O0J0] O O, 0
14 | 7 |31, 8160, 516193 2 2 0(0[2] 0, 0, 0
15 | 7 |31, 2019, 6244 2 2 0(0/0] 0, 0, 0
16 | 7 |31, 8161, 253987 /2 1 11010 O, O, 0
17 | 7 |31, 8160, 123360 1T 6 0/0[6] 0, 0, 0
18 | 7 |31, 8160, 25059 T 4 0]0/2] 2 0, o0
19 | 7 |31, 2019, 63533 /1 3 0]010]| 3, O, 1
20 | 7 |31, 2019, 14565 /1 3 0010 O, O, 0
21 | 7 |31, 8160, 123361 1 2 4(0(2] 0, 0, 0
22 | 7 |31, 8161, 25062 T 2 2(0/0] 1, 0, 0
23 | 7 |31, 8161, 254178 /1 1 41010 0, O, 0
24 | 7 | 255, 3855, 13107 |0 7 O0J0]0] O, O, 0
25 | 7 |255, 3855, 28951 0 6 1(0(0] 3 4 0
26 | 7 | 255, 3855, 62211 |0 5 21010 4, O, 0
27 | 7 |255, 3855, 127249 |0 4 31010 3, O, 0
28 | 7 |255, 16131, 115471 0 3 4100 3 0 1
29 | 7 | 255, 3855, 20491 0 3 4(0/0] 0, 0, 0
30 | 7 ]255, 16131, 50973 |0 2 51010 1, O, 0
31 | 7 |255, 7951, 123187 /0O 1 61010 0 O 0
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‘ 32 | 7 |511, 32263, 233016 /0O O 710101 0, O, 0
c=6 r(6) = 43.
33 | 6 |31, 8160, 123360, 1966081 5 0 0(10/0] 0, 0, 0
34 | 6 |31, 8160, 25059, 28385 4 1 0]1(3] 0, 0, 0
35 | 6 |31, 2019, 6244, 8637 /4 1 01010 0, O, 0
36 | 6 |31, 8160, 25059, 105991 /'3 5 0 1]7] 0, O, 0
37 | 6 |31, 8160, 25059, 26215 |3 5 0113 4, 0, 0
38 | 6 |31, 8161, 253987, 319591 '3 3 1/0(0] 0, 1, 0
39 | 6 |31, 8160, 25059, 238049 '3 3 0[1(3] 0, 0, O
40 | 6 |31, 8160, 25059, 42497 /'3 3 01012 1, 0O, 0
41 | 6 |31, 8160, 516193, 582560 /2 6 0]0]6] 0 O, 0
42 ] 6 |31, 8160, 25059, 100324 /2 6 0]01]4] 6, 0, 0
43| 6 |31, 8160, 25059, 44583 2 6 0(0(2] 6 2 2
44 | 6 |31, 2019, 63533, 68551 /2 6 0]0]0] 12, 0, 8
45 | 6 |31, 2019, 6244, 27049 2 6 0]0[0] 0, 0, 0
46 | 6 |31, 8160, 25059, 492257 12 4 21012 2 0, 0
47 1 6 |31, 8161, 253987, 271302 |2 4 210101 5, 0, 2
48 | 6 |31, 8161, 253987, 288708 |2 4 210101 2, 0, 0
49 | 6 |31, 8160, 123360, 419424 |1 14 0014 0, 0, 0
50 | 6 |31, 8160, 25059, 241184 1 10 0106 12, 16, 0
51 | 6 |31, 8160, 25059, 124512 |1 10 01016 12, 0, O
52 | 6 |31, 8160, 25059, 492069 |1 8 0102 12, 4, 4
53 | 6 |31, 8160, 25059, 42605 /1 8 0]0]2] 6, 0, 0
54 | 6 |31, 8160, 123360, 419425 1 6 810(6] 0, 0, 0
55 | 6 |31, 8160, 25059, 99948 1 6 4]0(2| 8 0, 4
56 | 6 |31, 8160, 25059, 238119 /1 6 41012 8 0, 0
57 | 6 |31, 8161, 25062, 99051 /1T 6 2101101 9, 0, 4
58 | 6 |31, 8161, 25062, 42602 /1 6 21010 3, A4, 0
59 | 6 |31, 8160, 25059, 239201 T 4 8(0[2] 2 0, 0
60 | 6 |31, 8161, 25062, 229998 1 4 6]0(0| 6, 0, 4
61 | 6 |31, 8161, 25062, 501288 1 4 6]0(0] 3 0, 0
62 | 6 |255, 3855, 13107, 21845 |0 15 0101101 0O, O, 0
63 | 6 | 255, 3855, 28951, 46881 |0 13 21010 12, 32, O
64 | 6 | 255, 3855, 28951, 492145 |0 11 41010 16, 16, O
65 | 6 | 255, 3855, 62211, 208947 0 9 6/0/0] 18 0, 6
66 | 6 | 255, 3855, 28951, 233577 [0 9 6|00 15 8 3
67 | 6 |255, 3855, 13107, 116021 0O 9 61010 12, 0, O
68 | 6 |255, 3855, 127249, 405606 |0 7 81010 12, 0, 4
69 | 6 |255, 3855, 28951, 111147 [0 7 810101 9, A4 3
70 | 6 | 255, 3855, 13107, 54613 0 7 8(0(0] 0, 0, 0
71 | 6 |255, 16131, 115471, 412723 |0 5 1000 10, 0, 10
72 | 6 | 255, 3855, 127249, 144998 |0 5 1010101 7, O 3
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73 | 6 |255, 3855, 62211, 79157 | 101 0] 0| , , 0
74 | 6 |255, 16131, 115471, 396597 | 121 0 | 0 | , R 1
75 | 6 | 255, 3855, 29491, 230741 | 121010 0, 0, O
o=>5. r(5) = 58.
76 | 5 |31, 8160, 25059, 238049, 3618 |6 0 010701 O, O, 0
77 | 5 |31, 2019, 6244, 8637, 19179 /6 0 0]0]0] 0, O, 0
78 | 5 |31, 8160, 25059, 105991, 26232 |5 8 0]10] 8] 0, 0O, 0
79 | 5 |31, 8160, 25059, 105991, 147041 |5 4 0]2]8| 0, 0, 0
80 | 5 |31, 8160, 25059, 42605, 26781 |5 4 0113 3 0 0
81 | 5 |31, 8161, 253987, 288708, 894990 |4 7 210110 0, 8, 0
82 | 5 |31, 8160, 25059, 238119, 25661 |4 7 0] 1] 7| 4, 6, 0
83 | 5 |31, 8160, 25059, 42605, 98704 |4 7 011115 8 3 0
84 | 5 |31, 8160, 25059, 492069, 534498 |4 7 0104 10, 4, 4
85 | 5 |31, 8160, 25059, 105991, 394851 [3 13 0] 1115] 24, 0, O
86 | 5 |31, 8160, 25059, 105991, 42605 |3 13 01115 0, 0, O
87 | 5 |31, 8160, 25059, 238119, 377379 |3 13 0] 1 11| 28, 32, 8
88 | 5 |31, 8160, 25059, 105991, 434281 |3 13 0| 1] 7| 32, 16, 24
89 | 5 |31, 8160, 25059, 42605, 2724 |3 13 01113 12, 0, O
90 | 5 |31, 8161, 253987, 271302, 901198 [3 9 3]0]0] 27, 3, 27
91 | 5 |31, 8160, 25059, 42605, 100414 |3 9 21012 13, 6, 6
92 | 5 |31, 8160, 25059, 238119, 49277 /3 9 110114 17, 5, 7
93 | 5 |31, 8160, 25059, 105991, 140901 '3 9 0111 7] 8 0O, 0
94 | 5 |31, 8160, 25059, 238119, 1736 '3 9 0] 13| 18, 4, ©6
95 | 5 |31, 8160, 25059, 492069, 106180 [3 9 006 15 4, 6
96 | 5 |31, 8160, 25059, 124512, 951009 |3 9 01016 9 0 0
97 | 5 |31, 8160, 25059, 238119, 1869504 |2 14 00| 8] 36, 22, 18
98 | 5 |31, 8160, 25059, 492069, 1615373 |2 14 0] 0] 4| 42, 24, 32
99 | 5 |31, 8160, 25059, 42605, 101942 |2 14 0] 0] 4| 30, 24, 16
100 5 |31, 8160, 25059, 241184, 370273 |2 10 41016 12, 16, O
101| 5 |31, 8160, 25059, 492069, 101592 |2 10 4014 24, 4, 20
102| 5 |31, 8160, 25059, 238119, 884843 |2 10 41014 18 0, O
103 ] 5 |31, 8160, 25059, 238119, 888353 |2 10 4101 2| 24, 6, 18
104 ] 5 |31, 8161, 253987, 288708, 622825 |2 10 4]01]0]| 30, 0, 32
105] 5 |31, 8161, 253987, 288708, 796873 |2 10 410101 24, 0, 16
106 | 5 |31, 8161, 253987, 288708, 567406 |2 10 41010 12, 16, O
107 | 5 |31, 8160, 123360, 419424, 699040 |1 3 0013 0 0 O
108 | 5 |31, 8160, 25059, 124512, 494240 |1 22 00 14| 56, 128, O
109] 5 |31, 8160, 25059, 124512, 396941 |1 18 0] 0] 6| 60, 48, 32
110] 5 |31, 8160, 25059, 124512, 166317 |1 18 0] 0] 6| 54, 68, 24
111] 5 |31, 8160, 25059, 124512, 43685 [1 18 0]0]6| 36 0, 0
112 5 |31, 8160, 123360, 419424, 699041 |1 14 16|10 1]14| 0, 0, O
113] 5 |31, 8160, 25059, 238119, 828508 |1 14 8| 0] 6| 40, 32, 24
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114] 5 |31, 8160, 25059, 238119, 372292 |1 14 80| 6| 40, 0, 16
115] 5 |31, 8160, 25059, 492069, 124520 |1 14 4]0 |2 48, 16, 44
116] 5 |31, 8160, 25059, 238119, 885801 |1 14 4]0 |2 42, 20, 28
117] 5 |31, 8160, 25059, 42605, 101044 |1 14 4]0 2] 24, 32, 12
118] 5 |31, 8160, 25059, 124512, 436897 |1 10 16/ 06| 12, 0, O
119] 5 |31, 8160, 25059, 238119, 296165 |1 10 1210 | 2| 26, 4, 20
120 5 |31, 8160, 25059, 42605, 477857 |1 10 1210 2| 20, 0, 12
121] 5 |31, 8161, 25062, 99051, 427305 |1 10 10| 0] 0| 30, 0, 30
122] 5 |31, 8161, 25062, 99051, 173347 |1 10 10| 0] 0| 24, 8, 18
123] 5 | 255, 3855, 28951, 492145, 538402 |0 25 60| 0] 60, 240, O
124| 5 | 255, 3855, 28951, 492145, 564498 | 0 21 10| 0 | 0 | 66, 128, 14
125| 5 | 255, 3855, 28951, 492145, 558755 |0 21 10/ 0] 0| 60, 80, O
126 5 | 255, 3855, 28951, 492145, 110650 | 0 17 14| 0 | 0 | 58, 48, 30
127| 5 | 255, 3855, 28951, 492145, 623923 | 0 17 14| 0 | 0 | 52, 48, 24
128 5 | 255, 3855, 28951, 233577, 893570 | 0 13 18| 0 | 0 | 42, 16, 34
129| 5 | 255, 3855, 13107, 116021, 415508 | 0 13 18| 0 | 0 | 42, 0, 30
130| 5 | 255, 3855, 28951, 492145, 570411 |0 13 18] 0] 0| 36, 16, 24
131] 5 | 255, 3855, 28951, 111147, 398693 | O 2210 (0| 24, 4, 28
132] 5 | 255, 3855, 127249, 144998, 284986 | 0 22100 24, 0, 20
133] 5 | 255, 3855, 62211, 208947, 87381 | 0 22100 18, 0, 6
oc=4. r(4) =41
134’ 4 |31, 8160, 25059, 238119, 1736, 7 7 0 ‘11’ 9 ‘ 0, 0, O
1867799

135’ 4 131, 8160, 25059, 105991, 394851, 7 7 O ‘ 7 ’21‘ 0, 0, 0
139649

136’ 4131, 8160, 25059, 105991, 434281, 7 7 0 ‘ 3 ‘ 9 ‘ 12, 0, 0
614571

137’ 4 |31, 8160, 25059, 238119, 884843, 6 12 0 ‘ 3 ’15‘ 24, 30, 6
418183

138 4 |31, 8160, 25059, 42605, 2724, 987586 | 6 12 0 | 2 | 6 | 18, 18, 0

139’ 4 131, 8160, 25059, 492069, 534498, 12 0 ‘ 0 ’12‘ 30, 40, 0
1812520

140’ 4 131, 8160, 25059, 238119, 372292, 5 24 0 ‘10 ’24‘ 96, 192, 64
29575

141 4 |31, 8160, 25059, 105991, 26232, 43689 | 5 24 0 |10[24| 0, 0, O

142’ 4 |31, 8160, 25059, 238119, 884843, 16 0 ‘ 2 ‘16‘ 44, 40, 24
1058259

143 4 |31, 8160, 25059, 238119, 884843, 7297 | 5 16 0 | 2 [ 16| 20, 48, 0

144’ 4 |31, 8160, 25059, 238119, 49277, 5 16 0 ‘ 1 ‘11 ‘ 53, 44, 44
516264

145‘ 4131, 8160, 25059, 238119, 884843, 4 19 2 ‘ 0 ‘ 8 ‘ 74, 64, T4
1409677

146’ 4 131, 8160, 25059, 238119, 884843, 4 19 0 ‘ 1 ’13‘ 70, 71, 58
52788

4 |31, 8160, 25059, 238119, 884843, 4 19 ‘ 43, 36
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148’ 4 131, 8160, 25059, 238119, 49277,| 4 19 O ‘ 0 ’12 ‘ 78, 58, 86
984106

149’ 4 |31, 8160, 25059, 238119, 372292,| 3 29 0 ‘ 1 ’23‘ 152, 272, 152
103644

150’ 4 |31, 8160, 25059, 105991, 394851,| 3 29 0 ‘ 1 ‘15‘ 184, 224, 272
696425

151’ 4 |31, 8160, 25059, 238119, 377379, 3 29 O ‘ 1 ‘15‘ 160, 272, 192
950861

152’ 4 131, 8160, 25059, 238119, 49277, 3 21 4 ‘ 0 ’ 6 ‘ 111, 64, 174
281774

153‘ 4 131, 8160, 25059, 238119, 884843,| 3 21 4 ‘ 0 ‘ 6 ‘ 87, 96, 98
1475209

154’ 4 |31, 8160, 25059, 238119, 884843,| 3 21 2 ‘ 0 ’10‘ 95, 74, 104
1451537

155’ 4 |31, 8160, 25059, 238119, 884843, 3 21 O ‘ 1 ‘15‘ 72, 0, O
1352755

156’ 4 131, 8160, 25059, 105991, 42605, 3 21 O ‘ 1 ’15 ‘ 48, 128, O
141990

157‘ 4 131, 8160, 25059, 238119, 372292, 3 21 O ‘ 1 ‘ 7 ‘ 104, 64, 144
699489

158’ 4 |31, 8160, 25059, 238119, 1869504,| 2 30 O ‘ 0 ’12‘ 186, 276, 244
475241

159’ 4 |31, 8160, 25059, 238119, 1869504, 2 30 O ‘ 0 ‘12‘ 162, 276, 180
1902665

160’ 4 |31, 8160, 25059, 238119, 884843, 2 22 8 ‘ 0 ‘ 8 ‘ 110, 90, 150
321232

161’ 4 131, 8160, 25059, 238119, 884843, 2 22 8 ‘ 0 ’ 4 ‘ 122, 72, 192
167565

162’ 4 |31, 8160, 25059, 238119, 888353,| 2 22 8 ‘ 0 ’ 4 ‘ 122, 64, 200
1355336

163’ 4 |31, 8160, 25059, 124512, 494240, 1 46 O ‘ 0 ‘30‘ 240, 1280, O
700700

164’ 4 |31, 8160, 25059, 124512, 396941, 1 38 O ‘ 0 ‘14‘ 240, 720, 192
662065

165’ 4 |31, 8160, 25059, 238119, 372292, 1 30 16‘ 0 ’14‘ 176, 256, 192
955584

166‘ 4 131, 8160, 25059, 238119, 372292, 1 30 8 ‘ 0 ‘ 6 ‘192, 272, 256
442537

167’ 4 |31, 8160, 25059, 238119, 372292, 1 30 8 ‘ 0 ’ 6 ‘192, 208, 240
950861

168’ 4 |31, 8160, 25059, 238119, 372292,| 1 22 24‘ 0 ‘ 6 ‘ 120, 48, 176
829089

169’ 4 |31, 8160, 25059, 238119, 296165, 1 22 20‘ 0 ’ 2 ‘ 128, 64, 220
591468

170’ 4 | 255, 3855, 28951, 492145, 564498,| 0 45 18‘ 0 ’ 0 ‘ 270, 1440, 90
42406

171’ 4 | 255, 3855, 28951, 492145, 564498,| 0 37 26‘ 0 ’ 0 ‘ 246, 640, 210
722490

4 1255, 3855, 28951, 492145, 564498, 0 29 0 ‘ 0 ‘ 190, 224, 266

172’

1127602

34‘
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173’ 4 1255, 3855, 28951, 233577, 893570,| 0 21 42‘ 0 ’ 0 ‘ 126, 56, 238
308270

174’ 4 1255, 3855, 13107, 116021, 415508,| 0 21 42‘ 0 ‘ 0‘ 126, 0, 210
714818

o=3. r(3) =13.
175| 3 |31, 8160, 25059, 238119, 884843, 9 18 0 |20 |18 0, 0, O
1474759, 475241

176 3 |31, 8160, 25059, 238119, 884843,| 9 18 0 |16|30| 48, 96, 16
418183, 1451537

177| 3 |31, 8160, 25059, 238119, 884843, 9 18 0] 9 |27| 63, 102, O
418183, 57025

178 | 3 |31, 8160, 25059, 238119, 884843, 7 31 0 | 5 |35] 182, 374, 228
418183, 699489

179 3 |31, 8160, 25059, 238119, 884843, 7 31 0 | 3 |33 204, 368, 288
1409677, 1058259

180 | 3 |31, 8160, 25059, 238119, 372292, 5 56 0 |10 |56 |576, 2176, 1152
29575, 955584

181 3 |31, 8160, 25059, 238119, 884843, 5 40 0 | 2 |32 324, 688, 608
1451537, 699489

1821 3 |31, 8160, 25059, 238119, 884843, 5 40 0 | 1 |27]| 357, 628, 804
1451537, 1474759

183 | 3 |31, 8160, 25059, 238119, 372292, 3 61 0 | 1 |39 744, 2640, 1800
442537, 934222

184 | 3 |31, 8160, 25059, 238119, 884843,| 3 45 6 | O | 18495, 774, 1476
1451537, 167565

185| 3 |31, 8160, 25059, 238119, 884843, 3 45 0 | 1 |15] 504, 672, 1520
167565, 1352755

186 | 3 |31, 8160, 25059, 124512, 396941,| 1 78 0 | 0 |30 |1008,6720, 1536
662065, 700700

1871 3 |31, 8160, 25059, 238119, 372292,| 1 62 16| 0 |14 |816, 2624, 2112
442537, 955584

c=2  r(2)=3.
188 2 |31, 8160, 25059, 238119, 884843,
418183, 1451537, 699489

189’ 2 |31, 8160, 25059, 238119, 884843,
418183, 699489, 152785

190’ 2 |31, 8160, 25059, 238119, 372292,
442537, 934222, 1844576

13 28 0‘46’60‘ 96, 416, 0

9 66 O ‘ 12 ‘ 90 ‘8647 3672, 2448

440

5 120 0 ‘10‘120‘ 2880, 21120,
13

c=1 r(1)=1

191 1 |31, 8160, 25059, 238119, 884843,
418183, 1451537, 699489, 929948

21 0 0‘210‘0‘ 0, 0, O

Remark 8.23. Using Proposition 5.19, we have also made the complete list of
pairs ([C], [C']) of geometrically realizable classes of codes satisfying [C] < [C’].
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8.4. Proof of Corollaries. In this subsection, we prove Corollaries 1.9, 1.10
and 1.11 that are stated in Introduction. We denote by C, the geometrically realizable
class of No. v in the list.

Proof of Corollary 1.9. Note that

Uy = |_| Uz,

11—dim C=0

Let ZZ, be the pull-back of U, by the étale covering L~{276 — Uy s constructed in the
proof of Theorem 5.15. The code 75'(Cg) in Pow(Z) does not vary when (G, 7¢)
moves on an irreducible component of L~{U. Hence each irreducible component of
U, is contained in a unique Uz ) with dimC = 11 — 0. Therefore the number
of the irreducible components of U, is greater than or equal to the number r(o) of
geometrically realizable classes [C] of codes with dimC =11 —¢. O

Proof of Corollary 1.10. Let G be a polynomial in Us . The Artin invariant
of X¢ is < 10 if and only if there exists a reduced irreducible curve of degree < 2
splitting in X ¢, or there exists a regular pencil of cubic curves splitting in Xq. If there
is a line (resp. a smooth conic) splitting in X¢, then G € U[51] (resp. G € U[42])
by Proposition 6.14. If there is a regular pencil of cubic curves splitting in X, then
G € U[33] by Corollary 8.17.

It is obvious that the loci U[51], U[42] and U[33] are irreducible. Because the
locus kX G + Va6 is closed in Uz ¢ for any G € U g, these loci are Zariski closed in
Us 6. Because of the existence of the geometrically realizable class Cy, Proposition 6.13
implies that U[51], U[42] and U[33] are proper subsets of Uy ¢. Therefore it remains
to show that the codimension of these loci in Us ¢ is < 1.

Let 212’6 — Uz ¢ be the étale covering that has appeared in the proof of Theo-
rem 5.15. We choose six elements Pq, ..., Pg of Z, and consider the locus

(8.5) { (G,76) € Uag 7¢(P1), ..., 7¢(Pg)

there exists a smooth conic passing through }

of 1/72)6. Because of the existence of the geometrically realizable class C,, for example,
the locus (8.5) is non-empty. Since dim |Op2(2)| = 5, the locus (8.5) is of codimension
<1lin Z/~{276. If (G, 7¢) is in the locus (8.5), then there exists a smooth conic splitting
in X by Proposition 6.15, and hence G is contained in U[42] by Proposition 6.14.
Therefore the codimension of U[42] in Us ¢ is also < 1. The fact that U[51] C Us is
of codimension 1 is proved in a similar way.

Because of the existence of the geometrically realizable class Cgs, if G is a general
point of U[33], then there exists only one regular pencil of cubic curves splitting in
Xa. Consider the morphism

0« HY(P?,0p(3)) x H°(P?, Op(3)) x k* x H(P?,Op2(3)) — H(P?, Op2(6))
defined by
(G3,GY, ¢, H) — cG3GYy + H.
Let G3 and G% be general homogeneous polynomials of degree 3. Suppose that

Q(G37 2))7170) :Q<F37F§,707H)-
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Then the pencil of cubic curves spanned by the curves defined by Gg = 0 and G§ =0

coincides with the pencil spanned by the curves defined by I's = 0 and I';, = 0. Hence
there exists an invertible matrix

s t

u v

Gy =sl's + tF'3 and G'3 =ul's + UF’3

such that

hold. Then we have
c=sv+tu and H =/sul's+ VtvT.
Hence we have
dim U[33] = 3h°(P?, Op2(3)) + 1 — dim GL(2) = 27 = dim Us 6 — 1.

Therefore U[33] is a hypersurface of Uz . O

Proof of Corollary 1.11. Let Gpk be the Dolgachev-Kondo polynomial (1.1).
Note that Z(dGpk) coincides with the set P2(F,) of Fy-rational points of P2, and
hence the set of lines splitting in X¢,, is equal to the set (P?)V(F4) of Fy-rational
lines of P2.

Let G be a polynomial in Us ¢ such that the Artin invariant of X¢ is 1. It is
enough to show that, if we choose homogeneous coordinates of P2 appropriately, then
G is contained in k*Gpk + Va6. Let Lo be the set of lines splitting in X¢g. Since
there exists only one geometrically realizable class Ci9; with Artin invariant 1, the
configuration (Lg, Z(dG)) of lines and points is isomorphic as abstract configurations
(see [5]) to ((P?)V(Fy4),P?(Fy)). In particular, for any two points P,Q € Z(dG),

the line PQ passing through P and @ is in Lg. By choosing suitable homogeneous
coordinates [Xo, X1, X2] and numbering the lines L& = {Ly,..., Lo} appropriately,
we can assume that
Lo={Xo =0}, Li={X1=0}, Ly={X;=Xp}, Lz={Xo=0},
Ly ={Xo=Xo2}, Ls={Xo=2X1}, L¢={Xo+ X1+ X>=0}

The following points are in Z(dG):
Po S:LO/\Lli[l,0,0], Pl Z:LQ/\Lgi[O,l,O], P2 I:Lg/\Lli[0,0,”.
There exists a point Qo := [, 0,1] in Ly N Z(dG) with o # 0,1. Then we have

L7 := PiQo = {Xo = aXs} € Lg,
Q1:=Ls ALy = [, o, 1] € Z(dG),

Ls := PyQ1 = {X1 = aXo} € Lg,
Q2= Lo ALs = [1 +a, o, 1] € Z(dG),
Ly :=PiQy = {Xo=(14+a)Xs2} € Lg.

The five points consisting Lg N Z(dG) are therefore
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L3 L7 Lg L4
Lo Ls
L
R 2
Lg
Ly
Qo
Lg

Fic. 8.4. Lines in Lg

P1:[O71,0}, Q2:[1+Oé,04,1], LQ/\L9:[1+OZ,1,1],
L5/\L9=[1+O{,1+O{,1}, and LlAL9:[1+a,O,1].

On the other hand, the point R := L7 A Ly = [«, 1,1] is contained in Z(dG), and
hence a line

L10 = PQR: {XO +C¥X1 = O}
is an element of L. The point
Lig ALy =[a?+a,a+1,a]

is therefore among the five points above. Because « # 0, 1, this point must be @5, and
ais aroot of t2+t+1 = 0. Then we can show that all points of Z(dG) are F4-rational,
and hence Z(dG) = Z(dGpxk) holds. By the uniqueness assertion of Theorem 2.1, we
have dG = ¢ - dGpk, where c is a non-zero constant. Since Vs ¢ is the kernel of the
linear homomorphism G — dG, we have G € k*Gpk + Va,6. O

9. The algorithm.

9.1. The description of the algorithm. We present an algorithm that calcu-
lates the code Cg from a given homogeneous polynomial G € Us 6. From the results
in the previous sections, we obtain the following:

COROLLARY 9.1. Let G be a polynomial in Use.

(1) A subset B C Z(dG) of weight 5 is contained in Cq if and only if the points
of B are collinear.

(2) Let B C Z(dG) be a subset of weight 8 such that no three points of B are
collinear. Then B is contained in Cq if and only if there exists a conic containing B.
(Note that, if such a conic exists, then it must be smooth because no three points of B
are collinear.)

COROLLARY 9.2. Let G be a polynomial in Uz e, and let B C Z(dG) be a subset
of weight 9 such that no three points of B are collinear. Then B is contained in Cq if
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and only if the following hold; (i) the linear system |Zp(3)| of cubic curves containing
B is of dimension 1, and (i) if H°(P?,Z5(3)) is generated by Gr and G, then
GG is contained in k*G + Vag.

Proof. If B € C¢, then (i) and (ii) hold by Proposition 8.15 and Corollaries 8.11
and 8.17. Suppose that (i) and (ii) hold, and let E and E’ be the cubic curves defined
by Gg =0 and G = 0. Then E and E’ are splitting in Xg, and

B=ENE = wg(E) = ’wg(E/)

holds by Proposition 6.13. Hence B is contained in Cg. O

Remark 9.5. In Corollary 9.2, the condition (i) alone is not enough for B to be
contained in Cg. See Example 9.7.

ALGORITHM 9.4. Suppose that we are given a homogeneous polynomial G € Us .
This algorithm outputs a set Gen = {Ay, ..., Ax—1} C Pow(Z(dQG)) that generates Cg,
and the Artin invariant of Xg.

Step 1. Set Gen to be an empty set (.

Step 2. Calculate the coordinates of the points Py, ..., Py of Z(dG) by solving

oG _ 96 _ G _
0X,  0X; 00Xy

Step 3. Put the word Z(dG) = { Py, ..., P2} in Gen.

Step 4. Make the list Col of all triples {P;, P;, Py} of points of Z(dG) that are
collinear.

Step 5. Using Col, list up all 5-tuples {P;,,..., P;,} that are collinear, and put
them in Gen. By Proposition 6.15, every triple in Col must extend to a collinear
5-tuple.

Step 6. For each 8-tuple B = {P;,,..., P,,} of points of Z(dG), check whether
there exist collinear three points of B by using Col. If there are no such three points,
then check whether there exists a conic that passes through the points of B. If such
a conic exists, then put B in Gen.

Step 7. For each 9-tuple B = {P;,,..., P}, check whether there exist collinear
three points of B by using Col. If there are no such three points, then calcu-
late dim|Zp(3)|. If dim|Zg(3)] = 1, choose polynomials Gg and Ggs that span
H°(P?,Z5(3)), and check whether G zG is contained in k*G + Va6 or not by using
the method described in Remark 3.2. If GgGg € k*G + Vs 6, then put B in Gen.

Step 8. Calculate the code Cg generated by the words in Gen. The Artin invariant
of X¢ is 11 — dimCg.

9.2. Examples.
EXAMPLE 9.5. The code Cg of the polynomial G in Example 1.4 is in the class
Ci35. Let us consider the polynomial
G/ = X05X2 + X04X1X2 + X03X12X2 + X02X13X2+
+ X0 X1 Xo + XoX13 X0 + Xo X1 Xo*,
The points of Z(dG') are defined over Fy24. Under the Frobenius morphism over Fa,

they are decomposed into six orbits, the cardinalities of which are 1, 1, 3, 4, 4, 8.
The set of curves of degree < 3 splitting in X/ consists of seven lines, which are
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Po=[*+a®+a+1,02+a® +a+1,1],

P, =Frob”(P) (v=1,...,5),

Ps=[1,1,1, P;=1][1,0,1],

Pa=[a'+a*+a* +a,a+1,1],

Py, =Frob”(Ps) (v=1,...,5),

Py =10,0,1],
Ps=[’+a*+a®+a?+1,0° +a* +a* +a? +a,1],
Pi54, = Frob”(Pi5) (v=1,...,5).

TABLE 9.1. Points of Z(dG) in Example 9.7

decomposed into four Frobenius orbits of cardinalities 1, 1, 1, 4, and seven smooth
conics, which are decomposed into three Frobenius orbits of cardinalities 1, 2, 4. The
class [Cg] is Ci3a.

EXAMPLE 9.6. Consider the polynomial
G .= X04X1X2 + X03X13 + X0X14X2 + X0X1X24.

The subscheme Z(dG) is reduced of dimension 0, and each point is defined over Faa.
The class of the code Cg is Cygg. In particular, the Artin invariant of X4 is 2.

EXAMPLE 9.7. We will give an example of X with Artin invariant 3. Consider
the polynomial

G = Xo"Xo + Xo" X1Xo + Xo° X1® + Xo® X1 X0 + Xo® Xo® + Xo” X1 ° X+
+ XoX1°Xo% + Xo X1 X2t + X1° Xo.
Let a be a root of the irreducible polynomial
O+ + P+ 2 +1 € Faft].
Then Z(dG) consists of the points in Table 9.1. The words of weight 5 in C¢ are
{0,3,6,16,19}, {1,4,6,17,20}, {2,5,6,15,18},

which form one Frobenius orbit, where the set {F;,,..., P, } is simply denoted by
{#1,...,9x}. There are 45 irreducible words of weight 8 in Cs. The cardinalities of
Frobenius orbits are

1,6,6,2,2,6,6,3,6,6, 1.

There are no irreducible words of weight 9 in C. The class [Cg] is Ciss. In particular,
the Artin invariant of X is 3.
Consider the following word of weight 9;

A:={0,1,2,3,7,8,9,15,20}.
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Note that no three points of A are collinear. There exists a pencil of cubic curves
whose base locus is A, which is spanned by

Xo? X1 + (o' +0° +0%) Xo* Xy + (o + o +0%) Xo X1 %+
+ (@ +at+a+1) XoXo® + (@ +a® +1) X% + (a* + o +a) X2 Xo+
+(@*+a®+1) X1 X2+ (@ +a +a? +a+1) X =0,

and

Xo® + (a* +a) Xo°Xo + (@® +a?) XoX1? + (@®+a®+1) XoXo>+
+a* X3+ (@ +at +a? +a+1) X2 Xo + (@ +1) X1 Xo7+
+ (a4+a3+a2+a) X3 =0.

However this pencil is not splitting in X¢.

9.3. Irreducibility of U3¢ c for some C. For some geometrically realizable
classes C, we can prove the irreducibility of the locus U3 ¢ ¢, and give a homogeneous
polynomial G that corresponds to the generic point of Uz c.

DEFINITION 9.8. For a non-increasing sequence [a; .. .ax| of positive integers
with a; +- - -+ ay = 6, we denote by Ula; ... ax] the locus of G € Uy ¢ such that there
exist homogeneous polynomials G,,, ..., G, of degrees ay, ..., ai satisfying

Ga, -+ Ga, € G+ Vg

It is obvious that Ula; ...ax] is an irreducible Zariski closed subset of Us g.

EXAMPLE 9.9. Let G be a point of U[2211]. By Proposition 6.13, there exist
splitting lines L;, Lo and splitting smooth conics @)1, Q2 such that the union L; U
Ly U Q1 UQ2 has only ordinary nodes as its singularities. Hence Cg contains words
Ay, As, By, Bs satisfying the following:

o [Ai] = [Az] =5, |Bi| = [Ba| =8,

e B and B; are irreducible in Cgq,

e [A;NB;j|=2fori,j=1,2, and |B; N By| =4,

e [A\NA;NBj|=|A;NB1NBy|=0fori,j=1,2.
Conversely, suppose that the code Cq of a polynomial G € Us ¢ contains words A,
Ao, By, Bs satisfying the conditions above. By Propositions 8.5 and 8.8, there exist
lines L1, Ly and smooth conics @1, Q2 splitting X such that L; N Z(dG) = A; and
Q; N Z(dG) = B; hold. By Remarks 8.6, 8.9 and 8.10, the union L; U Ly U Q1 U Q2
has only ordinary nodes as its singularities. Hence, by Proposition 6.14, G is a point
of U[2211].

If [Cq] = Cis, then Cg contains words Ay, Ag, By, By satisfying the conditions
above. Conversely, from the complete list of geometrically realizable classes of codes,
we see that if C; contains words A, Ao, B, Bs satisfying the conditions above, then
Ci5 < [Cg] holds. Hence we have

Usec,, C  UR21T] C  Uze>cs-

Therefore Uz 6 c,, is irreducible and its generic point coincides with the generic point
of U[2211].
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4 6 8 13 15 35 77
8 8 8 7 7 6 5
ar...ag) || [411] | [321) | [222] | [3111] | [2211] | [21111] | [111111]

TABLE 9.2. The pairs of C,, and [ai .. .ak]

Fic. 9.1. The Pascal configuration

By the same argument, we obtain Table 9.2 of the pairs of C, and [a; ... ax] such
that Uq6,c, is irreducible, and that the generic point of U3 c, coincides with the
generic point of Ulay ... ag].

ExXAMPLE 9.10. Let G be a polynomial of Us ¢, and let A;,..., Ag and B be
distinct words of Cg. We say that (Ay,..., Ag, B) is a Pascal configuration if the
following hold:

e The words Ay, ..., Ag are of weight 5.

e The word B is of weight 8 and irreducible in Cg.

e Let P;; be the point of A; N A; for ¢ # j. Then the six points P12, Pa3, Psa,

Py5, Psg and Pgy are distinct and contained in B.

The code Cg contains a Pascal configuration if and only if there exists a hexagon
L1LsL3L4LsLg formed by lines splitting in X that is inscribed in a smooth conic Q.
(See Figure 9.1.) Note that the conic @ is also splitting in X by Proposition 6.15.
If Cq is in the class Cisg, then Cq contains a Pascal configuration. If Co contains
a Pascal configuration, then Cizs < [Cg] holds. Because the moduli of pairs of a
smooth conic () and a hexagon inscribed in @ is irreducible, we conclude that the
locus Uz 6,c,4 is irreducible.

We fix a smooth conic Q; C P2, and let Py,..., Ps be general points on Q;. We
put

Li:=PP, (i=1,...,5), L¢ := P P;.
Let G, = 0 be a defining equation of the line L;. Then
G =G, G,G,Gr,Gr,GL,
is a point of Uz 6,c,,,- The points Ly A Ly, Lo A Ls, and Lg A Lg are distinct, because
Py, ..., Ps are general on ();. By Pascal’s theorem, these three points are on a line

M. By the converse to Pascal’s theorem, the hexagons

LiLsL3LyLoLe, LiLyLeLsLsLz, and LiLsLe¢LsLoLs3,
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Fic. 9.2. The Pappos configuration

are also inscribed in smooth conics. Let @Qs, @3 and Q4 be those conics. Then the
lines Ly, ..., Lg, M and the smooth conics @1, ..., Q4 are splitting in Xg.

ExaMPLE 9.11. The class Cy77 corresponds to the Pappos configuration (Fig-
ure 9.2) in the same way as Cisg corresponds to the Pascal configuration. Hence
Uz 6,C,5, s irreducible.
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