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Abstract

We define a rational homotopy invariant, the rational pairing rank v0( f ) of a map
f : X→ Y , which is a natural generalization of the rational pairing rank v0(X) of a space
X [16]. It is upper-bounded by the rational LS-category cat0( f ) and lower-bounded by
an invariant g0( f ) related to the rank of Gottlieb group. Also it has a good estimate for

a fibration X
j
→ E

p
→ Y such as v0(E) ≤ v0( j)+ v0(p) ≤ v0(X)+ v0(Y).
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1 Introduction

In this paper, all spaces are connected and simply connected based CW complexes of finite
rational LS-category [4] and maps are based. In [16], the author has introduced a homotopy
invariant, which is called the rational pairing rank of a space, being inspired by the notion
of pairing of a map in [10]. We begin with the definition of the invariant.

Definition 1.1. ([16]) The pairing rank v0(X) of a space X in the rational homotopy group
is the maximal integer n such that there is a map µX in the homotopy commutative diagram:

S l1 × · · ·×S ln
µX

−−−−−→ XQ

∪

x ∥∥∥∥
S l1 ∨ · · ·∨S ln −−−−−−−−→

〈ai1 ,··· ,ain 〉
XQ

for some linearly independent elements ai1 , ..,ain of πodd(X)Q =⊕i>0π2i+1(X)⊗Qwith |aik |=

lk.

For example, for a map f : G→ X from a compact Lie group G to a space X, dimImπ∗( f )Q ≤
v0(X). In particular, if π∗( f )Q is injective, then rank G ≤ v0(X).

Note that the restriction on the odd degree elements in π∗(X)Q in Definition 1.1 is suit-
able because π4k−1(S 2k)Q � Q for any k > 0 [5]. The definition is naturally generalized as
follows.
∗E-mail address: tyamag@kochi-u.ac.jp
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Definition 1.2. The pairing rank v0( f ) of a map f : X→ Y in the rational homotopy group
is the maximal integer n such that there is a map µ f in the homotopy commutative diagram
(∗):

S l1 × · · ·×S ln
µ f

−−−−−→ XQ

∪

x y fQ

S l1 ∨ · · ·∨S ln −−−−−−−−→
〈ai1 ,··· ,ain 〉

YQ

for some linearly independent elements ai1 , ..,ain of πodd(Y)Q with |aik | = lk.

Then it induces v0(idX) = v0(X) and v0( f ) = v0(g) if fQ ' gQ. In this paper, we consider
this rational homotopy invariant v0( f ) of a map f .

Lemma 1.3. Let f : X→ Y be a map. Then
(1) v0( f ) ≤ dimIm(π∗( f )Q).
(2) v0( f ) ≤min{v0(X),v0(Y)}.
(3) v0( f ) = 0 if f is rationally constant, i.e.; f 'Q ∗.
(4) v0( f ) = v0(X) if π∗( f )Q is injective.
(5) v0( f ) = v0(Y) if f has a rational homotopy section, i.e.; there is a map s : YQ→ XQ

with fQ ◦ s ' idYQ.
(6) v0(g◦ f ) ≤min{v0( f ),v0(g)} for a map g : Y → Z.
(7) v0( f1∨ f2) =max{v0( f1),v0( f2)} for maps fi : Xi→ Yi (i = 1,2).
(8) v0( f1× f2) = v0( f1)+ v0( f2) for maps fi : Xi→ Yi (i = 1,2).

Recall the definition of the rational LS(Lusternik-Schnirelmann)-category cat0( f ) of a
map f : X→ Y [2]. It is the minimal integer n such that there exists a map η(n) which makes
the diagram (∗∗):

XQ
η(n)
−−−−−→ En(Y)Q∥∥∥∥ ypnQ

XQ
fQ

−−−−−→ YQ
homotopy commutative. Here XQ and fQ are the rationalizations of X and f , respectively
[7] and pn : En(Y)→ Y is the n-th Ganea map of Y [2]. Then cat0(idX) = cat0(X), where idX

is the identity map of X and cat0(X) is the rational LS-category of a space X. It does not
hold that cat0( f1× f2) = cat0( f1)+ cat0( f2) as (8) in general [12]. By using Sullivan models
[13] in §2, we have

Theorem 1.4. For a map f : X→ Y, v0( f ) ≤ cat0( f ).

Recall the n-th Gottlieb group Gn(X) [6] of a CW complex X for n > 0, which is the
subgroup of the πn(X) consisting of homotopy classes of maps a : S n → X such that the
wedge (a|idX) : S n∨X→ X extends to a map Fa : S n×X→ X in the homotopy commutative
diagram:

X×S n Fa
−−−−−→ X

incl.
x x∇

X∨S n idX∨a
−−−−−→ X∨X.
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Note that a map f : X→ Y does not induce πn( f ) : Gn(X)→Gn(Y) in general. Let G∗(X) =
⊕n>0Gn(X) and Gn(X)Q =Gn(X)⊗Q. Note G∗(X)Q =Godd(X)Q [4]. Recall that it holds that
dimG∗(X)Q ≤ v0(X) ≤ cat0(X) [16].

Definition 1.5. The Gottlieb rank g0( f ) of a map f : X→ Y is given by

g0( f ) := dimIm(π∗( f )Q : G∗(X)Q→ π∗(Y)Q).

Then g0( f )= g0( f ′) if fQ ' f ′
Q

and g0( f )≤ dimG∗(X)Q. In particular, g0(idX)= dimG∗(X)Q
and g0( f ) = 0 when f is a rationally constant map. We often denote dimG∗(X)Q as g0(X).
For maps fi : Xi→ Yi for i = 1,2, g0( f1× f2) = g0( f1)+g0( f2). There do not hold (6) and (7)
in Lemma 1.3 for Gottlieb rank of a map (see Example 3.5).

Theorem 1.6. For a map f : X→ Y, g0( f ) ≤ v0( f ).

Proof. Let g0( f ) = n. Then there is a homotopy commutative diagram:

XQ×S l1 × · · ·×S ln −−−−−→ XQ

∪

x y fQ

XQ∨S l1 ∨ · · ·∨S ln −−−−−−−−−−→
〈 fQ,ai1 ,··· ,ain 〉

YQ

for some linearly independent elements ai1 , ..,ain of πodd(Y)Q with |aik | = lk, as §1 (∗) in
[16]. It means n ≤ v0( f ) since the diagram induces the above (∗) by restrictions. �

From Theorem 1.4 and Theorem 1.6, we have g0( f ) ≤ v0( f ) ≤ cat0( f ). In particular,
when a map f is the projection pY : X ×Y → Y or the inclusion iX : X → X ×Y , they are
equal. The author does not know when does it hold that g0( f ) = v0( f ) = cat0( f ) in general.

Finally we consider a relation between v0( j)+v0(p) and v0(E) for a fibration ξ : X
j
→ E

p
→ Y .

Recall the inequation v0(E) ≤ v0(X)+ v0(Y) [16]. In this paper, we see

Theorem 1.7. For a fibration ξ : X
j
→ E

p
→ Y, v0(E) ≤ v0( j)+ v0(p).

In §2, we give the proofs of the above theorems by using Sullivan models. In §3, we
illustrate some examples. In §4, we comment a relation with Halperin conjecture on fibra-
tion [5, page 516].

2 Sullivan model

Recall the Sullivan minimal model M(X) [13] of a simply connected space X of finite type.
It is a freeQ-commutative differential graded algebra (DGA) (ΛV,d) with aQ-graded vector
space V =

⊕
i>1 V i of dimV i <∞ and a decomposable differential d. Denote the degree of

a homogeneous element x of a graded algebra as |x|. A fibration p : E → Y has a minimal
model which is a DGA-map M(p) : M(Y)→ M(E). It is induced by a relative model

M(Y) = (ΛW,dY )→ (ΛW ⊗ΛV,D),
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where (ΛV,D) = (ΛV,dX) is the minimal model of the homotopy fibre X of p and there is a
quasi-isomorphism ρE : M(E)

∼
→ (ΛW ⊗ΛV,D). Notice that M(X) determines the rational

homotopy type of X, especially H∗(X;Q) � H∗(M(X)) as graded algebras and πi(X)⊗Q �
Hom(V i,Q). We refer to [5] for a general introduction and the standard notations. The
above Definition 1.2 is replaced with

Lemma 2.1. For a map f : X→ Y, v0( f ) ≥ n if and only if there is a DGA-map:

µ f : (ΛW ⊗ΛV,D)→ (Λ(w1, · · · ,wn),0) (1)

such that µ f (wi) = wi for some linearly independent elements w1, · · · ,wn of Wodd.

Proof of Lemma 1.3. We can check that (5) follows from Lemma 2.1 since, after a suitable
change of basis, DV ⊂ ΛW ⊗Λ+V [14]. The others immediately hold from Definition 1.2.

�

In the following, we often use the same symbols µX : M(X)= (ΛV,d)→ (Λ(v1, · · · ,vn),0)
with some linearly independent elements v1, · · · ,vn of V in [16, Lemma 2.1] for an n-pairing
µX : S k1 × · · ·×S kn → X of ki = |vi| and µ f in Lemma 2.1(1) for µ f in Definition 1.2.

Proof of Theorem 1.4. In the rational models, the diagram (∗∗) of §1 is given as the DGA-
commutative diagram:

(ΛW ⊗ΛU,DY )
ρn

−−−−−→
∼

(ΛW/Λ>nW,dY )∥∥∥∥ xpro jn

(ΛW ⊗ΛU,DY )
in

←−−−−− (ΛW,dY )

η(n)
y ∥∥∥∥

(ΛW ⊗ΛV,D) ←−−−−− (ΛW,dY )

(2)

where in is the relative model of projn (see [3, Theorem 10.6], [4], [2]). Suppose v0( f ) = n.
From Lemma 2.1, there is a map µ f in (1). Then there is no map η(n− 1) in the DGA-
commutative diagram induced from (2):

(ΛW ⊗ΛU′,D′Y )
ρn−1
−−−−−→
∼

(ΛW/Λ≥nW,dY )∥∥∥∥ xpro jn−1

(ΛW ⊗ΛU′,D′Y )
in−1
←−−−−− (ΛW,dY )

η(n−1)
y ∥∥∥∥

(Λ(w1, · · · ,wn),0)
µ f

←−−−−− (ΛW ⊗ΛV,D) ←−−−−− (ΛW,dY )

Indeed, if it exists, the zero element is sent to the non-zero element w1 · · ·wn in the
composition

H∗(ΛW/Λ≥nW)
(ρ∗n−1)−1

� H∗(ΛW ⊗ΛU′)
µ∗f ◦η(n−1)∗

−→ Λ(w1, · · · ,wn)
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since ρn−1(w1 · · ·wn+a) = 0 and µ f ◦η(n−1)(w1 · · ·wn+a) = w1 · · ·wn for a suitable element
a ∈ΛW⊗Λ+U′ such that w1 · · ·wn+a is a D′Y -(exact) cocycle. Thus we have cat0( f )> n−1.

�

Proof of Theorem 1.7. It is the similar argument as the proof of Thorem 1.6(1) in [16]. Let
v0(E) = n by µE : S l1 × · · ·×S ln → E. Then there is an integer m(≤ n) such that there are the
homotopy commutative diagrams:

(i)

S k1 × · · ·×S km
µp

−−−−−→ EQ

∪

x ypQ

S k1 ∨ · · ·∨S km −−−−−−−−→
〈ai1 ,··· ,aim 〉

YQ

and

(ii)

S km+1 × · · ·×S kn
µ j

−−−−−→ XQ

∪

x y jQ

S km+1 ∨ · · ·∨S kn −−−−−−−−−→
〈aim+1 ,··· ,ain 〉

EQ

with {k1, ..,kn} = {l1, .., ln}. Here µp is a homotopy restriction of µE and µ j is a homotopy lift
of a restriction of µE .

Indeed, let
(ΛW,dY )→ (ΛW ⊗ΛV,D)

q
→ (ΛV,dX)

be the model (Koszul-Sullivan extension) of ξ and M(E) = (ΛU,dE). Then there is an
inclusion U ⊂W ⊕V inducing U � H∗(W ⊕V,Q(D)) (Q(D) is the linear part of D) so that a
diagram

W −−−−−→ U −−−−−→ V

�

y �

y �

y
π∗(Y)∨

Q

p∨
]

−−−−−→ π∗(E)∨
Q

j∨
]

−−−−−→ π∗(X)∨
Q

is commutative (up to sign) [5, Proposition 15.13]. Suppose that there is a DGA-map µE :
(ΛU,dE)→ (Λ(u1, · · · ,un),0) for ui ∈U given as Lemma 2.1 of [16]. Without loss of gener-
ality, we can assume that there is an integer m(≤ n) with {u1, ..,un} = {w1, ..,wm,v1, ..,vn−m} ⊂

Wodd⊕Vodd. Then (i) is obvious and (ii) is guaranteed by the DGA homotopy commutative
diagram

(Λ(v1, · · · ,vn−m),0)
µ∗E

←−−−−− (ΛV,dX)

q
x q

x
(Λ(w1, ..,wm,v1, ..,vn−m),0)

µ∗E
←−−−−− (ΛW ⊗ΛV,D),

where the induced map µ∗E gives the model of µ j. �
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Corollary 2.2. For a fibration ξ : X
j
→ E

p
→ Y with v0(E) = n, there is an integer m ≤ n such

that a diagram with ki odd

S km+1 × · · ·×S kn −−−−−→ S k1 × · · ·×S kn −−−−−→ S k1 × · · ·×S km

µ′j

y µE

y µ′p

y
XQ

j
−−−−−→ EQ

p
−−−−−→ YQ

is homotopy commutative. Here µ′j and µ′p are certain restrictions of µ j and µp as in Defi-
nition 1.2 (∗), respectively.

Remark 2.3. In the above corollary, the integer m is not unique since µE is not unique. For
example, for a fibration S 3×S 7→ E→ S 5 given by

(Λ(w),0)→ (Λ(w, x,y),D)→ (Λ(x,y),0)

with |x| = 3, |y| = 7, |w| = 5, Dy =wx, Dx = Dw = 0, we have v0(E) = v0( j) = 2 and v0(p) = 1.
Then there are two diagrams as

S 7 −−−−−→ S 7×S 5 −−−−−→ S 5y µE

y ∥∥∥∥
XQ

j
−−−−−→ EQ

p
−−−−−→ YQ

and

S 3×S 7 −−−−−→ S 3×S 7 −−−−−→ •∥∥∥∥ µE

y y
XQ

j
−−−−−→ EQ

p
−−−−−→ YQ,

where m = 1 and m = 0, respectively.

Corollary 2.4. If a fibration ξ : X
j
→ E→Y is weakly rational trivial; i.e., π∗(E)Q = π∗(X)Q⊕

π∗(Y)Q, we have v0( j) = v0(X) ≤ v0(E).

3 Examples

Let CPn be the n-dimensional complex projective space. A space X is formal if there is
a quasi-isomorphism M(X)→ (H∗(X;Q),0). For example, S n, CPn, Lie groups and their
products are formal. It is known that cup0(X) = cat0(X) when X is formal [2]. Recall the
cup-length of a map

cup0( f ) :=max{n | f ∗(b1 · · ·bn) , 0 for some bi ∈ H+(Y;Q) }

for a map f : X → Y . It is known that cup0( f ) ≤ cat0( f ) [2, p.43] and cup0( f ) = cat0( f )
when f is a map between formal spaces X and Y .

Example 3.1. In general, it does not hold that v0( f ) ≤ cup0( f ) though v0( f ) ≤ cat0( f ).
Let Y be a simply connected 11-dimensional manifold such that M(Y) = (Λ(w1,w2,w3),d)
with |w1| = |w2| = 3, |w3| = 5, d(w1) = d(w2) = 0, d(w3) = w1w2. It is the pullback of the
sphere bundle of the tangent bundle of S 6 by the canonical degree 1 map S 3 × S 3 → S 6.
It is not formal since H∗(Y;Q) contains indecomsable elements [w1w3] and [w2w3]. Then
cat0(Y) = 3 but cup0(Y) = 2 since [w1][w2w3] is the fundamental class of Y . Consider
a map f : X = S 3 × S 5 → Y with f ∗ : M(Y) = (Λ(w1,w2,w3),d)→ (Λ(w1,w3),0) = M(X)
given by f ∗(w1) = w1, f ∗(w2) = 0 and f ∗(w3) = w3. Then cup0( f ) = 1. On the other hand,
v0( f ) = cat0( f ) = 2 from Lemma 2.1(1) and (2).
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Example 3.2. The following fibrations ξ : X
j
→ E

p
→ Y satisfy the condition that v0(E) =

v0( j)+ v0(p). We can verify them by using Lemma 2.1. Of course, it holds if ξ is a trivial
fibration.

(1) Let a fibration S 3 j
→ S 2×S 2n−1 p

→ CPn be given by the model

(Λ(x,y),dY )→ (Λ(x,y,v),D)→ (Λ(v),0)

with |x| = 2, |y| = 2n+ 1, |v| = 3, Dx = dY x = 0, Dv = x2 and Dy = dYy = xn+1. Then the
following diagram is DGA-commutative:

(Λ(x,y),dY ) −−−−−→ (Λ(x,y,v),D) −−−−−→ (Λ(v),0)

µp

y µE

y µ j

y
(Λ(y),0) −−−−−→ (Λ(y,v),0) −−−−−→ (Λ(v),0).

Thus v0(E) = 2 = 1+1 = v0(p)+ v0( j).

(2) For the Hopf fibration S 3 j
→ S 7 p

→ S 4, the model is given by

(Λ(x,y),dY )→ (Λ(x,y,v),D)→ (Λ(v),0)

with |x| = 4, |y| = 7, |v| = 3, Dy = dYy = x2 and Dv = x. Notice v0( j) = 0 since M(S 7) =
(Λ(y),0) ' (Λ(x,y,v),D). Also the projectivization P(En) of a non-trivial complex n-vector

bundle En over S 2n is given as the total space of a fibration: CPn−1 j
→ CP2n−1 p

→ S 2n [1].
The model is given by

(Λ(x,y),dY )→ (Λ(x,y,u,v),D)→ (Λ(u,v),dX)

with |x| = 2n, |y| = 4n− 1, |u| = 2, |v| = 2n− 1, dYy = x2, Dv = un + x and dXv = un. Then
v0( j) = 0 since M(CP2n−1) = (Λ(u,y),dE) ' (Λ(x,y,u,v),D) with dEu = 0 and dEy = u2n.

(3) For an even interger m, let a fibration S 3m−1 j
→ E

p
→ S 3

1 × · · · × S 3
m be given as

M(E) = (Λ(w1, ..,wm,v),D) with |wi| = 3, |v| = 3m−1, Dwi = 0 and Dv = w1 · · ·wm. Then the
following diagram is DGA-commutative:

(Λ(w1, ..,wm),0) −−−−−→ (Λ(w1, ..,wm,v),D) −−−−−→ (Λ(v),0)

µp

y µE

y µ j

y
(Λ(w2, ..,wm),0) −−−−−→ (Λ(w2, ..,wm,v),0) −−−−−→ (Λ(v),0).

Thus v0(E) = m = (m−1)+1 = v0(p)+ v0( j).

(4) Let a fibration S 6×S 9 j
→ E

p
→ S 3×S 4 be given by the model

(Λ(x,y,z),dY )→ (Λ(x,y,z,a,b,c),D)→ (Λ(a,b,c),dX)

where |x| = 4, |y| = 3, |z| = 7, |a| = 6, |b| = 9, |c| = 11, Dx = Dy = 0, Dz = x2, Da = xy,
Db = xa+ yz, Dc = a2 + 2yb, dXa = dXb = 0 and dXc = a2. Then the following diagram is
DGA-commutative:

(Λ(x,y,z),dY ) −−−−−→ (Λ(x,y,z,a,b,c),D) −−−−−→ (Λ(a,b,c),dX)

µp

y µE

y µ j

y
(Λ(z),0) −−−−−→ (Λ(z,b,c),0) −−−−−→ (Λ(b,c),0).
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Thus v0(E) = 3 = 1+2 = v0(p)+ v0( j).
The computation above is summarized as follows.

ξ v0(E) v0(X) v0(Y) v0( j) v0(p)
(1) 2 1 1 1 1
(2) 1 1 1 0 1
(3) m 1 m 1 m−1
(4) 3 2 2 2 1

Remark 3.3. The total space E of Example 3.2 (4) is also one of a fibration S U(6)/S U(3)×
S U(3)→ E→ S 3, where the fiber is the (non-formal) homogeneous space of special unitary
groups S U(3)×S U(3) ⊂ S U(6) (with blockwise inclusion). It is given as

(Λ(y),0)→ (Λ(x,y,z,a,b,c),D)→ (Λ(x,a,z,b,c),dX)

with dX x = dXa = 0, dXb = xy and dXc = a2. Then we have v0(E) = 3 < 4 = 3+1 = v0( j)+
v0(p) = v0(X)+ v0(Y) since there is a DGA-map µ j : (Λ(x,a,z,b,c),dX)→ (Λ(z,b,c),0).

Problem 3.4. When v0(E) = v0( j)+ v0(p) ?

Let A be a DGA A = (A∗,dA) with A∗ = ⊕i≥0Ai, A0 = Q, A1 = 0 and the argumentation
ε : A→ Q. Define DeriA the vector space of derivations of A decreasing the degree by
i > 0, where θ(xy) = θ(x)y+ (−1)i|x|xθ(y) for θ ∈ DeriA. We denote ⊕i>0DeriA by DerA. The
boundary operator δ : Der∗A→ Der∗−1A is defined by δ(σ) = dA ◦σ− (−1)|σ|σ◦dA. For the
minimal model M(Z) = (ΛV,d) of a finite complex Z and the argumentation ε : ΛV → Q,
according to [4],

Gn(Z)Q � Im(Hn(ε∗) : Hn(Der(ΛV,d))→ Hom(Vn,Q)).

Example 3.5. (1) For maps f : X → Y and g : Y → Z, it does not hold that g0(g ◦ f ) ≤
min{g0( f ),g0(g)} in general. Let X = Z = S 3 × S 3 × S 3 be given by the Sullivan model
M(X) = M(Z) = (Λ(w1,w2,w3),0) with |wi| = 3. Let Y be given by the Sullivan model
M(Y) = (Λ(w1,w2,w3,u,v),dY ) with |u| = 3, |v| = 11, dYwi = dYu = 0 and dYv = w1w2w3u.
Then there are DGA-maps M( f ) : M(Y)→ M(X) and M(g) : M(Z)→ M(Y) preserving wi

and M( f )(u) = M( f )(v) = 0. They induces g0( f ) = 3, g0(g) = 0 and g0(g ◦ f ) = g0(idX) =
dimG∗(X)Q = 3.

(2) For maps fi : Xi→ Yi for i= 1,2, it does not hold that g0( f1∨ f2)=max{g0( f1),g0( f2)}
in general. Let fi be the identity maps idS 3 : S 3→ S 3 of Xi = S 3 = Yi. Then g0( f1)= g0( f2)=
1 but g0( f1∨ f2) = 0 since G∗(S 3∨S 3)Q = 0 [11].

Example 3.6. It does not hold that cat0(E) ≤ cat0( j)+ cat0(p) in general. For example, for
the fibration CPn−1 → CP2n−1 → S 2n in Example 3.2(2), we have cat0(CP2n−1) = 2n− 1,
cat0( j) = n−1 and cat0(p) = 1.

Example 3.7. Let a fibration S 3
1 × · · ·×S 3

n ×S 5 j
→ E

p
→ S 3

1 × · · ·×S 3
n be given by

(Λ(w1, ..,wn),0)→ (Λ(w1, ..,wn,v1, ..vn,v),D)→ (Λ(v1, ..vn,v),0)
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with |wi| = |vi| = 3, |v| = 5, Dvi = 0 and Dv = w1v1+ · · ·+wnvn. Then v0( j) = n+1, v0(p) = n
and v0(E) = n+ 1. Also g0( j) = n+ 1, g0(p) = 0 and dimG∗(E)Q = 1. Thus both v0( j)+
v0(p)− v0(E) and g0( j)+ g0(p)− g0(E) can be arbitrarily large. Note that g0(E) = g0( j)+
g0(p) for the fibrations in Example 3.2 (1), (2), (3) but not (4) as

ξ g0(E) g0(X) g0(Y) g0( j) g0(p)
(1) 2 1 1 1 1
(2) 1 1 1 0 1
(3) 1 1 m 1 0
(4) 1 2 2 2 0

We see that g0( j) = 3, g0(p) = 0 and g0(E) = 1 for the fibration of Ramark 3.3.

Problem 3.8. For all fibrations X
j
→ E

p
→ Y of finite complexes, does it hold that g0(E) ≤

g0( j)+g0(p) ?

Refer [15] for an estimate of dimG∗(E)Q.

Example 3.9. (1) The integer cat0( f )− v0( f ) can be arbitarily large. For example, for the
natural inclusion map f : CPn→ CPn+1, we have v0( f ) = 0 and cat0( f ) = n.

(2) The integer v0( f )− g0( f ) can be arbitarily large. For example, for the map E
p
→

S 3
1 × · · ·×S 3

m in Example 3.2 (3), we have g0(p) = 0 and v0(p) = m−1.

4 Halperin conjecture

A space X is said to be elliptic when dim H∗(X;Q) < ∞ and dimπ∗(X)Q < ∞. An elliptic
space X is said to be an F0-space when H∗(X;Q) is evenly graded, which is equivalent
to be isomorphic to Q[x1, .., xn]/( f1, .., fn) for some x1, .., xn and homogeneous polynomials
f1, .., fn ∈ Q[x1, .., xn]. Then M(X) = (Λ(x1, · · · , xn)⊗Λ(y1, · · · ,yn),d) with |xi| even, |yi| odd,

dxi = 0 and dyi = fi. Halperin has conjectured that any fibration ξ : X
j
→ E→ B with X an

F0-space c-splits; i.e., H∗(E;Q) � H∗(X;Q)⊗H∗(B;Q) additively. It is equivalent to that ξ
is totally non-cohomologous to zero (abbreviated TNCZ); i.e., j∗ : H∗(E;Q)→ H∗(X;Q) is
surjective. The Halperin conjecture is equivalent to requiring that any fibration X → E →
S odd is rationally trivial [9, Theorem 2.2]. Here S odd means S 2n+1 for any n > 0.

Proposition 4.1. For a fibration X
j
→ E→S 2n+1 with X an F0-space given by

(Λw,0)→ (Λw⊗ΛV,D)→ (ΛV,d) = (Λ(x1, · · · , xn)⊗Λ(y1, · · · ,yn),d),

it holds that v0(E) = n+1 = v0( j)+1 = v0(X)+1 if and only if

Dyi ∈ Λ(w)⊗Λ+(x1, · · · , xn)⊗Λ(y1, · · · ,yn) (3)

for i = 1, · · · ,n.

Proof. It follows since (Λw⊗Λ(y1, · · · ,yn),D) is DGA-isomorphic to (Λw⊗Λ(y1, · · · ,yn),0)
only under the condition (3). �
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Theorem 4.2. For a fibration ξ : X
j
→ E→S 2n+1 over an odd-sphere, v0( j)= v0(X)≤ v0(E)≤

v0(X)+1. In particular, when X is an F0-space, v0(E) = v0(X)+1 if Halperin conjecture is
true.

Proof. The former follows from Corollary 2.4 since ξ is weakly rational trivial [14]. The
latter follows since ξ is rationally trivial [9, Theorem 2.2]. �

Remark 4.3. A comment that “We know v0(E)= n+1” in [16, Remark 2.6] may be incorrect
from Proposition 4.1. On the other hand, even if v0(E)= v0(X)+1 for any fibration X→ E→
S odd, it does not indicate Halperin conjecture to be true, again from Proposition 4.1. Notice
that, for any fibration X→E→S odd, g0(E) = g0(X)+1 if and only if Halperin conjecture is
true [15, Corollary A]. But cat0(E) = cat0(X)+1 for any F0-space X [9, Theorem 4.7].

Finally, we propose a weak form of Halperin conjecture.

Problem 4.4. When X is an F0-space, does it hold that v0(E) = v0(X)+1 for any fibration
X→ E→ S odd ?
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