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Abstract. The cancellation of the singularities of the heat equation in a polygonal domain with
cracks is analyzed. Using a density result, a bi-orthogonality property of a family of finite eigen-
functions of the Laplacian and Holmgren’s theorem, we obtain a regular solution of the heat equation
by an internal control.
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1 Introduction

We consider a bounded polygonal domain Q of R? with cracks whose boundary I is a union of the
edges I'j for 0 < j < n. We denote by S ; the vertex between I';_; and I'; for 1 < j <n and S the
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vertex between I',, and I'y.
For T >0, weset Q =Qx(0,7)and £ =I"%x(0,T). Let us consider the following linear heat equation

a_u -Au=f in Q,

ot (1.1)
u(0,x) = up(x) 1inQ, :
u=0 on X.

The existence of nonconvex angles of the boundary I' of Q produce singularities even if the right-
hand term and the data of the equation are smooth.

Consider the set W = D(-A) ={u € H(l) Q);—Au € LZ(Q)} endowed with the graph norm. We have
the following result:

forany f e L2(Q) and ug € H(l) (Q), the problem (1.1) has a unique solution in LZ(O, T;W)nH" O,T; LZ(Q)).
For more details, see [5].

If T is C? then W = H>(Q)N H(l) (Q). In our case, due to the presence of nonconvex angles, W is not
embedded in H?(Q). More precisely, if N € N* is the number of nonconvex angles of the boundary
of Q, from [5], there exist N functions uj,...,uy in Hé (Q\H?*(Q) called singular solutions such that
W =H*Q)N Hé(Q)EBSpan{ul, o UNT

The solution u of the problem (1.1) may be broken into the sum

N
u(x, 1) = u'(6 0+ ) ci(Oui(), (12)
i=1
where u’(x,f) € L>(0,T; H*(Q)) and ¢; € L*(0,T),i = 1,...,N; are the singularity coefficients.

So far, there is no way of killing singularities by acting on an arbitrary small part of the domain for
the heat equation. Here we propose a method to regularize the solution of problem (1.1).
The aim of this paper is to cancel or control the singularity coefficients in a space generated by
a family of finite eigenfunctions of L*(2). More precisely, we prove that there exist m regular
functions (g;)1<i<,» With compact support in @ and m functions (6;)<;<;» such that for any f € L*(Q)
and vy € Hé (Q) N H*(Q) the problem

a m .
5 Av=f- ) 608 inQ,
i=1 . (13)
v(0,x) = vo(x) in Q,
v=0, on .

has a unique solution in L*(0,T; H*(Q)).

Such a problem has already been studied in the literature but only in the stationary case, see [1, 9].
Similar problem was studied by the authors for the wave equation [2].

Our problem is quite different from the one studied in [4] where topological optimization method
is used to study a numerical aspect of the Dirichlet problem in a polygonal domain. In fact, in
[4], the model considered is stationary. Moreover the objective of their paper is not to cancel the
singularities but to make the solution of their model as close as possible to a desired state in the
space L*(Q).

But it is important to underline that a change of the geometry and the topology of the domain could
imply variations of the coefficients of the singularities (see [4]). Therefore, one interesting question
is: how is it possible to both control the state of the system and minimise or cancel the singularities?
The method developed in [4] could give some answers.

This paper is organized as follows. Section 2 is devoted to the density theorem. In section 3 we study
the bi-orthogonality properties of the eigenfunctions . In section 4, we establish the cancellation
result.
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2 Density theorem

Let H be a Hilbert space equipped with an inner product (.,.)g.

Theorem 2.1. (Density property). Let H be a Hilbert space, D a dense subspace of H and
E ={eg,e1, -+ ,en} a linearly independent subset of H. Then, there exists {dy,dy,- - ,d;} in D such
that for any i, j €{0,1,--- ,m}, (¢;,d))g = 6.

The proof of the Theorem 2.1 requires the following lemma :

Lemma 2.2. /3]
Let X be a vector space and ¢q, @1, ...,om be linear forms on X not all null such that:

m
(" kerg; © kergo; 2.1)
i=1

m
then, there exist real numbers 11,4, ..., A, not all null such that ¢y = 3, ;.
i=1

Proof of Theorem 2.1: The proof will be done in two steps.
Step 1. We will show that for any i € {0, 1,...,m}, there exits d;‘ € D such that

<ei,df>H = 1. We proceed by contradiction. Suppose that there is ig € {0, 1, ...,m}, such that
(eip,dyy =0,V deD.

Since D is dense in H, there exists a sequence (d)en in D, such that lim d! = e;,.

n—+oo

So <el~0,d;’>H =0,V¥n € N and when n — +o0, we have He,~0|| = 0, which contradicts the fact that the

family {eg,e1,---,en} is linearly independent. Therefore there exists d?" € D such that
no

d.
<e,-0,di°>H =a # 0. Setting d} = j one has <e,-o,dl. >H =1.
Step 2. We proceed by induction on m. For m = 0, there is dy € D such that (eg,dy) = 1, (see
step 1). Let us check that, there is a subset {dp,d;} of D such that

Vi,j€ (0,1}, (eid;),, = 6ij.

H

Suppose that
YdeD, {e,d)=0= (eg,d) = 0.
Let x in H such that {e;,x) = 0. Since D is dense in H, there is a sequence (x,),en in D such that
x = limx,,. Choosing d; € D such that <el,df> =1 and setting
n—+o0o

d" = X, = (Xp, el)HdT7

one has d" € D and

(en,dy = (e xdy— (e (end;),

<€1’xn>H - <xn9 e])H = 0

So that, for all n e N, (¢, d") = 0.

Since lim d" = lim (x, —{xy,e1)yd]) = x, we obtain
n—+oo n—+oo

(eg, X)y = lirP (eg,d")y = 0.
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From Lemma2.2, there is A € R such that eg = de;, which is impossible. Consequently, there is
do € D, such that {e;,dy)y = 0 and {eg,dp)y = 1.

Suppose now that for d € D, {eg,d)y = 0 = (e1,d)y = 0. Arguing in the same way, one gets that,
this is impossible. Then there exists d; € D such that {(eg,d; )y =0 and (e1,d; )y = 1. So, we construct
inductively the set F' = {dy,d,...,d,,} in H such that E and F are bi-orthogonal.

3 Bi-orthogonality property of eigenfunctions

Consider the eigenvalue problem:
—Ay =
{ v=Av, 3.0

veH)(Q).

It is well known that the eigenvalues problem (3.1) admits two kinds of eigenfunctions: the regular
eigenfunctions which are in HZ(Q) ) Hé (Q) and the singular eigenfunctions which are in Hé () but
not in H>(Q).

Moreover, one has L2(Q) = V; @ V, where V] is the space generated by the singular eigenfunctions
and V; is the space generated by the other eigenfunctions. For more details see [8, 10].

Let (w;);>1 be a complete orthonormal family of singular eigenfunctions of —A and («;);>1 the cor-
responding eigenvalues in increasing order. Let now (4;);>; be the sequence of the unrepeated
eigenvalues in increasing order. We denote by (wix)1<k<,;) the family of the eigenfunctions corre-
sponding to 4;, 1 > 1.

For m € N*, we set

F=Span{wi, 1 <k <r(i),1 <i<m}
Remark 3.1. The set {wjx,1 <k <r(i),1 <i < mj}is linearly independent.

Proposition 3.2. Let Q be a nonempty domain of R", @ a nonempty open subset of Q. Assume that
{Wi,....,wn} is a set of some linearly independent singular eigenfunctions of —A such that to each
eigenfunction w; corresponds one eigenvalue A; such that:

Al <Ay <+ < Ay

Then, there exist C* functions (g;)1<i<m With compact support in @ such that:
Vi,j S {1,...,m},fwigjdx = (5,']‘.
Q

Proof. Let H = L*(w). Let us prove that wi|g, ..., Wl are linearly independent. Assume that there
m

exist real numbers a1, ..., @, such that Z a;w; =01in w.
i=1

m m
Let W= Z a;w;. We have —AW = Z a;iw; =0 on w. Applying p times the Laplacian operator, it
i=1 i=1

m

follows that (—=A)?W = Z a/l-/lf.7 w; =0 on w,¥p € N*. Since w,, is not identically zero on @ , there
i=1

exists xg € w such that w,,(xg) # 0. Hence from

m
Zai/lfwi =0onw@,VpeN",
i=1
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we have
m—1

A.
@ Wn(X0) + 21 () wi(x0) =0,
For p — +c0, one gets a,,, = 0. By iterating the same process, we obtain:
a;=0,Vi=1,....m.

This proves that wi|g, ..., Wnle are linearly independent.

Since D(w) is dense in H, then by Theorem 2.1, there exist g1, ..., &, € D(Q) with compact support

in @ such that Vi, j € {1,...,m}, fwigjdxzéij. O
Q

Proposition 3.3. Let Q be a nonempty domain of R", @ a nonempty open subset of Q0. Assume that

{Wir)1<k<r(i)} IS the sequence of singular eigenfunctions of —A corresponding to the eigenvalue A;.

Then, the family (Wiklz)1<k<ri) 1S linearly independent.

r(7)
Proof. Assume that there exist real numbers 51, - ,8,(; such that Z Biwikle = 0.
k=1
r(i)
Setting W = Zﬁkw,-klw. Then W is a solution of
k=1
AW =A4W inQ,
wW=0 inT.
As W =0 on @, the unicity theorem of Holmgren revised by Hormander [6] implies that
(i)
Z Biwir = 0 on Q. Therefore B =0 Yk =1---r(i) and (Wixlo)1<k<r(;) 15 linearly independent. O
k=1

Now, we consider the general case

Theorem 3.4. Let Q be a nonempty domain of R", @w a nonempty open subset of Q. Assume that
{Wi,...,wn} is a set of linearly independent singular eigenfunctions of —A.
Then, there exist C™ functions (g;)1<i<m With compact support in @ such that:

Vi,je{1,...,m},fwigjdx:6ij.
Q

Proof. Let H = L*(w) and pj, ..., ; with k < m be the unrepeated eigenvalues in increasing order
of the the family (4;);>1. Let (u;)1<i<m, be the family of the eigenfunctions of the set of {wy,...,wy,}
corresponding to y;.

Let us prove now that (41| )1<i<m, 1s a family of linearly independent functions.

I<i<k
k my
Assume that there exist real numbers (@i;)1<i<m, such that: Z Z a;u;; = 01n @ and let
1<i<k =1 i=1
kK m k. m
W= Z Zailuil. We have —AW = Z Z,ulozﬂuil =0on .
=1 i=1 =1 i=1
k my

By reiterating the Laplacian p times, it follows that Z Z /Jf ajuy = 0 on @,¥p € N* Thanks to
=1 i=1
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proposition 3.3, the family (#ix|z)1<i<m, 1s linearly independent and there exist xi,-- -, X;,, € @ such
that the determinant:

uie(xr) o Uk (x1)
Ay = : : # 0.
ik (Xm.) -+ gk (X
We have for j=1,...,my
k=1 my

Za,ku,k Xj)+ a,;( ) uj xj):O.

=1 i=1

"y
Letting p — +o0, it follows that Z QikUik (x j) =0V j
i=1
As A; # 0, one deduces that @, =0 fori=1,..my
Repeating this process, we get finally that

a;=0,i=1,.m;l=1,..,k.

This shows that (u;;) 1</<¢ is lineary independent.

1<i<my
Since D(w) is dense in H, then by Theorem 2.1, there exist g1, ..., g, € D(Q) with compact support
in @w such that Vi, j € {1,...,m}, fwigjdxzéij. O
o)

Remark 3.5. The theorem 3.4 is valid even if Q is a regular domain.

4 Cancellation of the singularities

Theorem 4.1. Assume that @ is a nonempty open subset of Q. Let m € N*, f € L*(0), vo € Hé Q)
and 0 <ty < T. Then, there exist (g;)1<i<m» a family of C* functions with compact support in @,
and m functions (6;)1<i<m, Such that, the solution v of the problem

8 m
o A=+ Z 0:(0gi(x) in O,
i=1 4.1)
v(0, x) = vp(x) in Q,
v=0, onX.

belongs to L*(ty, T; (H*(Q)N H(l)(Q)) NFL)), where Fy, is the orthogonal of F .

Proof. For m € N* thanks to theorem 3.4, there exist m functions (g;)1<i<m, C™ with compact support
in @ such that

Vi,je{1,...,m},fw,~gjdx=6,~j.
Q

Using the Fourier decomposition ( cf.[3]), we can write

vo(x) = Z,Bka(X) + Z Yipi(x),

i=1

fit,x) = Z Flowi() + Zﬁ(r)wm
k=1

i=1
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v(t,x) = Z VOW() + Z V(D).
Then, the ﬁrst equation of (4 1) becomes:

+00 +00

D (40 + i@ )wicx) + > (T + 4vi(0)) i)

k=1 i=1

D Aowe)+ Y Fi(gi(x)
k=1 i=1

> (0gix)
i=1

Multiplying (4.1) by wi(x) and integrating on €, we obtain that, for k = 1,--- ,m, the function vy is
solution of the system

+

V(1) + v () = fi() + 6x(0)
{ vi(0) = Br. (42)
This gives that
vt) = Pre ¥+ f e (fie+0)(s)dss
0
!
= e M[B+ f O (f+6)(5)ds).
0
Taking
—fi(s)— lﬂke—*k“‘ if0<s<p
Oh(s) = f0 :
—fuls)if s> 1o
one has for 1 > 1, vi(f) = e % (B — Br f ds)=0.
Then vi(f) =0 YV ke {1, ,m},¥ t> o
Hence, v(t,x) = " vewe(0)+ > WilD)pi(x) € L2 (to, T3 (HA(Q) N HY () N F)). o

k=m+1 i=0

References

[1] G. Bayili, C. Seck , A. Séne and M.T. Niane, Control and Cancellation Singularities of Bi-
laplacian in a Cracked Domain, Journal of Mathematics Research; Vol. 4, No. 4;2012.

[2] G. Bayili, S. Sawadogo and O. Traoré, Cancellation of the singularities of the wave equation.
Submitted.

[3] H. Brezis, Functional Analysis, Sobolev spaces and PDE, Universitext. Springer New York
2011.43.

[4] K. Fall, A. Sy and D. Seck: Topological optimization for a controlled Dirichlet problem in
polygonal domain, Journal of Numerical Mathematics and Stochastics, 2(1), p. 12 —-33,2010.

[5] P. Grisvard, Singularities in boundary value problems,RMA, Springer-Verlag, 1992.

[6] L. Hormander,Linear partial differential operators, Springer-Verlag, 1976.



Cancellation of the Singularities of the Heat Equation 89

[7] Mohand Moussaoui et Viet Hoang Tran, Sur le coefficient de singularités des solutions de
I’équation des ondes Dirichlet dans un polygone plan, C R Acad Sci Paris, t. 316 ,Série I, p
257-260, 1993.

[8] M. Moussaoui et B. Sadallah, Regularité des coefficients de propagation des singularités pour
I’équation de la chaleur dans un polygone plan, C R Acad Sci Paris,293,Série 1,1981.

[9] M.T. Niane, G. Bayili, A. Sene, A. Seéne, M. Sy, Is it possible to cancel singularities in a
domain with corners and cracks?, C.R. Acad. Sci. Paris, Ser. I, 343, p.115 - 118,2006.

[10] A. Nikiforov et Ouvarov, Eléments de la théorie des fonctions spéciales, MIR éd, Moscou,
1974.



