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Abstract

We give an explicit and purely algebraic proof for the existence of noetherian dif-
ferential operators for primary ideals of polynomial algebras. The proof of this impor-
tant result in [1] uses complicated algebraic and analytic techniques. Later U.Oberst
gave an elementary and constructive proof in [6]. In this paper we propose a different
proof from the one in [6].
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1 Introduction

Let K be a field of characteristic zero. Denote by K[X] = K[x1,...,x,] the polynomial ring
in n variables and by A, (K) the n-th Weyl algebra.
Let P be a prime ideal of K[X] and Q C P be a primary ideal so that /O = P. Let

F(X,0)= " pa(X)0"
be in A,(K) such that F(Q) C P. Then we say that F is a Noetherian operator with respect
to Q. Denote by N(Q) the set of all Noetherian operators F € A, (K).
Main Theorem There exist F1,...,F; € N(Q) such that if ¢ € K[X] satisfies
F.(p)eP, 1<v<l

then ¢ € Q.

The proof requires several steps. First we use Noether’s Normalization Theorem for prime
ideals and reduce the proof to the case when P is a maximal ideal. In this situation we
employ Kashiwara’s Decomposition Theorem to reduce the proof to the case n = 1. The 1-

dimensional case is treated in a separate section where certain facts about the 1-dimensional
Weyl algebra appear.
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1.1 A Special basic case

Let J be an ideal in K[X] and assume there exists an integer w > 1 such that (xy,...,x,)"*! =
J (J is the w + 1-th power of the maximal I = (x1,...,x,)). Consider differential operators
with constant coefficients

F@) =Y cadco € Kot = (@1,....a) €N,

Put N.(J) ={F(0) : F(J) c M}, such F € N(J).

Now we have the finite dimensional K-vector space V = K[X]/J. Each F € N (J) gives
a K-linear map ¢ : V — K as follows. If a vector v € V is image of p, p € K[X], let
wr(v) = F(p)(0). Since for p € J, F(p) has no constant term, ¢ is well-defined. Thus every
Noetherian operator F' € N (J) produces a pr € V* = Homg(V, K). So we have constructed
a K-linear map N.(J) — V*. With these notations we can announce the following duality
theorem.

Theorem 1.1. N_.(J) = V*. In particular dimg N .(J) = dimg V* = dimg K[X]/J.

Proof. For a, multi-indices we have

(P 0)=0ifa #8
3% (x)(0) = a!

where a! = ay!---a,!.
We know that V = @)4<,,Kx“, also for |B] <w, &P(J) c M and @as(cex®) = cgB!. Then
kergg ® Kx® = V and Nigi<w kerpgs = {0}, it follows that Hom(V, K) = ®|ﬁ|5wK56 = N.(J).
O

In this case we thus see that N.(J) = N(J) N K[J] is a finite dimensional vector space.
And by taking a basis Fy,..., F; we have found Noetherian operators as in the main theo-
rem.

2 The 1-dimensional case

Notation: A| = A{(K) = K{t,0,)

Theorem 2.1. Let q(f) € K[t] be an irreducible polynomial. Then A,q is a maximal left

A
ideal in Ay, so that a0 is simple as A1-module.
19

Proof. Without loss of generality, let us change the variable ¢ to d;. For simplicity we
write @ for 9, so q(0) = 0° + k10 + - +k,, k; € K,e = deg(q) > 2 (the case deg(q) =1 is
immediate). We have

Al =AqK[|®K[]0---®K[1]0°!

since K[0] = (@) +K+KO+---+ Ko '. Let 0 £ £ € K[t] @ K[1]0®---® K[£]0°"" and let us
show that A1§+A1q = Ay. There exists m € N and y;(0) € K[d],j =0,1,...,m such that
&= 27:0 ty (0) with degy; < e—1. We proceed by induction on the degree of ¢ in & ; if
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m = 0 then (£,q) = 1 (since g is irreducible) and A1 +A1g = A;. If m > 1, suppose that the
statement is true when the degree of 7 is less than m. We have that (y,,,q) = 1 and there
exists a,, and b,, in A such that

AmYm +bmg =1
and apé = 1" = 1"bypq + X" ant’y j(0) = " + X1 amtly j(0)( mod A1q) s0 gané = g™ +

Z’;’:_O] qamtfyj(c')). Let n = ga,,¢, it is sufficient to show that Ajn+A;q = A;. But by [5,
Chapter 1] we know that

; k(k—1 k—i+1 1 —i+1
[a]’tk]:Z ( ) ( l )J(] ) (] l )tk 16] i
. il
i>1
and this yields that gt = 1"q+[q,1"] where [q,1"'] € X, j< t/K[0]. Hencen € 2 j<m-1 YK[0]+
A1q and by the hypothesis of induction Ajn+A1q = A;. Thus A1+ A1q = A;. This means
that A;q is a maximal left ideal, and finishes the proof. O

Theorem 2.2. If q(¢) is an irreducible polynomial in K[t]. Then

: Al A
(l) EXtAl(A— A_):O
Al Al K[1]
H =K=——.
(ii) omAl(A " q) @
Al A
Proof. First we prove Ext! a4, (— ! ! —)=0.

"A1q" Ag

Let us consider the following short exact sequence

j A
0— Alq—l> Al— a1, 0.
Aig

We get the induced long exact sequence

A i\ A
0 — HomAl(Alq o —)— Homy, (4, llq)l—>HomAl(A1q,A—llq)
A A 1 Al
Ext — Ext, (A1, Ext, (A1qg, —
- XAI(A g —)— XA( 1 1q)—> Xty (A1g Alq)—)

A
Since Ext} (A}, —

A
—) =0, it is sufficient to show that the map i, : HomAl(Al,—l) —
Alq Agq

Aq
Homy, (A14, A, q) is surjective.

A
Letp:Ajqg — A—l be a left Aj-linear map. Then ¢ belongs to the i.-image if and only if
19
A
there exists ¥ : A} — A—l a left Aj-linear map such that ¥4, = ¢, hence ¢(q) = ¥(q) =
19
q-y(1).
):

A A A
Since Homy, (A1, —1) =] —1, we conclude that the i.-image is equal to {(p € Homy, (A4, 20
Aig” A Ag
Ay Al A
R —} We claim that gA1 + Ajg =A|. FromgA|+Ajg=A; wegetq- — = —
Aig Aiq Alé]



62 I. Nonkané

A
Then the i.-image is Homy, (4,4, A—l) and i, is surjective.
19

Let us prove our claim. If g(¢) = ¢ +kie etk kj€ K,e =deg(q) >2 then A| =
A1q®K[0]®K[0]t®---®K[0]t*"" since K[f] = (q)+ K+ Kt+---+ Kt !. Put M = gA| +A1q
and it is sufficient to show that K[0]t/ ¢ M, j=0,...,e—1. We have t/¢’ = /0q—qt/0 € M.
Since g is irreducible there exist a,b € K[t] such that ag+bg’ =1, so 1 € M and ¢/ =
tlag+1t'bg’ € M for all j € N, hence K[f] ¢ M. Moreover 23¢’t! = 8*>qt! —qd*t/ +¢"'t! e M
and 3"q’t/ € M for all m, j € N. Then 0"t/ = 3"t/ag+d"q'bt/ € M for all m, j € N. Therefore

K[01t/ cM,j=0,...,e—1.
Al A K[1]
Secondly, we prove that Homy, (——,—) = —.
ywep Aag g (@
Let g(f) = 1 + k11 ' + -+ + ko, ki€ K,e=deg(q) >2then A =A1q®K[0]®K[0]tD--- @
K[l

A - A
Lety : 2 bea left A;-linear map. There exists p € A; such that (1) = p in =1
Aig Aig Aig

e—1
So p= 3 pu(Ot'( modAiq),p, € K[0]. We claim that one may choose p € K[t]. Note that
v=0

p has a very special property : g-p € A;q. Let us rewrite

m
p=> 0 i), rieK+Kit-+ K,
=0

Suppose m > 1, then

q-p= Z(q-f?j)-rj(t)-

/=0

J .
q-& = Z(-l)"(i)@f—kq(’”.
k=0

‘We know that

We get
m j K
gp=) (Z(—l)"(’ )8f‘kq<">] (1),
=0 \k=0 k

By the fact that ¢- p € A1q we have found that there exist polynomials ¢; € K[¢], j=0,...,n—
2 such that

m—2
—(T)é‘""lq'(t)rm(t) + ]; &) € Arg.

Since ¢ is irreducible, g is relatively prime with both ¢’ and r,,; ¢ is relatively prime with
¢’ and by Euclidean division in K[¢] we get
—mq' (O = Pm-1() + Yim-1(Oq(t), pm-1 # 0 deg(opm-1) <e—1.

In the same way for j=0,1,...,n—2

@) =p;j()+yj(0q(t), deg(p;)<e-1.
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So we get
m—2

"o+ ) dpi(1) € Arg, deglpy) <e-1.
j=0
Because of the direct sum @g_lK[a]ﬂ'eaA]q = A, this is absurd if m > 1. We have
Pm—1(t) = 0, this is in contradiction to p,,—1(¢) # 0 shown above, hence p = ro(¢) € K[¢].

We have proved that (1) = p(¢) € K[¢], and ¢ = 0 if an only if p(¢) € (g). Therefore

HomAl(—1 —1)57(. O
q

2.1 Conclusion

Lemma 2.3. Let q(t) € K[t] be an irreducible polynomial then
Ay Aj
Arg™ h s Aq '

A
Proof. We proceed by induction on m. Let M = A_12 By right multiplication by g we get
19
the following exact sequence;
0— Ag - M= AL 0.
Arg? Aig
A
Since ¢ is a non-zerodivisor in A; we have 9 » 21 e then also have
Alg? A1q
0— A S M= A 0.
Agq Algq

A A
By [4, Chapter 3] we know that Ext}\] (A_]’ A—l) corresponds to extensions of this form.
19 A1q
. A Ay
Since by Theorem 2.2 Ext} (——,—) =0, and we get
Y A1’ Avg s

A Ay
VY Aig’

Aq A4 A4
Now suppose by induction that = — form >3, and let M = ——. By right
pposeY Aygm! @Alq Ay Ve

multiplication by g we get the following exact sequence

0— i—> M—

0.
Arq A
And
Ay Ay Ay _
ExtAl(— qml) EtAl(—@m)—g_?E Aows Aq)—o
Then it follows that
LA A A

— =6,,—.
Alg  Agm! "Aiq
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3 Facts from commutative algebra

Noether’s description of prime ideals Let us recall the description of prime ideals in
K[xi,...,x,] where K is a field of characteristic zero [1, Appendix 1]. Take n > 3 and
1 <k <n-3. Up to K-linear transformation a prime ideal P for which K[xi,...,x,]/P has
dimension k is determined as follows. Put X’ = (xq,...xy) and let

(@) g(X’, x,) = x5 + Zg_l 0,(X")x,, be an irreducible polynomial in x;,.

(b) gj = 64X )xpsj—hj(X',x,); 1 < j<n—k—1 where h; are polynomials in K[X’,x,] and
04 the discriminant of g.

To (q,hi,...,h,—k—1) we associate the prime ideal

P={peK[X]: Iy(X") € KIX'],y(X’) # 0 and y(X")p(X) € (¢,q1,- - >Gn-k-1)}-

Noether’s Theorem [8, Theorem 25 ] asserts that all prime ideals arise in this way .

3.1 Passage to maximal Ideals

Let P as above and put
P= K(X/)(X)K[X/] P.

Then P is a maximal ideal in K(X')[X¢+1,...,%,] ( where K(X’) is the fraction fields of
K[X']) and P is generated by ¢,q1, ..., qn—k-1.

In general consider a maximal ideal M in K[t1,...,7,] (in our case p =n—k and K =
K(X") ). Up to change of variables M is generated by ¢(z,) = 17, + 28_1 oty € Kltp] and
q;j =t;—h;(t,) (since we may invert the discriminant in the last equations above).

Let us make a change of variables

uj=1tj=htp)
Up =1tp.
Now K[t] = K[u] and using the variables uy,...,u, it follows that
Eln = (Ml’ s ’up—l’q(up))

holds in the polynomial ring in KTuy,...,u,] = Klt1,...,1,].

4 Kashiwara’s Decomposition Theorem

We need the following version of Kashiwara’s embedding theorem.

Theorem 4.1. Let A,(K) = K(ul,...,up,(?u,,...,(?up> be the p-th Weyl algebra, and M a
left A,(K)-module such that every m € M is annihilated by some power of u; for each
1 <j<p—1,ie. there exists wj € N (depending on m) such that u;vjm =0in M. Then

M= @ag; B My
where Moy ={m € M : uym = --- = u,_ym = 0} is a finitely generated left Ay = K{u,,0,)-
module.
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Proof. By [1, Theorem 6.2] and [3, Chapter 17] O
As an application we can prove the following result.

Proposition 4.2. Let It be a maximal ideal in K[uy,...,u,] and Ap(K) = K(uy,...,up,0y,,. .. ,(')up),
s €N. Then A(K) A(K)
P - @ P

A ~ N A (kym
Ap(K

d -
DA KM

is a simple A ,(K)-module .

Proof. The case M = (uy,...,up)is well known and we exclude it. The field K[uy,...,u,]/M
is a finite dimensional vector space over K. There exists a primitive element which we can
assume to be u, and let g(u,,) be the minimal polynomial of u,. There exist polynomials 4
such that u; = hj(up) : 1 < j < p. Now by change of variables

{l‘j = uj—h.,-(up)
Iy =up,

we get an algebra isomorphism K[u] — K[t];u — ¢ and under that isomorphism I =
(t1,...,tp-1,9(tp)). So all is reduced to the case M = (¢1,...,1,-1,4(tp)).

We may thus assume that I = (uy,...,up-1,9(up)), with g(u,) an irreducible polynomial.
Now put

_ApK)

CANK)ME

That m € M means m = Q(u,0) + A,(K)M* where Q(u,0) = 3 j4j<yw go(u)0* for some w € N
and g, € K[uy,...,up). For j=1,...,p—1 we have that u;””“ -Q¢€ A,,(K)uji C A (K)M,

o) u;.””“m = 0. It follows from Kashiwara’s Decomposition Theorem above that

M=EPas...a. Mo,

where My ={me€ M :uym = --- = u,_ym = 0} is a finitely generated left A; = K{u,,0,)-
module. Let My = 3}, A1y, it is clear that some power of g(u;,) annihilates every element
{y € M i.e, there exist w € N such that g(u,,)" ¢, = 0. It follows that there exists a surjective

A A A
L, A1{y. By Lemma 2.3 and Theorem 2.1 we know that LS @ s
w

map — ==
Aig Ag Ag

A A A
semisimple and each A—l is simple, so A1, = eaA—l. We then get M, = GBA—l and M, is
19

semisimple as Aj-module. This gives by Theorem 4.1 that

w=-P( D7)

L Ag
a€NP

Now it is easily seen that

an ge AL L 4K
Arg A (KW

aeNp-1
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Ap(K)
Ap(K)M
with M; # 0, M, # 0. Then

and this implies that M’ =

is simple, since otherwise, we may write M’ = M|+ M,

A
M) =—=(M))o®dM
0= A1 (M1)o®(M3)o

A
with (M) # 0,(M>)o # 0. This is however in contradiction to the simplicity of A_l proved
19

in Theorem 2.1. O

Corollary 4.3. Suppose that J is an ideal in K([uy,...,u,| such that * C J for some s > 2.
Then

Ap(K) @ p(K)

A, (K)J p(K)‘JJi

K
Apr);Jt in (*) is equal to the length of Kuy,...,up,l/J.

Moreover the number N of the copies

Proof. If J is an ideal in K[uy,...,up,] such that 9° C J for some s > 2, then there exists

a surjective ma; Ap(K) - Ap(K) Since ﬂ is semisimple as A ,(K)-module
! Pa,ms ALK A, (K)M pleas S

Ay(K A, (K K
from Proposition 4.2, oK) is also semisimple and P ~ EB p(K) . Let us prove
Ap(K)J Ap(K)J A, (KM

that the number N of the copies in (*) is equal to the length of Kfuy,...,u,l/J.

p
A, (K)M
We proceed by induction on /, the length of K[uy,...,u,]/J. The statement is trivial when
[ =1, let us consider a maximal chain of ideals0 ¢ J=Jy & J; &. =M(VIo=M
and the following exact sequence

A AK)  AK)
A, (K)o ANK) o A(K)J,

— 0. 4.1)

Ap(K)

A,(K)Jo

Ap(K)y | Ap(K) but J1/Jo = K[uy,...,u,]/Mand Jy = K[uy,...,u,In+Jo forne Ji\J
Ap(K)Jo — Ap(K)M 120 = 2 5p 1=Kluy, ..., upln+Jo torn € Ji\Jo.

It follows that A,(K)J; = A,(K)n+A,(K)Jy and

ApK)y _ Ap(Kdn+Ap(K)Jo Ap(K)n
Ap(K)Jo Ap(K)Jo — ApKMNA K)o

ApKm A
A,(KnNnA,(K) o~ A(K)I

AE) - AK) - AYK)
A, (K)o~ A(K)L A (K

Since is semi-semiple the exact sequence (4.1) splits. We need to prove that

Since Mn C Jo, Mip =0, Therefore

A (K A,(K
o ),itisalsotruefor oK)

Since by induction the statement is true for .
Ap(K)Jy Ap(K)Jo
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S Final part of the proof

Let PC K[xy,...,x,] be aprimeideal, X’ = (xq,...,x%), X" = (Xk+1,--.,X,) and 8" = (Og+15- - -, On).
Suppose that K[X’]N P = {0} and K(X") ®x P = P is a maximal ideal of K[X"'] where

K = K(X’). If Q is a primary ideal with /0 = P, then 0 = K(X’) ®kx’] Q 1s a primary ideal

in K[X"].

Put p=n—kand A,(K) = K{Xk+15-- X2, 0%, -.,0x,). From Corollary 4.3 we have

1R

) AN(K)P

Ap(K) Ap(K)
Ap(F)0 @

Without loss of generality we from [3, Proposition 16.2.1] get

fl”(w) s@ f‘f’(qo . 5.1
N

Then there exist right A ,(K)-linear surjections
Ap(K) Ap(K) . : o=
®Yj = - = ,j=1,...,N. There also exist F'; € A,(K) such that ¢;(1) = Fj, so
0A)(K)  PAL(K) ) )
forall p e K[X],¢j(p)=Fj-pand F;-p € PA,(K)if pe Q. Let Fj = 3, qo(X)(0")". The
product F'; - p is taken in the Weyl algebra A,(K), and we may write

Fj-p=poX)+ ) pa(X)(@")".
le|>1
Then
Po(X) = > qa(X)@" ) (p) = F(p).

Here Fj(p) is the result of the Fj-action on p(X) € K[X]. Furthermore we have

Ap(K) = EB KIX"1(@")" so PA,(K) = P EB P,
aeNP la|>1
Now let p € O since Fj-pe P@mzl P- (0" and Fi-p=Fip)+ Xaz1P(X)0"), we
get Fj(p) € P. Conversely if p € K[X] such that F;(p) € P;1 < j < N. Since Q is an ideal
F e N(Q) = F(X,(0)")x* € N(Q), by this we get that F € N(Q) = F® e N(Q) where
F =Y q,(X)0% and F® = qa(X)(Z)a"“ﬁ . The family N(Q) is closed under derivations with
repect to 9-monomials. By [2, Proposition 1.1.11] we have that: F®)(p) € P for all 8 implies

that F- p ¢ PA,(K). Then F;-p € PAP(V();I <j<Nandgpj(p)=0;1< j<N. From the
isomorphism in (5.1) we get p € QA,(K), and it follows that p € Q. Therefore we have
found differential operators F{(X,d"”),..., Fy(X,0") such that

F(Q)cP:1<j<N. (5.2)
And if p € K[X] such that

Fi(p)e P;1 < j<Nthenpe . (5.3)
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Denote by y(X’) € K[X’] the common denominator of the F/;. By multiplying the F; by
v(X") we get differential operators
F{(X,0),....F\(X,0) € Ap(K) = K(x1,...,X4,0x,,...,0y,) such that

F{Q)CP:1<j<N. 54

Suppose that p € K[X] such that F(p) € P for 1 < j< N then p € 0. We can find 6(X’) €
K[X’] such that 6(X")p € Q. Since Q is primary and K[X’]N P = {0}, From [7, Lemma 4.14]
we have (Q: 6(X")) = Q, so p € Q. We conclude that (F,..., F}) gives the requested family
of Noetherian operators in our Main Theorem.

6 Some examples

(1) Let n =2 and let us consider the primary ideal Q = (x’f,xé) in K[x1,x2] and P =
(x1,x2) = VO. We know that

K[x1,x2] = Q®q, <k Kx*

then
K[xl’XZ]/Q = @gi<kK)_Ca.

So dimK[x;,x2]/0Q = k*,

N(Q) = K[X|{0" : a; < k}.

(2) Letn =3 and let Q be the ideal generated by the x%,xg and x; — x;x3 in Cxy, x2, x3].
It is easily seen that Q is a primary ideal and the affine variety V(Q) defined by Q~!(0)
is the subspace V(Q) = {(a, b, c)|b = ¢ = 0} then the ideal I(V(Q)) of V(Q) is generated
by x; and x3 ; VO = (x2,x3). Moreover

Clx1,x2,x3] = C[x1]®Clx1]x3 0 Q

then
Clx1,x2,x31/0 = Clx1]®Clx1]x3

and the rank of the C[x;]-module C[x, x2,x3]/Q is 2. We have that

N(Q) = C[X]{1,x10, + d3}.

(3) Let Q= (x’f,...,x’,;) a primary ideal in K[x1,...,x,], VO = (x1,...,X,). As above we
get dimK[xy,x2]/Q = k", and

N(Q) = KIX|{0" : a; < k}.
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