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Abstract

We show that (S 282wy ®Awyp), with A > 1, is an example of symplectic manifold
(X, w) such that the 7;Ham(X X X, w ® —w) contains extra elements than those from
miHam(X, w) X mi{Ham(X, —w).
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1 Introduction

Let (X, w) be a compact symplectic manifold with dimg X = 2n and Ham(X, w) the group of
Hamiltonian diffeomorphisms. It’s natural to ask how Ham(X, w) X Ham(X, —w) compares
with Ham(X X X, w® —w). Firstly, there is a natural injection:

m : Ham(X, w) x Ham (X, —w) — Ham(X X X, w® —w) : m(p, ) = (¢, ¥)

Secondly, since a neighbourhood of the diagonal A € X X X is symplectomorphic to a neigh-
bourhood of the zero section in T*X, it is clear that the injection m can’t be surjective. On
the other hand, it is not as clear how they compare homotopically. It is well known that for
(X,w) = (S?,wp), the standard 2-sphere, the two sides of m are weakly homotopic. In this
article we consider the first homotopy group, and will use m to denote the induced map on
1 as well. To save notations, we use X to denote (X, w) and X to denote X, —w).

Seidel constructed for each y € m/yHam(X) an automorphism <I>§ of the quantum homol-
ogy ring QH..(X) as a module over itself. Let 1l = [X] € QH.(X) be the unit, then the Seidel
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element ‘I’ff = (I>§(11) € QHX(X) is an invertible element.! The map PX 7 Ham(X) —
QHX(X) : ¥X(y) = ‘I’ff is the Seidel homomorphism, where QHY is a group under quantum
multiplication.

In this article, we consider the example (X,w) = (S? X S2,wy ® Awy), Where wy is the
standard volume form on S2 and 1 > 1. We prove the following statement, using explicit
computation of the Seidel elements.

Theorem 1.1. m is not surjective on m; for (X,w) = (S2 X 8?,wy ® Awg) with 1> 1.

Remark 1.2. We note that, in fact, m;Ham(X, w) already has an element S which does not
come from m1Ham of either of its factors. On the other hand, the factors are not sym-
plectomorphic (after reversing one of the structures). Indeed, Gromov [1] showed that
Ham(X, wg @ wp) is weakly homotopic to S O(3) X S O(3), which in turn is weakly homo-
topic to Ham(S 2, wg) X Ham(S 2, wy).

Let’s start by fixing some notations. Let [, = 7p(M)/ ~ where 8 ~ ' — w(B-f') =
ci(TX)(B—B") =0. As a group, the quantum homology QH.(X,w) = H.(X,w)® A, where
A, is the Novikov ring

Au=1 Y agflag e RVK e R #{Blag # 0 and w(p) > K} < oo
Bely

graded by degeﬁ =2¢1(TX)(B). The quantum (intersection) product on QH.(X) is given by

axb= > (abépePc
Bel.ceH. (X,w)

where ¢ € H.(X) is the Poincaré dual of ¢ under the ordinary intersection product and
(a,b,C)p is the genus 0 Gromov-Witten invariant counting the number of J-holomorphic
rational curves in X passing through representatives of the classes a, b and ¢, representing
the class .

Next recall the effect of reversing the symplectic structure on QH.(X) and the Seidel
elements. It leaves I',, unchanged. Let 7 : m(X) — m(X) : B — —B, it induces the ring
isomorphism

T:A, = A, Z aﬁeﬁ - Z aﬁr(eﬁ) = Z (—l)C'(TX)('B)atIge_'8

BeT, Bel, Bely,
The quantum homology QH..(X) and QH. (X) are isomorphic as rings via
7: QH.(X) - QH.(X) : (a®€) = (-1 TP @ P

where a € H.(X). Let y = [g] € mHam(X) wher_e g € QoHam(X,w) is a loop in Ham(X)
based at id and define 7 : m;Ham(X) — m;Ham(X) by 7(y) = [g™], where g~ (¢) = g(1 — 1),
then the Seidel elements are related by

(W) =¥y, 1.1

ISeidel’s original construction [4] gives for each choice of a reference section an automorphism as well as
an element. Here, we follow McDuff [2], choosing a canonical reference section and refer to the result as the
Seidel morphism and element. Both will appear in the main text.
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Let (X,wx) and (¥,wy) be compact monotone symplectic manifolds, then we have the
ring isomorphism extending the Kiinneth isomorphism for ordinary homology:

OH.(XxY,wy ®wy) = OH.(X,wx)® QH.(Y,wy) (1.2)

For the case under consideration, although (X,w) = (S 2% 82, wo ® Awy) is not monotone,
neither is (X, —w), the manifold (X X X,w® —w) can be written as a product of monotone
manifolds:

XXX, wd—-w) =X XX|,w ®Aw))

where w; = wy®—-wp on X; =S2xS2. Since
OH.(X1,w)® QH.(X1,Aw1) = QH.(S?,w0)® OH.(S %, ~w))® OH.(S %, Aw) ® QH.(S*, ~Awp)
it follows still that
OH.( XXX, wd-w) = OH.(X,w)® OH.(X,-w)
The Hamiltonian groups are similarly related:
m : Ham(X, wx) X Ham(Y, wy) — Ham(X X Y, wx ® wy)

Moreover, let yx € 1y Ham(X, wy) and yy € m1{Ham(Y, wy) then yx«y := m(yx,yy) € m{Ham(X X
Y,wx ® wy). Suppose that the ring isomorphism (1.2) holds, then the respective Seidel ele-
ments are related by

PO (yxr) = PX(yx) @ P (yy)
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2 Example: (X,w) = (S?xS2, wo®Awp)

Let (S2,wy) be the sphere with thE standard symplectic structure, X = (S2 x S2, wo ® dwp)
for some A > 0, and (M, Q) = X X X. Denote the factors as P; for j=1,...,4. Let

X', w') =P xPy and (M',Q)=X'xX ,

then M’ and M are isomorphic symplectic manifolds, by switching the factors; while X’
and X are isomorphic via an anti-symplectic involution on the second factor.

When 4 € (1,2], it’s known (see for example McDuff-Tolman [3]) that 7y Ham(X) is
generated by 3 elements: r; and r, of order 2 rotating the respective factors and an element
s of infinite degree. X admits another structure of S fibration over S2 and s defines an
S'action on X rotating the fibers. The diagonal and the anti-diagonal are the two sections
of the fibration fixed by this S !-action, and the weight of the action on the normal bundle
of the section with bigger area is —1.

In order to write down the Seidel elements in QH.(X) and for later convenience, we
introduce a system of notations for the elements in H, of the various spaces involved. The
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homology H.(S H=Z®08Z, as graded by the degree. We write (1) € H>(S?) and (0) €
Hy(S?) as the respective (positive) generators (with respect to the volume form wy). For
a (positive) basis of H.(S %) with respect to the reverse form —wgy, we write (T) =—(1) €
H>(52) and (0) := —(0) € Hy(S?). The homology H.(X) is then generated by (11) € Hx(X),
(10),(01) € H>(X) and (00) € Hy(X), where, for example, (10) denotes the tensor (1) ® (0).
We use similar notations for the generators of H.(M), e.g. (010_1) € Hy(M).

The quantum homology QH.(S?) is determined by the fact that (1) is the unit and

0)#(0) = ()e™
For QH*(E), we have the corresponding ~-version:
©0)%0) = Me ™ = (0)%(0) = ~(1)e!”

Note thzlt the unit iithe quantum homology QH.(X), QH.(X") and QH.(M) are respectively
(11), (11) and (1111). We have for example

(01)%(10) = (00) and (0101) * (0011) = (1001)e~ 190D

Using these notations, let » denote the action of S on S? fixing the poles and ¥, € QH.(S?)
be the corresponding Seidel element, then

—2 _ _ J—
¥ = (0)ex® and W5 = 7(¥) = (- ) TIIEM Q)¢ 1D = ~D)e 2V € QH.(52)

We write down the Seidel elements for Ry and R5:
WX =98’ @WS” = (01)e210 and X = w8 S’ = (10)e3OD
Following [3], we explicitly write down the Seidel element for s:

_
61— 1)

where w((10)) =1, w((01)) = 2 and ¢1((01)) = ¢1((10)) = 2. Because

pX = [(01)+(10)165(1O)+h[<10)—(01)1 where /1 =

[(01)+(10)][(01) = (10)] = (1) (e~ —e~P)
we see that the reversed loop s~ gives the Seidel element
\}li{ = (\}lf)—l = [(01)_(10)]8%(10)%[(10)—(01)](1 + (10-01) | ,2[(10)—~(0D)] +)

The corresponding Seidel elements in QH., (X) are:

P = 0D 109X = (10)e 2V and
‘PTY(Y) = —[(01) + (10)]e~ 2(10-AL(10-©OD)]

Next we describe the Seidel elements in QH..(X"). Those for r| and r} are:

’ 2 <2 — 1 ’ 2 <2 - 1
\Pi(,; _ \Pf ®\P§(2ﬂ) — (01)87(10) and \Piz = \Pi ®\I’§(i) = _(10)8_7(01).
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To describe the Seidel elements of infinite order, we notice that (X’,w’) is symplectically
identified with (X, w) by
(1,c) : CP' xCP' - CP' xCP',

where c is the antipodal map. It induces on H, the isomorphism given by
(1,6)s 1 ((00),(01),(10), (11)) & ((00), (01),(10),(11))

from which can be recovered the expressions for ‘PX, and ‘PX given above. Let s’ be the
loop conjugate to s by the map (1,c) then the correspondlng Seldel element is

Y, — [(01) (10)]82(10)+h[(01)+(10)] c QH (X/ w )
The corresponding Seidel elements in QH., (Y/) are:

X — (10)e2®D and

0 10 X
w0y = —(0De ~3010),

() ~

\yX( =101 - (T0)] o~ S10)=RIO1)+(10)]
T *

The image of the obvious map:
m : myHam(X) x 1y Ham(X) — 1y Ham(M)

is generated by the image of {11, 7,7, s} X {1l,7(r1), 7(r2),7(s)} and the corresponding Seidel
elements are given by the respective tensor products. Let m’ be the corresponding map for
X', xo):

m’ : myHam(X") xanam(Y/) — myHam(M") = mHam(M),

where the last identiﬁcation is by switching the factors of M’. The image of m’ is generated
by the image of {1, r s'}x A1, T(Fl) T(Fz) 7(s’)}. Simple algebraic observation together
with the explicit descrlptlon of the Seidel elements given above lead to

Proposition 2.1. img(m) # img(m”) C myHam(M, Q).

Proof: We first proceed as far as possible without using the exact form of the Seidel
elements computed above. Let § = m(s, 1), T =m(1l,7(s)), R; = m(r;, 1), 1_2j =m(ll,7(r;))
for j = 1,2 and the corresponding ones with ’, be loops in Ham(M, Q). Let A := Ag denote
the Novikov ring for (M, Q). It’s evident that

P € Span, ((0111),(1011)), P¥ € Span, ((1101),(1110)), and o
P € Span, ((0111),(1110)), P € Span, ((1011),(1101)). '

More explicitly, we have the following

\ngl _ [(01ﬁ)+(IOH)]e%(1000)+h[(1000)_(0100)]

Py = [(Ha)+(1IE)]e—%(0010)—;;[(0010)—(0001)]
\ngl _ [—(111_0)+(Olﬁ)]e%(1000)+h[(00°“+(1°0°)]
p = —[—(10ﬁ)+(110_1)] o~ 5(0010)-h[(0100)+(0010)]
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We’ll drop the superscripts such as ¥ from the notation of the Seidel elements as they
can be inferred from the subscripts. The Seidel elements of loops in img(m) are of the form

— W e e Wy Py
o 1= Wy W WO e WO
where €; € {0,1} and p,q € Z. Square it we have
2 _p2rg?q
ot =Y 2.2)
Suppose that o also lies in img(m”), then dp’, ¢’ € Z so that
2pgs2 224 _
o =Yl =P =0 (2.3)

In the following we show that (2.3) holds iff p=g=p’ =4’ =0.
It’s easy to see from (2.1) (also see below for the first two) that

P35 € V= Span, (1111),(0011)), W7 € W := Span, ((1111),(1100))
and W2, € V' := Span, (1111),(0110)), P2, € W’ := Span, ((1111),(1001)).

Notice that V,V’, W and W’ are closed under the quantum product * and inverse (whenever
exists).
Let us first assume that p,q,p’,q’ > 0, then o has the form:

(a(1111)+b(0011)) % (c(1111) +d(1100)) = ac(1111) + ad(1100) + be(0011) + bd(0000)

while 0”2 is of the form:

(@’ (1111)+b'(1001))* (¢’ (1111)+d’(0110)) = a’c’(1111) +d’d’(0110) + 5"’ (1001 ) + b’d’(0000)

It follows that the necessary condition for (2.3) to hold is
ad=bc=dd =b'c’=0€A 2.4)
Here we need the explicit form of the Seidel elements. First we have
P2 = [2(00)_'_(11)(8—(10) +e—(01))] (10+2010-OD ¢ oy (¥,
Now let x = ¢~10 y = ¢=OD_ 4 = (00) and B = (11), then for any integer p > 0
w2 kP (A + %B)p, where A2 = Bxy, B® = B,AB= A and K = 2x~2~1y?h

We have the explicit formula

12] =y
5 T o . xX+y
yP = KP (é’i)ap Zi(xy) B+ E (zﬁl)ap 2=1(xy) A |, where @ = =
00 i=0

Note that

7(x) = 19 = x7 ! 7(y) = @Y = y7! 7(A) = (00) = (00) = A and 7(B) = B
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It follows that 7(a) = (xy) '@ and 7(K) = 2x2h+1 y‘2h =4K!. Using (1.1) we get for g > 0

14) =y
2 - i, \i- -2i-1 +1—
W2 =41k Y ($)a ) B+ ) (5 )t et A,
i=0 i=0

Since Wy = W}’ @ o1 and W = Wy @ W27, it follows that in (2.4) ad = be = 0= p =
g=0,ie. 0% =id. Similaly a’d’ =b’c’ =0 = p’ = ¢’ =0 and (¢”')*> = id.

The other cases of the sign combinations of p,q, p” and ¢’ are similar. Among p,q,—p’,—¢’,
there must be 2 of the same sign. Let’s suppose p and —p’ are of the same sign, say both

> 0, then instead of (2.3) we may consider
2pw—2r _ w2999
WY =

Without using the details of the Seidel elements involved, we arrive at an equation similar
to (2.4). Afterwards, explicit computation similar to the above gives p = p’ = 0 and thus
o?=(o’) =id.

It follows that, at least, all elements in the image of m of the form pS +¢7T with p or

q # 0 do not lie in the image of m’, and the proposition follows. O
Corollary 2.2. m is not surjective on mty for (X,w) = (S%xS?2,wo ® Awp) with 1> 1. O
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