African Diaspora Journal of Mathematics
Special Volume in Honor of Prof. Augustin Banyaga ISSN 1539-854X
Volume 14, Number 2, pp. 197-226 (2012) www.math-res-pub.org/adjm

KV-CoroM0OLOGY AND DIFFERENTIAL (GEOMETRY OF
AFFINELY FLAT MANIFOLDS. INFORMATION GEOMETRY

MicaeL NGUIFFO BOYOM*
UMR CNRS 5149. 3M Département de Mathématiques et de Modélisation
Université Montpellier 2, Montpellier, France
Ferpinano NGAKEUT
UMR CNRS 5149. 3M Département de Mathématiques Université Montpellier2, France
and Université de Douala, Cameroun
PauL MiraBeau BYANDE #
UMR CNRS 5149. 3M Département de Mathématiques Université Montpellier2, France
and Université de Yaoundé I, Cameroun
Rosertr WOLAKS®
Jagiellonian University, Poland

Abstract

This paper is devoted to the so-called twisted cohomology of Koszul-Vinberg al-
gebras. We discuss relationships between the twisted cohomology of Koszul-Vinberg
algebras and Chevalley-Eilenberg cohomology of the commutator algebra of these
algebras. We also discuss some geometry applications of these relationships. For in-
stance we obtain some homological criteria for hyberbolicity and for completeness of
locally flat manifolds. We also discuss some topics which are related to twisted co-
homology. In particular, we use some techniques of information geometry to discuss
canonical representations of locally flat connections.
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1 Introduction

According to a conjecture of Gerstenhaber the cohomology of Koszul-Vinberg algebras
(KV-cohomology of KV-algebras) is generated by the deformation theory of locally flat
manifold,[7, 15]. From this viewpoint, the deformation of left invariant locally flat struc-
tures in a Lie group G generates the deformations of Koszul-Vinberg algebras whose com-
mutator algebra is the Lie algebra of G. Deformations of bi-invariant locally flat structures
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in G will generate the classical Hochschild cohomology of associative algebras[2, 7, 9, 12,
32]

Recently, Nijenhuis has raised the question of relationships between the KV-cohomology
of an associative algebra and the Hochschild cohomology of the same associative alge-
bra. One may also raise the question of relationships between the KV-cohomology of a
Koszul-Vinberg algebra A and the Chevalley-Eilenberg cohomology of its commutator Lie
algebra,(viz the Lie algebra whose bracket is defined by [a,b] = ab — ba). Nowadays these
relationships are still unclear. To every two-sided module of a KV-algebra A we assign
a so-called twisted KV-module and twisted cohomology complex. The paper is devoted
to the relationships between the cohomology of twisted complexes of KV-algebras and the
Chevalley-Eilenberg cohomology of their commutator (Lie algebra). Our viewpoint is illus-
trated in locally flat manifolds. We show how closely related are the twisted cohomology,
the de Rham cohomology and the cohomology of superorder differential forms [14].

The paper consists of five sections. This introduction is labelled Section 1. Section 2
is devoted to two-sided modules of KV-algebras and to their KV-cohomology. Main def-
initions and formulas are provided. Section 3 is devoted to the so-called twisted modules
of two-sided KV-modules and to their twisted cohomology complexes. We show that the
derived Chevalley-Eilenberg complexes of the commutator (Lie algebras[4]) are actually
sub-complexes of twisted KV-complexes. We show that the canonical pairing between a
twisted module and its dual vector space gives rise to a pairing between the twisted co-
homology and the twisted homology. The aim of Section 4 consists in studying spectral
sequences converging to the twisted cohomology. Our method is classical-like [10, 16].
Thus we obtain the analogue of the Hochschild-Serre spectral sequence [10]. Many rel-
evant properties of the Hochschild-Serre spectral sequence admit their analogues in the
spectral sequence of twisted KV-complexes. Section 5 is devoted to geometric interpreta-
tion of some properties of the twisted KV-cohomology of locally flat manifolds. We show
that the second twisted cohomology space has some interesting properties. For instance, it
is a global geometry invariant of the subset of gauge fields whose linear holonomy groups
are (pseudo)-euclidean subgroups (see Theorem 5.6 ). Section 6 is devoted to discussions
on information geometry. A few theorems whose proofs will be given elsewhere are stated.

2 KV-algebras and their modules

In this section we collect some useful facts on KV-algebras and we fix notation and termi-
nology [24, 25, 31]. We work with the field R of real numbers but algebraic considerations
we are concerned with are valid for any commutative field of characteristic zero. An alge-
bra A is an R-vector space endowed with a bilinear map y : AX A — A. This map u is
the multiplication map of A. For a,b € A, ab will stand for u(a,b). Given an algebra A,
the Koszul-Vinberg anomaly ( KV-anomaly) of A is the three-linear map KV : A> — A
defined by

KV(a,b,c) = (ab)c — a(bc) — (ba)c + b(ac). 2.1

Definition 2.1. An algebra A is called a Koszul-Vinberg algebra (KV-algebra) if its KV-
anomaly A vanishes identically.
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KV-algebras are also called left symmetric algebras, and Pre-Lie algebras [3, 17]. Sim-
ilarly, right symmetric algebras are algebras (A,u) whose multiplication satisfies the fol-
lowing condition [6]:

Ya,b,c € A, (ab)c—-a(bc)= (ac)b—a(ch).

Example 2.2. a) Associative algebras are KV-algebras.

b) The opposite algebra of a right symmetric algebra is a KV-algebra.

c¢) Let (M,V) be a locally flat manifold, viz V is a torsion free linear connection whose
curvature tensor vanishes identically. Then the space X(M) of smooth vector fields on M is
a KV-algebra whose multiplication is given by

(X,Y) > XY =V,Y. 2.2)

d) Let ¥ be a Lagrangian foliation in a symplectic manifold (M, w). The vector space
A = X(F) of smooth vector fields which are tangent to ¥ is a KV-algebra[26, 27]. The
multiplication (X, Y) — X.Y of A is defined by :

iyyw=Lw. (2.3)

e) Let A and B be two KV-algebras such that the commutator Lie algebra A; acts in B as
infinitesimal automorphisms of the algebra, viz a.(bb’) = (a.b)b’ + b(a.b’),Ya € A,b,b" € B.
Then the vector space A® B is endowed with a structure of KV-algebra defined by

(a,b)(d’,b) = (ad’,a.b’ +bb"). (2.4)

For instance, let X be a smooth vector field on a smooth manifold M. The vector space
A=C*(M)X is a KV-algebra whose multiplication is (fX).(gX) = f(Xg)X, Vf,g € C*(M).
Thereby, C*(M)X & C* (M) is a KV-algebra with the multiplication given by

(fX,h)(gX,D) = (f(XQX, f(XD)+hl), Yf,g,hleC”(M). (2.5)

Definition 2.3. Let A be a KV-algebra and let W be a vector space with two bilinear maps
AXW — W and W x A — W which are denoted multiplicatively. The space W is called a
two-sided KV-module over Aif KV(a,b,w)=0 and KV(a,w,b)=0, Ya,be ANweW,
where the polarised anomalies are defined by

KV(a,b,w) = (ab)w — a(bw) — (ba)w + b(aw), KV(a,w,b) = (aw)b — a(wb) — (wa)b + w(ab).

A KV-module W is called a left KV-module (respectively a right KV-module) if wa =0
(respectively aw = 0) Ya € A,w € W. An element w of the KV-module W is called a Jacobi
element if (ab)w —a(bw) = 0, Va,b € A. The set of Jacobi elements of W is denoted by
J(W). Here are some examples of KV-modules

Example 2.4. a) Any KV-algebra A is a two-sided KV-module over itself, the actions
being left multiplication and right multiplication by elements of ‘A.

b) Let (M,V) be a locally flat manifold. Then the vector space C*(M) of real smooth
functions is a left KV-module over the KV-algebra X(M) by the covariant derivative, (the
right action being the trivial action).
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¢) The tensor product W® V of two-sided modules over A is a two-sided module under
the actions

a(w®v)=aw®v+we®av, Wev).a=wQva. (2.6)

In the sequel, a W-valued g-multilinear map in A,namely f € Hom(A?, W), will be iden-
tified with its linearized form f € Hom(®1A, W), allowing us to write f(a; ® a;...®a,) :=
flay,an,...,ay). We also set

(eiD)f)ar,....ag-1) := flar,....ai-1,b,a..aq-1) and  (e(D)f) := (e1(D)f). 2.7

For{=a1®..®a, € ®A, we set 0;{ = a1 ®...4;®...®a,, where d; means that g; is omitted.
d) If Wis a two-sided KV-module over A, then Homg(®4A, W) is also a two-sided
KV-module over A under the actions

@) =af@Q)-fag), (fa)Q)=(f()a, VYaeAle'A (2.8)

Combining the left action and the right action of A in W leads to a new left KV-module
structure on C4(A, W) given by:

(a.f)(Q) = a(f(D) = f(a.0) = (f({)a (2.9)

This action (2.9) will be very useful in subsequent sections.

e) Let A= M(n,R) be the algebra of real n x n matrices. We set W = R and we define
the action of A on W as it follows: Va € A,t € R,a.t = trace(a)t, t.a=0.Then Wis a
left KV-module over A. One easily checks that W needn’t be a module over the associative
algebra A.

Let W be a two-sided KV-module over a KV-algebra A. We are going to recall the
complex of W- valued KV-cochain in A (we refer the reader to [25]). This cochain com-
plex is the pair (Cxy(A,W) = P 4<Z C9(A,W),dgv), where the vector space Cky (A, W)
is graded by the homogeneous subspaces C4(A, W) given by: C4(A,W) = {0}, for g <0,
CO(A,W) = J(W) = {w e W,a(bw) — (ab)w = 0,Ya,b € A,w € W} and for g > 0, CI1(A, W) =
Homg(®1A, W). The coboundary operator dgy : C/(A,W) — C9*1 (A, W) is defined as fol-
lows: Ya € A,w e J(W),¥ € TV AN f € CIU(A,W),

q
dyyw(a) = —aw +wa, def(é)=Z(—l)i{(aif)(3i§)+(f(ai(aqué)@ai))aqﬂ}- (2.10)

i=1

We denote by A; the commutator algebra of A. Actually every two-sided KV-module over
A is a left module over A;. These considerations yield two cochain complexes:

(1) The cochain complex (Ckxy (A, W),dky) we have just recalled [25].

(2) The W-valued Chevalley-Eilenberg complex Ccg(Ar, W), see also [4]. It is inter-
esting to know the relationships between the cohomologies of the complexes from (1) and
2).

We set CH(A, W) = Hom(AIAQA, W). Obviously, Cy(A, W) = Equo COY(A,W)isa
subcomplex of (Cxy (A, W),d,, ). Furthermore Cy(A, W) can be viewed as the Chevalley-
Eilenberg complex Ccg(Ar, Hom(A, W)).
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Theorem 2.5. [32, 25] If W is a left KV-module over a KV algebra A, then
HE(Cn(AW)) = HE (AL, Hom(A,W)).

The cohomology Hcg(Ar, Hom(A, W)) is the pioneering KV-cohomology of Nijen-
huis [32]. Indeed according to [32], the ¢ cohomology space H?(A, W) of a KV-algebra
A is defined by setting H(A, W) = HZE_I(&Z{L,Hom(ﬂ, W)). The KV-cohomology theory
briefly described here is in fact a solution to the Gerstenhaber conjecture[7]. Its role in the
extension theory and in the deformation theory of KV-algebras and their modules is very
important [32, 25, 12, 13]. For instance:

Theorem 2.6. [25] If A is a KV-algebra and if H?(V(ﬂ, A) =0, then A is rigid.

Theorem 2.7. [25] If W is a two-sided KV-module over a KV-algebra ‘A, then HIZ{V(ﬂ, W)
is isomorphic to the set of equivalence class of exact sequences of KV-algebras

0-WoG->A—-0
where W is equipped with its trivial KV-algebra structure w.w’ = 0.

Theorem 2.8. [12] Let A be a KV-algebra with Hy (A, A) = 0. Then ¢ € Z%. (A, A)
there exists a deformation quantization (A, *) of A such that

axb=ab+t{+ ) G, G € Ciy(AA).
k>1

Except Theorem 2.5 above, few things are known about the relationships between KV-
cohomology Hgy (A, W) and the Chevalley-Eilenberg cohomology Hcp (A, W).

The notions of twisted KV-module W, associated to a two-sided KV-module W over A
and the notion of twisted KV-complex C(A, W;) to be introduced below aim to study the
relationships between the twisted KV-cohomology of C(A, W;) and the cohomology of the
Chevalley-Eilenberg complex C.,. (AL, Wr).

3 Twisted KV-cohomology and KV-homology

3.1 Twisted KV-cochain complex

Let A be a KV-algebra and let W be a two-sided KV-module over A. We equip the vector
space W with the left module structure AX W — W defined by

axw=aw—-wa, YaeAweW. 3.1
One has KV(a,b,w) = (a,b,w)— (b,a,w) = 0, where (a,b,w) = (ab) *w—a = (bxw).

Definition 3.1. The left KV-module structure defined by (3.1) is called the twisted KV-
module structure derived from the two-sided KV-module W.
The vector space W endowed with the twisted module structure is denoted by W-.
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As a consequence of Definition 3.1, the map (a,w) — a*w defines on W, a left mod-
ule structure over the Lie algebra Ay. The complex C., (AL, W;) is called the Chevalley-
Eilenberg complex of the twisted module. Note that when W is a left KV-module, its twisted
KV-module structure coincides with its initial KV-module structure.

Let A be a KV-algebra and let W be a two-sided KV-module over ‘A. We consider the
graded vector space Cgy(A,W;) = @qez C;I(V(.?(, W) where C?(V(ﬂ, W) ={0}if g <O,
C(I)a/(ﬂ’ W;) = W; and for ¢ > 1, C;](V(ﬂ, W.) = Homg (®1A, W;). When there is no risk
of confusion, C(A, W;) will stand for Cgy (A, W;). Let us define the linear mapping d :
CI(A,W,) — CT(A, W) as follows: Yw e Wy, fe CI(AW,),aceAand ! =a;®...®
g+l € ®q+lﬂ,

gq+1

(dw)(a) = —aw+wa, (df)({)= Z(—l)i{ai *(f(0iD) = f(ai-0:0)} (3.2)

i=1
where the action a;.0;{ is defined by (2.6). One of the main results of this paper is:

Theorem 3.2. (i) The pair (C(A,W,),d) is a cochain complex. Its g cohomology space
is denoted by qu(v(ﬂ, Wo).

(ii) The graded space Cy(A, W) =W Y, Hom(A1A, W) is a subcomplex of (C(A, W), d).
q>0

Its cohomology coincides with the cohomology of the Chevalley-Eilenberg complex C .. (A, Wr).
Proof: We first prove assertion (i). Let a,b € Aand we W.

dod(w)(a,b) = —adw(b)+dw(ab)+ (dw(b))a+ bdw(a)—dw(ba)—dw(a)b
—a(=bw+wb) + (—(ab)w + w(ab)) + (=bw +wb)a

+  b(—aw+wa) — (—(ba)w +w(ba)) — (—aw +wa)b
KV(b,a,w)+ KV(a,w,b)+ KV(w,b,a)
0

Now let f € CI(A,W;), g > 1. To show that @’ f(a; ®...®ay.2) =0, we fix i < j. From the
direct computation of d? fla1®...®ay42) we focus on the terms in which a; and a; have
been removed from their initial positions. Indeed,

d’fla1®...8a442) =

—df(a;.(a1®..4;®...8a;..80a,.2))
-df(a1®...4;®...8a;..®0a4:2).0;

( l)f{ aj(df(a1®...00;®...8d;...® g)) }
+ —

‘ a;.(df(a1®..04;®... ®aj... ®aq+2))
(—1)'{ } (3.3)

—df(aj.(al ®..0a4;Q... ®(ij... ®aq+2))
—df(a1®..8a4;®...9d,...0a4+2).4;
+  similar summands
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—ai.f(aj.(al ®..4;R... ®dj... ®aq+2))
—ai[f(a1®...4;®...Qdj...®ay2).a;]

aj.f(a;.(a1®..84;®..9d;...0a4+2))
—f(aj.[ai.(al ®..4;R ... ®dj... ®aq+2)])
—[f(ai.(a1®...4;®...®dj...®a4+2))].a;
+(aiaj).f(a1 ®..04;9... ®Cij... ®aq+2)
-f(@iaj).[a1®...4;®...0d;...®ay2])
—fla1®...4;®... ®dj... ®aq+2).(a,~aj)

. { [aj.(f(al®...®d,~®...®cfj...®aq+2))].a,~ }
(1)

- a,-.[aj.(f(al®...®d,-®...®cij...®aq+2))]
(_1)l+j+l (34)

+ (=)

-[faj(a1®..4;®...®dj...®a4+2))].a;
-[(fla;®...4;®... ®dj... ®aq+2)).aj].al~

—aj.f(ai.(al ®..4;Q... ®dj... ®aq+2))
—aj[f(al ®..4;®... ®dj... ®aq+2).al~]

a;.f(a;j(a1®..04;®...0d;...Qa442))
—flailaj.(a1®...4;®...0d;...®a442)])
—[f(aj.(al ®..4;®... ®dj... ®aq+2))].a,-
+(aja).f(a1®...84;®...04d;...0a4:2)
—f((ajai).[al ®..4;R ... ®dj... ®(1q+2])
—f(a1®...4;®...Qdj...®ay2).(a;a;)

o 1{ [a;.(f(a1®..04;®...Qd|...Qa4+2))].a; }
(_1)l+j+

| { a0 (f(a1®...04;®...0d)... 0 d44:2))] }
(=1

+ (_1)i+j+l

—[f((l,‘.(al ®..4;9... ®6fj... ®aq+2))].aj
—[(f(a1®...4;®...Qd;...® ag+2)).a;].a;
+  similar summands

(3.5)

where the first three braces of (3.4) and the last three braces of the same (3.4) come from the
expressions in the braces of (3.3) involving (—1)" and (—1)/ respectively. Now we express
(3.4) in term of KV-anomaly. Thus we obtain

KV(aj,a,-,f(al ®...Cii®...®cfj... ®aq+2))
KV(ai,f(al ®...d,~®...®cfj...®aq+2),aj)
KV(f(a1®..4;®...9d,...Qa412),a;,a;)
f(KV[ai,aj,(al ®...d,~®...®cfj...®aq+2)])
+  similar summands

(dzf)(al ®...Qays2) = (=1)itH!

According to Definition 2.3 (d? a1 ®...®ay42) = 0. This proves assertion (i). The fact that
the complex Cy(A, W-) is a subcomplex of (C(A, W;),d) is a straightforward consequence
of (3.2).
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Let f € Hom(AYA, W). Taking into account the skew symmetric property of f one has

ol ak (flar,...,dk, ..., ag+1))
@) = J DI - b f(al, g1 ntigs) b (36)
—(f(al,... Ay ooy Ggs1))-Ax
g+1
= DD (@1 gi)
k=1
g+l g+1
+Z Z D" f(ar, . dip, - akas, gir s agin)
k=1 s=1,s#k
g+1
= Z( D¥ay s (F(@r, o s s Bge1))
q+1
+ ) (D fagagar, s ge1)
k<s

= —dy (@1, dge).

Theorem 3.2 is proved. ¢

Definition 3.3. The cohomology of the complex (C(A, W;),d) is called the twisted KV-
cohomology of A with coeflicients in W. It is denoted by Hgy (A, W) or simply H(A, W;)
when there is no risk of confusion.

Example 3.4. If A if an associative and commutative algebra, then we have
H'(AA)=A, H'(AA)=EndA), H(AA)=Hom(ANAA.

Example 3.5. Let (M, a) be a contact manifold whose Reeb vector field is denoted by R.
Let A = C*(M)R>< C*(M) be the semi-direct product KV-algebra whose multiplication is
defined in (2.5). We consider its two-sided ideal W = C*(M). Actually the contact form «
is a cocycle of the twisted KV-complex C(A, C*(M)) whose cohomology class [a] never
vanishes when M is compact.

Here are other examples with some vanishing twisted cohomology spaces.

Example 3.6. Let A = M(n,R) be the associative algebra of n X n matrices. One has

A = Gln,R).

(1) For W =R equipped with its trivial KV-module structure over A, we have HY(A,R;) =
0, 1 <g <2.. Indeed, let f be a W-valued one dimensional cocycle. Then f(ab) =
VYa,b € A. Therefore f =0.

If f is W-valued two dimensional cocycle then f(ab,c)+ f(b,ac) = f(ba,c) + f(a,bc)
Ya,b,c € CA. In particular taking b = 1 yields f(a,c) = f(1,ac) Ya,c € A. Thus every two
dimensional cocycle is exact.

(2) For W = A,, one checks also that H>(A, A,) = 0.
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Indeed let f be a A-valued two dimensional cocycle of A. The action of A in A,
defined as a.m = am—ma,a € A,m € A,. Thereby given a,b,c € A one has

a.f(b,c)— f(ab,c)— f(b,ac) =b.f(a,c)— f(ba,c)— f(a,bc).

Therefore taking b = 1 yields f(a,c) = —a.f(1,¢)+ f(1,ac). Thus f is exact.

(3) LetA=M(n,R)andlet W =R with the KV-module structure defined as it follows:
Yae ANteR, axt=trace(a)t, t+a=0. Note that the vector space R equipped with these
actions is not a module over the associative algebra A but rather a KV-module over the KV-
algebra A. One has HI(A,R;) =0, 1 <g<2.

If f is a one dimensional cocycle, then it is easy to see that f(a) = trace(a)f(1),Ya € A.

If f is a two dimensional cocycle then it is easy to see that (n—1) f(a, c) = trace(a) f(1,c)—
f(1,ac). Thus f is exact.

3.2 Twisted KV-homology

Let us consider the graded vector space C.(A, W;) = @ g€ Cy(A,W;) where Cy(A, Wy) =
{0} for g < 0, Co(A,W;) = W, and Cy(A,W;) = (®1A)® W, for g > 1. The vector space
Cy(A, W) is a left KV-module over A under the following action

ae({@w)=al@w+{Qaxw (3.7)

We define the linear map 6, : Cy(A, Wr) = Cy—1 (A, W;) as it follows: V f € Cy(A, Wy), ¥ =
a1®..0a, €@ Aandw e W,

q
oow)=0 and 6,({®W)= Z(—l)iai 0 (0;L®W), forg=>1. (3.8)
i=1

Theorem 3.7. The pair (Cy(A, W;),06) is a chain complex.

Proof: Obviously for ¢ <1 and 1 € C,(A, W;) we have ?n=0.Forn=a®b®w €
ARA®W, on easily checks that 6277 =KV(a,b,w)+ KV(b,w,a)+ KV(w,a,b) = 0.
Now letn =a; ®...®a,®w with g > 3. By virtue of (2.6), the expressions (3.8) yield
q N
; a1®..0a;0...8a,dwa;
= -1 4 .
(1 ®...®a®W) ;( ) { ~0;.(a1®..4;®...®a,®W) }

To prove that 657 = 0, we proceed as in the proof of Theorem 3.2. Thus we fix i < j and
we focus on the summands of 6°7 in which ¢; and a ; have been removed from their initial
positions i and j. So, we have

6277= (—1)‘5 a1®...®di§)...aj...®aq®wai
-0;.(a1®...4;®...a;...0a, ®W)
+(_1)j5 ai ®...®a,~®...dj.:®aq®waj .
—aj(a1®..4;®...dj...8a,®W)

+similar summands
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According to (2.6) we have

a;(a1®...4;®...a;...8 a; W) a1®..4;®...a;..0 a; @ a;w

+ a19..4;®...q,a;..8a, W

Z(al ®..4;®...ai0k...a}...Q Ay W)
k#j

+

and )} a1®..4;®...a,a...d;..Qa,8wa; = a;.(a1 ®...4;®...dj...®a,) ®wa;.
k#i,j

Thus using the expressions above we obtain

a1®..04;®...d...0a,8(wa;)a;
n=.. + (=1t —aj.(a1®..4;®..4;j...9a,) ®wa;
—a1®..4;®...dj..Qa,®aj(wa;)

a1®..84;®...d;...0a,®w(a;a;)

+ (DS —(aia))(a1 ®...4;®...dj...Qa) @w
—a1®...di®...dj...®aq®(a,-aj)w

o a1®..0a4;®...d...8a,8(a;w)a;

+ (=D'"S —a(a1®..4i®...4j...Qay) ®a;w
—a1®...dl~®...cij...®aq®aj(a,~w)
a;.(a1®..84;®...d;..0a,)®wa;

+ (=D'"S —ajfai(a1®..4;®...4d)...0a,)| @w
—al-.(al®...di®...cij...®aq)®ajw

o a1®..04;®...d;..®a,®(wa))a;
+ (D] —ai(a1®...4;®...dj...0a,) @wa;
—1®..4;®...dj...®a,®a;(wa;)
o a1®...®d,~®...dj...®aq®w(aja,~)
+ (=DM —(aja).(a1®..4;®..d}...®a,) @W
—a1®..4;®...dj..Q0a,® (aja;)w
a1®...04;®...d;...0a,®(a;w)a;
+ (=DM —0(a1®..4;®..d)...®a,) ®aw
—a1®..4;®...dj...Qa,®a;(a;w)
aj.(al®...®di®...ci/...®aq)®wai
+ (=DM —gifaj(a1©..4i®..d)...®a,)| ®W
—a;.(a1®..4;®...dj...0a,) ®a;w

When we write the previous expression in term of anomaly, 627 reduces itself to

a1®..84;®...d..0a, KV(w,a;,a;)
5 = 1y +a1®...®cf,~®...a:j...®aq®KV(a,-,aj,w)
+a1®..94;®...dj...0a,80 KV(aj,w,a;)
+KV(a,-,aj,(a1®...®d,~®...dj...®aq))®w

+similar summands
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So we finally have

" ®..04;9...d;...0a, 3KV, ,.(w,a;,a;)
52 — -1 i+j+1 ai i J q cyc i»dj
n ;( ) { +KV(aj,a;,(a1®...Q4;®...d;...Qa,)) ®w
=0
where KV ye(w,a,a;) = [KV(w,a;,a;)+ KV(a;,aj,w)+KV(aj,w,a;)]. Thereby 6% =0. The-
orem 3.7 is proved. o

Definition 3.8. The homology of the complex (C.(A, W-),0) is called W -valued twisted
KV-homology on A and denoted by H,.(A, W;).

3.3 Pairing between H*(A, W;) and H.(A, W)
We denote by W the dual vector space of W, endowed with the left action of A given by
(a®)(w) = -0(a*w), Y0e W' YaecAweW. 3.9

The canonical pairing W X W* — R induces a pairing C4(A, W;) X Cy(A, W;) — R which
is defined as it follows: Vf € C{(A,W)),Vn={@w € @1IAQW

< fin>=<f({),w>. (3.10)

This pairing satisfies < df,n>=< f,0n >, therefore it induces a pairing
HI(AW)x Hy(A,W;) — R.

Theorem 3.9. The pairing HI(A, W;) X H, (A, W;) — R is nondegenerate.

Proof: Let us denote by <,> the canonical duality pairing W* X W — R. (6,w) <
6,w >=6(w). This bracket is extended to the bilinear mapping <,>: CY(A, W;) X Cy(A,W;) —
R.Let f e CI(A,W;)and letn=0a;®...0a,8w € Cy(A, W;), we set

<fin>=<fla1®...0ay),w >.

It is then easy to check that d : C4(A, W) — C4*1(A,W?) is the transpose of the map
0: Cys1(A, W) = Cy(A, W;), in the following meaning

<df,n>=<f,on> 3.11)

for all f € CY(A,W;), n€ Cyy1 (A, W;). We deduce a pairing HY(A, W;) x Hy(A, W;) — R.
Indeed let f be an element of the vector space Z9(A, W;) of g- cocycles. For any cycle

defined. This pairing is nondegenerate. Indeed, let [ f] € HY(A, W;) such that < [f],[n7] >=<
f-m>=0for all n € Z,(A, W). From the short exact sequence

0—Zy (A, We) —> Cy(A,We) — B, (A, W)—0,
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we deduce that f is a linear form defined on Cy(A, W;) which vanishes on the kernel
Z4(A,Wy) of 6. The map f gives rise to a linear map f: By_1(A,W;) — R. Furthermore
there exists a linear map f : Cy—1(A, W) = R whose restriction to B, (A, Wr) is f . Then
we have < f,on >=<df,n>, hence <df,n>=< f,n >, Ve C,(AW.)ie. f=df. o

Here is an interesting example of pairing:

Example 3.10. : Let A € R,A> 1 and I" = {2, m € Z} be the subgroup of the multiplicative
group R* generated by A. We consider the locally flat Hopf manifold (M, V) where M =
N(R"*—{0}) and V is the linear connection induced on M by the canonical linear connection
D on R". Let A = (X(M),V) be the KV-algebra of (M, V). If we restrict our interest on the
space Co(A,C*(M)) of tensorial cochains (see in section 5 below), then we prove that
H(z)(ﬂ, C*(M)) = HLZiR(M ). As consequence of the last equality, the twisted homology space
Hy(A,C*(M)) is isomorphic the the singular homology space H5(M,R).

4 The analogue of the Hochschild-Serre Spectral Sequence for
the Twisted KV-Complex

It is well known that spectral sequences are useful tools for computing the cohomology
[10, 16]. For instance the Hochschild-Serre spectral sequence associated to a pair (H,G),
where H is an ideal in a Lie algebra G, is an efficient tool for computing the Chevalley-
Eilenberg cohomology of G, see also [15]. We plan to show that the twisted KV-complex
admits an analog of the Hochschild-Serre spectral sequence with similar properties. The
main results of this section are summarised in the following two theorems:

Theorem 4.1. Let C(A, W) be the twisted KV-complex associated to a two-sided module
W. To every ideal I of A is associated a spectral sequence (EY") converging to Hgy (A, Wy)
and such that the term E| is given by

EP = HI(I, Hom(®"(A/1), W)

Theorem 4.2. If A contains a two-sided KV-ideal I such that IA = Al = 0, then term E,
of the spectral sequence in Theorem 4.1 is

ENT = HP(A/1,HY(I,Wy)).

Proofs of Theorem 4.1 and Theorem 4.2 are based on the techniques involving filtered
graded complexes.

4.1 Filtration of the complex (C(A, W;),d).

Definition 4.3. Let A be a KV-algebra, W a two-sided KV-module over A and let / be a
KV-ideal of A. We define the bounded filtration (F/) =0 of the complex (C(A, W;),d) by:

FC = C(A,W,), FIC = @ FICNCI(A,W,) 4.1)
q=1

where F/CNC(A,W,) =0 for j> g and for j < g, f € F/CNCI(A,W,)iff fis a q-cochain
with f(ay,...,a;) = 0 whenever g — j+ 1 arguments a; belong to the ideal /.
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Often F/C N C? will stand for F/C N C9(A, W,). It is easy to verify that
F*lcncicF/Icnc? and d(F'CnCf)cFcnci. 4.2)

Though W is not a module over A/I, to simplify notation, C4(A/I,W) will stand for
Hom((A/1)®1,W). Therefore we will use the identification

FICNCIA,W;) = Hom((A/D)®,W) = CI(A/I,W). 4.3)
The term Eg of the spectral sequence EP? associated to the filtration (F/C) is

i FICNCIYA,W;)
J4=] _
Ey "= FitlCNCI(A, W,) 44)

Considering (4.3), the left action of I in C4(A/I, W) is given by:

(t.1)b1,.esbg) = ((f(B1,..s b)) = (f (b1, e, DO, 4.5)

Then it is relevant to consider the twisted complex (@q’j CII(I,CI(AII,W)y),d).

From now on, elements of 7 will be denoted ¢,14,...,t;,etc. and those of A/l will be
denoted by b,by,...,b;,etc. Now we compute the term (E) of the spectral sequence (E,),en
associated to the filtration (F/C).

Lemma 4.4. The linear map rj : FINCYA,W,) — CI/(1,CI(A/I,W),) defined by
(Fgi /)t eeastq)(B1, b)) = f(t1,stgj b1, ., )) (4.6)

is surjective and induces the isomorphism

FICNCIA,W,)
Fgi: -
T FHIC N CUA, W)

= B — CTI(IL,CIAILW),). 4.7)

Proof: The map r, ; is well defined. Indeed replacing b, by b;C =bi+1t, with t, € I,
the right side of (4.6) does not change. To show that r,; is surjective, let us consider
g € CI7I(I,CI(A/I,W),). It defines a q-multilinear map g € CY(197/ x (A/I)/, W) given by

gty sty jsb1, b)) i= g(t1, e tg- ) (b1, .. b)),
Now we consider the linear map p : 197/ X A/ — 197/ x (A1) defined by
P(t1s sty jsbiyesbj) = (1, sty jy b1,y ., D).
We extend g op to a g-multilinear map f defined in A. This extension f belongs to F/C N

CU(A,Wy). It is easy to check that r, j(f) = g. Of course ker(r,, ;) is nothing but Firlcn
CI(A,W,). o
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4.2 The term E{’q_j of the spectral sequence (E”).
From the discussions of the previous subsection we have
Lemma 4.5. The following diagramm is commutative

Tge1j
-

0> Filcneett 5 picncet 5o gl Co i1, CI(AIT,W).) = 0
Td Td Tdo Td;

0— FFlcnct - Ficncd 5 BT B CrIULCIAILW)) -0

where i and 1 are respectively the canonical injection and the projection; dy is the differen-
tial operator deduced from d and dj is the twisted coboundary operator.

Proof: From the definition of d,i,7 and d, it is easy to check that the part of the
diagramm involving these maps is commutative. What remains to be proved is djo 7y ; =

A

F,..;©do. which in turn is equivalent to

rpdf)=dr, /), VfeF/iCcncl. (4.8)

Indeed, 7, j([f1) = o ;(f). Soletus set T = 11 ®...®1,_ ;11 € 1*" , B=b,®...0b; € (A/)®,
B=01®..®bj¢€ A% with b_j e A/l,and 0, T =11 ®...ﬁc...®tq_j+1. Then we have

(rg+1,(dfNT))(B)

df(T®B)

q_Z“jJrl(_l)k{ t(f(OkT ® B)) — f(1;.(8xT)® B) }
pa —f(OT ®1.B) — (f (0, T ® B))ty.

j =i bs(f(T ®9;B)) — f(bs.T ®9;B)
+1+s s s s s
" ;(—1)11 j { et o } 4.9)

On the other hand we have

(d(rg, ;)(T))(B) ~(rg,if (tx.0kT))(B)

g=j+1 (t(rg,if (0xT))(B)
(-Df
—((rg,if O T)ty)(B)

k=1

q-j+1 t(f(0kT ® B))
= (DX —f(tr.T®B) (4.10)
k=1 —(f(0kT ® B))tx
Now combining (4.9) and (4.10) gives
(rge1, dPD)B) = (d(rg;f)T)(B)+ (-~ d(e(T)f)(B) (4.11)

q-Jj+1 J

- Z(—1)kf((‘)kT®tk.B)—Z(—l)q‘j“”f(bs.T®c')sB).
k=1 s=1

with (e(T)f)(B) = f(T ® B). Since f € F/CNCY9 we have e(T)f =0, f(xT ® ;B) = 0 and
f(bs.T ® B) = 0. Thereby we have

(rge1, {(d)T)B) = (d(rq,; f)T))(B).
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This ends the proof of Lemma 4.5. o

Theorem 4.6. The term E; of the spectral sequence corresponding to the filtration (F/C)
of C(A,W;) above is given by

E} > HII(IL,CIAILW),). (4.12)

The proof of Theorem 4.6 is based on Lemma 4.5

4.3 The term Eé’q_j of the spectral sequence (E”*).

It is well known that each vector space Eq’o, q > 0 of the Hochschild-Serre spectral sequence
associated to an ideal I of a Lie algebra A is isomorphic to the relative cohomology space
Hg (AL, W), (see [10]). This fact has its analogue in the twisted cohomology of Koszul-
Vinberg algebras.

Definition 4.7. Let A be a KV-algebra, let W be a two-sided KV-module over A and let /
be a KV-ideal of A. The relative cochain complex corresponding to the ideal / is defined
by: C(A,I,W;) = @qez Ci(A,I,W;) where

1) CIYAILW;)={0}forg <O,

(i) COCA L, W,) = Wl = {we WVrel,—tw+wt =0},

(i) CIYALW)={feCI(A W) Vtel,t.f =0 and Vi<q, ei(t)f =0}.

Remark. Taking into account the linearization of multilinear maps f(ay, ...,aq) = f(a1®
...®ay), the property (iii) in Definition 4.7 is equivalent to: f € C/(A,I,W,)ifft.f =0, Vrel
and f vanishes identically in the ideal generated by / in the tensor algebra T(A) = P qA@’q
and f is W!-valued mapping. Note the following identification

CIUA,IW,) = (FICNCIA W) = CIA/I,W). (4.13)

The first identification FIC NC4(A, W) = C4(A/I, W) means that an element f € C4(A/I, W)
is identified with its image f € F1C N C9(A, W;) defined by f(by,...,b,) = f(b1, ...,b_q) with
bj € b_J

Theorem 4.8. The complex (C(A,I,W;),d) is a subcomplex of the twisted KV-cochain com-
plex (C(A,W,),d), in other words, d(CI(A,I,W,)) c CI*\(A, I, W,).

Proof: Let f € C1(A/I, W), tel,1<i<q+1. Wehave to show that e;(7)(df) = 0 and
1.(df)=0.Let B=b1®...®by41 € (A/D®*, B=b®...9b; € A® with b; € b;.

g+1

D (MBI @kB) — f(br.OkB) ~ [k B)bi)
k=1

df(b1 ®...®bq+1)

g+1

DDA bif OB

k=1
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Now suppose that B=b; ®...®b,| contains a factor b; € I, then df(B) = (—l)j(bjf)(c?jB) +
3 (= 1)*(by )0k B). We have (b; f) = 0 since bj €I and (b f)(0rB) = bi(f(0rB))— f(bi.0rB)—
k#j

f(0kB)by. For k # j, 01 B and b;.0; B belong to the ideal of T(A) generated by I, therefore
(b f)(0rB) = 0. So, e;(1)(df) = 0. On the other hand , V¢ € I, we have

(td f)(B) 1df(B))—df(1.B)=(df(B))
= 1df(B)—(df(B)t

- Sy { bk OB) - f(bi.0kB) ~ (FOkB)by] }
k=1

—[br(f(0kB)) = f (bi-0rB) — (f (Ox B))Dk ]t

q+1
_ Z(_l)k{ 1(bi(f(OkB))) — t((f (OkB))br) } 4.14)
k=1

—(br(f(Or B+ ((f(OkB))brt.
Using the KV-anomaly in the KV-module W we write (4.14) as

(tbr) f(OkB) — (bit) f(OrB) + bi(t f (0 B))

q+1

_ G @B+ (F@B)b~ (F@iB)thy)

@PB) = 2D kB (@ Bbo+ BB
+(f(OkB)b)t

q+1

= > (D butf(OuB) ~ f(@kBY) - (tf (D B) - FOuBYDi |
k=1

=0

This ends the proof of Theorem 4.8. ¢

Definition 4.9. The cohomology of the complex (@qu(ﬂ/I, W), d) is called the W,-
valued relative KV-cohomology of A. Its ¢ cohomology space is denoted by HY(A, I, Wy).

It is worth noting that this complex contains the subcomplex (Cce(Ag, I, Wr),d) of
Chevalley-Eilenberg relative cochains on the Lie algebra Aj.

Corollary 4.10. The space Eé’o is isomorphic to HI(A,IW,).

Proof: From Theorem 4.6 we have
E}’ ~ HU,CI(AIL,W),) = CI (AL W), (4.15)

The right hand side of (4.15) is nothing else than the vector space C/(A,I, W,) of relative
J-cochains. Now it is easy to check that the identification of ET’O with C*(A, I, W;) is really
the identification of the complex (£ T’O,dl) with the complex (C*(A, I, W;),d).

Let us proceed with general considerations.

Theorem 4.11. Let A be a KV-algebra and let W be a two-sided KV-module over A. For
any two-sided ideal I of A, the vector space HII(I,CI(A/I,W),) is isomorphic to the
vector space CI(A/I,HI/(1,Wy)).
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Proof: Let p be the vector space isomorphism
p: CTIULCIAILW)e) — CHAILCTII, W)

defined as follows: VB € (A/D®/, VT € 7, VfeCri(I,CI(A/I,W),)

p(f)BXT) = f(T)(B). (4.16)
It is easy to check that
df(T)(B) = d(p(f)(B)XT). (4.17)
Note that (4.17) is equivalent to
p(df)(B) = d(p(f)(B)). (4.18)

Letp: HI7/(I,CI(A/1,W);) — CI(A/1,HT~/(1,W,)) be the linear map derived from p and
defined by

AILNB) = [p(/)(B)] (4.19)

We now show that the latter map is bijective and the theorem will follow.

For the surjection of p, let g € C/(A/1,Z97/(I, W.)). There exists a unique g € C¢~/(I,C/(A/1,W),)
such that p(g) = g i.e. p(g)(B) = g(B),VB € (A/I)/ and hence d(p(g)(B)) = d(g(B)) which
by (4.18) gives p(dg)(B) = d(g(B)) = 0, VB i.e. p(dg) = 0 and since p is an isomorphism we
have dg = 0. Furthermore we get by construction p[g](B) = g(B), i.e. p[g] = &.

Let us show that p is injective. For that end, let f € Z97/(I,C/(A/I,W),) such that
[p(f)(B)] =0, VB € (A/I). [p(f)(B)] = 0 implies that there exists g, € C47/~1(1, W;) such
that

p(f)(B) = dg, (4.20)

Note that the map g : B — g, belongs to C/(A/I,C 9-/=1(1,W,)), then there exists a unique
fo € CIIN(1,CI(AILW),) such that p(f,) = g from which we deduce  d(o(f,)(B)) = dg,.
Using (4.20) we have  p(df,)(B) = dgp = p(f)(B), VY B. Hence we finally have p(df,) = p(f)
ie. f =df, as expected. o

Remark The isomorphism p : HY~/(I,C/(A/1,W);) — C/(A/I,HT/(I,W,)) sends the

subspace Hg;j (I,CI(A/I,W),) of Chevalley Eilenberg cohomology classes onto the space

CI(A/I,HI7I(I,W,)) providing that the action of the Lie algebra I on C/(A/ I, W) is given
by (¢.)(b) = t(f(b))—(f(b))t. Hence p is an extension of the isomorphism HZ. (I, C/(A/I,W),) =
CI(A/I, Hg;j(l, W;)) obtained in [10].

We are now in position to give the explicit form of Eé’q_j in terms of H97/(I, W,)-valued
twisted KV-cohomology classes on A/I.

Lemma 4.12. Let f € CU/(I,W,) and T = 1, ® ...ty j11 € ¥ . Then Va € A,

g—j+1

(adf —d(@af)(T)= > (= (6a) D). 4.21)
k=1
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Proof: By our convention above the action of A on C 9-J(I, W) reads

(af)T) = a(f(T)) - f(a.T) - (f(T))a.

Let feCI/(I,Wy)and T =1, ® wlg_jr1 € 127 A direct computation using this action
and the formula of the KV-coboundary operator in (3.2) gives

(adf)(T) adf(T))—-df(a.T)—(df(T))a

il a(te f(OkT)) — af (tx.0kT) — a(f (T )tr)

Z (—1) —(t f(OT))a+ (f(te.0kT))a+ (f(0xT)tr)a
—tkf(a.akT) + f(tk.(a.akT)) + f(a.akT)tk

—(aty) f(OkT) + f((at).0kT) + (f(0kT))atk)

(4.22)
k=1

On the other hand we have

=i+ 1(af (k) -t f(a.0kT) = 1 (f (O T)a)
d(af)T) = Z (=13 —a(f (0T + f(a(tx.0kT) + (f(1r.0:T))a (4.23)
k=1 —(@f @I+ (f(a.0k TNt + (f (O T)a)

Next combining (4.22) and (4.23) and using KV-anomaly give
q_j+l —KV(G, tk,f(akT))_KV(tk,f(akT),a)
(-Df

(adf —d(af))T) —KV(f(0kT),a.1) + f(KV(a, 1, 0kT))

k=1 —(txa@) f(OkT) + f(OT)(1ka) + f(1xa).0kT)
q—-j+1
= > D@ @) (4.24)
k=1

as stated. o

From now on, we make the assumption that the ideal [ satisfies I A = Al = {0}. (It
is the case when A is finitely nilpotent, i.e. the sequence (I'¥) defined by 1”1 = A, 111 =
A, [FH = ALk 4 [kl A converges to {0}, ) Under this assumption, the term E; of the
spectral sequence derived from (F/C) may be computed using the same technique as in the
Hochschild-Serre spectral sequence of a pair (H,G) of Lie algebras, where H is an ideal
of G ('see [10]). Using (4.24), we see that the action of A on C97/(I,W,) descends to the
cohomology space H9~/(I,W,) as

alfl=lafl, VYaeA, feZi U W,). (4.25)
Using I = {0}, we have
t.f = —ei()df)—d(ei () )Nt e, VfeCIIU,W,). (4.26)

Thus the action of / is homotopic to the trivial action in cohomology. Then the left action of
the KV-algebra A in HYI(I,W,) in (4.25) gives rise to a left action of A/l in HTI(I,W,)
given by

b.If1=b.lf1=1[bfl, VYbeA, feZI /I, W,). 4.27)
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We consider the complex (C(A/I, HYI(A, W;),),d) which is closely related to the vector
space EJ?"/. We first observe that the isomorphism

p:HIT/U,C/(A/,W)) — CI(A/I,HT/(I,W-)) induces by composition an isomor-
phism ¢ : E/9™ — C/(A/1,HY/(1, W) given by

Y(LfNB) = plrg, ;(HDB) = [p(rg ;i I(B)]. (4.28)

Proposition 4.13. Ler d; : E{’q_j — E{H’q_j be the coboundary operator from the spectral
sequence (E,) and let us denote by d,, = d the coboundary operator of the twisted KV-

complex (C(A/1,HI (A, Wy).),d). Then we have
d,, o9 =(=1)""yod (4.29)
Proof: For all f € F/ICNC9(A,W;) and B € (A/I)/*!,

j+1

d,(ANB) = Y (DM B D@B) —y(ULfDe.0kB) — WAL D@B)bx |
k=1

i(—l)k{ D [p(rg, (@B = [p(ry /() (bi-BiB)] }
=l =[p(rg ()0 B)1bk

j+1
= D DM Blplry (OB = [p(ry j( NG0B |
k=1
= [d(p(rg, j(NB)]. (4.30)

On the other hand, we have di([f]) = [df]. Since df € F/*'CnC*! for [f] € E/*/ and
w([df]) € CTHY(A/I,HI7I(I,W,)), we have

W od)[fD(B) =y ([df1)(B) = [p(rg+1,j+1(df)(B)].
Now for all T € I®"”, we have

p(rge1 jr1(d)B)T) (rg+1,j41(dN))T)(B)

df(T®B)

4.31)
Using the formula (3.2) and IA = Al = {0}, we have

q-j
df(T@B) _ { 14 f (T ® B) - f (1.0, T ® B) }

—f(akT ®t;.B)— f(akT ® Bty

1]
™M
~~
0
N
-

j+l
—-j 5] bif(T®0B)— f(T ®0kB)by
A ];(_1) { —f(b.T ®iB) — F(T @ by.0:B) }

= (d(rg, j(FHNT)B)

j+l1 — —
B[ bk (D@B) ~ g j T BY
v ];(‘1){ DT 0kB) }

= (d(rg (OB + (=1 d(p(ry, ,(SN(BXT).
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The calculation above implies

P(rge js1dP)BXT) = d(ry j(HNT)B) + (= 1) d(p(ry (/) BXT) (4.32)

Now observe that for any fixed B, the cochain T (d(rg, j)( F)T)(B)is exact in CI=/(1, W,).
In fact it is the coboundary of T’ +— r, ;(f)(T")(B). So, at the cohomology level, in HY /(I, W)
we have

[p(rgs1.j+1dNB)] = (=1 d(p(ry j(fNNB)], VB € (A/D® (4.33)
That is nothing but the following equality

W od)([fD(B) = (~1)7d,, ou((f)(B), VBe(A/D*".
Since i is an isomorphism we have

E3* ~ HI(A/LHI (L, W)).

5 Twisted cohomology of locally flat manifolds

In this section we apply the theoretical formalism of previous sections for studying the KV-
algebras of a locally flat manifold. We point out some geometric invariants. The reader
may regard a linear connection on a manifold M as a gauge field on the fiber bundle of
linear frames over M. From this viewpoint the decomposition theorem below yields many
relevant consequences.

We first observe that C>(A, W,) = Hom(®>A, W) splits into two KV-submodules as

Hom(&*A,Wy) = Hom(A*A, W) ® Hom(S* A, Wy).
where S2A is the vector space of symmetric 2-tensors.

Theorem 5.1. The twisted KV-cohomology space HIZ(V(.?I, W:) can be decomposed as fol-
lows:

Hyg(AW;) = HZ (AL, Wo) & Hyy, (A, Hom(S *A, W-). 5.1
Theorem 5.1 may be deduced from Theorem 5.2

Theorem 5.2. below The skew-symmetric part and the symmetric part of any twisted 2-
cocycle are also 2-cocyles.

Proof: Let f € Z>(A, W;) be a 2-cocycle and let A and o be the skew symmetric part
and the symmetric part of f, respectively. Given a,b,c,€ A, df = 0 implies dA(a,c,b) =
do(a,b,c). Taking ¢ = b the right member do(a, b, c) yields

ax(o(b,b)) =20(ab,b), VYa,beA. 5.2)
Therefore a* (o (b+c,b+c)) =20(a(b+c),b+c) leads to
ax(o(b,c)) =o0(ab,c)+oc(b,ac), VYa,b,ce A.
which means that a.c = 0,Va € A. In other words o € H%V(ﬂ, Hom(S?A, Wy)). S

We now focus on KV-algebras of locally flat manifolds.
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Definition 5.3. A locally flat manifold (M, V) whose universal covering (M, V) is diffeo-
morphic to a convex domain of R"” not containing any straight line is called hyperbolic
locally flat manifold [13, 33].

Let A = X(M) be the KV-algebra of a locally flat manifold (M, V). The vector space
W, = C®(M) of real smooth functions defined in M is a left KV-module over A under the
covariant derivative.

We are concerned with the twisted KV-complex C(A, W) of A with coefficients in W,
and with some of its relevant subcomplexes.

Definition 5.4. Given a non negative integer /, a cochain f € C4(A, W;) is of order < [ if
Vx € M, and YXi,...X, € A, f(X1,Xa,....X,)(x) depends on the [jets JLX1,J.X5, ..., JLX,
[14].

Let Clq(ﬂ, W) be the vector space of g-cochains f of order <. We set CL(A,W;) =
UZC?(ﬂ, W) and Coo(A, W;) = P 420 CL (A, W,). The complex C_(A, W) is a subcomplex
of Cgy(A, W;). Let us denote by Co(A, W;) the vector subspace of C_ (A, W;) formed by
cochains of order < 0. Thus Co(A, W;) consists of C*(M)— multilinear mappings.

Let (C,d) be a (co)chain complex which is computable using the spectral sequence
techniques. Among spectral sequences that converge to H(C,d), it would be nice to get
one which collapses quickly. Fortunately this is the case for the twisted KV-cohomology
of a locally flat manifold. Let (M, V) be a locally flat manifold. Let A = (X(M),V) be the
KV-algebra associated to (M, V) and let W, = C*(M) be the left KV-module over A under
the covariant derivative.

Theorem 5.5. There is a spectral sequence (EY*?) which collapses for r = 3
(i.e. Es = E3), and which converges to the twisted KV-cohomology H(A,C™(M)) and
such that

3.9-3 _ 144
E;N 7 = HdR(M,R), q=>3.

Idea of proof: We recall that CL(ALW,) = UlClq(AL,WT), where Clq(ﬂL, W.) is the
space of skew symmetric g-cochains of order < /. Clearly Coo (AL, W;) is a subcomplex of
the Chevalley-Eilenberg complex C,.,(Ar, W;). Let us consider the filtration of the vector
space Cgy (A, W;) given by

FICAW) = Cxy(AWy), F'ICAW)=Cop(ALWo),  FPC(AW;) = Coo AL, Wo),
F’CAW,) = Co(AW), FIC(A,Wy) = {0} for j = 4.

{0} = F*C(A,Wr) = F*C(A,Wr) = F'C(A,Wr) = FOC(A,Wr).
Observe that F3C(A, W;) is nothing but the C*(M)-module of exterior differential forms
on M. On the other hand each F/C(A,W;) is a subcomplex of FCC(A, W,). This filtra-
tion is bounded. Therefore the derived spectral sequence converges to the cohomology of
FOC(A,W,). (see [16]). Let 279 = {f € FPCNCP*,df € FP*"C N CP*9*!}. 1t is clear that
ZP1 = {0} for r > 3. To end the proof, we observe that Eg’q_3 is the ¢ cohomology space
of F3C(A,W,). o

In the sequel, we particularly focus on the cohomology of the complex Co(A, W;) whose
g cohomology space is denoted by Hg (A, W;). Below there is a statement yielding some
relevant gauge invariants.



218 M. Nguiffo Boyom, F. Ngakeu, P. M. Byande, and R. Wolak

Theorem 5.6. The second cohomology space HS(?I, W:) can be decomposed as follows:
H(AW,) = Hap(M) ® H'(A, Hom(S *A, Wy)) (5.3)

where H[ZJR(M ) is the 2" de Rham cohomology space of M.

The proof of Theorem 5.6 is based on Theorem 5.1 above o

Actually, the space H(Avy, W;) = Equo Hi(Ay,W;) is a global geometric invariant of
(M, V), namely every HY(Ay, W) is invariant under the group Dif fy(M) of V-preserving
diffeomorphisms of M.

We set by(V) = dimHg (Ay,C®(M)) and by(M) = dim HZR(M, R). Then b4(V) is called
the ¢ Betti number of (M, V) while by(M) is the classical g™ Betti number of M. Clearly

by(M) < by (V).

Example 5.7. Let A € R,A> 1 and let I = {4, m € Z}, be the subgroup of the multiplicative
group R* generated by 4. We consider the locally flat Hopf manifold (M, V) where M =
IN(R"—{0}) and V is the linear connection induced on M by the canonical linear connection
D on R". We have b, (M) = by(V).

In Theorem 5.6 we are concerned with cochains of order < 0. So the space

Hom s, (A, C>®(M)) is nothing but the classical vector space Q!(M) of differential
I-forms. The algebra A acts on Q!(M) by the covariant derivative. Let us decompose
[6] € H3(Ay,C(M)) as [0] = [A] + [0] € Hix(M,R) & H3(Ay,C=(M)), and let o be the
unique symmetric cocycle in [o7], we assign to o the cochain & € C!(A, Q! (M)) such that
d(a)(b) = o(a,b). Let us denote now by d, the coboundary operator for the twisted KV-

cohomology of A. It is easy to check that
(dyo=0)= (d,0=0). 54

We set P([0]) =[] € H(l) (A,Q (M)). Thereby one easily sees that Theorem 5.6 yields the
exact sequence

0= Hp(M,R) = HY(As, C™(M)) 5 HY(A,Q! (M)). (5.5)
The map P is useful to the study of hyperbolicity of (M, V), see Theorem 5.12 below.

Definition 5.8. [22, 23, 24] Let (M, V) be a locally flat manifold. (i) A totally geodesic
foliation ¥ of (M, V) is called affine foliation. (ii) A totally geodesic foliation ¥ of M is
tranversally euclidean if its normal bundle TM/T¥ is endowed with a V-parallel (pseudo)
euclidean scalar product.

Let us define two numerical invariants. We set Q(M) = H OM ooy (S%A, W,), the vector
space of tensorial quadratic forms on (sections of ) TM. Given o € Hlow(ﬂ, Q(M)), let & be
the quadratic form on 7'M/ ker o deduced from o and let sign(o) be the Morse index of 7.
With this notations we define the following numerical invariants:

Definition 5.9. We set:  py(M) = min{py(c) = dimker o, o € H(A,Q(M))} and
Sv(M) = min{Sv(c) = dimkero + sign(o), o € H'(A,Q(M))).
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Proposition 5.10. Assume M to be a connected manifold. (i) Every element o € H(A,Q(M))
defines a totally V-geodesic and transversally (pseudo) euclidean foliation . (ii) If py(M)=
0, then V is the Levi-Civita connection of a flat (pseudo)Riemannian metric on M.

Proof : (i) Let o € H(A,Q(M)). Since V is torsion free, kero is involutive and of
constant rank. According to the Frobenius Theorem , kero is completely integrable and
totally V— geodesic. So the V-flat vector bundle 7'M/ ker o inherits the (pseudo)euclidean
product &. (ii) Suppose py(M) = 0. There exists a o € HY(A,Q(M)) with pv(o) = 0. There-
fore (M, o) is a (pseudo) Riemannian manifold whose Levi-Civita connection is V. o

We have claimed that Hé(:ﬂ, C*(M)) has some relevant gauge meaning. We intend
to illustrate this viewpoint. Let C(Ay,C*(M)) and C(AL,,C*(M’)) be the twisted KV-
complexes of locally flat manifolds (M, V) and (M’,V’), respectively. Let 7(M) be the tensor
algebra of T*M i.e. ©(M) = @so(T*M)® with (T*M)®’ = C*(M).

Let ¢ : M — M’ be a diffeomorphism. We denote by ¢' the pair (¢,¢*~'). Then ¢! is a
diffeomorphism from 7*M to T*M’. The algebra isomorphism from 7(M) to 7(M") derived
from ¢! is also denoted by ¢'. Let us denote by (M’, V%) the locally flat structure defined in
$(M) by

Y’ —1yr
Vi = dg(Ven ). (5.6)
Actually, the map ¢! yields an isomorphism from C(Ay, C®(M)) to C (Agy, C=(M")) given
by Vf € C1(Ay, C=(M)),VX],....X; € Ay,

¢' (X, ... X)) = f(d¢~'X],...dp™' X))o~ (5.7)

Furthermore, it satisfies the relation  d, o ¢! = ¢! od,. Thus it induces an isomorphism
from Hyy(Ay, C*(M)) to Hgy(Ays, C*(M")), which is denoted by ¢' as well. In particular

¢ (HE (Av,C=(M))) C H},\ (Af,,CE(M)), ¥q = 0. This picture yields:

Theorem 5.11. Let us fix (M,V) and (M’,V’) such that M and M’ are connected and
dimM = dim M’. We consider a diffeomorphism ¢ : M — M’ and we suppose that py(M) =
0. If ' (HZ(Av,C(M))) C Hz\ (AL, C(M")), then  by(V) > bry(M)and V¢ =V'.

Proof:  Let us equip ¢(M) with the locally flat structure (M’,V?). The map ¢ is a
isomorphism from (M,V) to (M’,V?). Since py(M) = 0 there exists o € HO(Av,Q(M))
such that kero = {0}. Thus Theorem 5.6 yields b,(V) > b,(M). The image ¢1 (c)of ois a
metric tensor whose Levi-Civita connection is V¢. The assumption ¢1(H12(V(Jﬂv, C*(M))) c
Hgﬂ,(ﬂ’ ,,C®(M")) implies that ¢! (o) € H(AL,,Q(M")). Thus ¢' () is V’-parallel. Thereby
V¢ =V’ o

Theorem 5.12. We suppose that (M, V) is a locally flat manifold with Sy(M) = 0. Then, (i)
T M admits a bundle-like Kahlerian metric. (ii) Furthermore let us suppose M to be com-
pact and that there exists o € H)(Ay, QM)) with S y(c) = 0. IfP([o]) = 0 in H' (A, Q' (M),
then (M, V) is hyperbolic.
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Proof: The vanishing of Sy(M) implies that there exists o € Q(M) which is invariant
under the covariant derivative and such that kero = 0 and sign(o) = 0. Thus o is a Rieman-
nian metric whose Levi-Civita connection is V. To o we associate € C(l)(ﬂv,Ql(M )) as
in (5.4 ). Let U, be a domain of local affine coordinate functions (x{"),i = 1,...,n = dim M.
Locally, 6 may be regarded as a 7*(U,)-valued 1-form which is dy-closed. Let us sup-
pose that U, is small enough to admit the application of Poincaré Lemma. Then there
exists a local section @ of T*(U,) such that & = dyé. That is 5(X) = V%,X € X(U,). So,
To(X,Y) =d,(X)(Y) = (V%)(Y) = X0(Y) - 6(XY) = YO(X) — 6(YX), which implies that 6 is
a real-valued closed 1-form. By Poincaré lemma there exists 7 € C*(U,) such that 6 = dh.
This means that on U, the metric tensor o coincides with the V-Hessian of 7 € C*(U,).
Following [5], TM admits a bundle-like Kahlerian metric. (ii) To end the proof of Theo-
rem 5.12, one observes that P([o]) = 0 is equivalent to the existence of a de Rham closed
1-form @ such that o = V. Since M is compact, this condition is sufficient for the hyperbol-
icity of (M, V) (see[13]). o

Affine dynamics together with the numerical invariant py(M) can be used to study the
completeness of (M, V). In this perspective we have the following:

Theorem 5.13. Let (M,V) be a connected locally flat manifold. Let G C Dif f(M) be the
set of diffeomorphisms ¢ € Dif f(M) such that:

(i) ¢ is isotopic to the identity of M through diffeomorphisms with property (ii) below,

(ii) @' (Hgy (Av,C*(M))) C Hy\ (Ay, C¥(M)).

If py(M) =0, then (a)G is a Lie group with dimG < n(n+ 1) where n =dimM, (b)
dimG = n(n+1) iff the connection V is geodesically complete.

Proof: We suppose that py(M) =0 and that ¢'(Hz(Ay,C™(M))) C H (Ay, C*(M)).
Then by Theorem 5.11, V¢ = V. Thus G is nothing but the group Dif fy(M) of V-preserving
diffeomorphisms of M. It is a Lie group (see [11]).

Let V be the locally flat connection induced on the universal covering M of M by
the connection V. Let D : (M,V) — (R",D) be the developing map of (M,V). The Lie
algebra G of G is included in the Lie algebra J(Ay) of Jacobi elements of Ay. Since
D is a local diffeomorphism, D.(G) is included in the Lie algebra aff(R"). Therefore
dimG <dimAff(R") =n(n+1).

If dimG = n(n+ 1) then M is homogeneous. Since M and R” are simply connected and
are homogeneous under G and Af f(R") respectively, the developing map D is a diffeomor-
phism.

For other items regarding affine dynamics and the completeness of locally flat mani-
folds, we refer to [18, 19, 20, 34].

6 Information geometry

We intend to show that the twisted KV cohomology yields some relevant geometrical in-
variants of statistical models for measurable sets.
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6.1 Local statistical model

Let us start by recalling basic definitions in information geometry and some related topics.
Let (Z,Q) a measurable set. Let ® C R” be a connected subset.

Definition 6.1. A connected open subset ® C R" is an n-dimensional statistical model for a
measurable set (E, Q) if there exists a real valued positive function

p:OXE->R

subject to the following requirements.
(i) For every fixed £ € E the function

0 — p(6,£)

is smooth.
(i1) For every fixed 6 € ® the function

&— p6,)

is a probability density in (E, ) viz

ﬁ p(6,&)de = 1.
(iii) For every fixed £ € E there exists a couple (6,8’) such that

p(0,8) # p(0/.&)

Let V a torsion free linear connection on the manifold ® and let set

1n(0.8) = log(p(6,£)).

At each point 6 € ® we define the family (gg, &) of bilinear forms as follows. Let (X, Y) be a
couple of smooth vector fields in ®. We put

G (X, Y) = =(Vdl,)(X, Y)(0,8).
Since V is torsion free g.¢)(X, Y) is symmetric w.r.t. the couple (X, Y).

Definition 6.2. The Fisher information g of the local model ®, p is the mathematical ex-
pectation of the bilinear form g ), viz

(X, ¥)(6) = f P(6.8)q06(X. V).

It is to be noticed that the Fisher information g does not depend on the choice of the
symmetric connection V, [27]. The Fisher information g is semi positive definite. When g is
definite it is called a Fisher metric of the model (®, p). The Fisher metric is the fundamental
source of the information geometry [1]. Another object we are interested in is the dualistic
relation between linear connections.
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Definition 6.3. On a Riemannian manifold (M, g) a pair (V, Vx) of linear connections are
said to be dual if the identity

Xg(Y,Z)=g(VxY,Z)+g(Y,Vxx Z)
holds true for all vector fields X, Y,Z on the manifold M.

Let Ty be the torsion tensor of V and let Ry be its curvature tensor. Suppose (V, V) to
be a dual pair in the Riemannian manifold (M, g). Let V° be the Levi-Civita connection of
(M, g). Then we have

Tv+Ty+x=0,
V+ Vs _yo
2

g(Rv(X,Y).Z,T)+g(Z Ry *(X,Y).T) = 0.

The dualistic relation between linear connections play deep role in information geometry.
The reader is referred to [1]. We are going to deduce from these information geometric
tools some relevant statements. The complete discussion about these statements will appear
elsewhere.

We are firstly concerned with the isomorphism classes of the so called canonical repre-
sentations Lie algebroids.

Let us recall that a Lie algebroid over a smooth manifold M is a couple (E,a) where E
is the total space of a vector bundle

E—-M

and anchor a is vector bundle morphism from E to the tangent bundle 7'M such that

(i) The real vector space I'(E) of smooth sections of E is endowed with a Lie algebra
structure (whose bracket is denoted by [s,s’]).

(ii) Given s,s” € I'(E) and a real valued smooth function f € C*°(M) one has

[s,fs'1=df(a(s))s" + fs,5].
Let (E,a) be a Lie algebroid over the manifold M and let V be an vector bundle over M.
Definition 6.4. A structure E-module in V is a real bilinear map
p:(s,0) eT(E)XT'(V) — p(s).ocel(V)
subject to the following identity
p(s).fo=df(a(s)o+ fp(s).o
VfeC®(M).

Example 6.5. Given a Lie algebroid over M, (E,a) the tangent bundle 7'M is canonically
a E-module under the map p(s).X = [a(s),X]. According to Koszul [14] cochains of Lie
algebroids with coefficients in their modules are of order < 1.
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Example 6.6. We are particularly concerned with canonical module strutures defined by
locally flat structures (M, D). The tangent bundle T M is equipped with the Lie algebroid
structure whose anchor is the identity map ans the bracket is the Poisson bracket [X, Y] of
smooth vector fields.

Every locally flat structure (M, D) gives rise to the canonical structure of 7 M-module
in itself which is defined by
o(X).Y = DyY

Of course morphisms of modules of Lie algebroids are morphisms of vector bundles. Thus
given locally flat structures (M, D) and (M, D+) a morphism from pp(X).Y = DxY to pp.(X).Y =
D xx Y is a vector bundle morphism ¢ € End(T M) which satisfies the identity

¢(DxY) = D +x $(Y)

When ¢ is an isomorphism the representations pp and pp* are called conjugate representa-
tions. Now taking into account the decomposition

H(D) = Hyr(M) + Q°
we see that if pp and pp. are conjugate by an isomorphism ¢, viz
¢(DxY) = Dxx ¢(Y)

the map
g€ Q% —q4!

is an isomorphism onto QP. So the family of foliations
Fq=ker(q),q € QD

is isomorphic to
v _ N
Fq =ker(g*),q" € Q" .

Let us sketch the discussion about dual pair of linear connections. Given a dual pair (V, V)
in a Riemannian manifold (M, g). Let us assume that this given pair is flat. So both (M, V)
and (M, Vx) are locally flat structures. They the pair ([pv], [ov«]) of conjugation class of
canonical representations. Considerations we just presented yield two interesting state-
ments.

Theorem 6.7. The pair ([pv],[pv«]) is does not depend on the choice of the Riemannian
structure (M, g).

Theorem 6.8. Let (M, D) be a locally flat structure whose the twisted 2-cohomology space
satisfies QP # 0. Let Dx be the dual of D w.r.t. a Riemannian structure (M,g). Then every
non-zero undefinite q € QP defines the pair of g-orthogonal foliations (Fg>F *q) such that

(i) F4 is totally D-geodesic (or D-parallel in the sense of [1]. (ii) Fx, is totally Dx-
geodesic.

Our discussions about the dualistic relation yield the following. From the global differ-
ential topology viewpoint we obtain
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Theorem 6.9. Every locally flat manifold (M, D) whose 2-dimensional twisted cohomol-
ogy H2(D) differs from the de Rham cohomology space HﬁR(M) is either a flat (pseudo)-
Riemannian manifold or is foliated by a pair (F,F *) of g-orthogonal foliations for every
Riemannian metric g. Moreover, these foliations are totally geodesic w.r.t. the g-dual pair
(D, Dx) (respectively).

According to the orthogonal decomposition
TM=TF &TF *
we define a torsion torsion free linear connection by setting
Dx, x)(Y1,Y2) = (Dx, Y1 +[X2, Y11, D x, Y2+ [X1, Y2])
V(X1,X2),(Y1,Y2) e D(TF),[(TTF *).

Then D is the unique torsion free linear connection which preserves (¥, F *).

6.2 Singular Fisher information

Let (O, p) be a (local) statistical model for a measurable set (£,€Q). We assume that Fisher
information g is undefinite and that it is parallel w.r.t. a locally flat structure (®, D).

We consider a Riemannian structure (0, gx). Let (D, Dx) be the g=-pair of linear con-
nections. Of course (®, Dx) is a locally flat structure as well.

Under this assumption

Dxg=0
we get g=-orthogonal foliations
ForF
with
TF, = ker(g).

Now let F be a leaf of 7. The couple (F, p) is a regular statistical model for (£,Q), viz
Fisher information of (F, p) is positive definite.
The discussion above yields

Theorem 6.10. Let (©, D, p) be a triple such that (®, D) is a locally flat structure and (®, p)
is a singular statistical model for a measurable set (2,Q). If the Fisher information g of
(O, p) is D-parallel then (©, p) is foliated by regular statistical model.
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