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Abstract

In this work we study the following nonlinear elliptic boundary value problem,
b(u) — div a(x,Vu) = £ in Q, a(x, Vu).n = — [u|"* %1 on Q, where Q is a smooth
bounded open domain in RV, N > 1 with smooth boundary dQ. We prove the existence
and uniqueness of a weak solution for f € L*(Q), the existence and uniqueness of an
entropy solution for L'-data f. The functional setting involves Lebesgue and Sobolev
spaces with variable exponent
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1 Introduction

This paper is motived by phenomena which are described by Robin type boundary problem
of the form
b(u) —div a(x,Vu) = fin Q
(1.1
a(x, Vi) m = — [ul" 24 on 9Q,

where Q is a smooth bounded open domain in RV, N > 3 with smooth boundary 9 and
M the outer unit normal vector on dQ. When p(.) = 2, we obtain an homogeneous Robin
condition. Therefore, (1.1) includes a Robin boundary problem.

The study of problems involving variable exponent has received considerable attention in
recent years (cf. [4,5,7-17,19-27, 29-34]) due to the fact that they can model various phe-
nomena which arise in the study of elastic mechanics (see [4]), electrorheological fluids
(see [11,22,29,30]) or image restauration (see [9]).

When the boundary value condition is a Neumann or Robin boundary condition in the
context of variable exponent, we must work in general with the space W!? ) (Q) instead of

the common space WO1 P() (Q). The main difficulty which appears in this case of existence
and also uniqueness of solutions is that the famous Poincar inequality does not apply (see
[8]). We must use the Poincar-Wirtinger inequality instead of the Poincar inequality but
due to the average number, it is not easy to use the Poincar-Wirtinger inequality to obtain
appropriate properties for problem involving more general operator and data considered in
this paper. We use in this paper a Poincar-Sobolev type inequality to get the main apriori
estimate for the proof of the existence and uniqueness of entropy solution (see the proof of
proposition 4.7 below). Recently, Ouaro (see [25]) studied the following problem

—div a(x, Vu) + [u|?@ 2 u= fin Q,

(1.2)
a(x,Vu).n = ¢ ondQ,
under the following assumptions:
p(.) : Q — R is a measurable function such that (1.3)
1< pP- < P+ < oo, ‘
where p_ := ess inf p(x) and p := esssup p(x).
xeQ x€Q

For the vector fields a(.,.), we assume that a(x,§) : Q x R¥ — R¥ is Carathodory and is the
continuous derivative with respect to & of the mapping A : Q x RN — R, A = A(x,§), i.e.
a(x,§) = VeA(x,§) such that:

e The following equality holds

A(x,0) =0, (1.4)

for almost every x € Q.
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o There exists a positive constant C; such that

la(E) < €1 () + g ) (1.5)
for almost every x € Q and for every & € RN where j is a nonnegative function in 940 (Q),
with 1/p(x)+1/p'(x) = 1.

e There exists a positive constant C, such that for almost every x € Q and for every
EnERN with& £,

(a(x,§) —a(x,M)). (=) > 0. (1.6)

e The following inequalities hold

€17 < a(x,€).8 < p(x)A(x,E) (1.7)

for almost every x € Q and for every § € RV,

Under assumptions (1.3)-(1.7), Ouaro (see [25]) proved the existence and uniqueness of
entropy solutions of problem (1.2) for L' —data f and ¢. Assumption on the function A and
the use of the quantity |u|p(x)_2 u allowed Ouaro, in particular, to exploit a minimization
method for the proof of existence of a weak solution for (1.2) when the data f and ¢ are in
L*(Q) and L (0Q) respectively [25]. Note also that the uniqueness of weak and entropy
solutions of (1.2) in [25] is due to the fact that s — ]s|1”(x)*2 s is increasing.

In this paper, we improve the result in [25] by making less regularity on the data @ and
b. More precisely:

p(.) : © — R is a continuous function such that
(1.8)
1 <p- < pj <+oo,
and
b : R — R is continuous, surjective, nondecreasing function (1.9)
such that b(0) = 0. '

For the vector field a(.,.), we assume that a(x,§) : Q x RV — RV is Carathéodory such that:

e there exists a positive constant C, with

la(x,8)] < 2 () + g (1.10)

for almost every x € Q and for every & € RV, where j is a nonnegative function in 940 (Q),
1 1
p(x)  pP'x)
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e there exists a positive constant C3 such that for every x € Q and for every &,n € RV
with & # m, the following inequalities hold:

(a(x,€) —a(x,m)).(E-m) >0 (1.11)
and
a(x,8).& > Cs[g|P™) (1.12)

for almost every x € Q and for every & € RV,

The remaining part of the paper is the following: in section 2, we introduce some nota-
tions/functional spaces. In section 3, we prove the existence and the uniqueness of weak
solution of (1.1) when the data f € L*(Q). Using the results of section 3, we study in sec-
tion 4, the question of the existence and the uniqueness of entropy solution of (1.1) when
the data f € L'(Q).

2 Assumptions and preliminaries

As the exponent p(.) appearing in (1.10) and (1.12) depends on the variable x, we must
work with Lebesgue and Sobolev spaces with variable exponents.

We define the Lebesgue space with variable exponent LP() (Q) as the set of all measurable
functions u : Q — R for which the convex modular

STy g
Q
is finite. If the exponent is bounded, i.e., if p; < oo, then the expression
|u\p(4) = lnf{k >0: pp()(u/l) < 1}

defines a norm in LP()(Q), called the Luxembourg norm. The space (L"1)(Q),|.| p()) 18
a separable Banach space. Moreover, if 1 < p_ < p, < oo, then LP)(Q) is uniformly

/ 1
convex, hence reflexive, and its dual space is isomorphic to L? ) (Q), where ﬁ + ﬁ =
px) px
1. Finally, we have the Holder type inequality:
1 1
/QMVdX < pi + 7(‘0/)7 |M‘p() |V|p’(.) s (21)

for all u € LP)(Q) and v € LP')(Q).

Let
WhrO(Q) = {u € LPY(Q) : [Vu| € LPO(Q)},

which is a Banach space equiped with the following norm

a1 ey = [ulpey + (VU)o
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The space (W'?0)(Q),]|.| |1,p(.)) is a separable and reflexive Banach space.

An important role in manipulating the generalized Lebesgue and Sobolev spaces is played
by the modular p,,( ) of the space L0 (Q). We have the following result (see [16]):
Lemma 2.1 If u,,u € L"0) (Q) and p < oo, then the following properties hold:

() luly) > 1= lul”) < ppiy () < [ul?}

(i) lulpy < 1= [l < Py () < Jul”

(iif) |u| ) <1 (respectively = 1;> 1) < p () (u) <1 (respectively = 1;> 1);

(iv) |un| — 0 (respectively — +o0) < Py (uy) — 0 (respectively — +oo);

(v

)Py (u/|u|,,(.)) =1

For a measurable function u : Q — R, we introduce the following notation:

P1ip(.) / || P¥ dx+/ IVu|P®) dx.
We have the following lemma (see [32,34]):

Lemma22[f uc Whr () (Q) then the following properties hold:

(0) llully .y < L(respectively = 1;> 1) < py () (u) < 1(respectively = 1,> 1);
id) ey py < L Null{y ) < Prpey () < Nlully,

Git) lully py > 1l < prp () < [l
(

) |[ualli p) — O (respectively — +o0) & Py () (Un) — O (respectively — +oo);
o - o)
~plx) .
2 if p(x) <N
P = () =1 N=plx) P
oo, if p(x) > N;

then we have the following embedding result:

Proposition 2.3 Let p € C(Q) and p_ > 1. If g € C(0Q) satisfies the condition
1< g(x) < p°(x), Vx €0Q,

then, there is a compact embedding WP (Q) < L19)(9Q). In particular, there is a com-
pact embedding W'P¥) (Q) — LP¥) (9Q).

Let us introduce the following notation: given two bounded measurable functions p(.),q(.) :
Q — R, we write

q(.) < p(.) if ess lgsfz (p(x) —g(x)) > 0.
X
Remark 2.4. Observe that we use the same notation f for f and its trace when convenient.

3 Existence and uniqueness of weak solution

In this part, we study the existence and the uniqueness of a weak solution of (1.1) when the
data f € L*(Q).
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Definition 3.1 A weak solution of (1.1) is a measurable function u such that
ue WO(Q), b(u) € L™(Q), |[ulPY 2 u € L7 (3Q)
and
/Qa(x, Vu).Vodx+ /Qb(u)(pdx—i—/aQ uPY 2 updo = /Qf(pdx, Voew!'PH(Q),3.1)
where do is the surface measure on 0Q.

Notice that the integrals in (3.1) are well defined since for the third integral in the left-
hand side, we can use the fact that the trace of @ € W'»()(Q) on 9Q is well defined in
LP(9Q), for 1 < p < 4eo. The main result of this part is the following:

Theorem 3.2. Assume that (1.8)-(1.12) hold and f € L*(Q). Then there exists a unique
weak solution of (1.1).

Proof.

Part 1: Existence

For k > 0, we consider the following approximated problem:

{ Ti(b(ug)) —diva(x,Vug) = f in Q (32)

a(x, Vi) M = Tie(— Jug|” 72 1) on €,

where for any k > 0, the truncation function 7y is defined by 7;(s) := max{—k, min{k,s}}.
Note that as T;(b(u)) € L*(Q) and Tk(|u,r<|p(x)72 ur) € L=(0Q), thanks to [21, Theorem
3.1], there exists u; € W'?()(Q) which is a weak solution of (3.2).

We recall that for any € > 0,
J’_
He(s) = min{se, 1} ,

. 1ifs>0
signg (s) = { 0ifs<0

and if v is a maximal monotone operator defined on R, we denote by 7y, the main section of
v, 1.e.

the element of minimal absolute value of Y(s) if y(s) # 0,
Yo(s) = +eoif [s,+o0)ND(y) =0,
—oo if (—eo,s]ND(y) = 0.

We now show that [b(ux)| < [|f|[;~(q) a-e. in Q and |u| < by (||f||Lw(Q)) a.e. in 0Q for

all k> 0.
We take @ = He(ux — M) as a test function in (3.1) for the weak solution u; and M >0 a



42 S. Ouaro and A. Tchousso

constant to be chosen later.
We have

/ a(x, Vi) .V He (s — M) dx + / Ti (b)) He (g — M) dx +
Q Q

/ Ti(Jue [P 2 w) He (e — M) do = / fHe (ur — M)dx. (3.3)
0Q Q

LetJ::/a(x,Vuk).VHg(uk—M)dx.
Q

1
We deduce that J = 7/ a(x,Vug).VHg(uy — M) dx > 0 then, according to (3.3),
€ J{0<u—M<se}

we obtain:
/ To(b(we) ) He(ug — M) dx — + / Tl |92 ) He (u, — M) do
Q 0Q
< [ FHe(u—M)dx, (3.4)
Q
which is equivalent to say
/Q (Te(b(ug)) — Te(b(M))) He(ux — M) dx — + /a QTk(\uk\P<X>—2uk)H€(uk—M)dc
< /Q (f — T(b(M))) He(ue — M) dx(3.5)

As the two terms in the left-hand side in (3.5) are nonnegative then we deduce that

(TG = o) Helu M) < [ (7= Tu(b () el — M) dx 3.6

and
[ Tl ) e~ M) do < [ (f = b)) Helu —~ M)dx. (BT
0Q Q

We now let € goes to 0 in (3.6) and (3.7) to get:
/Q (Te(b(ug)) = Tu(b(M)))* dx < /Q (f — Te(b(M)))sign? (i — M)dx ~ (3.8)

and
/a T )signi (M) dos < /Q (f — Te(b(M)))sign? (g — M)dx.  (3.9)

Choosing now M = bgl (”f”Lw(Q)) in (3.8) and (3.9)(M is a constant since b is onto) to
obtain:

/Q(Tk(b(”k)) — T (|| f1l2=(e))) T dx

< [ =T lem@)sizng (i~ (IF @) s (310)
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and
L T2 wsigng (= by (1f11)) ) do
< /Q (f = Tl =()))signg (ux = by " (1 f | =) ) dx. (3.11)
Hence, for all k > || f|=(q), it follows that
Ti(b(ux)) < ||fll1=(0) ae. in @ (3.12)

and
ug < by ' (|fll=(9)) ae. in 0Q. (3.13)

It remains to prove that T (b(ux)) > — || f|l1=(@) a-ein Q and uy > —b,! ([Iflz=(e)) a.e. in 0Q
for all k > || f|| = (q)-

Let us remark that as u; is a weak solution of (3.2), then (—u) is a weak solution of
the following problem

Ti(b(uy)) — div a(x,Vug) = fin Q
~ p(x)—z (314)
a(x,Vug)m=T; (— |uge| uk) on dQ2,
where d(xa g) = —a(x, _g)v E(S) = —b(-s), f =—f.
According to (3.12) and (3.13), we deduce that
Ti(—=b(we)) < || fllr=(@) ae. in Q, forall k > || f[| ()
and
—ux < by (|| fll-(@)) ae. in 0Q.
Therefore, we get
Te(b(ur)) = = fllz=(@)) Yk > [ fllr=) (3.15)
and
ue > —by " (|Ifll=@) ae. indQ Yk > || f](q)- (3.16)
It follows from (3.12), (3.13), (3.15) and (3.16) that for all k > || f||z=(q)
|b(ur)| < || fllz=() a.e.inQ (3.17)
and
] < by (|| fll-(@)) ae. in OQ. (3.18)

We now fix k = || f||z=(q) + (by! (HfHLw(Q)))m_l +2in (3.2) to end the prove of the exis-
tence result.



44 S. Ouaro and A. Tchousso

Part 2: Uniqueness. Let u; and u, be two weak solutions of (1.1).
Let us take @ = u; — u as test function in (3.1) for u; and also for uy, to get

/ a(x,Vuy).V(u; — up) dx—l—/b ur)(uy —up)d +/ |u1|p u(uy —up)do
Q

:/Qf(ul —up)dx

and

/ a(x,Vup).V(u; — up) dx—l—/b w)(uy —up)d +/ ]uzlp up(uy —up)do
Q

:/Qf(ul —up)dx

Substracting the two preceding relations, we obtain
/Q (alx, Vity) — a(x, Viez)).V (g — uz) dx + /Q (b(ur) — b(uz)) (ur — uz) dx
+/a (I[P ) = | |P9 2 ) () — up) d S = 0. (3.19)
Q

From (3.19) we deduce that

/Q(a(x, Vuy) —a(x,Vuy)).V(uy —uz) dx =0, (3.20)
/Q (b(uy) — b(u2)) (11 — t12) dx = O (3.21)

and
[ a7 = o) a0y = ) ds = 0. (3.22)

Since p_ > 1, the following relation is true for any &, € R, & # 1 (cf. [15])

(1&gl ~ nj=2n ) (€ ~m) > 0. (3.23)

Thanks to (3.20), (3.22), (3.23) and assumption (1.11), we get that there exists a constant ¢
such that

uy—ur =c a.e.in Q and u; —up, =0 a.e. in Q. (3.24)
From (3.24), it follows that
Uy =up a.e. in Q. g
4 Entropy solutions

In this section, we study the existence and uniqueness of entropy solution to problem (1.1)
when the right-hand side f € L' (). We first recall some notations.
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For any u € W) (Q), we denote by T(u) the trace of u on 9 in the usual sense.
Set

ThPO(Q) = {u : Q — R, measurable such that T; (u) € WP (Q), for any k > 0} .

As WI’P(')(Q) C WP~ (Q) and since Q is bounded, then by [6, Lemma 2.1] (see also [1]),
we have the following result:

Proposition 4.1. Let u € T'7 (')(Q). Then there exists a unique measurable function v :
Q — R such that VT;(u) = VX{lu|<k}, forall k> 0. The function v is denoted by Vu.

Moreover, if u € WhPO)(Q), then v € (Lp(')(Q))N and v = Vu in the usual sense.

We define 7;, " Lol (Q) as the set of functions u € 7'7()(Q) such that there exists a sequence
(Up)n C WP 2 )(Q) satisfying the following conditions:

(C) uy — uae. in Q.

(C2) VTi(up) — VTi(u) in L' (Q) for any k > 0.

(C3) There exists a measurable function v on d€, such that u, — v a.e. in dQ.

The function v is the trace of u in the generalized sense. In the sequel the trace of u €
717 (Q) on 9Q will be denoted by r(u). If u € W) (Q), tr(u) coincides with t(x) in
the usual sense. Moreover, for u € Q;rl’p(')(Q) and for every k > 0, ©(Tx(u)) = Ti (tr(u))
and if ¢ € W20 (Q) NL=(Q) then (u— @) € TP (Q) and tr(u— @) = tr(u) —tr(g) (see
[2,3]).

We can now introduce the notion of entropy solution of (1.1).

Definition 4.2. A measurable function u is an entropy solution to problem (1.1) if u €
‘Z;,l"p(')(Q), b(u) € LY(Q), [u[?W 2 u € L' (dQ) and for every k > 0,

/ a(, Vie). VT (1 — @) dx+ / b() T (1 — @)+ / u]P®)2 T (u—)do < / FT(u—@)dx
Q Q Q @n
for all 9 € WP (Q)NL=(Q).

Notice that the integrals in (4.1) are well defined. Indeed, since @ € W20 (Q) N L=(Q),
then (u—@) € ‘Z;:’p(') (Q), hence T; (u — @) € W1) (Q) N L=(Q) and consequently the first,
the second and the fourth integral in (4.1) are well defined. Moreover, in the third integral,
we can use the fact that the trace of g € W17 (Q) on dQ is well defined in L (9Q).

Our main result in this section is the following:

Theorem 4.3. Assume (1.8)-(1.12) and f € L' (Q), then there exists a unique entropy solu-
tion u to problem (1.1).

In order to prove Theorem 4.3, we need the following propositions among which, some
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can be proved following [7,26,27] with necessary changes in detail. But those which are
new will be proved.

Proposition 4.4. Assume (1.8)-(1.12) and f € L'(Q). Let u be an entropy solution of
(1.1). If there exists a positive constant M such that

/ KWdx < M 4.2)
{Ju|>k}

then
/ KW dx < || £l q)+M, forall k>0,
{IVul*0) >k}

where o(.) = p(.)/(q(.) + 1) and q(.) : Q — (0, +o0) is mesurable and such that q_ > 0.

Proposition 4.5. Assume (1.8)-(1.12) and f € L'(Q). Let u be an entropy solution of

(1.1), then
/ VTi() [P¥dx < K| f| 1 ) for all k > 0, (4.3)
Q
16@)[| 1) < [1f 1]z (@) (4.4)
and
p(x)-2 _ plx
2], o= [ gy < I (4.5)

Proof. We will only prove relation (4.5) since the proof of relations (4.3) and (4.4) can be
found in [7,26,27]. For this, we take ¢ = 0 in relation (4.1) to get for all k > 0

[l 2 T (w)do < k] - “6)
We deduce from (4.6) that
[ ul(w)do < Kl fl ey
QN {|u|>k}

which is equivalent to

/ |u|p(x)—2 udG—/ ’M|P(X)—2 udo < ||f||L1(Q) “4.7)
oQn{u>k} 0QN{u<—k}

It follows from (4.7) that
u p(x) ldo < f . 4.8
/a A lul >k} ’ ‘ = H HLI(Q) (4.8)

Finally, we let k — 0 in (4.8) by using Fatou’s lemma to obtain relation (4.5). g

Proposition 4.6. Assume (1.8)-(1.12) and f € L'(Q). Let u be an entropy solution of
(1.1), then

/ V()| dx < const (|| ]|, , Q) (k+ 1) forall k > 0 4.9)
Q
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and
/a IT3(w)|Pdo < const(|f]], ) (k+ 1) for all k > 0. (4.10)
Q

Proof. We easily deduce (4.9) from (4.3). Now, let us prove (4.10). We take ¢ = 0 in
relation (4.1) to get

[l uli(w)do < ki £ @.11)
2Q
The inequality (4.11) is equivalent to
/ IT()[PPdo+ / P92 yT (w)do < k| £
0QN{ Ju|<k} 0QN{|u|>k}
Therefore,
/ T (w)|PYdo < k||f|;. (4.12)
0N {Jul<k}

Furthermore, for all £ > 0 we use (4.12) to obtain

/ Te(w)|P-do = / ulP-do
90N jul<k} 90N {|ul<k}

_ / |u\”—d6—|—/ ulP-do
QN |u|<k,|u|>1} QN |u|<k,|u|<1}

|u[PWdc + measy 1 (0Q)

IN

/BQO{|M|§k,u|>1}
k|| f1l1 + measy— (9€2)

<
< const(]|f]|1,Q)(k+1). (4.13)

Similarly, it follows that for all £ > 0,

/ T(w)|P-do = k/ Te(u) P~ 'do
90N {|u|>k} 90N Ju[>k}
< k/ lu|P-"'do
0Q

k/ |u\p(x)’ld6+k/ ulP-~'do
9N {jul>1} an{jul<1}

< k/a ‘M|p(x)_]d6—I—kmeasN,l(BQ). (4.14)
Q

IN

Adding relations (4.13) and (4.14) and using (4.5), we get (4.10). o

Proposition 4.7. Assume (1.8)-(1.12) and f € L'(Q). Let u be an entropy solution of
(1.1). Then

const (||f||L1(Q)7p77 (p-)" >Q)
kOC

meas{|u| >k} < forall k> 1, (4.15)

and
const (|1 ]111(ay. P-)
kp-—1

meas{|Vu| >k} < forall k > 1, (4.16)
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where (p_)* = p% —% and o= (p_)* (1 — p%)

Proof. We only prove relation (4.15). The proof of (4.16) can be found in [7]. Using
Proposition 4.6 (relation (4.9)), we obtain for all k > 1 that

/ VT(u)|P-dx < Kok, 4.17)
Q
where K is a positive real constant depending on || f||; and meas(<).

We now use a Poincar-Sobolev type inequality (see [28, Lemma in p. 308]) to get (since
uec ‘Z;,l P() (Q)) that there exists a positive real constant K, depending on Q such that

</Q|Tk(u)|(”)*dx> o <K <</BQ|Tk(u)|dG>p +/Q|VTk(u)|P—dx> . (4.18)

where (p_)" is the Sobolev exponent with respect to p_. By Hlder inequality, we have the
following

p- 1\ P-
([, 1@ido)" < (I5@ls gay x (measr@RNTT ). @19)
We deduce from (4.19) by using Proposition 4.6 (relation (4.10)) that for all £ > 1
p-
< / ]Tk(u)\d0> < Ksk (4.20)
oQ

where K3 is a positive real constant which depends on || f||1, p—, meas(€2) and meas(d<2).

By (4.17), (4.18) and (4.20), we deduce that for all £ > 1,

p—

( / |T/<(u)|<P)*dx> " < Kok, 4.21)
Q

where Ky is a positive real constant depending only on || f *
meas(9Q).

It follows from (4.21) that

1, p—, (p—)", meas(Q) and

*

[ dr < Kk 4.22)

where Ks is a positive real constant depending only on ||f]l1, p—, (p—)", meas(2) and
meas(0Q).
Note that (4.22) implies that

*

(r)" (r-)
/ T ()| P dx < Ksk 7 (4.23)
{lu|>k}
The inequality (4.23) is equivalent to the following

/ KP) dx < Ksk 7
{4}
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which in turn is also equivalent to

*

. (r-)
k'P-)" meas ({|u] > k}) < Ksk 7~ . (4.24)
We deduce from (4.24), the following relation

meas ({|u] > k}) < Ksk?) (-1). (4.25)
From (4.25), we deduce (4.15). o

We are now ready to give the proof of Theorem 4.3.

Proof of Theorem 4.3.

« Uniqueness of entropy solution. Let 4 > 0 and u;,u; be two entropy solutions of (1.1).
We write the entropy inequality (4.1) corresponding to the solution u; with 7j,(u5) as a test
function and to the solution u, with 7,(u;) as a test function. Upon addition, we get

/ a(x,Vuy).V(u; — Ty (up))dx + a(x,Vup).V(uy — Ty (uy))dx
{lur =Th(u2) | <k} {lua=Tj (w1 | <k}

+/BQ |u1|p(x)72 ulTk(ul — Th(uz))d6+./89 ’Mz’p(x)iz uﬂ}c(uz — Th(ul))dﬁ

+/Qb<u1>Tk(ul —Th(uz))dx+ /Qb(ug)Tk(uz—Th(ul))dx

< /Qf(x) (Tk(ul — Th(LQ)) + Tk(uz - Th(ul)))dx.
(4.26)
Now, define
E| = {\ul — uz‘ <k, ‘uz‘ < h}, E, . =E; ﬂ{\ul\ < /’l}, and E3 := E| ﬂ{’m’ > h}
We start with the first integral in (4.26). By (1.12), we have

/ a(x,Vuy).V(u; — Ty(uz) )dx
{lur =Th(uz)[ <k}

= a(x,Vup).V(u; — Ty(uz))dx
{ |y =T, (u2) | <K}N{ |z | <h} ( 1)-V(ur = Ty(u2))

/ a(x, Vit ).V (i1 — Ty (2) )dbx

{|ur =T (u2) | <k}N{|uz|>h}

a(x,Vuy).V(ur — uz)dx+
{Jur =T (u2) | <k} { |z | <}

_|_

a(x,Vuy).Vudx
{Ju1— thlgn up)|<k}N{|uz|>h}

a(x, Vit ).V (uy — u)dx — / a(x, Vit ).V (uy — ) dx
[1 =Ty (u2 \<k}ﬂ{|u2\<h} E
a(x,Vuy).V(u; —up dx—l—/ a(
E
= [ a(x,Vu;).V(u; —up)dx+ [ a(x,Vuy).Vujdx— / a(x,Vuy).Vupdx
E;3
(

v

a(x,Vuy).V(u; —up)dx

E

IV
.

a(x,Vuy).V(u; —uz)dx—/ a(x,Vuy).Vuydx.
E
’ 4.27)
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Using (1.10) and (2.1), we estimate the last integral in (4.27) as follows:

/ a(x,Vuy).Vupdx
E

gcl/ (70 + Vi P Vo
E3
(4.28)

<C1 (1l + ||V | v
\ <G <‘J‘p(‘)+‘| i bl [<h k) Vo] () (n—k<jus|<h} s

where ||V |[PO~! up [P~

= ||V .

() {h<|ur | <h+k} H | L' O ({h<|ur|<h+k})

Now, since u) is an entropy solution to problem (1.1), by taking @ = T,(u;) in the entropy
inequality (4.1) we get (using (1.12)) that

/ Vit P < K ]
{h<|ur|<h+k}

|Vu, ]”(x)*l{ < C < 4o, where C is a constant which

So, by Lemma 2.1, PO < | <hk} S

does not depend on 4.
Therefore,

G (17 + |17

<C 1™ C) < +oo.
Pl(-)7{h<u1<h+k}> - 1(‘-]’]) ()+ ) —|—

Since u, is an entropy solution to problem (1.1), by taking ¢ = 7, (u2) in the entropy in-
equality (4.1) we get (using (1.12)) that

Vi [P dx < k/ |f |dx.

/{h<|u2<h+k} — Hw|>n}

Using inequality (4.15) of Proposition 4.7, we have meas{|uz| > h} — 0 as h — +oo. As
feLYQ) we get

k/ | fldx — 0 as h — oo for any fixed number k > 0.
{{uz[>h}

From the above convergence we deduce that

lim |Vup|PWdx = 0, for any fixed number k > 0.
h—eo J{h<|up| <h+k}
Hence,
lim Vi |P¥dx = lim Vi [P dx =0,
h—teo J{h—k<|uz|<h} =0 J (1< |up| <I+k}

for any fixed number k > 0 with/ = h —k.
So by Lemma 2.1,

|Vu2]p(,)7{h_k<|u2|§h} —— 0 as h — 4o, for any fixed number k > 0.
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Therefore, from (4.27) and (4.28), we obtain that

/ a(x,Vup).V(u; = Th(w))dx > I+ | a(x,Vuy).V(u; —up)dx, (4.29)
{u1 =T, (u2)| <k} E,

where [, converges to zero as h — +oo.
We may adopt the same procedure to treat the second term in (4.26) to obtain

a(x,Vuz).V(uz—Th(ul))dxZJh—/ a(x,Vup).V(u; —up)dx, (4.30)
E>

/{uz—Th(ul)lék}

where Jj, converges to zero as i — +-oo.

Now, set for all 4,k > 0,

K = /Qb(ul)Tk(ul - Th(uz))deF/Qb(”‘z)n(”Z ~ Ti(ur))dx

and
P, = /ag |uj ]p(x)fz ur Ty (uy — Ty(up) )do + /BQ |uz|p(x)72 uy Ty (uy — Ty (uy) )do.
We have
b(up)Ti(uy — Tn(uz)) — b(u1)Te(uy —up) ae. in Q as h — oo
and

|b(ur) Ty — T (2))| < klb(ur)| € LY(Q).

Then by Lebesgue Theorem, we deduce that

lim b(ul)Tk(ul — Th(uz))dx = / b(u1)Tk(u1 —uz)dx. (4.31)
h—+o0 JQ Q

Similarly, we have

lim | b(us) Ty (s — Ty (1))l = / b(u2) Ti(uz — uy )dx. (4.32)
h—+o0 JQ Q

Using (4.31) and (4.32), we get

lim Ky — /Q (b(uy) — b(w2)) Ty (1 — o). (4.33)

h—+oo

By the same procedure as above, we use the Lebesgue theorem to obtain

lim P, = / (\ul POI=2 44y — Jup| P2 u2> Ti(u) — u2)do. (4.34)
h—+oo Q

We next examine the right-hand side of (4.26).
For all k£ > 0,

£0) (Tl = Talwa)) + Tilur = Ty ) ) —> £) (Tlar = 2) + Tiwr = 1)) =0
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a.e. in Q as h — +o0 and
£ (Tilos = Th(0)) + Tl = Ta(a)) )| < 240 ()] € L' ().

Lebesgue Theorem allows us to write

Jim_ /Q 7(x) (Tk(ul — T (u2)) + Te(uz — Th(ul))>dx = 0. (4.35)

Using (4.29), (4.30), (4.33), (4.34) and (4.35), we get from (4.26) the following inequality:

/u1u2|<k} (a(x, Vup) —alx, Vuz)) . (Vul - Vuz)dx+

/Q (b(ur) = b(u2)) Te(ur — uz)dx + /a . (yulyWH wy — Jup [P0 uz) Ti(u1 — u2)do < 0.

(4.36)
It follows also from (4.36) that
/ (a(x, Vuy) —alx, Vu2)> . (wl - Vuz)dx —0, (4.37)
{Jur—uz| <k}
/Q (b(uy) — b)) Ti (11 — 2)dox = 0 (4.38)
and
(792 = ol 2 ) i~ ) do =0, (439)
2Q
for all k > 0.
From (4.37) and (1.11), it follows that
u; —upy = c a.e. in , where c is a real constant. (4.40)

By (4.39), we deduce that for all k € N* there exists C;, C dQ, meas(Cy) = 0 such that for
all x € 9Q\Cy,

(11 (1P 1 () = o () P72 () ) Ti(an () = w2 () = 0.
Therefore,

(\ul ()P 2 1y (x) — [uaa ()| P2 uz(x)) (11 (x) —ua(x)) =0, forall x € 9Q\ | J C.

keN*
4.41)
Now, we use (3.23) and (4.41) to get
uy —upy =0 a.e. on 0Q. (4.42)

Finally, (4.40) and (4.42) give
Uy = up a.e. in Q.

+ Existence of entropy solution. Let f, = T,,(f); then (f,),y is a sequence of bounded
functions which strongly converges to f in L' (Q) and such that

| fullt < || fl1, forall m € N. (4.43)
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We consider the problem

b(u,) —div a(x,Vu,) = f, in Q,
(4.44)
a(x, Vi) m = —|up|P®=2 u, on oQ.

It follows from Theorem 3.2 that there exists a unique u, € W'?0)(Q) with b(u,) € L™(Q)
and |u,|P™) =2 u, € L*(0Q) so that

/ a(x, Vi) Vedx + / b4, dx + / P2 s 9dc = / fuodx,  (445)
Q Q 0Q Q
for all g € W'»0)(Q).

Our aim is to prove that these approximated solutions u, tend to a measurable function
u (as n goes to +oo) which is an entropy solution to the limit problem (1.1). To start with,
we first prove the following lemma:

Lemma 4.8. For any k > 0, || Ti(un)|]1 p() < 1+C where C = const(k, f, p—, p;,meas(Q))
is a positive constant.

Proof. By taking ¢ = Ti(u,) in (4.45), we get

/g a(x, Vi) VT (100) + /Q (1) Ti (1)l + /a P2 Ty () do = /Q FuTi(un)dx.

Since all the terms in the left-hand side of the equality above are nonnegative and

| T )dx <kl < K7

by using (1.12) we obtain
/ VT ()PP dx < CK|[f]|1. (4.46)
Q
We also have that

[P a= [ R [ )P
Q {Jun| <k} {Jun| >k}

Furthermore,

/ T () |PPdx = / kPO dx
(il >4} (il >4}

kPrmeas(Q) if k > 1,
meas(Q) ifk < 1

and

/ T PP edx < / kP dx
{lun| <k} {lun| <k}

kP+meas(Q) ifk > 1,
meas(Q) if k < 1.
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This allows us to write
/ |Tic (1) PP ddx < 2(1 + kP+)meas(Q). (4.47)
Q

Hence, adding (4.46) and (4.47) yields
P1p() (Ta(un)) < Ck| |1 + (1 + &P+ )meas(Q) = const (k, f, p+,meas(Q)). (4.48)
For || Ti(un) |1 p() = 1, we have according to Lemma 2.2 that
HTk(un)Hf’;(J <P1p)(Ta(un)) < const(k, f, py,meas(Q)),

which is equivalent to

HTk(ul’l)Hl,p(.) < (const(k,f,p+,meas(§2)))) "= const(k,f,p+,p,,meas(Q)).
The above inequality gives
”Tk(ul’l)Hl,p(.) < 1+const(k,f,p+,p_,meas(9)).

Then, the proof of Lemma 4.8 is complete.

From Lemma 4.8, we deduce that for any k > 0, the sequence (7j(uy))nen is uniformly
bounded in W'»()(Q) and so in W7~ (). Then, up to a subsequence we can assume that
for any k > 0, Ty (u,,) converges weakly to o in W1~ (Q), and so T (u,) strongly converges
to ox in L~ (Q).

We next prove the following proposition:

Proposition 4.9. Assume that (1.8)-(1.12) hold and u, € W'V (Q) is the weak solution
of problem (4.44), then the sequence (uy)nen is Cauchy in measure. In particular, there
exists a measurable function u and a subsequence still denoted (up)nen such that u, — u
in measure.

Proof. Let s > 0 and define

E, = {|up,| >k}, Eun:={|um| >k} and E,, = {|Ti(un) — Ti(tm)| > s}
where k > 0 is to be fixed. We note that
{lun —up| > s} CE,UE,UE,,;,
and hence
meas{|u, — uy| > s} < meas(E,) + meas(E,,) + meas(E, ). (4.49)
Let € > 0. Using Proposition 4.7 (relation (4.15)), we choose k = k(€) such that

meas(E,) <¢€/3 and meas(E,,) < ¢&/3. (4.50)
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Since Ty (u,) strongly converges in LP-(Q), then it is a Cauchy sequence in LP-(Q).
Thus,

1 €
meas(Eyn) < < [ [Ti(n) ~ Tulun) " dx < 5, (451)
' sP- Jo 3
for all n,m > ny(s,€).
Finally, from (4.49), (4.50) and (4.51), we obtain
meas{|u, —u,| > s} < & forall n,m > ny(s,€). (4.52)

Relations (4.52) mean that the sequence (u,)nen is @ Cauchy sequence in measure and the
proof of Proposition 4.9 is complete.

Note that as u#, — u in measure, up to a subsequence, we can assume that u, — u a.e. in
Q.

In the sequel, we need the following two technical lemmas (see [18,31]).

Lemma 4.10. Let (v,)uen be a sequence of measurable functions in Q. If v, converges
in measure to v and is uniformly bounded in L) (Q) for some 1 < p(.) € L™(Q), then v,
strongly converges to v in L' (Q).

The second technical lemma is a well known result in measure theory (see [18]):

Lemma 4.11. Let (X, M ,u) be a measure space such that u(X) < +eo. Consider a measur-
able functiony: X — [0, 40| such that

u({x € X :y(x) = 0}) = 0.

Then, for every € > 0, there exists & > 0 such that
u(A) < eforall A € M with /yd,u <.
A
We now set to prove that the function u in the Proposition 4.9 is an entropy solution of (1.1).

Let ¢ € WP (Q) N L=(Q). For any k > 0, choose Ty (1, — @) as a test function in (4.45).
We get

[ V) VT3 — )+ | b — 9)dx
Q Q

+ /a . |t PN 72 1, Ty (1, — 9)dG = /Q FaO) Ti (4, — @) dx. (4.53)
The following proposition is useful to pass to the limit in the first term of (4.53).

Proposition 4.12. Assume that (1.8) — (1.12) hold and u, € W' (Q) be the weak so-
lution of the problem (4.44), then

(i) Vu, converges in measure to the weak gradient of u;

(ii) for all k > 0, VT;(u,) converges to VT (u) in (L'(Q))N;
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(iii) for all t > 0, a(x,VT;(uy,)) strongly converges to a(x,VT;(u)) in (Ll(Q))N and weakly
. N

in (L” () (Q)) ;

(iv) u, converges to some function v a.e. on 0.

Proof.

(i) We claim that the sequence (Vuy),en is Cauchy in measure.
Let s > 0 and consider

Apm = {|Vup| > h} U{|Vuy| > h}, By :={|tn —um| >k}

and
Con :={|Vun| < h,|Vuy,| < h, |uy—un| <k, |V, — V| > s},

where h and k will be chosen later.

Note that
{IVup —Vuy| > s} CApmUBpmUJCppm. (4.54)

Let € > 0. By Proposition 4.7 (relation (4.16)), we may choose i = h(g) large enough such
that
meas(A, ) < €/3, (4.55)

for all n,m > 0.
On the other hand, by Proposition 4.9

meas(B, ) < €/3, (4.56)

for all n,m > ny(k,€).
Moreover, since a(x,&) is continuous with respect to & for a.e. x € Q, by assumption (1.11)

there exists a real valued function y: Q — [0, +oo] such that meas({x € Q : y(x) =0}) =0,
and

(a(x,8) —a(x,8)).(§ - &) = v(x), (4.57)
for all €,&' € RN such that |E| < h, [E/| <h, |E—E/| >, foraex € Q.

Let 8 = d(¢) be given by Lemma 4.11, replacing € and A by €/3 and C,,, respectively.
As uy, is a weak solution of (4.44), using Ty (u, — u,,) as a test function in (4.45), we get

/Qa(x, Vu,).VTi(uy — up)dx + /Q b(un) T (un — upm)dx
+/BQ |ut [P 72 1, Ty (4 — 4y )d S = /anTk(un — U )dx < k|| f]]1.
Similarly, we have for u,, that
/Qa(x, Vi) VT — uy)dx + /Q b(uy) Tic (ttm — up)dx

+/B |um’p(x)—2 umTk(Mm - Mn)dc = / fmTk(um - Mn)dx < k”f”l
Q Q
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Adding the last two inequalities yields
/ (a(x,Vu,) —a(x,Vuy)).(Vu, — Vum)dx+/ (b(un) - b(um)) Ti(un — up)dx
{fotn—um|<k} Q

(2 = a2 ) T = ) < 28 s
Q

Since the second and the third term of the above inequality are nonnegative, we obtain by
using (4.57) that

/ Y(x)dx < / (a(x, Vit) — a(x, Vit)).(Vit — Vit )dx < 2K| f]1 < 8,

n,m n,m

where k = 8/4|| f]|1.
From Lemma 4.11, it follows that
meas(Cy, ) < €/3. (4.58)
Thus, using (4.54), (4.55), (4.56) and (4.58), we get
meas({|Vu, — Vuy| > s}) <e, forall n,m > ny(s,€) (4.59)
and then the claim is proved.

Consequently, (Vu,),en converges in measure to some measurable function v.
In order to end the proof of (i), we need the following lemma:

Lemma 4.13

(a) For a.e. r € R, VT;(u,) converges in measure to VX{Ju| <t}
(b) forae. t € R, VT;(u) = vi{ju|<s};

(¢) VT (1) = v){ju|<:) holds for all r € R.

Proof.

e Proof of (a).

We know that Vu, — v in measure. Thus, Xj,)<;} Vitn — X{ju|<;}V in measure.

Now, let us show that (x{|un‘<,} - X{|u|<t}) Vu, — 0 in measure. For that, it is sufficient to
show that (¥ {ju,|<r} — X{ju/<r}) — O in measure. Now, for all § > 0,

(X4l <ey = gl <oy | [Vitn] > 8F C { X fjun <oy = X<y | # 0}
C{lul =t} U{uy, <t <u}U{u<t <u,}U{u, < —t <upU{u<—r<u,}.

Thus,
{ meas{!x{‘un‘q} —x{‘u‘q}! |Vu,| > 8} < meas {|u| =} +meas {u, <t <u}+

meas{u <t < u,}+meas{u, < —t <u}+meas{u < —t <u,}.
(4.60)
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Note that
meas{|u| =1} <meas{r—h<u<t+h}+meas{—t—h<u<—-t+h}—0ash—0
for a.e. ¢, since u is a fixed function. Next,

meas {u, <t <u} <meas{t <u <t+h}+meas{|u—u,|>h}, forall h > 0.

Due to Proposition 4.9, we have for all fixed 4 > 0, meas {|u —u,| > h} — 0 as n — +oo.
Since meas{t <u <t+h} — 0as h — 0, for all € > 0, one can find N such that for all n >
N, meas{u, <t <u} <e/2+¢€/2=¢by choosing h and then N. Each of the other terms in
the right-hand side of (4.60) can be treated in the same way as for meas {u, < ¢ < u}. Thus,
meas{|x{‘un‘<,} —X{‘u‘q}‘ |Vu,| > 8} — 0 as n — +oo. Since VT;(u,) = VMnX{\unKt}’ the
claim (a) follows.

e Proof of (b).

Let \; be the weak W'»()limit of T;(uy), then it is also the strong L'-limit of 7;(u,). But,
as 7 is a Lipschitz function, the convergence in measure of u, to u implies the convergence
in measure of 7;(u,) to T;(u). Thus, by the uniqueness of the limit in measure, \, is identi-
fied with T; (1), we conclude that VT (u,) — VT;(u) weakly in LP()(Q).

The previous convergence also ensures that V7 (u,) converges to V7;(u) weakly in L' ().
On the other hand, by (a), VT;(u,) converges to v)y|,|;} in measure. By Lemma 4.10, since
VT, (u,) is uniformly bounded in LP- (Q), the convergence is actually strong in L' (Q); thus
it is also weak in L!(Q). By the uniqueness of a weak L!-limit, VX{ju|<r} coincides with
VT (u).

e Proof of (¢)
Let 0 <t <s, and s be such that v)y|, ) coincides with VT;(u). Then

VTi(u) = VI(Ts(u) = VI ()17, (0)| <} = VE{Jul<s} X Jul<t} = VE{Ju|<r}-

Now, we can end the proof of (i). Indeed, combining Lemma 4.13-(c) and Proposition 4.1,
(i) follows.

(ii) Lets> 0, k > 0 and consider
Fom = {|Vitn — V| > s, [un| <k, [tm| <k}, Gum = {|Vitm| > s, [un| > k, [un| <k},

Hy o = {|Vun| > s, [tm| > k, |un| <k} and L, = {0 > s, [up| > k, |un| > k}.

Note that
{IVTi(un) = VTi(up)| > s} C FomUGum UH, ULy . 4.61)

Let € > 0. By Proposition 4.7, we may choose k(€) such that

€ I3
meas(Gy, ) < 7 meas(H, ) < I and meas (1) < (4.62)

~m

Therefore, using (4.59), (4.61) and (4.62) we get

meas({|VTi(u,) — VTi(unm)| > s}) <e, forall n,m > ny(s,¢€). (4.63)
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Consequently, VT;(u,) converges in measure to V7T (u).
Then, using lemmas 4.8 and 4.10, (ii) follows.

(zii) By lemmas 4.10 and 4.13, we have that for all # > 0, a(x,VT;(u,)) strongly con-
verges to a(x,VT;(u)) in (L' (Q))N (as n goes to +o0) and a(x, VT;(u,)) weakly converges
tox, € (L”'(Q))N (as n goes to 4o0) in (L”')(Q))V. Since each of the convergences im-
plies the weak L'-convergence, ; can be identified with a(x, VT;(«)); thus, a(x,VT;(u)) €
(L7 (Q))N. The proof of (iii) is then complete.

(iv) As u, is a weak solution of (4.44), using T;(u,) as a test function in (4.45), we get

[T dx < [ T < k1
oQ oQ

and
[ IV dx < il Al
Q

We deduce from the inequalities above that

[T dx < s,k (4.64)

and
[ VTP dx < C(Cs, 7,90k 4.65)
Q

fork > 1.
Note also that
/ T () |- dx < 2(1 + K2+ )meas(Q) + meas(Q),
Q

fork > 1.
Furthermore, Ty (u,) converges weakly to T;(u) in W!P-(Q) and since for every
1 < p < oo,

T: WP (Q) — LP(9Q),u — t(u) = ulzo

is compact, we deduce that Ty (u,) converges strongly to T;(u) in LP-(dQ2) and so, up to a
subsequence, we can assume that 7;(u,) converges to T;(«) a.e. on d€2. In other words,
there exists A C dQ such that 7} (u,) converges to Ty (u) on dQ\A with u(A) = 0, where u is
the area measure on Q.

Now, we use Hlder Inequality, (4.64) and (4.65) and the Poincar-Sobolev type inequality
as in (4.18) to get

1

/Q T ()| dx < (meas(Q)) )7 (Ck)7- (4.66)

and 1 |
/ VT3 ()| dx < (meas(Q)) 77 (Ck)7- 4.67)
Q

fork > 1.
By using Fatou’s Lemma in (4.66) and (4.67) we get as n goes to +oo that

/ 1Ty ()] dx < (meas(©)) 017 (Ch)P- (4.68)
Q



60 S. Ouaro and A. Tchousso

and 1 1
/ VT(w)] dx < (meas(Q)) 77 (Ck)7- (4.69)
Q

fork > 1.
For every k > 1, let Ay := {x € 0Q : |Tj(u(x))| < k} and B = 9Q\ | ] Ay.

k>1
1
— [ mwlax < / Ty ()| dx

< ) Iy

‘We have that

C G
S % HTk(”)HLl(Q)_’—? IVT(u) |11

According to (4.68) and (4.69), we deduce by letting k — oo that u(B) = 0.
Let us define in dQ the function v by

v(x) := T (u(x)) if x € Ay.
We take x € dQ\ (A U B); then there exists k > 0 such that x € A; and we have
un () = v(x) = (ua(x) = Ti(un (%)) + (Tic(un(x)) — T (u(x)))
Since x € Ay, we have |T;(u(x))| < k and so |Ti(u,(x))| < k, from which we deduce that
lun (x)] < k.
Therefore,
up(x) —v(x) = (Te(un(x)) — Ti(u(x))) — 0, as n — -oo.

This means that u, converges to v a.e. on dQ2. The proof of the proposition 4.12 is then
complete.

To complete the proof of existence of entropy solution it remains to show that
it P2 1y — [u|P 2w in L' (0Q). (4.70)

For this, let us see that (]unlp(x)_z u,,) . is a Cauchy sequence in L!(9Q2). Indeed: As u,
ne

is a weak solution of (4.44), using %Tk(un — upy) as a test function in (4.45), we get
1 1
/ Z a(x,Vuy). VTk( um)dx+/ b(un)ka(un—um)dx
+/ 0| P2 1y 2Ty (s — 1) d s = / Fo T (1 — ) dix.
Similarly for u,,, with %Tk(um — up) as test function, we have
1 1
/ Z a(x,Vuy). VTk( —Up) dx+/ (tm) Tk( up)dx

+ / PRECS um Ti (1t — 1) d G — / F Tl = ).
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Adding the last two identities yields
1
/ ~(a(x, Vitn) — a(x, Vity))-(Vitn — Vit dx +
{ —

/Q (b(un) - b(um)) %Tk(un — uy)dx

+/ (yu,,yﬂx)*z iy — |1ty P2 um> Yt — un)dos g/ fu— fuldx. (@71
o) k Q

Letting kK — 0 and as the first and the second term in the left-hand side of inequalitiy
(4.71) are nonnegative, we get

/aQ ‘|un|”()‘>*2 ty — |t [P 2 um‘dc < /Q \f— ful dx. 4.72)
Now, since (f,),ey is convergent in L'(Q), by (4.72) (|us|P™ 2 uy), o

sequence in L' (dQ). As L!(0Q) is a Banach space and s — |s|?¥)=2 s is continuous and
is a maximal monotone graph in R, then (see [3])

is a Cauchy

ltn| P92y, — [u[PY 2w in L' (9Q). (4.73)
We are now able to pass to the limit in the identity (4.53).

For the right-hand side and the third term in the left-hand side of (4.53), the convergence
is obvious since f;, strongly converges to f in L'(Q), |u,|” (=24, strongly converges to
uP®2y in L1(9Q), Ti(un — @) converges weakly-x to Ty(u — @) in L(Q) and a.e in Q,
and T; (u, — @) converges weakly-x to Ty (u — @) in L*(dQ) and a.e in 0Q.

For the second term of (4.53), we have

| bl Tl — @) = [ (blun) = b(9)) Tty — )

+ /Q b(Q) T (un — @)dx.

The quantity (b(u,) — b(9)) T (4, — @) is nonnegative and since for all s € R, s +—— b(s)
is continuous, we get

(b(un) = b(9)) Tic(un — @) — (b(u) — b(9)) Tr(u— ) ae. in Q.

Then, it follows by Fatou’s Lemma that

timinf [ (b(un) (@) Tua —@)dr > [ (b(u) ~b(@) Telu—@)dr.  (474)
n—teo JQ Q

We have b(¢) € L'(Q).

Since Ty (u, — ¢) converges weakly-* to T (u — @) in L”(Q) and b(¢) € L' (Q), it follows
that

lim | b(Q)Ti(un — @)dx — / b(@) T (1 — @)dx. (4.75)
Q Q

n— oo
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Next, we write the first term in (4.53) in the following form

/ alx, Vu,,).Vundx—/ a(x,Vu,).Vodx. (4.76)
{lun—o|<k} {[un—o|<k}
Set I = k+ ||@||. The second integral in (4.76) is equal to

/ a(x,VT(u,)).Vodx.
{lun—ol <k}

, N
Since a(x, VT;(uy)) is uniformly bounded in (LP () (Q)) (by (1.10) and (4.46)), by Propo-

, N
sition 4.12— (iii), it converges weakly to a(x, VT;(u)) in <L” O(Q)) .

Therefore,
lim a(x,VTl(un)).V(pdx:/ a(x,VT;(u)).Vedx. (4.77)
=0 J{Jun—@| <k} {lu—o|<k}

Moreover, a(x,Vu,).Vu, is nonnegative and converges a.e. in Q to a(x, Vu).Vu.
Thanks to Fatou’s Lemma, we obtain

liminf a(x,Vun).Vunde/ a(x,Vu).Vudx. (4.78)
e J{|un— ol <k} {lu—ol<k}

By (4.74), (4.75), (4.77) and (4.78), we get

/ a(x, Vu).VTk(u—(p)d)H—/ b(u)Ti(u— dx+/ P2 uTy (u—@)do §/ ST (u—@)dx.
Q Q Q
We conclude that u is an entropy solution of (1.1). 5
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