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Abstract

We establish the existence of a Besicovitch almost periodic solution of a second-
order differential equation, u”’(¢) + D1 V(u(t),t) = 0, in a Hilbert space, when the poten-
tial V(.,1) possesses a bump surrounded with a hollow. We use a variational method
on a Hilbert space of Besicovitch almost periodic functions.
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1 Introduction

Let H be a real Hilbert space, V : HXR — R be a function which is differentiable with
respect to its first vector variable and which is almost periodic with respect to its second
real variable. We consider the problem of the existence of almost periodic solutions of the
following second-order differential equation.

u”(t)+ D1 V(u(t),r) =0 (1.1)

where DV denotes the partial differential of V with respect to its first vector variable. We
assimilate H and its dual space H* = L(H,R).

We assume that there exists a subset S in H which satisfies the following condition.

S is nonempty convex, closed,and bounded. (1.2)

On the function V we assume that the following conditions are fulfilled.

Ve APU(HXR,R) (1.3)
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i.e. V is almost periodic in ¢ uniformly with respect to x in the sense of Yoshizawa, [11] p.
45. D1V denotes (when it exists) the partial differential of V with respect its first variable.

For all (x,1) € HXR,DV(x,t) exists,and D;V € APU(H xR, H"). (1.4)

Forallt e R, V(.,¢)is concave on S. (1.5)

We set Ry := sup ¢ |Ix]].
There exists R € (Ry,0) s.t. Vie R,Vx e S,Vye B(O,R)\S,V(x,t) > V(y,1) (1.6)

And so we can see the graph of V(.,f) on § as a mount, and the graph of V(.,7) on B(0,R)\ S
as a moat around this mount.

We use a variational formalism on a space of Besicovitch almost periodic functions by
using the functional

T
J(u) = Tll_rg)% IT(%IIVM(I)II2 = V(u(r),1)dt (1.7)

where Vu is a generalized derivative of u. We obtain the existence of a minimizer on a
subset of functions with values into S, and by using the “moat around S we prove that this
minimizer is a critical point of J on a space of functions with values into H, from which
we deduce that this minimizer is an almost periodic solution (in a Besicovitch sense) to

(1.1).

2 Notation

AP°(H) (respectively AP°(R)) denotes the space of the Bohr almost periodic functions
from R into H (respectively R). Endowed with the norm ||ulle := sup,cg [lu(?)ll, APY(H)
is a Banach space. Recall that, when u € APY(H), its mean value M{u} = M{u(r)} :=
lim7_ 00 %f_TT u(t)det exists in H, [15] p. 78, [19] p. 85. When E is a subset of H, we
consider AP*(E) := {u e AP°(H) : u(R) C E}.

When k € N, := N\ {0}, CK(R, H) denotes the space of the k-times continuously differ-
entiable functions from R into H and APYH) :={uec CKR,H):Vj=0,....k,u’ € AP'(H)}
where u(¢) := % if j> 1 and u© = u. Endowed with the norm ||ul|c1 := |[ulleo + ||1¢'|cos

AP'(H) is a Banach space, [13] (Corollary 2.12). When E is a subset of H, we consider
APK(E) = APX(H)N APY(E).

If Z is a Banach space, a function f : H XR — Z belongs to APU(H XR,Z) when f is
continuous and it satisfies the following condition: for all € > 0, for all compact subset K
in H, there exists £ = {(¢, K) such that, for all @ € R, there exists 7 € [a,a + {] satisfying
[lf(x,t+7)— f(x,t)|| < eforall t € R and for all x € K, [11] p. 45.

B2(H) (respectively B'(H)) denotes the closure of AP’(H) into the Lebesgue space

L? (R,H) (respectively L}OC(R, H)) for the semi-norm

loc

1 T
Ml o= (lim fT ()l
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(respectively M{||u|l} :=lim7r_c0 % fTT lu(?)||dt), and B*(H) (respectively B'(H)) is the quo-
tient space B2(H)/ ~» (respectively B (H)/ ~; where u ~, v (respectively u ~; v) means
M{llu—v||*} = 0 (respectively M{|lu—v||} = 0). Endowed with the inner product (u | v) :=
M (u(t),v(t))}, B>(H) is a Hilbert space; its norm is denoted by |ju||g := ((u | u))!/?. En-
dowed with the norm |Jul|g: := M{|lull}, B'(H) is a Banach space. The (classes of) functions
of B%2(H) and B'(H) are Besicovitch almost periodic functions, [6], [17] p. 11-13. As a con-
sequence of the Cauchy-Schwarz-Buniakovski we have: B>(H) ¢ B'(H) and |jul|g < ||ul|z
for all u € B>(H).

B“2(H) is the space of the u € B2(H) such that Vu := lim,_0 %(u(. +7T) —u) exists in
B%(H). Endowed with the inner product (u | v)gi2 := (u | v)g2 + (Vu | Vv) g2, BY?(H) is an
Hilbert space, [7], [10]. This space was used to study the Besicovitch almost periodic
solutions of various classes of differential equations in [7], [8], [9], [10], [3], [4].

When E is a subset of H, B%(E) denotes the closure of AP*(E) into B%(H), and B'(E)
denotes the closure of AP!(E) into B'2(H).

3 Existence theorem

In this section we state the main theorem of the paper. We also need to use the following
conditions.

There exists ¢ > 0 s.t. Vx,y € H ¥Vt e R,|V(x,1) = V(y,0)| < c.]lx - ]| 3.1
There exists ¢; > 0s.t. Yx,y € HVt e R,|[|D1V(x,t) - D V(y,t)|| < c1.]lx =yl 3.2)
V is bounded on S X R. 3.3)

Theorem 3.1. Under (1.2-1.6) and (3.1-3.3), the equation (1.1) possesses a Besicovitch
almost periodic solution, i.e. there exists u, € BY"*(S) satisfying
V2u,(t) + D1 V(u.(t),1) = 0 (equality in B>(H)).

The dependence with respect to 7 in the function V is essential to avoid a trivial constant
solution of (1.1). Under (1.5-1.6) and (3.3), for all ¢ € R, since a concave C! function is
weakly upper semi-continuous, we obtain the existence of an x..(f) € § such that V(x.(¢),¢) >
V(y,t) for all y € B(0,R), and consequently we obtain D V(x.(?),?) = 0. But ¢ — x,(f) is not
necessarily constant, and so we are not in the situation where there exists x € S which is a
constant solution of (1.1).

In the paper [14] (Theorem 1.1) the author obtains the existence of a Bohr almost pe-
riodic solution of a second-order ordinary differential equation in a compact subset of a
finite-dimensional space, and this strong compactness is essential in his proof.

4 The proof of the theorem

In this section we assume the conditions (1.2-1.6) and (3.1-3.3) fulfilled.
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Lemma 4.1. The following assertions hold.
(i) JeCY(BY2(H),R)and DJ(u).h=(Vu|Vh) g —(DV(u(.),.) | h) g for all u,h € B“>(H).
(ii) BY2(S) is a convex set which is closed into BV2(H), and J is convex on BY2(S).
(iii) J is weakly lower semi-continuous on BY*(S).

Proof. (i) Since V€ APU(HXR,R) and D|V € APUH xR, H), we have t — V(u(t),t) €
AP°(R) and 1 — D V(u(1),t) € AP°(H) when u € AP°(H), [11] (Lemma 3.4).

Let u € B2(H). Then there exists a sequence (i), in AP°(H) such that 1im,,_e |Ju —
Unllg2 = 0. After (3.1), for all € R, we have

[V @u(®),0) = V(um(0), 0] < c.||u(?) — (|

that implies
T

1
limsup— [ |[V@(®),0) = V(up(0),0)Pdt < ||t — |2
T—o0 2T -T B

Taking m — co, we obtain lim,,—c MAV(u(t),) = V(uu(2),H)*} = O that implies that ¢ —
V(u(1),1) € B*(R) since the functions f — V(u,(f),1) € AP°(R). And so the Nemytski opera-
tor

Ny : B*(H) — B*(R), Ny(u)(®) := V(u(t),1), (4.1)

is well defined and by using the previous calculations it satisfies the following inequality
for all u,v € B*(h).
1Ny () = Ny(W)llp2 < c.[lu— vl 2. (4.2)

Using a similar reasoning we obtain that the Nemytski operator
Np,v : BX(H) — B*(H), Np,v()(1):=DiV(u(0),1), (4.3)
is well defined and satisfies the following inequality for all u,v € B>(H).
IND,v(u) = Np,yWllgz < c.llu—vllp. (4.4)
Now we can define the functional
¥:BX(H) - R, Yu):= M{V(u(@),1). 4.5)
For all u,v € B>(H), using (4.2) we have [¥(u) =¥ (v)| < MAIV(u(t),t) = V(1) )]} <INy (1) —

Ny(W)l|g2 < c.|lu—V||p. And so ¥ is Lipschitzean and consequently, it is continuous.

When u,h € B*(H), using the mean value inequality, [16] (Corollary 4.4, p. 342), and
(4.4) we obtain
|V (u(t) + h(2), 1) = V(u(t), 1) — D1 V(u(1), 1).h(1)]

< sup  ID1V(z,1) = D1 V(u(@),D)||.[|2 @)l
z€[u(t),u(t)+h(1)]

<ci.( sup |—u@ID RO < e IR@).
zelu(e),u(t)+h(D)]
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Consequently we have
[Y(u+ h)—¥Y(u)— Np,v(u).hl

S MAIV (@) + h(0),0) = V(u(0), 1) = D1 V(u(®), ). k(D1} < c1.[|All g2,

that implies that i is Fréchet differentiable at # and

DY (u).h = MADV(u(2),1).h(1)}. (4.6)

Let u,v € B>(H) and h € B>(H) such that ||A]| g2 < 1. Using the Cauchy-Schwarz-Buniak-
ovski we have

|(D¥ (1) = DY (0)).hl < MAI(D1V (u(), 1) = D1 V(v(2), ). h(D)]}

< MAINDV (@), 1) = D V(v(0), D)1 IIA@)II}
< Mider flu@) = vOILIR@I} < c1.llu— Vi1l 2

and so we have proven the following inequality for the norm of linear operators: ||Dy(u) —
DY)l < c1.|lu—V||z that implies that ¥ is of class cl.

Note that in : BY*(H) — B*(H), defined by in(u) := u, is linear continuous and so it is
of class C'. Since (. | .)p2 1s bilinear continuous, it is of class C'. Since d : u — (u,u), from
B%(H) into B>(H) x B>(H), is linear continuous, it is of class C!. Since V : B> — B2(H) is
linear continuous, it is of class C!. From the following formula

1
J=§(.|.)BzOdOV—‘I’Oin 4.7

we see that J is of classs C! as a composition of C'-mappings. Using the chain rule, the
formulas of the differentials of the linear and bilinear mappings of the Fréchet differential
calculus in Banach spaces (cf. [16]) and (4.6), we obtain the following formula

DJ(u).h = | h) g2 — MAD V(u(t), ).h(t)}. (4.8)

for all u,h € B*(H).

(ii) Let u,v € B"2(S) and 1 € (0,1). Then there exist two sequences (Uy,);,; and (Vi) in
AP'(S) such that lim,,_,c ||u — Upllg2 =0 and lim,,, 0 [[Vv—vpllp12 = 0. Since u,,,(R) € S and
vin(R) C S, and since S is a convex set we have, for all € R, (1 — Du,, (1) + Av,, () € S, and
consequently (1 — Du,, + Av,, € AP'(S) for all m € N. Since lim,,_eo ||(1 — D+ v — ((1 —
Dty + Ayl g2 = 0 we obtain (1 — )u+ Av € B1*(S). We have proven that

BI’Z(S) is convex. 4.9

Let u,v € B"2(S) and A € (0,1). Let two sequences (Up,)p, and (V) in AP'(S) such that
limy, o0 ||t — || g12 = 0 and limy—e0 [V — villg12 = 0. Consequently we have limy,—c || —
Upllgz = 0 and lim,,—,0 ||V = vinll g2 = 0. Since V(.,f) is concave on S we have, for all r e R,

V(1 = Dt (t) + (1)) 2 (1 = DV (1), 1) + AV (v (1), 1)
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that implies
]VV((1 - A)um + /lvm) > (1 - /l)NV(um) + /lNV(Vm)-

Taking m — oo, since we have seen in the proof of (i) that Ny € C°(B*(H), B*(R)), we obtain
Ny(1=Du+ Av) > (1 = A)Ny(u)+ ANy (v)

that implies ¥((1 — Du+ Av) > (1 - )¥P(u) + A¥(v). And so ¥ is concave on B%(S). Since
in is linear, =¥ o in is convex on B%(S). Since %II.II g2 1S convex on B2(H), and since V is
linear, J = %ll.ll g2 o V—Yoinis convex on B2(S) as a sum of two convex functionals.

(iii) By using (i) and (ii), the characterization of the convexity by level sets, and the equality
of the strong and weak closures of the convex sets, we obtain (iii). O

Lemma 4.2. There exists u, € BY*(S) such that J(u.) = inf J(BV*(S)).

Proof. Since V is bounded from above on S XR, v :=sup V(S XR) < co. For all u €
AP'(S) we have J(u) > %Ilu'llf32 —7y > —y > —co. And so J is bounded from below on
AP!(S). Since J is continuous on B'2(H), we obtain J(u) > —y for all u € B%(S), and
inf J(BY2(S)) = inf J(APL(S)). Let (ux)x be a minimizing sequence of J in AP'(S) such that
J(uy) <inf J(BY2(S)) + % for all k € N,.. Then we have

1
5||u,;||§32 < MAV(u(2), )} +inf J(B"2(S)) + 1 < y+inf J(B"*(S)) + 1

and so we obtain that (1, ), is bounded in B%(H). Since ux(R) c S c B(0,R) we have |lu(1)]| <
R for all t € R and consequently ||ux|| g2 < R for all k € N,.. And so () is bounded in B“2(H).
Since B'*(H) is a Hilbert space, there exists a subsequence (ug, )i of (uy); and u. € B'“2(H)
such that (u,4, )r weakly converges to u. in BY“2(H). Since B"2(S) is closed convex we have
u, € B2(S). Since J is weakly lower semi-continuous and (g, )x is @ minimizing sequence,
we obtain that J(u.) = inf J(B(S)). O

Lemma 4.3. Let a,b € APO(R). We set u(t) :== M{a(s)b(s + 1)} for all t € R. Then the
following assertions hold.

(i) ueAP'(R), M{u} = M{a}. M{b} and u(t) = M{a(s —1)b(s)} for all t € R.

(ii) Moreover we assume that a € AP (R). Then € AP'(R) and 1’ (1) = My{d’ (s — 1)b(s))
forallteR.

(iii) Moreover we assume that a € AP'(R) and that b is locally absolutely continuous on
R. Then we have u'(t) = —Mla(s— )b’ (s)} for all t € R.

Proof. First note that u(r) is well defined since s — a(s)b(s+1) € AP'(R) as a product of
two functions of AP°(R). Secondly note that @ = 0 or b = 0 imply u = 0 and all the assertions
become trivial. And so we assume a # 0 and b # 0 for the sequence of the proof.

(i) Since b € AP'(R), b is uniformly continuous ([12] (Theorem II p. 35)), and so
€

Ve > 0,30 > 0,Yr,r1 €R,|[r—ri| <6 = |b(r)—b(r1)| < el
alleo
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When 1,1 € R satisfy |t —#{| < 6 we have [(t + s) — (t; + 5)| < d¢ and then

()~ 1)) < Mfla()LIb(t + 5) = bty + )]} < ——Mfla(s)l} < €.

= llalle

And so u is continuous on R.

Since b € AP(R) we have

Ve> 0,3 >0,Va e R, At e [a,a+ ],V e R, |b(t+7) - b(t)| < ﬁ
Afloo

and then

lu(t+71) — ()] < Mfla(s)|.|b(t + 7+ 5) = b(t + )|} < M{la(s)]} <

: <e
lall ~

that proves the almost periodicity of .

Forall S > 0, for all T > 0, and for all t € R, we define

11

1 S T S
s (1) := 7S j—‘s a(s)b(s+t)ds,ds = T35 _T(‘[S a(s)b(s+1)ds)dt.

Note that ds 7 = % f_TT ¢s (1)dt. Using a result of [12] p. 43, we have
Ve> 0,351 > 0,vS > S1 Vi e R, |¢s (1) — u(n)] < 2,

that implies, for all T > 0,

1 r €
lds, ——f udi < sup g (1) — ()| < —,
Toor T te[-T.T] 4

and by using the definition of the mean value we have

1 T
Ye>0,3T! > 0T >T!, —f p(t)di — Mig)] < <,
2T J_7 4

and so using the triangular inequality we obtain

Ve>0.350> 03T} > 0,48 > SLVT = T!.lds.r ~ Miull < 5.
By using a result of [12], p. 43, we have
Ve> 0,372 > 0,VT > T? |ifTb(t+s)dt—M{b}| <€
B A ~ Alalles

that implies when 7 > Tg, forall S >0,

1 S 1 T b ind Mib 1 S y <E
|§IS(ﬁITa(S) (t+ s)dt)yds — M| },ﬁﬁsa(s) SI_Z’

(4.10)

@.11)

(4.12)

(4.13)
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and by using the Fubini theorem we obtain |ds - — M{b}.5% [ a(s)ds| < §. By the definition
of the mean value we have

S

1 €
Ve>0,352>0,¥S > S2, —f ds— Mla}| < ,
€>0,3¢ el ) jAds=Miall< o

that implies |% f_ SS a(s)ds. M{b} — M{a}. M{b}| < 7, and so using the triangular inequality
we obtain

Ve>0,352>0,31%>0,VS > S2.VYT > T?,|ds.r — M{a}. M{b}| < =. (4.14)

N m

Now, for all € > 0, setting T, := max{Tfl,TEZ} >0, Sc:= max{Sl,S%} > 0, from (4.12) and
(4.14) we obtain

IMiu} - Mia} M{bY < IMiu} = ds 1|+ lds 7. — M{a, M{D}| < €,

that implies the equality M{u} = M{a}. M{b}. Since the mean value of an almost periodic
function is invariant under translations, we obtain u(t) = M {a(s—1).b(s+t—1)} = M{a(s—

1).b(s)).

(ii) Since AP'(H) c B">(H) and f’ = Vf when f € AP'(H) Proposition 10 in [10]), setting
a,(s) := a(s—1t) we have q, € AP'(H), ay(s) = a’(s—1t) and then by using the definition of V,

. 1 ,
0= lim M{|<(ai(s +6) — a(s)) 4O RS

= (lsi_I)I(l)Ms{lé(a(S'i‘é—l)—a(s—[))—a’(s_t)lz}l/Z.

We set ui(¢) := Ms{a’(s —1).b(s)}, and by using the Cauchy-Schwarz-Buniakovski inequal-
ity we obtain

1 1
|5t +6) = p(®) = (O] = IMs{[ S(a(s +6 - 1) —als —1)) —d'(s=0].b(s)}]

1
< Mdlls(a(s +6 =1 —als =) -a'(s ="} 2 |l
which converges to zero when 6 — 0. And so we have proven that u’ () = p; (2).

(iii) Using the formula of the integration by parts for the absolutely continuous functions,
[18] p. 54-55, for all § > 0, we have

S S

% By ' (s—0)b(s)ds = %(a(S —-Db(S)—a(=S —1)b(=S)) — %fs a(s —b(s")ds.

Since a,b € AP°(R) they are bounded on R that implies limg %(a(S -Hb(S)—a(-S —
Hb(=S)) = 0, and since M{a’(s —1)b(s)} exits in R, we obtain the existence of M{a(s—
Nb’'(s)} and the equality My{a’(s —1)b(s)} = —M{a(s — )b’ (s)}. O

Lemma 4.4. The two following assertions hold.
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(i) inf J(AP'(S)) = inf J(AP'(B(0,R))).
(ii) inf J(BV2(S)) = inf J(B*(B(0,R))).

Proof. (i) AP'(S) c B"2(S) implies inf J(AP'(S)) > inf J(AP'(B(0,R)). Now we prove the
converse inequality. Let u € AP'(B(0,R)). We consider the best approximation projector
on the closed convex set S, P: H — S. We set v(t) := P(u(¢)) for all t € R. Since P is
1-Lipschitzean ([2] (Proposition 1 p. 16)), P is continuous and we have v € APY(S), [11]
(Lemma 3.2). Since u € AP'(H), «’ is bounded on R and consequently « is Lipschitzean on
R. Therefore v is Lipschitzean on R as a composition of Lipschitzean mappings, and then v
is locally absolutely continuous on R, and consequently v is Lebesgue-almost everywhere
differentiable on R, [5] (Corollaire A.2 p.145).

Let ¢ € R be a point where v is differentiable. When 6 € R \ {0} we have

1 1 1
lI5, (vt +6) = DIl = Il 5 (P(ut +6)) = Pu))l = ol |P(u(r +6)) = P(u())l|

< %llu(Hrﬁ)—u(f)” = 15 tr+6) - u)

and doing 6 — 0 we obtain
IVOI < [l (0l ae.teR (4.15)
We consider the Bochner-Féjer functions K, (7) := >/ _, (1 — %)e""’t and ¢,(t) :=

HT: 1 K(m!)z(%jt) for all m € N, and for all 7 € R, where (8;); is a Z-basis of the set of the
Fourier-Bohr exponents of v. We know that K, > 0, M{K},,} = 1, ¢, = 0 and M{p,,} =1
forall m e N,, [12] p. 86-88 , [15] p. 115. We define, for all m € N, and for all t € R,

(1) := M{em(s).v(s+1)}. (4.16)
Ever following [15] (p. 116) where we replace R by H, we obtain that o, € AP'(H) and

lim [lop, —Vvllg2 = 0. 4.17)
m—o00

Since the functional ¥ defined in the proof of Lemma 4.1 is continuous on B2(H) we have
limy, 0o Y(0p,) = W(v). Using the condition (1.6) we have V(v(¢)) > V(u(?)) for all t € R,
that implies W(v) > W(u) and consequently we have

Ve>0,dm. eN,,Ym >m,¥Y(op) > P(u)—e. (4.18)

Using a Mazur theorem, [16] p. 88, [1] (Corollary 5.62 p. 194) , we know that
co(v(R)) = Npajenlp = a] where I := {(p,a) € H* XR : ¥y € v(R),{p,y) > @} and [p >
@] := p~!([@,)). For all m € N,, for all # € R and for all (p,@) €11, using ¢, > 0, we have
(D, Tm(®) = Ms{{P, om(8).v(s + 1))} = M{@m(s)p,v(s + )} = M{@n(s).a} = M{on(s)}.a=

a. Therefore we have o, () € co(v(R)) C S, and consequently we have proven

om € APY(S) for all m € N,. (4.19)



Bumps and Almost Periodic oscillations 131

Using Lemma 4.3, iii, we have, for all m € N, and for all r € R,
llor, DIl = IMsd@m($).V'(t + I < Msf@u(s).IIV (2 + 9}

= M N@m(s). \om($).IIV' (2 + 91}

and by using the Cauchy-Schwarz-Buniakovski inequality we obtain
< Ml@m(} 2 Ml@m() IV 1+ IPY? = Ml (s)IV (2 + )IPY 2,

and by using (4.15) we obtain ||cr;,,(t)||2 < M{@m(s).]l’ (¢ + 5)||*}. From this inequality we
obtain Md{|lo, (DI} < MAM{@m(s).llu’ (£ + $)II*}}. Setting a = @, b = |’ ()I|* and u(r) =
M{@m(s).IV' (¢ + 5)|I*} and using Lemma 4.3, i, we obtain M, {M{@u(s).]lu’(t + )|*}} =
M@y M{l’ |17} = M{|lu][?}, and consequently we obtain, for all m € N,

Mo, @I1F} < MUl IP). (4.20)

We arbitrarily fix € > 0 and we consider m, € N, provided by (4.18). Using (4.18) and (4.20)
we can write

1 1
J(om) = EM{n«r,'nnz} ~W(op) < 5M{||u’||2}—\lf(u)+e = J(u) +e,

that implies inf J(APY(S)) < J(u) +e. Doing € — 0, we obtain inf J(AP'(S)) < J(u). And so
we have proven that inf J(AP'(S)) < inf J(AP'(B(0,R))) and the proof of (i) is complete.

(i) AP(S) c BV2(S) implies inf J(BL2(S)) < inf J(AP'(S)). Now we prove the converse
inequality. If u € B1“2(S) there exists a sequence (i), in AP (S) such that lim,,_e ||u —
Upyllg12 =0, and since J is continuous on B'“2(H) we obtain inf J(AP'(S)) < limy—sc0 J (i) =
J(u). And so we obtain inf J(AP'(S)) <inf J(B'2(S)) that implies inf J(AP'(S)) = inf J(B"2(S)).
By doing a similar reasoning we obtain inf J(AP'(B(0,R))) = inf J (B“2(B(0,R))). And then
(ii) becomes a consequence of (i). O

Let h e AP'(H), h#0. We set A := Iﬁ,;foo € (0,00) where R and R are defined in (1.6).

Since u., provided by Lemma 4.2, belongs to B'2(S), there exists a sequence (u 7)) in
AP'(S) such that lim ;e ||lus —ujllpr2 = 0. For all j €N, for all # € R, and for all § € (=4, 1),

wr have
et j(2) + OR(D)| < |luej (DI + 6L ADI < Ro + A.||Alo < Ro+(R—Ro) =R,

and so u;+6.h € AP'(B(0,R)), and since lim;_,co(uj+6.h) = u, +6.h in B'“2(H), we have
u. +6.h € BY2(B(0,R)) for all 6 € (-1, ). By using Lemma 4.2 and Lemma 4.4 we obtain
J(us) < J(u, +6.h) for all 6 € (-2, 2). After Lemma 4.1, i, J is of class C! therefore 6 —
J(u. + 6.h) is differentiable and we obtain DJ(u.).h = di@le:oj(”* +6.h) = 0. Since Dj(u.)
is linear continuous and AP1(H) is dense into B">(H) we obtain that DJ(u,).h = 0 for all
h € BY>(H). Now by using the formula in Lemma 4.1, i, we obtain, for all & € B2(H),

0=DJ(.).h=Vu, | Vh) g2 + MAD 1V (u.(2),1).h(1)}

that implies M(Vu.. | Vh)} = =M {(D1V(u.(2),1) | h(t))}, and then using Proposition 10 in
[10], we obtain that V2u, = V(Vu,) exists into B>(H) and V2u, = D1 V(u.(.),.), i.e. V?u.(t)+
D1 V(u,(1),1) = 0 (equality in B>(H). And so the proof of the theorem 3.1 is complete.
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