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Abstract
We consider the Cauchy problem for the higher-order nonlinear Schrodinger equation

1 1
(0.1) i0,u + Eaiu - Zaju =u’, t>0, xeR,
u(0,x) =uy(x), xeR.

The aim of the present paper is prove the global existence of solutions to (0.1) if the initial data
up € H' n H*!'. Also we find the large time asymptotics of solutions.

1. Introduction
Consider the Cauchy problem for the higher-order nonlinear Schrodinger equation

. 1 1 _
(1.1) i0u + iaiu— Zﬁf‘ru =3, t>0, xeR,
u(0,x) =uy(x), xeR.

Higher-order nonlinear Schrédinger equations have been introduced by Karpman [18] and
Karpman-Shagalov [19] to take into account the role of small fourth-order dispersion terms
in the propagation of intense laser beams in a bulk medium with Kerr nonlinearity. Equation
(1.1) also occurs in the study of deep water wave dynamics [5], solitary waves [18], [19],
vortex filaments [7], and so on. The local well-posedness of (1.1) has been widely studied;
see [8], [9], [16], [24], [25], [26], [27], [28], [29] and references cited therein.

Note that the time decay rate of the nonlinear term in equation (1.1) is critical with respect
to the large time asymptotic behavior. We call the nonlinearity gauge invariant if A" (ei’9u) =
e” N (u) for all # € R. The nonlinearity u* of equation (1.1) is nongauge invariant. It is
known that in the one dimensional case the cubic type nonlinearities are critical with respect
to the large time asymptotic behavior of solutions (see [23]). The higher-order nonlinear
Schrédinger equation with the gauge invariant term |u|* u was considered previously in paper
[13]. As far as we know the large time asymptotics of solutions to the Cauchy problem (1.1)
was not studied previously. In the present paper we fill this gap, developing the factorization
techniques originated in papers [15], [10], [11], [13], [14], [21], [22]. The proof of the main
result in the present paper follows very closely the arguments in [12] and [20], but there are
serious obstructions linked to the non-homogeneous symbol of the dispersive part that have
to be solved by introducing some commutators in the analysis.

To state our results precisely we introduce some notations. We denote the Lebesgue space
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1
by L? = {¢ € S': [¢ll, < oo}, where the norm |||l = ([ ¢ (x)I” dx)" for 1 < p < oo and
l@ll;.~ = ess.sup, g |¢ (x)| for p = co. The weighted Sobolev space is

Hy* = {¢ €8 gl = [[x)* 0" o], < oo

k,s € R, 1 < p < oo, (x) = VI +x2, (id,) = /1 — 0% We also use the notations H** =
H’;S, H¢ = H*C shortly, if it does not cause any confusion. Let C(I;B) be the space
of continuous functions from an interval I to a Banach space B. Different positive con-
stants might be denoted by the same letter C. We denote by F¢ or ¢ the Fourier trans-
form ¢(&) = ‘/LZ_” fR e ™ ¢p(x)dx, then the inverse Fourier transformation 7~! is given by
F'o = 5= [ e o@ade.

We are in a position to state the main result of this paper. Denote A (£) = %52 + if“,

0 =18 (1+38) =5+l + F) L5+l d)

W=

Theorem 1.1. Let the initial data uy € H' "H*! with a norm |[ug||g + ||uollges < & where
e > 0 is sufficiently small. Also suppose that

_ T~
(1.2) sup |arg i (§)| < —,inf |uo (§)| >0,
<1 8 li<l

%Yy > 0 is small. Then there exists a unique solution u € C ([1, c0);H!' N Ho’l)

of the Cauchy problem (1.1). Moreover the asymptotics

20(u(%)) ’ﬁa (,U (f))

\/m\" (< ()1 + [ (1 ()] 102 1205

_1 ! &
+0{t {log—1+tﬂz(§)) ]

is valid for t — oo uniformly with respect to x € R.

where 6 = &

(1.3) u(t, x) =

Remark 1.1. We believe that the conditions (1.2) are essential for the global existence of
solutions. For example, if we change the sign of the nonlinearity in equation (1.1), then the
solutions might blow up in a finite time.

We organize the rest of the paper as follows. Section 2 is devoted to the factorization
formulas, L? - boundedness of pseudodifferential operators and estimates for the defect
operators Q and Q. Then in Sections 3 and 4 we obtain apriori estimates of the solutions of
the Cauchy problem (1.1) in the norms

[l = @, + su K—()st Gl
and

[, = sup (P @l + 0 | "z, ).
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where K (1) = 1 + 41072 (1), Q(t) = 1 + 6*log (1 + 1). Finally, Section 5 is devoted to the
proof of Theorem 1.1.

2. Preliminaries
2.1. Factorization Techniques. We define the free evolution group U (¢) = F~le "OF,

where A (¢) = 36 + 1&*. We have

UnFle= «/%7 fR "GOy (£) de.

Consider the stationary point u (x) defined by the equation A’ (7) = x. Since A” (£) = 1 +
3¢2 > 0, then A’ (¢) = & + & is monotonous. Hence there exists a unique stationary point

1 1
> 3 5 -3
p(x) = (z +4(3) + ;—7) — %(g +(3) + ;—7) such that A’ (u (x)) = x for all x € R.

Then we write

UV F ¢ =D, /2 O () f ¢ IANE-NEN=XEpN g (£
R

= DIBM\/i f e SEM g (&) d¢ = D,BMO,
27T R

where the dilation operator D;¢ (x) = t‘%gb (f), the scalling operator (B¢) (x) = ¢ (u (x)), the
multiplication factor M (t,n) = €™, © () = 1n° (1 + %nz) , the phase function S (¢,7) =
AE) =A@ =N @) E=-n) =5 (2+& +2n¢ + 37) (€ - n)* and the defect operator

QWé =5 f e P (&) d.
R

Also we define the conjugate defect operator Q* (¢) by

0" (1) ¢ = [ T f INOIER GIOWW) g (1) (1)) dx = [ 1 f FSED G () A () diy.
271' R 27T R

Thus we have the representation for the free evolution group U (1) F~! = D,BMQ and
for the inverse evolution group FU' (—t) = Q*MB‘lD‘l with (B‘1¢) mn = oA\ (),

D;'¢(x) = r2¢(xt). Define the operators Az = A,,(,])M ,M*¢, k = 0,1, such that
Ay = in+ Ay. We have i€Q" = Q" A,. Since S (£,7) + kO () = Qa1 (&) + (1 + b S (157.7).

where Q1 = AE) - (k+ 1A (k+1) for k # —1, by the definition of the operator Q™ (r) we
obtain

(2.1) Q" (1) M ¢ = \/ e "SEMHROM g 9y A (17) dny

[(1+k)t
_ el[QkHD ( 271_ ) f l(1+k)ls(f 7])¢ (T]) A/I (77) dT]

= ™D O (k+ 1) D) 6.

We denote below Q = Q3 = 352 (l + fz) We define the new dependent variable p =
FU (-t u(t). Since FU (-t) L = za,T’U’( 0, L =id, + 30% — 101, applying the operator
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FU (—f) to equation (1.1) and substituting u (1) = U" (t) F~'g, in view of formula (2.1) with
k = 2, we find the following factorization property

2.2) i0,@ = i, FU (=Hyu = FU (=1) Lu = FU (=) (1)
- FU (0 (U 0 FG) = o MB (BUQE)’
— [_IQ*M (MQZE):% — t—IQ*MZwS — t—leitQD3Q* (3t) ¢’3’

where we denote ¢y = Qg. We next transform the nonlinear term Q*M?y)? in equation
(2.2). Using the identity ™€ = H,3, (1e"™E0) with Hy (t,£,1) = tgy S3 (€7 =
S n)+20(), we get

’ t .
th*M2¢/3 — l’k 2_ feltS3(§,Tl)¢3A// (77) d?]
T Jr

t .
= l'k _ fat (tellS3(le)) le?aA// (77) d77
N 27 Jp
t i 144 t l .
= 8t (l’kw , E felth(faU)tH“r/ﬁA (17) d?’]) — [k ’% fe th(fJ?)sz3A (77) d’]
R R
A [ ! ' = [t . _
_ 3ZJ<+1 2_ fells3(§,T])H1 lﬁZQtQDA” (77) d’] _ 3lk+1 o feltS3(§,n)Hl A (77) ¢2Q§0td7],
T IR 2 Jr

where H, = 1+—22kH 1 + t0,H;. Therefore we find
3tk+l Q*MZHH//ZQ[ZE _ 3tk+l Q*MZHH//ZQ’QD\[.

By equation (2.2) we have Qfp, = —iQQ* (M2;b3) = —iM*y?, then we obtain for the last
summand in the above formula Q* M>H ¢ Qfg, = —iQ* M*H . Thus we have

*Q My = 0, (F Q" MPtH ) - Q" MP Hyy? - 3¢ Q" MP Hyy? Q. + 3i* Q" M* Hy .

Next we transform the derivative Q. Denote y/; = Q¢&/p.Using the identities A = in+ Ao,
Aw) = N AL+ s A = i, we get AT =2 (in) A + (in)* = A1 Ao — inAg + o)
and A —4(in)* Ay +3(in)* = A1 AgA? +inAg A2 P Ag Ay +3i° Ao + gy AT - Then in
view of equality S (¢,n) = % (2 + &+ 2né + 3772) (¢ —n)*, we find

SO U : 5
Q% = 5.9 ~i L fe-"“fvms Eme (&) de
t 2 Jr

) . .
= 20 =5 (w2 = 2mn - 0’0) = £ (v = dn’vn + 300

1 i . . j . .
= ZQ(,D + é (.Af —-2(in) Ay + (ln)z)w - i (A? - 4(m)3 A1 +3 (m)4)»,b

= A (2400 = Ao ATw) + T (240 + Ao AT + inAoAs + 317 Ao)w

" 1 2
+ SN (A m-1+ zAl)W
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= —A1 QAo + Aotha) + L (240 = Aotz = Aot + 37> Aot

1
+
2tA” (1)

(A” -1+ zAﬁ)w.
Therefore we obtain
- 3i
- 3M1Q M HWQF = -1 O MPHW A QA + Agr)

3
211 QM H Y (2A00 = Aoz = A0 + 317 Ao

3 w8 g2 2 ’” 1
- SPOMRH i (8 )= 10 = ).

In the first summand on the right-hand side of the above equality we use the identity
Q'M’H\y* A1 = iEQ"M*H\y ¢ — 20" M Hiyw ¢ — Q"M (AgH)) Y9
with ¢ = 2A0¢ + Ao, to get
FQ MYy’ =0, (FQ" MPtH ) - 4 Q" MP Hoyy? - 3¢ Q* M> Hyy Q. + 3i* Q"M Hyy.
Define the kernels H3 = H, + %Hl TG (n)Hl’ Hy =7 (§H1 +iAoH), Hs = 157 (U)Hl Thus

we obtain the representation for the nonlinear term *Q*M?y> in equation (2.2) similar to
the Shatah normal forms

(2.3)
th*Mwaﬁ — 8t (tk+1Q*M2H1',03) _ th*M2H3l,[/3 + th*M2H5w2w2 + 3ll,kQ*M4H1w5
+ %lkHQ*MZH] Y (2./4()),0 + Aolﬂz) + tk+1Q*M2H4lﬁ2 (2./401,0 + Aolﬁz)
3 .
- ZthrlQ'Mz??Hll/’z ((2 + 3772) Ao —nAoy — Aollfz)

for k = 0,—1. Finally we note that S(&,77) + 20 (n) = Q&) + 3S(§,n) , SO we have the
estimate

1 1
5@m =206 +300m+ 3 (sEn+s(Sa)) 2 8@+ o

2.2. Boundedness of pseudodlfferentlal operators. There are many papers (see, e.g.
[1], [3], [4]) on the L? - estimates of pseudodifferential operator a(x,D)¢ =
fR e¢a (x, 5)5(5) dé. Below we will use the following result on the L? - boundedness of
a(x, D) (see [17]).

Lemma 2.1. Let the symbol a (x, £) be such that sup, .,
Then |la(x, D) ¢ll , < Cligll ,

2.3. Estimates for defect operator. Define the kernel A; (7,7) = \/; fR e SEMgide. To
compute the asymptotics of the kernel A (¢, ) for large time we apply the stationary phase
method (see [6], p. 110)

2.4) f PO fydy = £29Wo) £ (o) 2n ol5seng" (o) O( t‘%)
R tlg” (yo)l

da (x,§)| < Cformn=0,1.
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for 7 — co, where the stationary point yo is defined by the equation g’ (yo) = 0. By virtue of
i = — =yl = . = U -1
formula (2.4) with g (9) = =S .m). £ () = y'. yo = 1. we get 4, (t.1) = = + O (")

for t — oco. Since A” (n) = 0((17)2) we also have the estimate |Aj (t, n)| < (ry)j_1 . In the next
lemma we find the asymptotics for Q&/¢.

Lemma 2.2. The estimate ”(n)%_j (Q§j¢ — quﬁ)
j=0,1,2.
Proof. We integrate by parts via the identity e™ ¢ = W§, ((g-“ -1) e‘i’s(‘f”’)) with W =

(1- it = mdeSEm) . then we get

L < Cru gl is valid for all 1 > 1,

Q¢lp—Ajp = Cr? fR e SEN (¢ (&) — ¢ () € dé
=cr fR eISED (¢ (&) = () (€ = ) D (£'W) d + Cr> fR eI (¢ — 1) WeIge (€) dE.

Since |Se (&.m)| =C 6=l ((€) + @1)%).. we find W] € s and |(6-7) e (/W)|
Clev’

< e (@) Thus by the Cauchy-Schwarz and Hardy inequalities we obtain

& —nl gV dé

< Clleel, » Vil,
L+ 1 - (@7 + @) [oc].

(|¢ & - ¢

€~ +M“90

|ogip - Aj¢| < Cr2 f

R

_ E-nlePide ~ < Yyl ib— Abl <
where [ = fR e (@) Since I < Crt:(n) we get |Q§ $p—-A j¢| <
Cri (r])j_% ||¢S§||L2 . Lemma 2.2 is proved. o

In the next lemma we estimate derivative d,Q.

Lemma 2.3. The following estimate is true

[~ 7'8,Q6°0||;, < C||9gg];. + C e O]
forallt > 1,ifl,jeZ,, [+ j<2.
Proof. Integrating by parts we obtain

(i, (m¢ (f)) dg =1+ D+ 1,

]a j :CA// %f
170,98’ ¢ (mt TS En)

R

where

I = CA” Gy o f IEN G (1. £) 2 € dE, k= 1,2,3
R

with 21 (€) = ¢¢ (€), 22 (&) = 2222, 55 (©) = ¢ (0)(&) ",

&

PR K k:],za
1+§2+n€+n2)

g 0.6) = (¢9,) (

and g3 (1,8) = (&) pilery ) since e €m) = € =) (1+ € +né + 7). 8,5 €)=
A" () (n — &) . Next we change n = u (x), then we get
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L= N B [ g u0.0)¢ Oz @) de.
R
After that we change the variable of integration & = t‘%f’, then
L=A'()MB'D?} f gy (u(xt77) £77) D ) e gde
12 R 12

where D | ¢ (x) = rig (%) , Dt‘%lqﬁ (xX) = 13¢ (x\ﬁ) . Define the pseudodifferential operators
ac(t,x,D)¢ = [ e*ar(1,x,6)$ (£)de with the symbols ay (1,x,8) = qi(u(xr72),&2),

k = 1,2,3. Then we get [, = A” (1) MB‘IDI‘%lak (t, x, D) F‘IDI% e ™z, Let us prove the
L? - boundedness of the pseudodifferential operators ay (¢, x, D), k = 1,2,3. Since u(x) =

O({x} <x>%) with {x} = £ we obtain

it )

B 9 k-1
a (1, x,€) = _(§ f) ]+§2l_l +n§t—% +n2

TI:N(XZ_%)
for k = 1,2. Since ¢’ (x) = m, we get
2 -1 (ft_i)j n
(')’"6 — "0 <C
| x Ok (t, x, §)| (A" (n N f(f f) [1 +§2t_1 +n§t—% _,_,]2 =

n=#(xt’%)
forall x,6 e Ryt > 1,mn=0,1,k=1,2,if [, j € Z;, [ + j < 2. Therefore by Lemma 2.1
we find ||ay (¢, x, D) (;3||L2 <C ||<;>||L2 . Then we get

AII

JI— .
> MB'D'a; (t,x,D) F’lDt% ez
12

v i <

2
L’I

< [t x )P D e < [P D e || = Cllads < o]

since by the Hardy inequality ||z5||p> = ‘ =L s |"9§¢HL2- Since y’ (x) = m we
get
m AV
[ 1 (ft Z) n
ortas (1, x, &) = 0| ——aman (ert)a <C
05023 .5.) (A" )" " Her) f{1+§2t—1+77§t‘%+772

n=u(xf%)
forall x,é6 e R, t > 1,m,n=0,1,ifl,j € Z,, [+ j < 2. Therefore by Lemma 2.1 we find
llas (2, x, D) 4| , < Cli¢ll , . Then we get

Al

||<77>_1 I3||L2 <C H MB_IDllas (t,x,D) P_lDt% e M7,

L2

n

”ak(txD)P Dle"Azg” <c||r Dye s

= Cllzzlie < Clep (O).

Lemma 2.3 is proved. O
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2.4. Estimates for conjugate defect operator. In the next lemma we obtain the L™ es-
timate for Q*H. Denote & = Vi, 77 = nh.

Lemma 2.4. Let the kernel H satisfy |H (t,&,n)] < C (<'.§;> + (ﬁ))_j forallé,neR, t > 1,
@ Q*H¢” < cet |y @y o, is true forall t > 1,
LOO

where j > 0. Then the estimate
fO<k<j

Proof. We have
(&) oHo

WG,
f(( + @)

<ct fR 16 (DI @ A” (i = C* [ @,

<Cr

@} j—k fR eSEDH (1,,m) ¢ () A (1) dn‘

<Ct

@ lo MIA” () dn

Lemma 2.4 is proved. |

Next we obtain the large time asymptotics of the operator Q*H. Define the conjugate

kernel A%, (1,&) = /= [ ¢SEDH (1. £,1) A" (17) dny.
H 2 JR

-2
Lemma 2.5. Let the kernel H satisfy the estimate |H (t,&,1)| < C (<E> &+ M) (7])) for
all é,n € R, t > 1. Then the estimate is true

o Ho ~Aya],.. < Crt @ o
forallt> 1, where a € (O, 2)
Proof. We have

(&) + @) "o -o©l=((&)+am)" ‘ f ¢:(2)dz
n
<C f @ Ip: @ldz < Cyln = €@ ¢ -
n

Then we find

|Q"H¢ — Ayo| = Cr2

f SED (6 (n) — ¢ (£)) HA” dn
R

cr? f 6 () — S O IH (1, &l () dn < Co2 || |, 1,

Vin-¢l((E)+@)" ’dn
(@) ramm)

~ 3 ¥, \2
zsa-%f'n g (&) + @) wdn
R

((2) @ + @ )’

where [ = fR . We have
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<cri f f ] (RN L dif

< i<l =[] _> &+ @ <77>)

é f (e i + f (@ )™ (2~ dny
i 7]

(@ @+ @) (& ©+@mm)
<Cri fR(ﬁ)“‘% dn < Crs.

<Cri ||<77T" ¢'7||L2 . Lemma 2.5 is proved. |

Therefore we get |Q*H ¢ - Ay

Define the conjugate kernel A}, (7,¢) = /5= fR eSS EMHL (1, E,m) N (1) dn.
Lemma 2.6. The estimates are true

App, (16| < C(E) ", |Ay, (1.6) — Ay, (1.0) (€)

forallé e R, t > 1, where a € (0, %) . Also the asymptotics is valid

Ay, (1,0) = —Vid + O(r)

ST (1+49iy?)dy ~
\/_ b ¢ —(l+3iy2)2 0.577.
Proof. Since 1S3(¢,7) > g (52 (&)? +772(n)2), then the kernel Hy = H? - ﬁ’(n)H“

. . -2
H,(t,é&,n) = m, satisfies the estimate |Hs (1,&,17)] < C(@} &)+ <77)) for all

é,neR,t> 1. Hence
a t :
=(é) ‘\/— f "EVH (1,6, N (n)dn‘
R

(@
( f f ) ~) (my* dn
@ Jme) ((2) ) + )
(&))" > am () e i
=¢ [fﬂ<ﬂ ’ fm>ﬂ

A (@) @+ mm)  Jm=l (&)@ +amm)

(ﬂ)z_ad_ﬁ a-2
scf _ascf@ di<C.
= (&)@ + @) R

Note that S5 (£,17) — S5 (0,17) = }‘g (2§ +& —4n- 4773), therefore

forallt > 1, where ® =

["HED — HOD] < 12155 (£,1) = 83 0.l
e+ 8 -an-ar) <cl@ (@ +@w?) .

(4
2

Hence

% f ‘eltS3(§J]) _ eitS3(0,'])| <’€}—>% H(t, 63 77) A (77) d’]
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(@)@ + @) man
o 9

(&)@ +@m)

N ) a +a
Sc@f{f o [
<l ((£) ey + @y m) Jm=ll ((€) &) + @) )
a 2 2 :
SC{E}ZIR(O S zaﬁc{g}zfﬂg@za_zdﬁﬁc{az'

£) &)+ @ (m)

Also we find
|H3 (1,&,m) — H3 (2,0,n)|
< Cr3 1S3 (6.m) - 83 0. )% ((E)<&) + @) (@ ()~
cl& (@ @+ @) ()@ +mm) " @
<cl@f @my?

Hence

@®" <@ = 1) | + 111 ) - 1 10,
c@ (B @+mm)” +c@ @mn?<clE) @m.

Then we get
[(@" Ho.em-ruom)a” o
Therefore we obtain
A 0.6 () - 430
itS3Em) |2\ 2 iS50 "
[ (e @' Haem=eormw0m) A" oy

<ct f |SED — GISOD| (€Y H (z,6,m) A" () dy
R

1
12

SC{E}%fR@‘Zdﬁs clg)’.

+Cr2 fR(@z H(t,&,m) — H (1,0, n))A” () dn < C{E}% :

Finally we consider A*H3 (#,0). We have S5 (0,n7) =30 (),

3
(1 +3i@ @) 2N () (1 +3it@ (1))’

Ay 0.0 = 5= [ @O 1.0, A" G
_ |t f %zt@(n)( A" 3 )a’n
2 (1+3it@(m)* 21 +3it® (1))

H;(1,0,1) =

Then
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We change © () = 22, i.e. 72 = § (VIZZ + 1 - 1), & = %\/“;Li then we get
it

= (1,0 —\/T 3izz2((2m—3(1+3it22))) 1+m
n, (1,0) = _fRe 2(1+3ltZ2) Viti22

Next we change zV/f = y, then

A* (t 0) \/7f 3U

- i+ o(r),

2 1+ 122 —3(1+3iy2)) 1+ 1+ 122

2(1 +31y2) 12y2

where @ = \/_ 000 e ((1;9;_1,2))@ 0.577. Lemma 2.6 is proved. o
iy

In the next lemma we prove the L? - boundedness of the operator Q*H uniformly with
respectto t > 1.

Lemma 2.7. Let the kernel H satisfy the estimates |(9’"6"H (t,¢, n)’ < Ct*? forall &,n €
R,t > 1, where m,n = 0, 1. Then the estimate sup., [|Q"H|l; . < C|Kn) @lly2 is true for all
t>1.

Proof. We change the variable of integration = u (x), then we get

Q*H¢ = C1? f eEVH (1,£,1m) ¢ (n) A” () dn
R
_ O, f e CH (1,€, 1 (x) BMdx.
R

After that we change the variable of integration x = r~2x’, then we can see that Q" H. ¢ is the
Fourier type integral

O'Hp = e"m(f)D_l1 fe_ix»fH (t, ft_%,u (xt_%)) D . BMpdx.

12 R 12

Define the pseudodifferential operator a (t,&,D) ¢ = fR e al(té, x)a(x) dx with the sym-

bolsa(t,&,x) = (t £, (xt 2)) . Then we get Q*H¢p = D 'a(t,£, D) F‘lDt%Bqu. Let
12

us prove the L? - boundedness of the pseudodifferential operator a (¢,&, D). We obtain for

the symbol a (¢, &, x) = H(t, ft‘%,n)| ( t_%). Since ' (x) = m, we get

n=px
<C
77=/4(xt'%)

for all x,& € R, t > 1, myn = 0,1. Therefore by Lemma 2.1 we find ||a(¢,&, D) ¢||[2 <
K3
C ||¢||L2 . Then we get

mn
2

o (1€, )| = Wayan (&, m)

IQ*Hell. < C HD—;a(z, £,D) F"Dt%BMq&
12

L
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< Ha(t, &,D) FﬁlD,%BMgb“Lg <€ ”F

=C|p M| , = CliBMIL: = C||VA7p

|, < ClID Bl

Lemma 2.7 is proved. O

3. Estimate for the derivative

First we state the local existence of solutions to the Cauchy problem (1.1) in the functional
space H' N H®! (see [2] for the proof.)

Theorem 3.1. Assume that the initial data uy € H' NH*'. Then there exists a time T > 0
which depends on the norm ||ug|lg~gor such that the Cauchy problem (1.2) has a unique
solution U (-t)u € C ([O, T];H'Nn HO’I). Existence time T can be taken large if the norm
IIM()”HlmH().l is small.

Define the norm
[el, = su ([pwl. 0t 0@ 7 0],.)

where Q (1) = 1 + 6%log (1 +1),6 = &',y > 0 is small.

Lemma 3.2. Let iy € H' and [,
suppose that ”¢HZT < 4de. Then the solutions ¢ of (2.2) satisfy the estimate ”@g (t)“L2 <
CeK (¢) forall t € [0,T], where K(t) = 1 + £2t1072 (1) .

Proof. Arguing by contradiction in view of continuity we can find a time 7' € (0, 7] such
that H’gp} (t)”Lz < CeK(t) forall t € [O, T] . Differentiating equation (2.2) with respect to &,
we get

< &, where € > 0 is sufficiently small. Also we

1
0 = Q" DsQ” By + 2" D30,Q" By

We transform the first summand on the right-hand side of the above equation using formula
(2.3) with k = 0. Hence for the new dependent variable g = ¢ — I, we get id,g = Z s
where Iy = Q' Q*M*H,y,

= —iQQ"M*Hy’, I = iQ'Q"M* Hsy "y, I3 = -3Q'Q"M*H\yr,

1 .
Iy = EethD35§Q* (31‘) lﬁS, Is = itQ'Q*M2H4t,D2 (2./40!,0 + Aolﬁz) ,

3
Is = —EIQ’Q*M2H1 Y QAW + Aoya)
3.
I = =i Q M nH WP ((2+37) Ao = Aot = Aota).

By Lemma 2.3 we find |[()* ™/ Aoy |, < C ||a;||L2 +C[g(0)| < CeK, for j =0, 1,2. Next
by Lemma 2.2 and estimate |A (t, n)’ < (n)/ we find

[l <l Al + [ (w; - A2 .
<@l + € |G|, < Ce(1+ 73K @) < Ce
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for j = 0,1,2, and, similarly,
=T @ will. =o' @7 Al + [ @ (v - A7),
< C|| 7 @ + CrF @l < Ce(Q7F 0+ 7K (1) < CeQ72 (1)
for all £ € [0, T]. In particular, we obtain

Il @70 < | a o @l < cs¥rio .

Note that £S5 (£,77) > & (32 & +7 <n>2), so the kernel <a EH, (&) @) = Qg@)

satisfies the estimates |6’”(9” <-> &% H, (1€, 77)(77)’ < Ct* forall &, € R, t > 1, with
m,n = 0, 1. Hence application of Lemma 2.7 yields

(&)@ orm?
< ce||[am @ ¢/3||L2 <CE11Q73 (1) < CK.
Since H; = t0;H, + 2H, —

ol = ||[ry Q" M2H W), < Cr2

SR A o) s——Hi, then as above by Lemma 2.7, we get

il =
<crz [ @~ | < Cg3f11<

3
Ilhs = 3 HQ o MH

Hy,, <

(&) erom

<Cr

L2

(&)@ o M H @)

Al

<cr o™ @7 | < K

and

A//( )

Il = 3[|QQ M H ), < Cr
<cr: | @y, < ek

(&)’ o m

Next we consider the term I4. Since 95 (€,7) = (£ — 1) (1 + & +nE+ 772) , we find

0:Q"¢ = \/; fR e"ENG () N () it0:S (€,7m) dny
= 1iEQ" ¢ — 1Q"ing — 1 (i)’ Q"¢ +1Q" (in)’ ¢
= 1Q" Ao — 1Q" (Ao AT + inAgAr = 117 Ao) 8.
Using the identity A; (31) ¢ = 302 A, (1) = 3y, we obtain
Ll = % 19:Q" Gy w?||, < C [y Ao G|, + C ||y Ao B wPus
+C | A0 G|, + C [y nAo GowPun . + C [y n

2 2,
<c|> o'~ w,-lle] S Ao, < C2t |oeg . < CEK
=0 =0

Since the kernel 2 @) (f)2 Hy(t,é,n), with Hy = % (€H; + iAgH,) satisfies the estimates
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’(9’"6’%2 -> (§)2 Hy(t,&,1n)| < Ct"?" for all é&neR,t>1, where myn =0, 1, by Lemma 2.7
we get

sl = t]|Q Q" M? Hy* QA + Aot)||
(€)@ QM Hw? QAW + A,

< Ct%

2
< C v Ao, + Cllm > Ao . < ClaD Wik Y lm*™ Ao, < C&¥ 7'k

J=0

Next we represent i, = Qfp = —iAQp = ny — iAoy. Hence I = Is + Iy, where
3
Iy = =S1'Q"M*Hiny® Ao + Agiha)
3i
= EtQ’Q*MZHIw (Aoy) QAW + Ag) .
The term Ig is estimated as /s
3
sl = St [|Q'Q" M Hiny? QAo + Aog)|
(&)@ orm?
< C|[yy* Aoy|,. + C ||y v* Aoya

To estimate Iy we apply Lemma 2.4 with j = 1

<Cr

S ce’r'K

3
sl = S¢[|'Q" M Hiy (Ag) QAow + Ao, -
< Ct?

HE L @) @2 o v Ao @A + Ao,
< Ct [y o (Aow) @AY + Agw)|

2
< CE K Yl [n® Aol Y o™ Ao |, < C2r 3K < Ca¥r K.
=0

Finally, we find

3
Il = (| Q" MPnH (2 + 317) Ao — n Aot = Aot

(€)@ M Hiny” ((2+37°) Aoy = Aoyt = Aot2)| |
< C||my v? Aoyl| . + C [ w* Aoyn|,. + C |[Km) v Ao

<Cr

2
< ClUmulR Y [y Ao |, < c8r 'k

=0

Therefore we obtain the 1nequahty gl < Ce’t 'K forall t € [O T] Integrating this
inequality we find the estimate

! !
llg Dl < llg (Dl + C83f v ldr + C35f Q7 (ndr

1 1
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a / _3
SC€+C8310g(t+1)+C85(f +f] L
1 Vi) (1 +6%log (1 +1))2

Vi t
<Ce+Cé* log(t+ 1)+ C£5f idr + C85Q*% (\/;)f idr
! Vi

< Ce+CEri +C11 Q72 (VI) < Ce + CE 11 Q72 (1) < CeK

for all ¢t € [0, T] , since 15 < Cti Q‘% (),ie. Q(t) = 1+ 62 log(1+1) < Ct7. Therefore
it follows that HZE;”L2 < CK forall ¢ € [0, T] . We arrive to a contradiction. Lemma 3.2 is
proved. |

4. Estimate for the uniform norm

First we obtain a new equation governing large time asymptotics of solutions @ (r) of
equation (2.2). Define the norm

| T
el =lel, + sop s e ol

where K(H) = 1 + 41072 (1), Q(t) = 1 + 6*log (1 + 1), 6 = £, y > 0 is small.

Lemma 4.1. Let the function ¢ (t) = FU (—t)u(t) satisfy equation (2.2). Suppose
that ||§5HXT < Ce. Then for y = ¢ + iQ*M?*H\y? the following equation is true 0,y =

320! <éjf>_7 y? + hfort> 1, where
h=0 (éf‘ (rr+o o+ F (@7 o (z))).
Proof. By equation (2.2) and formula (2.3) with k = —1, we obtain for y = p +

Iy a new equation iy, = Z?zllj, where Iy = iQ*M*H >, I, = —t'Q*M*H3y>, I, =
T Q MPHsy Y, I3 = 3ir ' Q"M H W,

L = Q"M Hy* QAW + Agi) ,
Is = ~3Q" MW (24 377) Aoty - n Aot ~ Aos).
and
Is = %Q*MzHl Y QAW + Agia) .

By formula (2.1) with £ = 2,4 we get I}, = 71" D;Q* B H3y?, I, =
1™ D30 (3t) Hsy?yrp, Iz = 3it™'e™»D,Q* (5¢t) Hiy. Then in view of Lemma 2.5 we
find

I =~ D345 Gt + 0 (77 [ 9,07|L.) -

I = DAY G0 wPyn + 0 (@ 92w,
and

I = 3i7 DAy, 50w + 0 (| 0,|.)
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where a € (0, %) . Application of Lemma 2.3 yields H(n)l_j ('),,wj”Lz <C ||(9§§5HL2 +C |§E(O)| <
CeK for j =0,1,2. Next by Lemma 2.2 and estimate |Aj (1, 77)| < (17)-"_1 we find
' @7 will = len'™ @ Al + [T @7 (- 48]
< Cl|@ 7@ + € Bl . < Ce(Q7F 0+ 7K () < CeQ72 (1)
for all t € [0, T]. Therefore
[0 0l <l @7 ol len duyll, < ce'07'k:

I ayaal, < o @ ol o o],

o @7l @ vl [ dw), < c0 K
and

16D 0,07 |, < > @7 v, kom0, < C&"0 K

By Lemma 2.2 we gety/; = Ajp + O (8 (n)j_% t‘%K) . Thus by Lemma 2.6 we find

. e id
1 = Vior'¢D; (€) AP + 0(1 Q7 K) = ————F +h
V@)
L =1 DAy (Br.&)yPn + O (71 07'K) < h
and
Iy = 3ir” " Ds A}, (5,69’ + 0 (7 107'K) < h,
since || *D; @)_7 -3 @)_7 (1, f)H < h. Next we estimate by Lemma 2.4
Loo

alls + sl < C [[6m* @~ v AW + Ao,
+C @t (24 3) Aoy - Ao - Aote)|

2
<o @ vl @ s 3 o o < ceio K <
j=0

Finally we represent ¢ = Q&g = —iA1Qp = n — iAgy. Hence Iy = I; + I3, where

N
L= E’Q*MZHI ot QAW + Aga)

3
IS:E

As above by Lemma 2.4 we find [|[5]l~ < C |[(7)> @)~ 2 QAow + Aowd)||, < h. Also we
have

Q"M Hyy (Ao) QA + Agira) .

sl < Ce2 || G~ (Aow) QAW + Aow)|,
< 3 i i [|op]l, ([0l + [~ dpall,) < C&¥ 3K < .
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Thus we get the equation 9,y = 372! @}7 ¢+ h. By Lemma 2.4

ol < o2 |[y> @20, < ¢ | 2| [l @7 v < ce*03.

Hence ¢ = y + O (83 Q‘%). Therefore we obtain the result of the lemma. Lemma 4.1 is
proved. |

We consider now the Cauchy problem for the ordinary differential equation depending on
the parameter ¢ € R

.1 Y, = —Cot™! <E>_% y3 +h, t>1,
y(1,6) =y (6,

where Co = 34® > 0 and h = O(s3t_1 (z—% +202 0+ 7 (&) 0 (t))), 0() =
1+6%log(l +1).
Lemma 4.2. Suppose that there exists a solution y € C([1,T] XR) of (4.1). Let the

initial data y, satisfy the following conditions § < |y; (£)| < &, |arg Y (§)| < gforfé <1,
where £ > 0 is sufficiently small, and 6 = &'*7. Then the estimates are true

ly (,6)] < 28(1 + Cyo? log (l‘@)_z))_%

and

8

arey .6 < 1+ Cos*tog 1 2)”)

forallt > 1and & € R.

Proof. For the case of |¢] > 1 we have @)_% < (1+ t)_% , then by (4.1) we get y, =
0] (83 t‘l‘V) +0 (85 103 (t)) . Integration with respect to time yields |y (1)| < e+ Ce>. So next
we consider the case of |£] < 1. We change the dependent variable y = re'”, where r > 0 and
w is a real-valued function. Then from equation (4.1) we get r,+irw, = —Cot™! @}_% P2 4
he™"“. Hence taking the real and imaginary part we obtain

(4.2) r, = —Cot™! @_7 7 cos 2w + Re he ™
and
(4.3) w; = =Cot™' (€) 7 1 sin2w + Imhr'e™,

with the initial conditions r (1,¢) = |y; (&), w (1,&) = argy; (&) . Let us prove the following
estimates

1 2 -2 |.l/1|2 2 -2

5(1 1 Cos 1og(t@ )) < < 2(1 +2Coe 1og(z(,;?> ))
and |w (2,8)| < § forall € [1,T], |£] < 1. By a contradiction we suppose that there exists a
maximal time T € (1, T], such that

4.4) % (1 + Cod” log (t @)_2)) < 7l <2 (1 +2Coe* log (t @)_2))

r? (1)
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and |w (£,&)| < 7 forall r € [1, T] ,|¢€] < 1. Dividing equation (4.2) by r3, we find

Cor™ (B) " — 27 < 0 <20 (§) " + 27 .

2

Then integration in time yields %L S 1+ 2Cyly1)? flt 7! <\/?§>_E dr + 2&? flt 3k dr

,2(,)
and Y5 > 1+ Coly [+ (VeE) T dr - 262 [ 1 |hl dr. We have [/ (vig)  dr =
log (t @) ) + O (1) . By the assumptions on /4 and (4.4) we obtain Q (t) = 1 + 5 log(1 +1)

y
d

‘gf = \hldr < Ce* 37f7-7 fdr+ Ce2 6yf |§\/_’ T
| | w(evr)”

e (1 +e'log (t <§>_2))% flt 7(1 + 62 lil); (1 +1)
cer e )

forall t € [1, T] ,|€] < 1. Therefore we get

%(1 + Cyd%log (z &) )) < 'Z;J) < 2(1 +2Coe* log (z @_2))

forall ¢ € [1, T] , 1€ < 1. Multiplying both sides of equation (4.3) by w we see that

dw® = =2Cot™" (€) 7 Pwsin2w + 2wr™ Imhe ™ < w9, logr* + Cr' |h.

since 2w sin 2w > %wz for |w| < 7. Then integration with respect to time yields

2
- t ol
lw ()] < r2[| lgTzll + Cf r3 Ihld‘r] < (2|argy1|2 + C52_77)(1 + Co6” log (t<g> 2)) '
1

Y1

forallr e [1, T] , €] < 1. Hence |w (#,&)| < 7. We get a contradiction, therefore the estimates
of the lemma are true for all 7 € [1, T]. Lemma 4.2 is proved. O

In the next lemma we obtain the estimates of the function ¢ (f) = FU" (=f) u () in the
norm Zrg.

Lemma 4.3. Let the initial data uy € H' N H®! with a norm |luollg + lluollgo: <

&,
where & > 0 is sufficiently small. Also suppose that condition (1.2) is fulfilled. Assume that
SUPye(0.7] ﬁ H@ (t)“L2 < Ce. Then the estimate ”@HZT < Ce is true.

Proof. We argue by a contradiction. By the continuity we can find a maximal time
T e (1, T] such that ||¢||ZF < Ce. Hence we have ”ﬂ’x; < Ce. By Lemma 4.1 we get (4.1).

_1
Applying the result of Lemma 4.2 we get |y (¢, £)| < 28(1 + Co6° log (t @_2)) * . Also as
in the proof of Lemma 4.1 we obtain g = y + O (83 Q‘%). Therefore

e8| < 33(1 + 6, log (t <'é;>—2)) >
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)
Also note that if #£* < £2, then (1 + 01 log (t <..§~‘> )) " < V2070 (1) and if 12 > 13, then
<E>_y < \/EQ‘% (7). Thus we have

||<g?>_ygo(t)|’m < 3¢ Sglelng <E>_y (1 +0; log (t <§?>_2))_% < 58Q7% (1).

Hence HZEHZT < Ce. We obtain a contradiction. Lemma 4.3 is proved. O

5. Proof of Theorem 1.1

Lemma 3.2 shows that the a priori estimate of ¢ = FU" (—t) u in the norm ||§5||ZT implies
the a priori estimate of the norm sup,¢(o 7 ﬁ ||ZE€ (t)||L2. On the other hand by Lemma 4.3 it
is shown that the a priori estimate of sup,c(o 7 ﬁ ”Eg (t)”L2 implies the a priori estimate of
“@”ZT . Therefore the global existence of solution u € C ([1, o) ;H!' N HO’I) to the Cauchy
problem (1.1) satisfying a priori estimate |lu|lx < Ce follows by a standard continuation
argument from Lemma 3.2, Lemma 4.3 and the local existence Theorem 3.1.

We now prove the asymptotic formula (1.3). By the Factorization Technique we have
u(t) = U (t) F~'¢ = D,BMQg. Then applying Lemma 2.2 we obtain

u() = D,BMQp = DiBM P16 +0 (t‘% (log z)‘%),

1
VIA (£)
Then as in the proof of Lemma 4.1 we find

o=y+ 0(83Q_%) = re' + O(SSQ_%)

As in the proof of Lemma 4.2 we obtain

W] < ;—r (1 + Cob? log (t @_2))_%

and

[SIE

o=l =l [ (v ot of o)) )
(el @) ot sl @) )
Jw@|

Therefore we get
-1 By PR
T3 ( |uo (§)| log §2) + O(z 2 (log " t§2) ]]

which implies the asymptotics (1.3). Theorem 1.1 is proved.

u(t) = D,BM
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