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Abstract
In this note we show how the main conjecture of the Iwasawa theory over Q has a natural
place in the context of the Galois representation of Gal(Q/Q) on the etale pro-p fundamental
group of the projective line minus three points. However we still need to assume the Vandiver
conjecture to get a proof of the main conjecture in this context.

1. Introduction

Let us fix an odd prime number p. We fix an embedding of an algebraic closure of Q into
the complex numbers, i.e. the embedding Q c C once for all. We denote by u p» the subgroup
of all p"-th roots of 1. We denote by &,» a primitive p”-th root of 1. We set pt,~ 1=~ .
For n a natural number or co we denote by Q(u,»)" the maximal subfield of Q(u,) contained
in the field of real numbers R.

Let M, (resp. M,) be the maximal abelian pro-p extension of Q(u,~) (resp. Q(u,~)")
unramified outside p. Let us denote

Xoo = Gal(M,/Q(up=)")

and

G = Gal(Q(up~)"/Q).

The group G acts on X, by conjugation and hence X, is a Z,[[G]]-module. By a well-
known theorem of Iwasawa X, is a finitely generated torsion Z,[[G]]-module. The struc-
ture theorem of finitely generated torsion Z,[[G]]-modules then implies that X, is pseudo-
isomorphic to &;Z,[[G]]/(f;) for some f; € Z,[[G]]. The main conjecture of Iwasawa theory,
proved by Mazur-Wiles [11] and independently by Rubin (appendix in [10]), states that

(| [ 5 = ¢ap - 1z, 11G1D,

where I(Z,[[G]]) is the augmentation ideal and (g, € Frac(Z,[[G]]) is the p-adic zeta
function of Kubota-Leopoldt. For a more detailed description the reader should consult [1,
pages 1-8].

Let £, be the maximal abelian pro-p extension of Q(u,~) unramified everywhere. Then
L, is contained in M,,. Let

I := Gal(Q(y)/Q) = Z; .
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The identification of Gal(Q(u,~)/Q) with Z; is given by the cyclotomic character. In the
paper we shall always denote by I the group Z acting on various objects, while we shall
keep the notation Z7, when it is viewed as a subset of Z,,.

The group I acts on Gal(L,/Q(u,~)) by conjugation. The main conjecture can also be
stated in terms of the Z,[[I']]-module Gal(L,/Q(u,~)) (see [1, the beginning of Section 1.4]
and [14, Chapter 15, Section 15.4]). In this note we present a proof of the main conjecture
for Gal(L,/Q(up~)), assuming the Vandiver conjecture for a prime p. We remark that it
was already observed by Iwasawa that the main conjecture is a consequence of Vandiver’s
conjecture. We place our proof in the context of the natural representation of Gal(@/ Q) on
the pro-p etale fundamental group of ]P’}@ —{0, 1, oo} based at the tangential point 1_(>) where
the main conjecture over Q has perhaps its natural place. We point out that the p-adic zeta
function of Kubota-Leopoldt appears naturally, while considering this Galois representation
(see [17]).

Our proof is based on construction of the cocycle

H
A(10) : Gg — Z,[1Z,]]

defined in [17] (and denoted there by ¢),), whose construction will be given in Section 2 and
on the Thara’s formula

ﬁ
"L AAAO)([el)()(x) = Ly(m, ' ™)(1 = p"HCW,u(e),
z;
for m > 1 and odd (see [7, formula on the page 105]).

Let us explain briefly the notations and objects appearing in the formula. Let V! be the
projective limit with respect to the relative norm maps of the principal units of Q,(u,»). Let
K, be the field extension of Q(u,~) generated by all p powers roots of 1 — §;n for all n and
all 0 < i < p". In the formula, € € VL, [cl] : V) — Gal(K,/Q(u,~) is induced from the
local class field theory maps, CW, : Ul — Z,, are Coates-Wiles homomorphisms, L, is
the p-adic L-function of Kubota-Leopoldt and w is the Teichmiiller character. Our principal
result is the following consequence of the Thara’s formula.

Proposition 1.1. Let € € UL, Then

ALY (1)) = &y - 1

as pseudo-measures on Z,. (Using the well-known isomorphism between the ring of mea-
sures on Zy; and the ring Z,[[Z}]] we may consider the above equation as an equality in the
total ring of fractions of Zp[[Z;f]] ).

In the last formula, f; is the Coleman power series associated to €, the power series A(f)
is defined by (A(fONT) = (1 + T)f(T)/f«(T). Further, u, denotes the measure on Z,
associated to a power series g(T') € Z,[[T]] (again we have implicitly used isomorphisms
between the ring of Z,-values measures on Z,, the ring Z,[[Z,]] and the ring Z,[[T]], the
latter obtained by fixing 1 € Z, as its topological generator) and p* denotes the restriction
of a measure u on Z,, to Z;. The element £), is the p-adic zeta function we shall construct in
this paper.
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Corollary 1.2. Let
Pyt X X
A10)™ : Gal(p/Qup)) = ZylIZ)]]

be induced by ‘ll(ﬁ))) : Gg — ZpllZ,]] by restriction of a measure on Z, to Z,X,. Then we
have an isomorphism of Z,[[I'l]-modules

Gal(K,/K, N L,) = (L)
where ({}) is the augmentation ideal of Z,[[Z}]] times ).

The action of Z,[[I']] on Zp[[Z[f]] will be defined in Section 2. In particular the action of
—1 € T"is an involution, hence any Z,[[I']]-module is a direct sum of the + and — parts.

Lemma 1.3. Let us assume the Vandiver conjecture. Then the map
3 X X711—
A10)™ : Gal(Kp/Qup=)) = Zp[[Z,]]
is an isomorphism.

This consequence of the Vandiver conjecture is in fact well known (see [7, Section II,
Theorem 6], [2, Theorem (7.33)], [5, Theorem C] and [6, corollary on page 62]). The proofs
there use the Ihara power series from [7]. The proof presented in this note is simpler, and
moreover it can be applied in more situations, for example to study surjectivity of Soulé
classes for roots of unity or more generally of /-adic Galois polylogarithms introduced in
[15], though in fact it has some common points with the alternative proof given on page 333
in [5]. The proof of the main conjecture over Q is then an easy consequence of Corollary 1.2
and Lemma 1.3. Our last result is the generalization of the Ihara’s formula for all integers
m. The case m = 1 is the most interesting as then the residue at 1 of the p-adic zeta function
appears.

2. The cocycle associated to the path from (Ti to 1_())
Recall that we have fixed an embedding @ cC. LetV, = P}Q \ ({0, 00} U p;) and let

v, be a path on V,, from 0_1) to piﬁ)) along the interval [0, 1]. Let 7;(V,, (Tf ) denote the etale

pro-p fundamental group of V,, based at (Tl> . We denote by x, and by y;, for 0 < k < p”"

the standard topological generators of 7;(V,, 0l ), loops around O and §’;n for0 < k < p"
respectively (see [16, Section 1]).
Let o € Gq. Then, written additively,

n

-1
-1 N o 01 01
Yalotm) = ) a(@)yin modulo (x1(V,y, 01), m1(V,,, 01)),
i=0

for some coeflicients aE”) (0) € Zp.
Proposition 2.1 (see [13], [16] and [17]). For any o € Gq the family of functions

O ) n . )
{WYA0)e) : Z/p"Z = Zp,i = a; (0)hhen

defines a measure, denoted 91(1_(3)(0'), on Z, with values in Z,,.
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It follows from the proposition that we get a continuous function
—_
A(10) : Gg = Z,[[Zp]].
Let 7,0 € Gq. It follows from the identity vy, ' (o) (y,)) = (¥, '7(yn)) - 7(¥;, ' o (,,)) that

(1) (o) = () +x (T)a)((nf)‘ R

From the last two identities we get

(n) -1\ _ () (n) (n)
(2) ai (TO—T ) - ai (T) _X(O-)a/\/—l(o.)i(‘r) +X(T)a/\/_l(‘r)i(0-)'

This identity (2) motivates the next definition.

DerintTiON 2.2. We define the action of I' = Z;, hence the action of Gg via the p-
cyclotomic character, on Z,[[Z,]] by the formula

m

(3) C(i ai[xi]) = Z cai[cx;]
i=1

i=1

for elements of Z,[Z,] and we extend by continuity to the action on Z,[[Z,]].

It follows immediately from the identity (1) that the function
—_
A10) : Gg = Z,[1Z,]]

is a cocycle.
Let a belong to a number field K contained in Q. We denote by

K(Cl) . GK(#poo) - Zp
the Kummer character associated to a.
Proposition 2.3 (see Proposition 2 in [17]"). Let o € Ga,~)- Then

p'-1

— 1 .
ANA0@) = K0 + D K = E)@)il

i=1

We recall from the introduction that
Ky = Qpup)((1 = E)7" 10 <i < p",n,m € N).

Observe that KC,, is an abelian, unramified outside p, pro-p extension of Q(u,~). Let 7 €
Gal(Q(up~)/Q) and 7 be a lifting of 7 to Gal(K,/Q). The group I' = Gal(Q(u,~)/Q) = Z;
acts on Gal(K,/Q(u,~)) by the standard formula

(o) =ToT .

It follows from Proposition 2.3 that the map %I(l_(>)) : Gg — Z,[[Z,]] factors through the
Galois group Gal(K,/Q). We denote the restriction of ?I(R))) 1 Gal(K,/Q) — Z,[[Z,]] to
the subgroup Gal(K,/Q(u,~)) also by ‘21(1_(3).

'We thank Guido Kings for kindly informing us that this cocycle is explained in much greater generality in
his paper [9] as the etale realisation of the polylogarithm for commutative group scheme, with our case being
that of G,,,.
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Proposition 2.4. The map

A10) : Gal(K,/Qpe)) = ZylIZ,]]

is a continuous injective homomorphism of Z,[[I'l]-modules.

Proof. The formula (1) implies that ‘ZI(R)) is a morphism of Z, modules. It follows from
equation (2) that that for o € Gg(,~) We have

(m) -1y _ ()
@ (TT7) = X @ 1 (,(0)

Therefore
pn_l pn_l pn_l
3 o @or i = Y x@a (@l = x(1) ) aP@) ()],
i=0 i=0 Jj=0
Hence it follows that ‘lI(l_())) is a I-map. The injectivity follows from the definition of the
—
field K, and the explicit description of A(10) given in Proposition 2.3. O

3. The restriction to Z;

The multiplicative group Z7 is a closed and open subset of Z,,. It follows from the formula
in equation (3) that the restriction map

R : Z,[[Z,]] = Z,[[Z]1],
which associates to a measure u on Z, its restriction to Z;, is a morphism of Z,[[I']]-

modules. We shall also denote the measure R (u) by u*. For o € Gal(@/ Q(up~)), we denote
the restriction of the measure Ql(ﬂ)))(O') to Z%, by Ql(ﬂ)))x(a). We denote the composition

A(10) R o
zp + Gal(K | Q=) — Z,[1Z,11 — Z,[[Z,]1]

by z,. The action of —1 € I is an involution, hence Gal(KX,/Q(u,~)) and Z,,[[Z;]] are the
direct sums of their + and — parts. Moreover, z, induces a morphism of Z,[[I']]-modules

25 0 Gal(K, /Q(up=))* = Zy[[Z3]1°,
for € € {+, —}.

Proposition 3.1 (See also [17], Corollary 1). We have

(1) The morphisms z,, and z,, are injective.
(ii) The group Gal(K,/Q(uy~))" = 0.

Proof. Observe that «(1 — gj,,l), for 0 < i < p"and (i,p) > 1, as well as K(#) can be
expressed as sums of (1 — ff,,,) with 0 < k < p" and (k, p) = 1. Hence it follows from
Propositions 2.3 and 2.4 that z,, is injective.

Leta = (375" " [iDuer € Z,[[Z,]]. Then (1) € T acts on a as follows

p-l
(=Da =|-a("101 - )" a"[p" — il

i=1 neN
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Hence it follows that

LS o o
@) a* =3 [Z(ai- - a;,?_»[z])
i=1 neN
and
1 pn_l
(5) a” = 3| 240(0] + D@ +a |
i=1 neN

For o € Gal(K,/Q(u,~)), we have

- 1 rl .
A10) (o) = [K(E) (a)[0] + Z k(1 - f;j)(o-)[i]))
neN

i=1
by Proposition 2.3. The identity 1 — 5;5 = (—f;f (1 - f;,,) implies that k(1 — §;,f ) =«k(1- §§,,,)

on Gal(K,/Q(up,~)). Hence it follows that for o € Gal(K,/Q(u,~)), we have ‘II(R)))(O')Jr =0
and

— 1 7 .
A(10)(o)™ = [K(};)(U)[O] + Z k(1 — f},n)(O')[i]] .
i=1 neN
Therefore
Gal(K, Q)" =0

and the map z,, given by

p'-1
Z(0) = { >« —g;',n)(a)[i]]
neN

i=1,(i.p)=1
is injective. O
Let &€, be the group of p-units in Q(u,»), i.e. &, = Z[pp] [%]X and let C,, be the group of

cyclotomic p-units of Q(u,), i.e. the subgroup of &, generated by ,» and elements 1 — §§,,
for 0 < k < p". Let S, be a set of all integers between 0 and p" /2 that are coprime to p.

Lemma 3.2. The following conditions are equivalent:

(1) the map
@, : Gal(Kp/Qupn)) = Bies, Z/p"Z
given by
o B k(1 = &,)(0))ies, »

is surjective;
(i1) p does not divide |E,/C,|.

Proof. The map
EfE = Qup) Q)"
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induced by the inclusion &, C Q(u,»)* is injective. Therefore by the Kummer theory the map
@, is surjective if and only if the subgroup of &,/&Y ' generated by elements 1 — f;,z, ieS,is
isomorphic to (Z/p"Z)S"!. It follows from [14, Theorem 8.9] that there is no multiplicative
relation between &, and the elements 1 — §;M for i € §,. Hence a, is surjective if and only
if the subgroup of &,/&F ' generated by elements 1 — f};n, i € S, and by &, is isomorphic
to (Z/p"Z)S"*!. The last condition holds if and only if the subgroup of &,/&/ generated by
elements 1 —£,,,i € S, and by &, is isomorphic to (Z/pZ)*"*!.

If p divides |&,/C,| then there is u € &, such that u” € C, but u ¢ C,. Any element of
C, can be written in a unique way in the form igfﬁ [lies, (1 - §;,,)“f (see [14, Theorem 8.9]).
Hence

w = =g | Ja-&0",

€S,

where at least one of a; # 0 modulo p. But then the subgroup of &,/E) generated by &,» and
1- f;,, for i € §,, will have the rank smaller than |§,| + 1. Therefore i) implies ii).

If p does not divide |&,/C,| then the map C,/C) — &,/E” is injective. The elements
&pand 1 - ¢, fori € S, taken modulo Cy form a basis of C,/Cy. But it implies, going
backwards all equivalent statements, that i) holds. O

Lemma 3.3. The following conditions are equivalent:

(1) the map
2, : Gal(K, /Qup~)) = Gal(K, | Qup=))" — Z,[[Z5]11”

is an isomorphism of Z,[[I'l]-modules;
(i1) p does not divide |E,/C,| for all n > 1.

Proof. If p does not divide |&,/C,| then the map
@y, : Gal(K,/Q(up)) = ®ies, Z/p"Z
given by
> k(1 = E,)(0))es,

is surjective by Lemma 3.2. Let m > n. Let us assume that p does not divide |£,,/C,,|. Then
it follows from a theorem of Bass (see [14, page 150 and Theorem 8.9]) that the map

" Gal(Kp/Qpm)) = Bies, Z/ "2
given by
o B k(1 = &,)(0))ies, »
is surjective. Hence the assumption ii) implies that for all n € N the maps
@, : Gal(K,/Q(uy~)) = Sies, Zy
given by

o k(1 = E,)(@)es,
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are surjective. Therefore the map
Z,  Gal(K,/Qup)) = Z[[ZX1]

is surjective. Hence it follows from Proposition 3.1 that the map z,, is an isomorphism.
It follows from Lemma 3.2 that i) implies ii). |

4. The multiplicative structure of Z p[[Z;]]
We denote by Z,(k) the ring Z,, equipped with the action of I' given by
x(a) = xa.
The infinite product [];, Z,(k) is equipped with a multiplicative structure given by
(@) - (i) = (axbi)pe;-

The Z,[[I']]-module Z,,[[Z;]] has a multiplication induced by a group multiplication in Z;.
Let us define a map

©: Z,[Z51 - | | Z,k)
k=1

D) = ( fz X Wdu(x)] .
P k

Lemma 4.1. The map @ is a continuous injective morphism of Z,[[I']]-modules. More-
over, O(u - v) = O(u)®(v) for any u,v € Zp[[Z;]].

by the formula

Proof. It is evident that @ is continuous. Let us first show that the map @ is a map of
Zp[[I']]-modules. By continuity of ® it is enough to check that ®(gu) = g®(u) for each
g€ and for u = erz; acx] € Z, [Z;f]. By our convention (see formula (3))

gH = Z gaxlgxl.

Hence

D(gu) = (Zg" = ) —g-(z xk‘laxJ = gO(u).
k

X

Next we show that @ is multiplicative i.e. ®(uv) = O(u)®@(v). Again by continuity we can
need to check this for u = ), a,[x] and v = ), b,[x] in Z,,[Z;]. We have

D)D) = [Z ) [Z by
sz

Z XY XY=z

= O(uv).
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Observe that

(ﬁ z,,(k)] = ﬁ Z,(2k)
k=1 k=1

and

(ﬁ Z,,(k)]_ = ﬁ 7,2k — 1).
k=1 k=1

It follows from Proposition 3.1 and Lemma 4.1 that the composition

(o]

Gal(K, Q) 5 Z, 1z 5 [ 2,2k - 1)
k=1

is an injective morphism of Z,[[I']]-modules.

5. The Coates-Wiles homomorphism

We recall briefly some results of Coleman presented in [1]. Let U, := Zp[ypw]>< and
put Uy := {iinn U, with the projective limit taken with respect to the norm maps. Let N :
Zp[[T1] = Z,[[T]] be the norm map defined in [1]. Put W := {f € Z,[[T]]* : N(f) = f}.
For each integer n > 0, we fix a primitive p"*'-th root £, of 1 such that fﬁ: o =

We have

Gal(Q(up~)/Q) = Gal(Qp(up=)/Qp) -
Hence the group I acts on U'. It acts also on W by
(eNHT) :=f(1+T) -1
for c e I'and f(T) € W (see [1, the formula (2.7)]).

Theorem 5.1 (See [1], Theorem 2.1.2 and Corollary 2.3.7). Let € = (¢,) € U, then there
exists a unique f(T) € Zp[[T11* such that f(&,1 — 1) = €, for all n > 0. Moreover, the map
€ = f(T) defines a I'-isomorphism from Uy to W.

Let us define A : Z,[[T]]X — Z,[[T]] by
A(f) ==L+ Df (D) f(T).
For f € Z,[[T1] we define
e()T) = f(L+T)" - 1).

The trace operator ¢ : Z,[[T]] — Z,[[T]] is a continuous Z,-homomorphism characterized
by the identity

1
(Pon)(NT) == > fE1+T)=1).

fE/l p-1

We set

ZITN = = (f € Z,IITN : w(f) = f}.
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We define a map
[Col]: U — Z,[[T]]

to be the map € — A(f(T)). We define an action of I" on Zp[[T]]'”:id by
(eNHT) =cf(L+T) -1

for c € T and f(T) € Z,[[T]]¥=.

Corollary 5.2. The map [Col] induces a surjective I'-morphism

[Col] : U — Z,[[T]]¥"

with ker([Col]) = u,-1.

Proof. It follows from Theorem 5.1 and from [1, Theorem 2.4.6 and Lemma 2.4.5] that
[Col] is surjective with ker([Col]) = u,_1. One checks that the map from W to Z,,[[T]]‘”:id
given by f — A(f) is a '-morphism. Hence the map [Col] is a '-morphism. |

We recall the definition of the Coates-Wiles homomorphisms. Let € € U°. We define
numbers CWy for k > 1 by the identity.

S CWE

(©6) A(f)E* = 1) =
; (k= 1)!

We get then maps
CWi : U = Zy(k).
which are I'-morphisms (see [1, Lemma 2.6.2]). We recall that
P ZpllZp]] = Zpl[T]

is the Iwasawa isomorphism characterized by P([1]) = (1 + T') and that in our notation if
f € Z,[[T]] then u; := P~1(f). Then we have

[ee]

k
%) f@=n=>( f Sy

=0 vZp
Lemma 5.3. Let f € Z,[[T11Y=. Then
(i) Pf) = f(T) = f(A+T)" - 1),
(i) (1=p [, x'dps() = [ x*dp(x).

Proof. Let f € Zp[[T]]‘”:id. The condition ¥/(f) = f is equivalent to the condition
(@ o )(f) = ¢(f). Hence it is equivalent to the equality

1

(®) —Zf(.f(1+T)—1):f((1+T)”—1).
p geup

The power series

1
PHT) = f(T) == ) fE1+T) =1,

Seup
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Hence if f € Z,[[T1]Y~ then
P T) = f(T) - f(1+T)" = 1).
Hence it follows that

fE@=D=fEe*-1=> f i (077
=0 YZp :

On the other side we have that

[ee]

Xk °° kxk
FE == e =0 =3 [ g =Y [ ol
k=0 YZp ’ k=0 Y Zp )

Hence it follows that

f A0 = (1= ph) f X dpy(x)
z zZ,
for k > 0. In particular, fzx d,u? (x) =0.

P

We state the last result as a corollary.

Corollary 5.4. Let f € Z,[[T11¥7. Then

d’i(x) = 0.
LX ,uf(x)

P

Corollary 5.5. Let € € U'. Then
(1= pHCWE,, =1 - pb) f X dpnp(x) = f Ay ()
Zy Z,f

fork > 0.

159

Proof. Comparing the formulas (6) and (7) we get that CW¢ | = fz o dpa 1y(x) fork > 0.
P

Then the formulas of the corollary follow from the point (ii) of Lemma 5.3.

6. Group of units
Following Thara (see [7, Section IV, page 93]) we set
U, :={u€Zypp1*: Nw) = 1and u = 1(mod (&1 — 1))},
where N : Q,(u,m+1) — Qp is the norm map. Let

vl =limv;]
(—

be the projective limit with respect to the relative norm maps.
Lemma 6.1. We have U,/ UL = (Z/p)*.
Proof. Let

U, ={u€Zylpp1" 1 u=1(mod (1 — &)}

O
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and U = lin U,. We have U, = U, X (Z/pZ)* for all n > 1. Hence it follows that
Ve =2 UL X (Z] pZ).

Next we show that U7, = U.l. Letu, € U;/. Then N(u,) = 1(mod p") (see [4, page 113,
exercise 4.a]). Let (u,) € {Eln VU, . Then for all m > n, we have N(u,,) = N(Nyn(up)) =
N(u,), where N,,, is the relative norm map. Hence N(u,) = 1(mod p™) for all m > n.
Therefore u, € U;!. Hence U7, = U’} and the result follows. o

Notice that V%, is not a Z,[[I']]-module. We define a structure of a Z,[[I']]-module on
U’} in the following way. Let Zle ajo; € Zp[Gal(Q(u,+1)/Q)] and u € Unl. Then we set

k k
O airdw) = | [y,
i=1 i=1

where (o;(u))% =1+ Z;’;l (‘;.")(0',-(14) — 1)/. It follows from Lemma 6.1 and from Theorem
5.1 and Corollary 5.2 that the map

[Col] : U — Z, ([T~

is an isomorphism of Z[I']-modules. Using the isomorphism [Col] we define on Zp[[T]]l//:id
a structure of a Z,[[I']]-module, which is compatible with already given Z[I'|-module struc-
ture on Z,,[[T]]‘” =4 Now we can formulate the following result.

Proposition 6.2. The map
[Coll : U, — Z,[[T11"™
is an isomorphism of Z,[[I'l]-modules. The Coates-Wiles homomorphisms
CWyi: UL — Z,(k)
are morphisms of Z,[[I'l]-modules.

Proof. The first part was already shown. The morphisms CW; are morphisms of Z[I']-
modules, hence they are morphisms of Z,[[I']]-modules, as both Ul and Zp(k) are Z,[[I']]-
modules. m]

We denote by E, and C,,, the group of units and cyclotomic units, respectively, in Q(u ).
We recall that Q(u,»)* is the maximal real subfield of Q(u,»). We denote by E;; and C; the
group of units and cyclotomic units in Q(u,»)* and by & and C, the group of p-units and
cyclotomic p-units in Q(u,»)*.

Lemma 6.3. The inclusions E,, — &, and E,} — & induce isomorphisms
E,/Cy > &,/C, and EI/C] 5 EF/C).

Proposition 6.4. Let us assume that p does not divide the class number h(Q(u,)"),i.e.
that the Vandiver conjecture holds for a prime p. Then p does not divide | &,/C, | for all
n= 1.
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Proof. The Vandiver conjecture for p implies that p does not divide the class number
h(Q(up)*) for all n > 1 ([14, Corollary 10.6]). Hence p does not divide |E;; /C;| for all
n > 1 ([14, Theorem 8.2]). We have E, = u,»E; ([14, Theorem 4.12 and Corollary 4.13])
and C, = upCyy ([14, Lemma 8.1]). Hence it follows that E;;/C,; = E,/C,. Therefore it
follows from the above lemma that p does not divide the order of &,/C, for all n > 1. O

Let M, be the maximal abelian pro-p extension of Q(u,~) unramified outside p and let
L, be the maximal extension of Q(u,~) contained in M, that is unramified. Local class
field theory defines a canonical map of Z,[[I']]-modules

[CL] : UV = Gal(M,,/Q(uy~)).
The map [CL] induces a surjective morphism of Z,[[I']]-modules
[CL]: UL — Gal(M,/L)).

The field &, is an abelian pro-p extension of Q(u,~) unramified outside p. Therefore K, C
M,. Let K be the maximal unramified extension of Q(u,~) contained in K,. We denote
the composition of the map [CL] with the natural map

Gal(M, Q) — Gal(Kp/Qpty))

by [cI]. The image of [c/] is the subgroup Gal(le/]Cg) of Gal(K,/Q(up~)).
The next result we need, is stated without proof in [8, on page 248].

Lemma 6.5. Let us assume that p does not divide the class number h(Q(u,)"),i.e. that
the Vandiver conjecture holds for a prime p. Then K, = M.,.

Proof. It follows from Proposition 3.1,ii) that K, ¢ M. Another proof is in [8, on page
248]. First we shall show that M., is generated over Q(u,~) by p"th roots of p-units of
Q(up~)* forn € N.

The extension Q(up~) <= M, is pro-p, abelian. Hence it is generated by Kummer exten-
sions of the form Qi) — M = Q(u,)(a'/?") for some a € Z[u,»]. We can assume that
a € Zluyl*.

Let q be a prime ideal of Z[u,»]" not dividing p. If a ¢ g then the extension Q(u,») — M
is unramified over q. Let us assume that a € q. Then the extension M of Q(u,,») is unramified
over q if and only if @ € ¢*”" for some k > 0 and a ¢ o*”'*!. If q is a principal ideal generated
by q € Z[p]" thena = ¢’ ay, a; ¢ gand M = Q(ﬂpn)(ai/pr). So let us assume that q is not
a principal ideal. The fact that p does not divide #(Q(u,)*) implies that p does not divide
h(Q(u,»)*) (see [14, Corollary 10.6]). Hence there is a positive integer s coprime to p such
that q* is a principal ideal generated by some g € Z[u,»]*. Observe that a* = " ay, a ¢ q
and Q(u pn)(a}/ P r) = M by the Kummer theory. Therefore M, is generated over Q(u,~) by
p-units of Q(u,»)" for n € N.

It follows form [14, Corollary 10.6 and Theorem 8.2] and from Lemma 6.3 that p does
not divide | £, /C, |. Hence it follows from the Kummer theory that M., is generated over
Q(up~) by cyclotomic p-units of Q(u,»)* for n € N. The elements 1 — &, for i between 0
and p"/2 and coprime to p and &,» generate p-units of Q(u,»). The p-units of Q(u,»)" can
be expressed by these p-units of Q(u,). Hence it follows that M, C K),. O



162 M. KAKDE AND Z.. WOITKOWIAK

7. The main formula

We recall the formula from [7, page 105]

©) f a0 ([cll(€)(x) = (p" = DLy(m, ' ™)CWE,
.

P

for all odd integers m > 1 and all € € V7).
We shall rewrite the formula in terms of integrals over Z. It follows from Corollary 5.5
that

(10) (1= p"HCW;, = fZ X (%)
form > 1.

Letc € Z; — pp-1. We recall that

o ; s —1 X
L,(1-s,0P):= Foe 1 fZ;Oc) x WP )AET (%)

by definition (see [10, Chapter 4]).
Let j : Z; — Z; be defined by j(x) = x~'. Then j induces j, : Z,1Z31] = Zp[[Z}]]. Let
us set

& = jAEY).
Finally we define a measure F, on Z;f by
dF(x) := xd&E.(x).

It follows from the definition of the measure F. that

1 1
1-my _ -m _ m—1
(11) ~Lym, '™ = L;x dEY () = +— Cl_mfz X" AF L (x)

form # 1.
Letc € Z[X,. Let 6. be a measure on Z; defined by fzﬁ f(x)dé.(x) = f(c) for any continuous
function f on Z;. Observe that

(12) l—c'™ = f XS = 6-1)(x).
z
Lemma 7.1. Let m > 1 and let € € U’L. Then
(13) f KNG =6, - | X a0 (el
z} zy

-J.

X" dF(x) - f R /TN ER
» zp

Proof. It follows from (10), (11) and (12) that the formula (9) can be written in the form
(13) for m > 1 and odd. Observe that the formula (13) holds also for m = 1 as then both
sides vanish. Notice that the left hand side of the formula (13) vanishes for m > 0 and even.

On the other side L,(m, w'™™) = 0 for m even as then 1 — m is odd. Hence equation (11)
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implies that the right hand side also vanishes for m > 0 and m even. m|

Proposition 7.2. Let € € U’} and let c € Z; — pp-1- Then

P X X
(14) (61 = 60-1) - (AA0) ([el)(€))) = Fe - ppy,
in Z,[[Z]]-
Proof. The proposition follows immediately from Lemma 7.1 and Lemma 4.1. O

Let S be the set of all non-zero divisors in the ring Z,[[Z}]]. We set
§:=87'Z,[[Z3]]
for the total ring of fractions.

Corollary 7.3. Let c € Z; — Mp-1 and let € € UL, Then [cll(e) = 0 in Gal(K,/Q(up~)) if
and only if (61 — 6,.1)"" - F. 'uz(ﬁ) =0in 3.

Proof. Following [1, Lemma 4.2.2] the element 6; — d.-1 is not a zero divisor in Zp[[Z;]].
Hence

TR\ -1 X
A10)*([ell(€)) = (61 = 6c-1)"" - Fe - Hpy,
in § by Proposition 7.2. The corollary follows from the fact that the map
zp + Gal(KCp/Qlup=)) — ZplIZ]]

is injective by Proposition 3.1 (i). m|

Lemma 74. Letc,c| € Z;f — Up-1. Then
@1 =6 Fe= @616, T,
in the ring .

Proof. It follows from the formula (11) that

(15) (1—cl™) f aF(x) ==y | X dE, (x)
z} Z

X
P

for m > 1. For m = 1 both sides of the equality (15) vanish. Hence it follows from Lemma
4.1 that

(51 - 5(‘1’])?6 = (51 - 5C’I)Fcl

in Zp[[Z;]]. Therefore the lemma follows as ¢; — 501-1 and 0; — 0.1 are not zero divisors in
Z,[1Z5])- o
Let f € Z,,[[Z;]]. We denote by (f) an ideal of Zp[[Zf,]] generated by f.

Lemma 7.5. Let c € Z;; — pp-1. Then Fe € ZH[[Z)]] and (Fe) € Zp[[Z]1]".

Proof. Observe that L,(m, w'™™) = 0 if m is even as then 1 — m is odd. Hence it follows
from the formula (11) that
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fz ) X" dF(x) = —(1 = "™ L,(m,0'™™) = 0
P

for m even. Hence it follows that ®(F,) € ([];>, Z,(k)) . Therefore it follows from Lemma
4.1 that F. € Zp[[Z;]]‘ and also that the ideal (F,) C Z,,[[Z;j]]‘. O

The augmentation ideal of Zp[[Z[X,]] is the ideal

IZY) = (v € ZIZ{] : f dv(x) = 0}.
z;

DEeriniTION 7.6. Let ¢ € Z; — Hp-1. We define an element £, in § by
&= =61 —=6.1)" T

It follows from Lemma 7.4 that the element {, € & does not depend on a choice of
¢ € Zp — ptp—1. Moreover it follows from [1, Lemma 4.2.4] that {, is a pseudo-measure.

We recall that the ring Z,[[Z}]] is a subring of §. The set I(Z}){, is a subset of §. We
shall show that it is in fact an ideal of the ring Z,[[Z}]].

Lemma 7.7. Let ¢ € Z;— -1 be such that its class modulo p* generates (Z] p*Z)*. Then
(F) = IZ),.
hence I(Z;)g“p is an ideal onp[[Z;]].
The standard proof, which however require the use of [1, Lemma 4.2.5], we omit.

DeriniTioN 7.8. We define an ideal ({,) of Z,,[[ZIX,]] to be the ideal / (Z;){ » of Z,,[[Z;]].

Proposition 7.9. Let p be a pseudo-measure on Zj; considered in [1, Proposition 4.2.4].
Then the relation between (), defined in this paper and Ve » 1s given by j.({,) = - P

Proof. We recall that

f HdE () = —(1 - Bk
7 k

fork=1,2,3... (see [1, Proposition 4.2.4]). On the other side

1 koo~ gpx _ i1+ Br
l—Ckux - X dEl’c(x)—(l—p )7

for k = 1,2,3... by [10, Chapter 2, Theorem 2.3 and Chapter 10, Theorem 2.1]. Hence it
follows that

—(6) = 6)”'x7'dEY (x) = d{,(x) .
Applying j. to the left hand side we get that
—(61 = 6c) " xd(ju(EF )(x) = (61 = 61) " dFe(x) .

Hence it follows that j.({,) = —Zp in §. |
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8. Proof of the main conjecture assuming the Vandiver conjecture
Let
C: UL - ZlIZ}])
be a map defined by C(¢) := ,uz(ff).
Lemma 8.1. The image of the map C : U’} — ZylIZ;1] is equal to 1(Z}).

Proof. It follows from Proposition 6.2 that the image of U, by the map [Col] is equal to
Z,[[TNY=". Let f € Z,[[T11¥=". Then it follows from Corollary 5.4 that

P = [ d; =0,

P

Hence it follows that :“Z( 7 €1 (Zy) for e € vl

Letv e I(Z;f). Then P(v) € Z,,[[T]]‘”:O and P(v)(0) = 0 by [1, Lemma 3.4.1]. It follows
from [1, Lemma 2.4.3] that there is g € Z,,[[T]]‘”:id such that P(v) = g — ¢(g). Moreover
g = [Col](e) = A(f,) for some € € U} by Proposition 6.2. We have

Py = Af) — ¢(A(f)) = g — ¢(g) = P(v)

by Lemma 5.3. Hence it follows that v = yz( e

We recall that K is the maximal unramified extension of Q(u,~) contained in kC,,.
Proposition 8.2. The map
Gal(K,/K)) = (£p)

given by o — ?I(R)))X(O') is an isomorphism of Z,[[I'l]-modules.
Proof. Following Proposition 3.1 the morphism
2, Gal(Ky Q) = ZZE11

is an injective morphism of Z,[[[']]-modules. Let ¢ € Z} — 1 be such that its class modulo
p? generates (Z/ P*Z)*. Following [1, Lemma 4.2.5]

I(Zy) = (61 = 6-ZH[IZ]1].
Hence it follows that
(16) (61 = 6:1) " I(Zy) = Z,[[Z3]].
The image of the map

[el] : Vil = Gal(Ky/Qup))

is equal to Gal(K,/ IC?,). Hence it follows from Proposition 7.2, Lemma 8.1 and the equality
(16) that

2, (Gal(K,/K)) = (&)
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We recall from Introduction that £, is the maximal abelian pro-p, contained in M,,, exten-
sion of Q(u,~) unramified everywhere. Now we shall prove the main conjecture assuming
the Vandiver conjecture for a prime p.

Proposition 8.3. Let us assume that p does not divide the class number h(Q(u,)"),i.e.
that the Vandiver conjecture holds for a prime p. Then we have an isomorphism of Z,[[I']]-
modules

Gal(L,/Qup=)) = Z[IZ117/(Lp) -

Proof. We recall that ({,,) is an ideal of Zp[[Z;]] and it is contained in Zp[[Z;]]‘. It
follows from Lemma 6.5 that M, = K. Therefore L, = ]Cg. The morphism

2, + Gal(K | Q(up)) = Z[[Z511

is an isomorphism of Z,[[I']]-modules by Proposition 6.4 and by Lemma 3.3. Hence it
follows from Proposition 8.2 that Gal(ICg [Qup)) = Zp[[Z;f]]‘ /(&p) m]

9. The Ihara formula for all m

In this section we show that the Thara formula from Introduction holds for all m. In fact
only the case m = 1 requires a careful proof.

Lemma 9.1. Let ¢ € Z; — 1. Then
[ arn=a-poge,
zy

Proof. We recall that E . is the regularized Bernoulli measure and £ ic 18 its restriction to
Z;. The power series P(E;.)isequal 1/T —c/((1+T)“—1) (see [10, Chapter 4, Proposition
3.4]). Hence it follows from [1, Lemma 3.4.1] and the formula at the end of the proof of
Lemma 2.6 in [12] that

1 c 1 c
PESNT) == — - + .
(ELD =7 A+T)y -1 (A+Ty—-1 A+Ty -1
Observe that € = (?p:ij)neN € U,. The corresponding power series f, = # belongs
to W. Let us set
T 1 1+7T)y -1
T):=log| ——)— — —_— ).
9(D) 0g((1+T)C—1) P Og((1+T)pc—1)

It follows from [1, Lemma 2.5.1] that g(T) € Z,[[T1]1¥=°. The operator D defined by
(DfYT) == (1 + T)f'(T) is an automorphism of Z,,[[T]]‘{’:O (see [3, Corollary on page
2]). One checks that

Dg = P(EY,).
Therefore

fz dF(x) = f XTEY (x) = (DTP(ET))0) = g(0) = (1 - p~)log(c™)

X
P Zy

(see [12, Lemma 3.4]). ]
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We define a sequence of Z,-algebra isomorphisms:

ZpZy1] = Zpllpp-1 x (1 + pZp)]1,
75 3 [x] + [w(x), x0(x) '] € Zp[[up-1 X (1 + pZ)];

Zp[lpp-1 X (1 + Zp)11 = Zp[AII[1 + pZp]], [, x] = &lx],
where we view u,,_; as an abstract group denoted by A;

log x
log g

where g = p+ 1if p # 2 and g = 5 if p = 2. The composition of these isomorphisms we
denote by . Let

Zp[AllL + pZp1] = Zy[ANZp]], [x] = [ I,

€ 1 Zp[AIZy]] = Zyl[Zp]]
be the augmentation map with respect to A. Let us set
A=¢goq.
Then A is also a morphism of Z,-algebras.

Lemma 9.2. Let u € Z,,[[Z;]]. Then

f du = f dAu) .
Zs z,

Proof. One cheks that the formula is true for any p € Z,[Z7]. Hence by continuity the
formula holds for any u € Zp[[Z;]]. O

Lemma 9.3. Let u € Zp[[Z;]] be such that fzx du=0. Let c € Z; be such that its class
modulo p* generates (Z] p*Z)*. Then there exists a unique v € Z[,[[Z;f]] such that

/“‘:(51_60)"/

fw:(-loﬂ)fxcm(y)(x).
Z loge Z,

X
P

and

Proof. It follows from [1, Lemma 4.2.5] and from the fact that 6; — d.. is not a zero divisor
(see [1, proof of Lemma 4.2.2]) that there is a unique v € Z,,[[Z;]] such that

M= (61 - 6() vV
in Z,[[Z;]11. Applying the Z,-algebra homomorphism A to the above formula we get
A(p) = (60 = 6x,) - A(V)

I92¢ " Hence we have the following equality of power series in

logg*

in Z,[[Z,1], where xo =
Zp[IT]]

PAWXT) =1 =1 +T1)°) - PAWXT).
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It follows from Lemma 9.2 that

7)(A(/u))(0)=f dA(,u)=f du=0.
z, Z;
Comparing the coefficients at 7 we get
f xdA(p)(x) = (—xo) f dA(v) = (-xo) | dv.
z, z, z
O

In the next proposition we present the analogue of the Thara formula from Introduction
for m = 1. Notice that 1 — p~! appearing in our formula is the residue of the p-adic zeta
function of Kubota-Leopoldt.

Proposition 9.4. Let € € Ul Then we have

k(p)([cll(e)) = f au(0)((eli(e) = (1 - p~)( - logg f XdAGL 1 )(X))

z z

Proof. Let ¢ € Zlf be such that its class modulo p? generates (Z/p®Z)*. Following
Corollary 5.4 fzx duz( o= 0. Hence it follows from Lemma 9.3 that there is a unique
‘P €.
Veo € Z,,[[Z;f]] such that

IUZ(fE) = (61— 0c1) * Vec
Hence it follows from Proposition 7.2 that
3 X
A10)*([cl](€)) = Fe - Ve -

It follows from Lemma 4.1 that

[ andbyqenen= [ ar.- [ ave..
Vs Vs Vs

P P

Let us observe that fo cl‘l[(l_())(o-)>< = k(p)(0) for any o € G ). On the other side
14

_ _ lo
[Lare- [ dvee=a-pontc ) oy |, A ))
» » Z, '

= (1-p')(~ logg fz XA, ()

by Lemmas 9.1 and 9.3. |
Let us define

¥ Z,0Z - | |z,

k=—c0

by the formula

w0 = ([ o)

As in the proof of Lemma 4.1 one checks that W(u - v) = W(u)¥(v). Hence it follows from
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Proposition 7.2 that

(1= c'Fy( fz ) HLaAT0Y ([eli(e)) = ( fz

X
P

M dF(0)( f ldpy ().
z
Following (11), fZX A dF(x) = =(1 = ¢!"ML,(k, w!'7*) for k # 1. Hence we have proved
'P
the following result.

Proposition 9.5. Let € € U’} For k # 1 we have

I

X
P

U0 ([ell(€)) = —Ly(k, ') f Ny g ().
z

REMARK 9.6. If k = 1 then in the formula of Proposiotion 9.5 the left hand side is equal
to k(p)([cl](€)). On the right hand side of the formula, fo d,uz( f)(x) = 0 by Corollary 5.4,
'p JE

while L,(1, w?) is not defined if we use the definition of the function L,(1-s, «P) given at
the beginning of Section 7. The integral fzx (x)sx"wﬁ(x)dEfc(x) is well defined for s = 0
X ;

and 8 = 0 but the function s +— @%1 has a pole at s = 0.

AckNOWLEDGEMENTS. The second author would like to thank very much Hiroaki Naka-
mura for discussions.

References

[1] J. Coates and R. Sujatha: Cyclotomic fields and zeta values, Springer Monographs in Mathematics,
Springer-Verlag, Berlin, 2006.

[2] R. Coleman: Anderson-lhara theory: Gauss sums and circular units; in Algebraic number theory, Adv.
Stud. Pure Math. 17, Academic Press, Boston, MA, 1989, 55-72.

[3] R. Coleman: Local units modulo circular units, Proc. Amer. Math. Soc. 89 (1983), 1-7.

[4] 1B. Fesenko and S.V. Vostokov: Local fields and their extensions, Translations of Mathematical Mono-
graphs 121, second ed., American Mathematical Society, Providence, RI, 2002.

[5] H. Ichimura and M. Kaneko: On the Universal Power Series for Jacobi Sums and the Vandiver Conjecture,
J. Number Theory 31 (1989), 312-334.

[6] H. Ichimura and K. Sakaguchi: The nonvanishing of a certain Kummer character y,, (after C. Soulé),
and some related topics: in Galois representations and arithmetic algebraic geometry (Kyoto, 1985/Tokyo,
1986), Adv. Stud. Pure Math. 12, North-Holland, Amsterdam, 1987, 53-64.

[7]1 Y. Ihara: Profinite braid groups, Galois representations and complex multiplications, Ann. of Math. (2),
123 (1986), 43-106.

[8] Y. Ihara: Some arithmetic aspects of Galois actions in the pro-p fundamental group of P't0, 1, 8u; in Arith-
metic fundamental groups and noncommutative algebra (Berkeley, CA, 1999), Proc. Sympos. Pure Math.
70, Amer. Math. Soc., Providence, Ri, 2002, 247-273.

[9] G. Kings: On p-adic Interpolation of Motivic Eisenstein Classes; In Elliptic Curves, Modular Forms and
Iwasawa Theory, Springer Proc. Math. Stat. 188, Springer, Cham, 2016, 335-371.

[10] S. Lang: Cyclotomic fields I and II, combined second ed., Graduate Texts in Mathematics 121, Springer-
Verlag, New York, 1990.

[11] B. Mazur and A. Wiles: Class field of abelian extensions of Q, Invent. Math. 76 (1984), 179-330.

[12] H. Nakamura, K. Sakugawa, and Z. Wojtkowiak: Polylogarithmic analogue of the Coleman-Ihara formula,
I, Osaka J. Math. 54 (2017), 55-74.

[13] H. Nakamura and Z. Wojtkowiak: On explicit formulae for I-adic polylogarithms; in Arithmetic fundamen-



170 M. KAKDE AND Z.. WOITKOWIAK

tal groups and noncommutative algebra (Berkeley, CA, 1999), Proc. Sympos. Pure Math. 70, Amer. Math.
Soc., Providence, Ri, 2002, 285-294.

[14] L.C. Washington: Introduction to cyclotomic fields, second ed., Graduate Texts in Mathematics 83,
Springer-Verlag, New York, 1997.

[15] Z. Wojtkowiak: On €-adic iterated integrals, I Analog of Zagier Conjecture, Nagoya Math. J. 176 (2004),
113-158.

[16] Z. Wojtkowiak: On (-adic Galois L-functions; in Algebraic geometry and number theory, Progr. Math. 321,
Birkhéuser/Springer, Cham, 2017, 161-209.

[17] Z. Wojtkowiak: On Z-zeta function; in Iwasawa theory 2012, Contrib. Math. Comput. Sci. 7, Springer,
Heidelberg, 2014, 471-483.

Mahesh Kakde

King’s College London
Department of Mathematics
London WC2R 2LS

UK.

e-mail: mahesh.kakde @kcl.ac.uk

Zdzistaw Wojtkowiak

Laboratoire Jean Alexandre Dieudonné

UMR No 7351 CNRS UNS

Départment de Mathématiques

Université de Nice-Sophia Antipolis

Parc Valrose — B.P.No. 71, 06108, Nice Cedex 02
France

e-mail: wojtkow @unice.fr




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.53333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 150
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /JPN <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


