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Abstract. By applying an average method in PDE, we obtain a dichotomy between
“constancy” and “infinity” of the warping functions on complete noncompact Rie-
mannian manifolds for an appropriate isometric immersion of a multiply warped
product manifold Ny Xy, No X --- X, Nj, into a Riemannian manifold.

Generalizing the earlier work of the authors in [9], we establish sharp inequalities
between the mean curvature of the immersion and the sectional curvatures of the
ambient manifold under the influence of quantities of a purely analytic nature (the
growth of the warping functions). Several applications of our growth estimates are
also presented.
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1. Introduction

Warped products play very important roles in Differential Geometry and Physics.
Examples of warped product include Riemannian manifolds of constant curvature
and the best relativistic model of the Schwarzschild space-time that describes the
out space around a mass star or a black hole.

In [9], B.-Y. Chen and S. Wei obtained the following necessary condition for an
arbitrary isometric immersion of a warped product N1 X y N into a Riemannian
m-manifold M with sectional curvatures bounded from above by a constant c,
generalizing the work of B.-Y. Chen in [3] on warped product submanifolds in a
Riemannian manifold R (c) of constant sectional curvature c.

Theorem A ([9, Theorem 3.1]). For any isometric immersion ¢ : N1 X5 No —
M from a warped product N1 X ; Ny into a Riemannian m-manifold M with
sectional curvatures bounded from above by a constant c, the warping function f
satisfies

2
_(71127-1:2) H? —njc < Ajif (1)

where ny = dim Ny and no = dim Ny, H?> = (H, H) is the squared mean
curvature of ¢ , and Af is the Laplacian of f on Ny (defined as the divergence of
the gradient vector field of f, cf. (10)).

The equality sign (1) holds if and only if ¢ is a mixed totally geodesic immersion
with trace hy = trace ho, where hq and ho are the restriction of the second fun-
damental form h of ¢ restricted to N1 and No, respectively, and at each point
p = (p1,p2) € N, c satisfies c = K(u,v) = max K(p), for every unit vector
u € Tpl1 Nj and every unit vector v € TPIQ(NQ).

On the other hand, the second author extended in [15] the scope of L? or ¢-
integrable functions on complete noncompact Riemannian manifolds to functions
with “p-balanced” growth depending on ¢, and introduced the concepts of their
counter-part to “p-imbalanced” growth (cf. Definition 9). By coupling these
growth estimates with the above inequality (1), Chen and Wei establish in [9] some
sharp inequalities between quantities of a geometric nature (the mean curvature of
the immersion, the sectional curvatures of the ambient manifold) and quantities of
a purely analytic nature (the growth of the warping function).

Theorem B ([9]). If f is nonconstant and two-balanced for some q > 1, then for

every Riemannian na-manifold No and every isometric immersion ¢ of the warped
product N1 Xy N3 into any Riemannian manifold M;" with ¢ < 0, the mean
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curvature H of ¢ satisfies

4dninslc]
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> — 2
(n1 + ng2)? @

at some points.

Hence we immediately find a dichotomy between “constancy” and “infinity” (two-
imbalanced) of the warping functions on complete noncompact Riemannian man-
ifolds for an appropriate isometric immersion:

Corollary A (91). Suppose the squared mean curvature of the isometric immersion
¢ : N1 Xy Ny — M satisfies

2 4dnina|c|
= (n1 4+ ng)?

everywhere on N1 x ¢ No. Then the warping function f is either a constant or it
has two-imbalanced growth for every g > 1.

3

Applications of these new inequalities are also presented, among which there are
some results on the nonexistence of isometric minimal immersions between certain
types of Riemannian manifolds:

Theorem C ([9]). Suppose q > 1 and the warping function f is two-balanced.
If Na is compact, then there does not exists an isometric minimal immersion from
Ny x ¢ N into any Euclidean space.

A Riemannian manifold is said to be negatively curved (respectively, non-positively
curved) if it has negative (respectively, non-positively curved) sectional curvatures.
Corollary B ([9)). If f is an L? function on Ny for some q > 1, then for any Rie-
mannian manifold Ny the warped product N1 X y Ny does not admit any isometric
minimal immersion into any non-positively curved Riemannian manifold.

For further extension, let N = N; x --- x N denote the Cartesian product of k
Riemannian manifolds (N, g1) -~ -, (Ng, gx) , and m; : N — N; be the canonical
projection of N onto N; ,1 < i < k. If fo,--- fr, : N7 — R are smooth positive-
valued functions, then

k

g=mig1+ Y _(fiom)*nig;
=2

defines a Riemannian metric on N , called multiply warped product metric. The
product manifold NV endowed with g is denoted by N = Ny x ¢, Ng X -+ - X f, N

Denote by trace h; the trace of the second fundamental form h of N = Ny X - -+ X
N} into a Riemannian manifold restricted to V; .
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B.-Y. Chen and F. Dillen proved in [6] the following.

Theorem D. Let ¢ : N1 X, Ng X -+ Xp N — M be an isometric immersion
of a multiply warped product N = Ny Xy, No X --- Xy Ny into an arbitrary
Riemannian manifold M . Then we have

2 . _ k
_n(];k 1)H —ni(n —ny)max K < Z ff 4)

where n = Zle n; and max K (p) denotes the maximum of the sectional curva-
ture function of the ambient space M restricted to two-plane sections of the tangent
space TyN of N atp = (p1, ..., Dk).

The equality sign of (4) holds identically if and only if the following two conditions
hold

1) ¢ is mixed totally geodesic such that trace h; = --- = trace hy

ii) At each pointp € N, the sectional curvature function K satisfies K (u,v) =
max K (p) for every u € T1 Ny and every v € T o (N2 X -+ N ).

One main purpose of this article is to prove the following theorem which extends
Theorem B, in particular, inequality (2) to arbitrary isometric immersions of mul-
tiply warped product manifolds into an arbitrary Riemannian manifold.

Theorem 1. If for each j, 2 < j < k, f; is nonconstant and two-balanced with
some q; > 1, then, for any multiply warped product N = Ny X, No X -+ X 5, Ny,
in a Riemannian manifold M, the mean curvature H of N in M satisfies

—2kni(n —ny)

W20k — 1) max K ®)

H? >
at some points, where max K is defined in Theorem D.

In particular, if each f; is nonconstant and in LY for some q; > 1, then (5) holds
at some points.

In particular, if M is a Riemannian manifold of constant sectional curvature ¢ < 0,
then Theorem 1 reduces to the following.

Theorem 2. If for each j, 2 < j < k, f; is nonconstant and two-balanced with
some q; > 1, then, for any multiply warped product N = Ny X, N3 X + -+ X 5, Ny
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in a Riemannian manifold R™ (c) of constant sectional curvature ¢ < 0, the mean
curvature H of N in R™(c) satisfies

2kni(n —ny)

12
~ n?(k —1)

(6)

at some points.

In particular, if each f; is nonconstant and in L9 for some q; > 1, then (6) holds
at some points.

Theorems 1 and 2 are sharp and inequalities (5) and (6) are optimal. For details,
we refer to Remark 18, Example 3.1, Example 3.2, and Remark 19.

In views of Theorem 1, we give the following dichotomy.

Theorem 3. Suppose the squared mean curvature of the isometric immersion of a
multiply warped product N = Ny X 5, No X - - - X 5, N}, into a Riemannian manifold
satisfies

max K @)

everywhere on N. Then there exists an integer 1,2 < i < k such that either
the warping function f; is a constant or f; has two-imbalanced growth for every
q; > 1.

Some other applications of Theorem 1 are the following.

Corollary 4. If for each j,2 < j < k, f; is nonconstant and two-balanced for
some q; > 1, then there does not exist a minimal immersion of any multiply warped
product N = Ny X g, No X+ -+ X g, N}, into a Riemannian manifold whose maximum
sectional curvature is nonpositive.

In particular, if each f; is nonconstant and in L9 for some q; > 1, then there does
not exist a minimal immersion of any multiply warped product N = N1 X 1, Na X
-+« X g, Ny into a Euclidean space.

Applying the growth estimates in Theorem 15 and the average method in PDE
in Proposition 16, we have the following Liouville property and characterization
results.

Corollary 5. Suppose the squared mean curvature of the isometric immersion ¢ of
a multiply warped product N = Ny Xy, No X -+ Xy, N} into a complete, simply-
connected Riemannian manifold R™ (c) of constant sectional curvature c satisfies
(7) everywhere on N. If for each 3,2 < j < k, f; is two-balanced for some q; > 1,
then we have:
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1) Every warping function f;,2 < j < k is constant.
2) The isometric immersion ¢ is a minimal immersion into a Euclidean space.

3) The isometric immersion ¢ is a warped product immersion.

Corollary 6. Let each f;j,2 < j < k be two-balanced for some q; > 1. Then we
have:

1) Every multiply warped product N = Ny Xy, No X -+ Xy, N does not
admit an isometrically minimal immersion into any Riemannian manifold of
negative sectional curvature.

2) If Ny, is compact, then N = Ny Xy, No X -+ X5, N does not admit an
isometrically minimal immersion into a Euclidean space.

We state a special case of Corollary 6 as the following.
Corollary 7. Ifeach f;,2 < j < k,isin LY for some q; > 1, then we have

1) Every multiply warped product N = Ny X r, No X - - - X, N}, does not admit
an isometrically minimal immersion into any negatively curved Riemannian
manifold.

2) If Ny, is compact, then N = Ny Xy, Na X -+ Xy, Ny does not admit an
isometrically minimal immersion into a Euclidean space.

A map
P Ny Xy No X oo X g N — My Xp, Mo X -+ X My,

between two multiply warped product manifolds Ny X, No X -+ Xf Ny and
My Xy Mo X -+ Xy, My, is said to be a warped product immersion if 1 is given
by ¥(z1, -+ ,xk) = (Y1(x1), -+, Yr(zk)) is an isometric immersion, where 1); :
N; — M;,i = 2,--- , k are isometric immersions, and f; = p; oy : N| — RT
fort =2,--- k.

By applying Theorem D, Proposition 16 and Theorem E (Nolker’s Theorem), we
have

Corollary 8. If for each j,2 < j < k, f; is two-balanced for some q; > 1, then
every isometric minimal immersion of a multiply warped product N = Ny Xy,
No X -+ Xy, Ny into a Euclidean space is a warped product immersion.
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The technique used in this article is to apply the Average Method in PDE in Propo-
sition 16 and the Growth Estimates in Theorem 15 to study multiply warped prod-
ucts. In contrast to an extrinsic average variational method in the calculus of
variations [10, 16, 17], where the sum of analytic quantities is strictly negative, the
average method in PDE in this article deals with the nonnegative sum of analytic
quantities (cf. Remark 2.1).

The techniques used in this article are sufficient general to apply to multiply warped
product manifolds totally real isometrically immersed into complex space forms,
as well as into quaternionic space forms. We also use the same technique for
multiply warped product manifolds to treat doubly warped product manifolds in
the last section.

2. Preliminaries

Let N be a Riemannian n-manifold isometrically immersed in a Riemannian m-

manifold M™. We choose a local field of orthonormal frame ey, . . . , ey, Entls-- -,
em in M™ such that, restricted to N, the vectors ey, ..., e, are tangent to /N and
€n+1, - - -, Em are normal to V.

For a subm~anifold N in M m_ let V and V denote the Levi-Civita connections
of N and M™, respectively. The Gauss and Weingarten formulas are then given
respectively by (see, for instance, [4,5])

VxY =VxY +h(X,Y)
B 3)
Vx¢& = —AgX + Dx¢&

for vector fields X, Y tangent to N and £ normal to N, where h is the second
fundamental form, D the normal connection, and A the shape operator of the sub-
manifold. Let {h;-”j}, i,j=1,....,n;r=n+1,...,m, denote the coefficients of
the second fundamental form A with respectto e, ..., en,€n41,- ., Em.

The mean curvature vector ﬁ is defined by

ﬁ—ltraceh—lih(e' i) &)
o T < is €i

=1
where {e1,...,e,} is a local orthonormal frame of the tangent bundle T'N of N.

The squared mean curvature is given by

2= (H,H)
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where ( , ) denotes the inner product. A submanifold N is called minimal in M™
if its mean curvature vector vanishes identically.

Let P be a Riemannian k-manifold and {eq, ..., e;} be an orthonormal frame field
on P. For a differentiable function ¢ on P, the Laplacian of ¢ is defined by the
divergence of the gradient of ¢, or the trace of the Hessian ¢, i.e.,

k
Ap = {ejejo — (Ve,e)0}- (10)

j=1

A function ¢ on P is said to be harmonic (respectively subharmonic or superharmo-
nic) if we have Ay = 0 (respectively Ap > 0 or Ap < 0) on P.

An isometric immersion
(Z):Nl XfQNQX--'kaNk%M

of a multiply warped product N1 X, No X .-+ X N into a Riemannian m-
manifold M is called mixed totally geodesic if its second fundamental form A
satisfies h(D;, D;) = 0 for any distinct ¢, 5 € {1,--- ,k}, where D; denotes the
distribution obtained from the vectors tangent to the horizontal lifts of IV; .

We recall the following results for later use.

Theorem E ([13, Nolker’s Theorem]). Let ¢ : Ny Xp, No X -+ Xp Np —
R™(c) be an isometric immersion into a Riemannian manifold R™ (c) of constant
sectional curvature c. If ¢ is mixed totally geodesic, then locally ¢ is a warped
product immersion

In the following, let us assume that N7 is a noncompact complete Riemannian
manifold and B(z¢;r) denotes the geodesic ball of radius r centered at zy € V7.

‘We recall some notions from [15].

Definition 9. A function on N is said to have p-balanced growth (or, simply, is
p-balanced) if it is one of the following: p-finite, p-mild, p-obtuse, p-moderate, and
p-small; it has p-imbalanced growth, or simply is p-imbalanced otherwise.

Notice that the definitions of “p-finite, p-mild, p-obtuse, p-moderate, p-small” and
their counter-parts “p-infinite, p-severe, p-acute, p-immoderate, p-large” growth
depend on ¢, and g will be specified in the context in which the definition is used.

We have discussed their definitions in [9, Definition 4.1-4.5]. For completeness we
include them as follows (please see also [15]).
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Definition 10. A function f on Nj is said to have p-finite growth (or, simply, is
p-finite) if there exists xo € Ny such that

r—00 r

1
lim inf/ | f|%dv < o0 (11)
P B(zo;r)
it has p-infinite growth (or, simply, is p-infinite) otherwise.

Definition 11. A function f has p-mild growth (or, simply, is p-mild) if there exists
xo € N1, and a strictly increasing sequence of {r;}5° going to infinity, such that
for every [y > 0, we have

1

= (rje1 —15)" P
Z (f Flado = (12)
j=to “JB(zoirj+1)\B(zo;r;)

and has p-severe growth (or, simply, is p-severe) otherwise.

Definition 12. A function f has p-obtuse growth (or, simply, is p-obtuse) if there
exists o € Ny such that for every a > 0, we have

i
r = 00
a f@B(xo;r) |f’qd7)

and has p-acute growth (or;, simply, is p-acute) otherwise.

Definition 13. A function f has p-moderate growth (or, simply, is p-moderate) if
there exist o € N1, and F(r) € F, such that

lim sup | f]9dv < oo. (14)

r—00 Tpr_l(T) /B(wo;r)
And it has p-immoderate growth (or, simply, is p-immoderate) otherwise, where

dr
rE(r)

.7’-'—{F:[a,c><>)—>(0,oo);/OO = 400 forsomea >0}. (15)

(Notice that the functions in F are not necessarily monotone.)

Definition 14. A function f has p-small growth (or, simply, is p-small) if there
exists g € Ny, such that for every a > 0, we have

1
0o r =1
_— dr = oo (16)
/a <fB(:c0;r) f‘th))

and has p-large growth (or, simply, is p-large) otherwise.
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We recall the following result from [9] for later use.

Theorem 15 (Warping Function Growth Estimates) Letr Ny be a noncompact
complete Riemannian manifold and f : N1 — RY be a C? positive function
satisfying Af/f > 0 on Ny . Then either f is constant or f is two-imbalanced for
every q > 1.

Proof: Follow exactly the proof of Theorems 4.1, 4.2, 4.3, 4.4 and 4.5 in [9,
pp-586-590] and use Definition 9, the assertion follows. |

We also need the following result.

Proposition 16 (An Average Method in PDE) Let c3,--- , ¢, be k — 1 positive
constants and let fo,--- | fi, be positive-valued functions defined on a complete
noncompact manifold Ny such that 22?22 cjAf;/f;i > 0, Then we have:

1) There exists an integer i, 2 < i < k, such that either f; is a constant or f; is
two-imbalanced for every q; > 1.

2) If each f;,2 < j < k, is two-balanced for some q; > 1, then all of
fo, -+, fr are constant functions.

Proof: If 22?22 ¢;Af;/f; > 0 holds, then there exists at least ¢, 2 < i < k, such

that Af;/fi > 0 holds. Or Z;“:Q cjAfj/f; < 0, contradicting to the hypothesis.

Therefore statement (1) of this proposition follows from Theorem 15.
For statement (2), it follows from the assumptions that f; is two-balanced. Hence
statement (1) implies that f; is constant. So we have A f; = 0 and
k
Afj Afj
ci—= = ci—= > 0.

Z T f 2_22 T f

J#i J=
Now, by applying statement 1) again to ;; ¢;Af;/f; > 0, we can find the
second constant warping function f; such that > it G Afj/fi > 0. Now, using
the same method iteratively, we conclude that all of f5, .-, fi are all constant.
This proves statement 2). |

Remark 17. The average method given in Proposition 16 is in contrast to an ex-
trinsic average variational method in the calculus of variations [10,16,17], where
the sum of analytic quantities, the second variation formulas of functionals such as
the mass, p-energy, or Yang-Mills functional (over a set of distinguished variation
vector fields) is strictly negative. Our average method in PDE in Proposition 16
deals with the nonnegative sum of analytic quantities, the Laplacian of warping
functions.
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3. Proof of Theorem 1, Theorem 3 and Corollaries 4 - 8

The proofs of these results are based on Theorem D via the Average Method in
PDE given in Proposition 16 and the Warping Function Growth Estimates given in
Theorem 15.

Proof of Theorem 1. Suppose contrary to (5), i.e., there were an isometric immer-
sion ¢ whose mean curvature H satisfying

H? < —2kni(n — ni) max K
n?(k —1)
everywhere on N . This would imply by multiplying both sides of (7) by a positive
number n?(k — 1)/2k , or equivalently

(17)

2(k—1 8
0< —MH2 —ni(n—ny) max K.
2k
On the other hand, Theorem D would imply
2(k—1 & Af
_71(2]{:)}]2 —ni(n —np)max K < ]z;njffj
After combining this with (17) or its equivalent inequality, we find
k
Af; (k-1 =
an 1 Z—n ( )Hz—nl(n—nl)maxKZO. (18)
= fi 2k

Now, after applying the Average Method in PDE stated in Proposition 16(1), we
would conclude from (18) that some f;, 2 < ¢ < k, could be constant or f; would
be two-imbalanced for every ¢; > 1, contradicting the assumption that f; is non-
constant and two-balanced for some ¢; > 1. Indeed, “f; would be constant” con-
tradicts “f; is nonconstant” and “f; would be two-imbalanced for every ¢; > 1.”
contradicts “ f; is two-balanced for some ¢; > 1”.

To prove the last assertion, we observed that every L? function has two-finite, two-
mild, two-obtuse, two-moderate, two-small growth for the same ¢ (cf. [18, Propo-
sition 2.3]). For example, if f defined on N; is in L4, then f is two-finite with
respect to the same ¢. Indeed, there exists g € Nj such that (11), where p = 2
holds:

1 1
lim inf2/ |f|%dv < lim inf2/ | f|9dv
r—00 'S B(.’IO;’I’) r—00 T Nl

1
= lim inf — C, for some constant C' > 0
T—00 T

=0 < o0.
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Definition 9 and the first assertion of Theorems 1 complete the proof. ]

Proof of Theorem 3. Let ¢ : N = Ny Xy, No X -+ Xy, N — M be an isometric
immersion of a multiply warped product N = Nj Xy, Ny X --- Xy N in a
Riemannian manifold M. If the mean curvature H of N in M satisfies (7) on IV,
then it follows from the inequality (4) of Theorem D and (7) that Z j=2 Af = > 0.
Hence, after applying the Average Method in PDE stated in Proposmon 16(1),
we conclude that some f;, 2 < ¢ < k, could be constant or f; would be two-
imbalanced. |

Proof of Corollary 4. Suppose contrary, such an immersion would violate (5) and
hence contradicts Theorem 1. |

Proof of Corollary 5. Statement 1) of Corollary 5 follows from Theorem 3 and
Proposition 16(2).

In view of (7) and Proposition 16 2), we have

k
2kny(n —ny)c Af;
<_gr_ vVt T < I .
0= n?(k—1) _Zn] 0

Therefore we obtain H = ¢ = 0, which implies Statement 2).

Statement 3) follows immediately from Corollary 8. |

Proof of Corollary 6. To prove Statement 1), let us suppose contrary. Then it
follows from Theorem D that

k
0< _F2_ 2kn1(n—n1 max K Z i (19)

n?(k — = i

Now, by Theorem 15 1), (19) implies the constancy of f; for some 2 < ¢ < k.
Thus

0< Z (20)
J#i fj
Therefore, after applying Proposition 16(2) to (20) we obtain the constancy of
f2,+ -+, fr, which leads to 0 < 0, a contradiction.
For statement 2), let us suppose contrary. Then inequality (18) would be true.

Hence by Proposition 16 1), we would have the constancy of f; for some 2 < ¢ <
k. Thus

0< an 1)
J#i
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Now, applying Proposition 16 2) shows the constancy of fa,- - - , fi. So, it follows
from Theorem D that ¢ is mixed totally geodesic and hence, by Moore’s lemma
[12], we conclude that

¢:<¢1,'-',(Z)k):N:N1 XfQNQX-"kaNk%EmlX--'XEmk:Em

is a product minimal immersion, which contradicts to the fact that there is no com-
pact minimal submanifold Vg in the Euclidean space E™*. |

Proof of Corollary 7. Follows at once from Corollary 6 and the fact that every L
function with ¢ > 1 on V7 is two-balanced for the same ¢ > 1 on V. ]

Proof of Corollary 8. In view of Theorem D and H = ¢ = 0, we have

k
0— —H2_ anl n—m Z Af]:
=2
Now assertion follows from Theorem E [13, Nolker’s Theorem]. |

Remark 18. The following two examples show that Theorem 1 is false if either f;
is constant or f; is two-imbalance for every q; > 1.

Example 3.1. Let Ny, ..., N be k copies of the real line R and let us put f; =1
forj =2,...,k. Then N = N X1 No x --- X1 Ny, is the Euclidean k-space E*.
Clearly, for a totally geodesic immersion of N into E**+1, inequality (5) is false.
Example 3.2. Let N; = {z € R; x > 0} and Ny, ..., Ny be k — 1 copies of R.
If we put fo = --- = fi, = x, then each f; is two-imbalance for every ¢; > 1 and
N = Nj X; Na X - -+ X, Ni is an open subset of E*. Again, for a totally geodesic
immersion of IV into E**1 inequality (5) is false.

Remark 19. Theorems 1 and 2 are sharp in the sense that inequality (5) and (6)
are false if either f; were constant or f; were two-imbalanced for every q; > 1 (For
details, we refer to Remark 18, and Examples 3.1-3.2 above). Furthermore, The-
orem 3 shows that inequality (5) (respectively, (6)) is best possible for Theorem 1
(respectively, for Theorem 2).

4. Multiply Warped Product Manifolds into Complex or Quaternionic
Space Forms

A submanifold NV of a Kidhler manifold M is said to be totally real if the almost
complex structure J of M carries each tangent space of N into its corresponding
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normal space (cf. [4, 8]). Similarly, one has the notion of totally real submanifolds
in quaternionic Kéhler manifolds (cf. [7]).

B.-Y. Chen and F. Dillen proved

Theorem F ([6]). Let ¢ : Ny x g, No x --- x5, N — Mm(4c) be a totally real
isometric immersion of the multiply warped product N = Ny X g, No X -+ X7, Ni
into a complex space form of constant holomorphic sectional curvature 4c or in a
quaternionic space form of constant quaternionic sectional curvature 4c. Then

n2 k

—sz—n _ Af] _ d .
1(n—mnq c<§:nJ 7, n—ZnZ. (22)
=1

By applying the same techniques, i.e., Theorem 15 (Warping Functions Growth
Estimates) and Proposition 16 (An Average Method in PDE), we also have the
following results.

Theorem 20. If for each j,2 < j < k, f; is nonconstant and two-balanced for
some qj > 1, then for any multiply warped product N = N1 X g, Ng X -+ X5, Ny
totally real isometrically immersed in a complex space form of constant holomor-
phic sectional curvature 4c or in a quaternionic space form of constant quater-
nionic sectional curvature 4c, the mean curvature H of ¢ satisfies

—4ni(n —ny)e

H? > (23)

n2
at some points.

In particular, if each f; is nonconstant and in L9 for some q; > 1, then (23) holds
at some points.

As applications of Theorem 20 , we have the following.

Corollary 21. If for each j,2 < j < k, f; is nonconstant and two-balanced for
some q; > 1, then there does not exist a totally real minimal immersion of any
multiply warped product N = Ny Xy, Na X - -- X7, Ny, into a complex space form
of constant holomorphic sectional curvature 4c < 0 or into a quaternionic space
form of constant quaternionic sectional curvature 4c < 0.

In particular, if each f; is nonconstant and in L% for some q; > 1, then there does
not exist an isometric minimal immersion of N = N1 Xy, No X -+ Xy, Ny, into
M™(0).
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Another application of Theorem 20 is the following dichotomy.

Corollary 22. Suppose the squared mean curvature of an isometric immersion of
a multiply warped product N = Ny Xy, No X -+ Xy Ni into a Riemannian
manifold R™(c) of constant sectional curvature c satisfies

—4ny(n —nqy)c

H? < - (24)

n

everywhere on N. Then there exists an integer i,2 < i < k, such that the warping
function f; is either a constant or for every q; > 1, f; has two-imbalanced growth.

By applying the Growth Estimates in Theorem 15 and an Average Method in PDE
in Proposition 16, we have the following.

Corollary 23. Suppose the squared mean curvature of a totally real isometric im-
mersion ¢ of a multiply warped product N = Ny Xy, Ng X -+ Xy Ny into a
complex space form of constant holomorphic sectional curvature 4c or a quater-
nionic space form of constant quaternionic sectional curvature 4c satisfies (24)
everywhere on N. If for each j,2 < j < k, f; is two-balanced for some q; > 1,
then

1) Every warping function f;,2 < j < k, is constant.
2) The isometric immersion ¢ is a minimal immersion into M™(0).
Corollary 24. Let each f;,2 < j < k, be two-balanced for some q; > 1. Then

1) Every multiply warped product N = Ny X 7, No X - - - X 5, N} does not admit
an isometrically totally real minimal immersion into any complex space form
of negative constant holomorphic sectional curvature 4c or a quaternionic
space form of negative constant quaternionic sectional curvature 4c.

2) If Ny is compact, then N = Ny X, Na X --- X5, Ny does not admit an
isometrically totally real minimal immersion into M™(0).

We state a special case of Corollary 24 as follows.
Corollary 25. Ifeach f;,2 < j < k, is in LY for some q; > 1, then we have:

1) Every multiply warped product N = Ny X 7, No X -+ - X 5, Ny, does not admit
an isometrically totally real minimal immersion into a complex space form of
negative constant holomorphic sectional curvature 4c or into a quaternionic
space form of negative constant quaternionic sectional curvature 4c.
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2) If Ny is compact, then N1 Xy, No X+ - - X r, N}, does not admit an isometrically
totally real minimal immersion into M™(0).

Since the proofs of these results can be done in the same way as in Section 3, we
omit their proofs.

5. Doubly Warped Products

Doubly warped products are natural generalization of (ordinary) warped products.

Definition 26. A doubly warped product of Riemannian manifolds (N1, g1) and
(N2, g2) is a product manifold 7, N1 X f,No equipped with metric g = f3g1 S f£ g2,
where f1 : N1 — RT and fy : No — R™ are positive-valued smooth functions.

As an extension of Theorem A from [9], A. Olteanu proved the following.

Theorem G ([14]). Let ¢ : 7, N1 X No — M be an isometric immersion of a
doubly warped product y, N1 Xy, No into an arbitrary Riemannian manifold M.
We have
2
—(nl—znz)fﬂ —ningmax K < ng
where n; = dim N; and ; is the Laplacian of N; , fori =1, 2.

The equality sign holds identically if and only if the following conditions hold:

(25)

Arfi Az fo
J1 m Jo

1) ¢ is mixed totally geodesic such that trace hy = trace hs .

ii) At each point & = (x1,22) € N, K satisfies K (u,v) = max K (z) for each
unit vector u € Txl1 N1 and every v € TJ}QNQ.

Similarly, by applying the same techniques via Theorem 15 (Warping Functions
Growth Estimates) and Proposition 16 (An Average Method in PDE), we also have
the following.

Theorem 27. If fi, fo are nonconstant and two-balanced for some qi,qs > 1,
then for any isometric immersion of a doubly warped product ¢ : y, N1 X ¢ N3 into
a Riemannian manifold M, the mean curvature H of ¢ satisfies
s CAmne R (26)
(n1 + ng)?
at some points.

In particular, if each f; is nonconstant and in L% for some q; > 1, then (26) holds
at some points.
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The proof of this theorem is similar to the proof of Theorem 15. However, because
doubly warped products are somewhat different from ordinary warped products,
we provide the proof of Theorem 5.1 as follows.

Proof of Theorem 27. Suppose contrary to (26), i.e., there were an isometric
immersion ¢ whose mean curvature H satisfying

—4nin
2< 172

— = _max K
- (n1 + n2)2 x
everywhere on [NV, which gives
2
0< —@HQ — minsmax K. 27)
On the other hand, Theorem G would imply
2 ~ A A
—MH2 —ningmax K < ng L +n 2f2-
4 h f2
After combining this with (27), we find
A A 2 ~
N2 }fl +nq ;fQ 2 (o Z’@) H? — ninymax K > 0. (28)
1 2

After applying the Average Method in PDE stated in Proposition 16 1), (28) shows
that some f;, ¢ = 1,2, could be constant or f; would be two-imbalanced for every
g; > 1. This contradicts the assumption that f; is nonconstant and two-balanced
for some ¢; > 1.

The last assertion follows from Definition 9, the first assertion of Theorems 27 and
the fact that every L9 function has two-finite, two-mild, two-obtuse, two-moderate,
two-small growth for the same ¢ (cf. [18, Proposition 2.3]). |

In particular, if the ambient space M is of constant sectional curvature ¢ < 0, then
Theorem 27 reduces to the following.

Theorem 28. If f1, fo are nonconstant and two-balanced for some q1,q2 > 1,
then for any isometric immersion of a doubly warped product ¢ : ¢, N1 X ¢, N into
a Riemannian m-manifold R™ (c) of constant curvature ¢ < 0, the mean curvature
H of ¢ satisfies
2 MC (29)
(n1+ n2)2

at some points.

In particular, if each f; is nonconstant and in L9 for some q; > 1, then (29) holds
at some points.
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Also, the following are easy consequences of Theorem 27.

Corollary 29. If for each j(j = 1,2), f; is nonconstant and two-balanced for
some q;, then there does not exist an isometric minimal immersion of any doubly
warped product ¢ : 5, N1 X ¢, N into any negatively curved Riemannian manifold.

In particular, if each f; is nonconstant and in L9 for some q; > 1, then there does
not exist isometric minimal immersion of N = Ny X, No X --- Xy N into a
Euclidean space.

As another easy applications of Theorem 27, we have the following dichotomy.

Corollary 30. Suppose the squared mean curvature of the isometric immersion of
a doubly warped product ¢ 15, N1 X ¢, No into a Riemannian manifold satisfies

2 —4711712

—_— K 30
~ (n1 +ng)? s 0

everywhere on N. Then there exists an integer i,1 < i < 2, such that the warping
function f; is either a constant or for every q; > 1, f; has two-imbalanced growth.

Analogously, by applying the growth estimates and the average method in PDE as
before, we have the following Liouville property and a characterization result.

Corollary 31. Suppose the squared mean curvature of an isometric immersion ¢
of a doubly warped product y, N1 X g, N3 into a Riemannian manifold satisfies (27)
on N. If for each j (j = 1,2), f; is two-balanced for some q; > 1, then we have:

1) Every warping function f;,1 < j < 2, is constant.
2) The isometric immersion ¢ is a minimal immersion into a Euclidean space.

Corollary 32. Let each f; ,1 < j < 2 be two-balanced for some q; > 1. Then we
have:

1) Every doubly warped product y, N1 X r, N3 does not admit an isometric min-
imal immersion into any negatively curved Riemannian manifold.

2) If Ny is compact, then 7, N1 Xy, N3 does not admit an isometric minimal
immersion into a Euclidean space.

We state a special case of Corollary 33

Corollary 33. Ifeach f; (j = 1,2) is in LY for some q; > 1, then we have:
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1) Every doubly warped product 7, N1 X r, Ny does not admit an isometric min-
imal immersion into any negatively curved Riemannian manifold.

2) If N3 is compact, then 5, N1 Xy, No does not admit an isometric minimal
immersion into a Euclidean space.

Since Corollaries 29-33 can be in the same way as the proofs of Corollary 4, The-
orem 3, Corollary 5 1) & 2), Corollary 6 and Corollary 7, we omit their proofs.
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