JOURNAL OF

V Geometry and Symmetry
>x<< JGSP 37 (2015) 1-24 in Physics

ISSN 1312-5192

ON THE SOLITON SOLUTIONS OF A FAMILY OF TZITZEICA

EQUATIONS

CORINA N. BABALIC, RADU CONSTANTINESCU AND
VLADIMIR S. GERDJIKOV

Communicated by Metin Giirses

Abstract. We analyze several types of soliton solutions to a family of Tzitzeica
equations. To this end we use two methods for deriving the soliton solutions: the
dressing method and Hirota method. The dressing method allows us to derive two
types of soliton solutions. The first type corresponds to a set of six symmetrically
situated discrete eigenvalues of the Lax operator L; to each soliton of the second
type one relates a set of twelve discrete eigenvalues of L. We also outline how one
can construct general IV soliton solution containing /NV; solitons of first type and N
solitons of second type, N = N; + Ns. The possible singularities of the solitons
and the effects of change of variables that relate the different members of Tzitzeica
family equations are briefly discussed. All equations allow quasi-regular as well as

singular soliton solutions.

MSC: 35Q51, 35Q53, 37K40

Keywords: Tzitzeica equations, singular soliton solutions, Zakharov-Shabat dress-

ing method, Hirota method

Contents
1 Introduction 2
2 Lorentz (Anti-)Invariance in Two-Dimensions 4
2.1 Changes of Variables and the Lorentz (Anti-)Invariance . . ... .. .. 4
2.2 The Lax Representation of T2 Equation . . . . . ... ... ... .... 5
3 The Dressing Method and Dressing Factors for T2 Equation 6
3.1 One Soliton Solution of First Type . . . . . . ... ... ... ... ... 7
3.2 The Singularity Properties of the Soliton Solutions . . . . . . ... ... 11
3.3 One Soliton Solutions of Second Type . . . . .. ... ... ... .... 13
4 The Generic N-Soliton Solution for T2 Equation 16
5 Hirota Method for Building One-soliton Solution of T2 Equation 17
doi: 10.7546/jgsp-37-2015-1-24 1



2 Corina N. Babalic, Radu Constantinescu and Vladimir S. Gerdjikov

6 The Spectral Properties of the Dressed Lax Operator 18
7 Conclusions 20
References 21

1. Introduction

In the present paper we continue our investigations of the famous equation due to
the Romanian mathematician Gheorghe Tzitzeica! which we call now as Tzitzeica 1
equation [27,28] and a closely related equation which we call Tzitzeica 2. In what
follows we will denote them by T1 and T2. It was initially proposed as an equation
describing special surfaces in differential geometry for which the ratio K/d* is
constant, where K is the Gauss curvature of the surface and d is the distance from
the origin to the tangent plane at the given point. Later on it turned out that the
equation has wider importance, being nowadays used as an important evolutionary
equation in nonlinear dynamics. The explicit form of T1 and T2 equations is

82¢1 2 82¢2
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i.e., T1 and T2 have different signs at the right hand sides. The transition between
T1 and T2 can be performed by several simple changes of variables (see below),
some of which substantially modify the singularity properties of their solutions.

Tzitzeica equations attracted a lot of attention at the end of the *70s when for
some time it was believed, that it is the only known equation, allowing a finite
number of higher integrals of motion [8]. Soon however, it was proved that in
fact, it possesses, like the other soliton equations, an infinite number of integrals
of motion [30]. Next it was discovered that the equation has a hidden Z3 sym-
metry, which becomes evident in its Lax representation [21,22]. This important
discovery led Mikhailov to the notion of the reduction group and to the family
of two-dimensional Toda field theories (TFT) related to the sl(n) algebras [21].
Soon after it was established that: i) two-dimensional TFT can be related to any
of the simple Lie algebras [9, 19,23,24], ii) other classes of integrable NLEE may
also possess such symmetries [7,9,12,13], and iii) the expansions over the squared
solutions and the theory of their recursion operators can be constructed [15,18,29].

In previous papers [4, 5] we presented in the derivation of the soliton solutions
of T1. Both versions of Tzitzeica equation allow Lax representation proposed by

'Actually the name of the famous Romanian mathematician contains the Romanian letter T,
which may be spelled as Tz. The factor 2 in equation (1) can be easily removed, but is kept for
historical reasons.
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Mikhailov [21,22]. This allows one to apply the dressing method of Zakharov-
Shabat-Mikhailov [21,32,33] for calculating their soliton solutions. In fact all these
equations are particular examples of two-dimensional Toda field theories (TFT)
[9,19,21,23,24]. They all can be solved exactly using the inverse scattering method
[10,16,31].

In the present paper we start with the analysis of a more general class of equations,
which we call Tzitzeica family equations. Their general form is

0%¢

32y
where €2 = €2 = 1 and ¢; and ¢ are some positive real constants. Obviously
equation T1 (respectively equation T2) is obtained from (2) by putting ¢; = 1,
€2 = —1,c; = c4 = 1 (respectively €1 = —1,e2 =1, ¢c1 = ¢4 = 1). We will call
T3 and T4 the equations

2 = e1c5e?® + excse 10 ()

3 2 %94
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which follow from (2) with e; = ¢ = —1,¢; = ¢4 = land ¢ = €5 = 1,

c1 = ¢4 = 1 respectively.

The paper is organized as follows. In Section 2 we study a class of changes of
variables that interrelate different members of Tzitzeica family. We shall see that
equations T1 — T4 allow Lax representations so they can be solved exactly by
the inverse scattering method, [6,22]. In Section 3 the Zakharov-Shabat dressing
method [33], adapted to systems with deep reductions [21,22] is used to construct
their soliton solutions. As a result we derive the soliton solutions of first and sec-
ond types and analyze their singularities. Indeed, we find that even the simplest
one-soliton solutions of first type may have an infinite number of singularities for
finite values of &, 7. Such singularities are characteristic also for other soliton-type
equations, e.g. for Liouville equation [1,2,25,26], for sinh-Gordon equation and
others, see e.g. [11,20,25] and the references therein. At the same time, using an
appropriate change of variables we obtain a solution having singularities at only
two points which we call ‘quasi-regular’. In Section 4 we outline how the dress-
ing formalism can be extended to derive the N-soliton solution of the considered
model with N solitons of first type and Ny solitons of second type, N = N+ No.
In Section 5 we demonstrate how Hirota method can be applied for deriving the
soliton solutions of Tzitzeica equations and show that it results compatible with the
ones of the dressing method. In Section 6 we briefly outline the spectral properties
of the Lax operators L. We demonstrate that the resolvent of L has pole singulari-
ties that coincide with the poles of the dressing factor and its inverse. We end by a
discussion and conclusions.
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2. Lorentz (Anti-)Invariance in Two-Dimensions

Obviously each of the TFT mentioned above can be viewed as a member of a
hierarchy of NLEE which can be solved by applying the ISM to the corresponding
Lax operator. However the Lorentz invariance singles out the TFT models from
all the other members of NLEE in the hierarchy. Indeed, the TFT models allow
changes of variables which may drastically change, as we shall demonstrate below,
the properties of the soliton solutions.

2.1. Changes of Variables and the Lorentz (Anti-)Invariance

Let us now consider how simple linear change of variables

1 AP G 5/ "_5 _ab
o o (S) o(S), a-(h) @

affect the solutions of Tzitzeica equations Obviously this transformations have to
. 2 .
preserve, up to a sign, % which means that

AT0'1A = +o7q, o1 = <(1) (1)> (5)

which is equivalent to the relations

ac="bd =0, ad 4 bc = +1. (6)

These relations are satisfied in two cases

+_ ([ a 0 + 0 b
D A1_<O:|:1/a>’ 2) A2_<j:1/b0>‘ ™

Here a and b can be, in general, arbitrary complex numbers. However, below we
will consider two cases: i) a and b — real and ii) a and b — purely imaginary.

Second class of transformations involves shifts of the field ¢

B = ¢(€1) = D&, 1) — o+ 50 ®

where ¢y > 0 is a real constant and sg takes the values 0 and 1. If s = 0 and
cg = c1 then T1 goes into

9% ,
P 2020, _

2ogon ~ 1

e le™ 19 9)
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Table 1. Changes of variables that relate different members of Tzitzeica
family equations.

TI|[T2|T3| T4
Al s0=0|T1|T2|T3 | T4
Al 50=0|T2|Tl|T4|T3
Afy.50=1|T3 | T4 | Tl |T2
Aly.s0=1|T4 | T3 | T2 | Tl

and similar expression for the T2 equation for ¢4, but with opposite signs for the
terms in the right hand side.

If we now choose sg = 1 and ¢y = ¢; then T1 goes into
0% ¢ 9 24 /
2 = —cle? — c;te 10
ocon ! “1 (10)
which for ¢; = 1 coincides with T3 equation. We have listed the results of several
such transformations in Table 1.

2.2. The Lax Representation of T2 Equation

Since different members of Tzitzeica family are related by changes of variables
(see Table 1), then it will be enough to consider the Lax representation and soliton
solutions of only one of them, say the second equation in (1) T2. It admits the
following Lax representation

COU(E,m, A ,
Lw(en. ) =1 PSP g€, 0) + AT(E 7, 3) =0
(11)
LW (g, A\ _
L6, ) =1 2R a2 =0
where
10 0 010 0 0 e
Ho=|00 0|, =001, Vi(¢,n)=(¢e* 0 0 |. (12
00 -1 100 0 e 0

The reductions of the Lax pair for T2 equation are similar but not the same as for
the well known T1 equation [4]

1. Zs-reduction

Qil\y(éh? 7, )‘)Q = \11(57 7, q)‘)7 Q = 0qg0 , 4= e27r'1/3 (13)
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which restricts Hy, J and V; by
Q'HQ=H), Q'7Q=q¢J, QQ=q¢'Vi. 4
These conditions are satisfied identically.
2. First Zy-reduction
A (g, m, —A) = W(E,m, M) (15)
ie.,
Ho=H;, JL=J5, W=W (16)
which means that ¢ = ¢*.

3. Second Zs-reduction

001
AT (e ) Ag =07 EmN),  Ayg=]010 (17)
100

i.e.,

A HJAo = —Ho,  AJ'TTA0=0, A7V A=W (18)

3. The Dressing Method and Dressing Factors for T2 Equation

Let us start with a Lax representation of the form

O O
Lio¥o = ia—; ATV, =0,  Lyp¥g= ia—; + A 720, =0. (19)

The fundamental solution (&, n, \), known also as the ‘naked’ solution, has as
potential the trivial solution of T2 equation: ¢o(§,7) =0

The ‘dressed’ Lax pair, given by (11), admits the “dressed” fundamental solution
U (&, n, ), with the potential the nontrivial solution ¢(&, 7).

The fundamental solutions W and W are related by the dressing factor u(&, 7, A)

V(& A) = ul€n Vo€ m, Nur (V) ur (V) = lim u(§n. ) (0)
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which means that u(&, 7, A) must satisfy

igz + 2 e Hou(&,m, A) + AT, u(§,n. A)] = 0
) 1 1 (2D
Ou
1 877’] + XVW(&?% )‘) - Xu(fa m, >‘)‘72 = 0.

Since both Lax pairs (the dressed (11) and the naked one (19)) satisfy the three
reductions, then also the dressing factor must satisfy them

)  Q 'uEnNQ=ulnq\), b u(&n —N)=uEnN)

(22)
) Agtul(&,mX) Ao = uH(E,m,N)
where Ay is defined by equation (17).
3.1. One Soliton Solution of First Type
A natural anzatz for the dressing factor with simple poles in A is [21]
Ay Q'AIQ  QAIQ?
A)=1+- 23
u(fﬂ% ) +3<)\_)\1 )\q2_)\1+ )\q_)\l ( )

where A;(&,n) is a 3 x 3 degenerate matrix of the form
Arm) = [n&m)mT €l (A& n) = ni(&mmyEn).  (24)

The first reduction (22a) on u(z, ¢, \) is automatically satisfied by the anzatz (23).
The second reduction (22b) leads to

15— kNET; Pj—kMEM;
3 w3 (25)
A3 — Al A3+ A]
Here and below j — k is understood modulo 3 and
mo = A, m = A\, ne = A’ 26)
po = A7, pr= =M\, p2 =A%

In addition we must have
*3 3
AT =N

and

*,2 k% 2 ok ok ® ok
AVTnimy = = ATnimg, AN M = Mnimag1, MMy = —NiMiyo



8 Corina N. Babalic, Radu Constantinescu and Vladimir S. Gerdjikov

where again all matrix indices are understood modulo 3. These relations can be
rewritten as

argn; + argm; = T _9 arg i, argn; + argmiy; = —arg A\j
2 . 27)

argn; + argm;yo = 5 arg \; = (2k+1)€’ k=0,1,...,5.
So we can consider with no limitations that Ay = —A} and A; = —Aj]. More

specifically we will assume that the vector (m”(&,7)| is real, while the vector
|n(&,n)) has purely imaginary components.

The third reduction (22¢) on u(x, t, ) can be put in the form

w(&,m, \)Agtul (€,m, A7) Ao = L. (28)

Let us now multiply (28) by A — Aq, take the limit A — A; and take into account
equation (14). This gives

”4 k
m E Ks—kMsy_g (29)
P A
where
ko =A% k=M ka = MAL (30)

Thus, taking into account that A1 = ip1, p1 —real and m;, = mj, we obtain

2>\:{’m’§ 2i pyms
M= 212 L \2F w9 2
)\lmgml + |)\1| |m2| + )\1 mims mims —m;
2\3ms3 2i py an
n2 = g
2%
A mEma + M ma|2 + [\ Pmimg me
2A3m3 2i prmg
2,% 2
(A1Pmgma + A7 maf? + Mimims my

In order to obtain the vectors |n) and (m? | in terms of £ and 7 we first impose the
limit A — A1 in equation (21). We obtain that the residue A; must satisfy

0A,
1876 +2igpeHoAy + M[T, A1l =0

A
aanl FAT A = AT AT =0,

(32)
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Since A1 = |n)(m”| we find that (32) is satisfied if
d|n) . O(mT|
i _

i 5 + 2i e Ho|n) + M T |n) = 0, 9 M(mT| T =0
ln) omT ) 9
i, FA V) =0, = s = A mT |7 = 0

ie.,

[n) = W& mip)lno), ('] = (mg|(Wo) (& mip) (B4
which means that [n(&, 7)) is an eigenfunction for the “dressed” Lax pair L1, Lo,
while (m? (¢, n)] is an eigenfunction for the “naked” Lax pair L1g, Log.

From (19), using direct calculation we obtain

Wo(E,m, \) = foel MEHATn o1

2 2 (35)
1 [a1ta L1 (T )
=—| 111 ], =—\| 111, J=dia .1,
fo VAU o VA g(q”,1,q)

which means that

(m”| = (m{| foerr et P, (36)
Using the notation

1
<moT|%f0 = (to1, o2, Ho3) (37)

we obtain the following explicit forms for the components of vector (m’ (&, n)|

m1(&,n) = ¢®pore” e M 4 gee®™ 4 gugge el
ma(&,m) = pore” e M+ pgpe®™ + pgze” Vel (38)
m3(€,m) = quore e I 4 e 4 g2 igze Vel
where
X1=1<P1§—17)7 912\/3<ﬂ1§+n>. (39)
2 P 2 p1

For pu0.1 = i3 = |por|e!® and o2 = p, We can rewrite m; from (38) as the
following real-valued functions

2
my(&,n) = M0262X1 + 2|M01|e_)(1 oS <Ql —ag1 + 3>

ma(€,m) = po2e*™ + 2|po1le™ " cos (4 — ao1) (40)

_ 2
m3(&,n) = po2e®™ + 2|uo1 e cos <Ql — a1 — 3) ‘
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The components of the vector |n) in (31) become

_ 2ipimg _2ipy _ 2ipim
=8 gy =20 gy AT (A1)
2mimg — mj mso ms

In order to obtain the solution of T2 equation we impose the limit A — 0 in (21)
with the result

10 0
206 [ 00 0 | =——u'(&n,0) (42)
00-1

where

1

W, 0) = 1 — —— (A1 + Q' A1Q+Q24,Q%) = (1 -+

I Al,jk) djk (43)

which means that

8u0.11 1 8
2 = — 210 — % g
% 0§ uo;11 g on @9
or ,
26(6.m) = —In L :ln'2m1m32—m2 ' 45)

After introducing m; from (40) we obtain the one-soliton solution of the first type
for )\1 = ipl

| [lmonPe3% (4cos?(21) — 6) — 8luon o cos() + pye Y

(bl (5777) = -1In ~ ~
’ 2 4| o1 [2e=3%1 cos?(Q1) + 4| o1 | o2 cos(Q1) + pgae®t

(46)

where Ql = ()1 — ag1. We observe that this is not a travelling wave solution. Only
if we take the limit pg2 — O we obtain a travelling wave solution of the form

1 3 3 1
o(&,m) = i% T3 In [2tan2 ({(015 +p1'n) - a01> t5 47)

The solution is singular and it blows up for @(plf +p7'n) —ag = (2k+1)7/2,
k=0,41,....
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For ap1 — o1 + § (mio, mao, m3p € C and they are purely imaginary), the
solution (47) becomes

1 3 3 1
o(&,n) = ig t3 In [2 cot” (g(mi +p1'n) — Oém) +3 (48)

The above solution is also singular and it blows up for @ (p1&+ pfln) +ag = km,
k=0,£1,....

Remark 1. It is easy to check, that the real parts of ¢(&,m) in equations (47) and
(48) are in fact solutions to T4 equation.

In order to get ‘quasi-regular’ solutions of T2 equation, we can apply the changes
of variables Af witha =1 or A; with b = i. This gives the following solutions
expressed in terms of hyperbolic functions

(&, m) = %ln gtanh? (\f(m& —pi'n) — om) - ;] (49)

and

o(&,n) = %111 %COthz (?(Plf —pi'n) — Olm) - ;] (50)

which are singular at the points for which

tanh (?(Plﬁ —prin) - 0401) = i\}g
or
coth <\é§(m§ —pi'n) - a01> = i\}g

respectively. These solutions have also been found by Mikhailov in [21]. As com-
pared with the previous solutions, that have an infinite number of singularities,
these ones have singularities at only two points. That is why we took the liberty to
call them ‘quasi-regular’.

3.2. The Singularity Properties of the Soliton Solutions

Here we will discuss the types of singularities of the one-soliton solutions and how
they are influenced by the changes of variables. As we already mentioned, the
singularities in the soliton solutions are not rare, see [11,20].
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Let us first see how the changes of variables affect the Lax representation (11) and,
as a consequence, how they affect the fundamental solution. We will be particularly
interested in the properties of the ‘naked’ Lax pair and its fundamental solution
Uo(&,m, A). This comes from the fact, that the soliton solution is constructed as a
rational function of the elements of Wq(&, 7, A).

Let us start with the change of variables Af. Here the situation is simple as we
readily get

L) = SLiMa),  La(\) — aLa(ad)
¢ n A 51)
\Ij()(g/’ 77/7 )\/) — \IIO (a{, 57 CL> .

In other words this change of variables leaves invariant the compatibility of the
Lax pair, so obviously it will map a solution of T2 into a solution of T2. However
now we have to keep in mind, that the change of variables must be extended also to
the spectral parameter A — \/a and, of course to the discrete eigenvalues of L1 o:
A1 — A1 /a and therefore p; — p1/a.

In particular, from equation (39) we see, that

1 /
Xi(g,anlaAll) -5 < /15/ + 77) = X1(€7777)\1)

2 A
p (52)
!/ ! / / 1 ! & 77
Q& m' A = 5 ( 1§+ )\,> =1 (&m, A1)
1
i.e., X1 and ); are invariant with respect to Af transformations provided
N =L (53)
a
Now it is a bit more interesting to analyze the changes A;r
.0 :
LN =b <1 o + 21 ¢y Ho + Aj) U n" \) =0
5 1 54
Lg()\) =b <1 @ + )J)Vl(é.//7n//)) \11(5//,7’]”, A) =0.
Let us apply a gauge transformation, i.e., change from ¥ (£” 1", \) to
i’(g”,n”,)\)Aer(bHo\I/( //777//7)\//) (55)

where Hy and Ay are defined in equations (16) and (17) respectively. This gives us

1

LI = LoV, L5N) =Li(y),  X'= =

(56)
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So the A; change is equivalent to interchanging the Lax operators L; and Lo,
which again preserves their compatibility condition. Applied to X; and ®; these
transformations lead to

UG ', X)) = AgWo (€, n, A1) Ap. (57)

Of course, analyzing the fundamental solutions we have to pay attention also
whether the parameters a and b are real or purely imaginary. In addition we have to
take into account, that A; could be purely imaginary as above, but for other cases
it could also be real. It is precisely this choice of the parameters a, b and A; that
may change the singularity properties of the solutions.

3.3. One Soliton Solutions of Second Type

Our anzatz for the dressing factor is

_Lu A QTTAQ  QTPAR?
u(£7777)\)_]1+<)\_)\1 Aq2_)\1+ Aq_Al

3
LA Q7'  Q°A1Q?
AN+ A+ A+

(58)

which obviously satisfies the Zs-reduction and the first Zs-reduction.

In order to find how the components of the vector |n) are expressed in terms of the
vector |m™’) we use the same procedure as in the three-poles case. First we rewrite
the dressing factor in the following form

u(,m,A) =1 +

1
ﬁAl(fﬂ% )\) - AT(&)”? _)‘*) (59)
1

A3 A3 4 AP

where

Non1mi N1ni1msa N2Nn1Mms3
Ai1(€,m,X) = | manamy nonamsa mmngms
mn3mai 1n2n3msa Non3ms
(60)
* * * * * *
PO P My P21
* *\ __ X,k k% ko %
Al(fvna -A ) - P21511 PO Ty P1ToTIg
pingmi panms ponim;

with ) )
Mo = Al, N = A\, N2 = A 61
po =X}, p1=—A\], p2 = A2
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We insert the dressing factor u(&,n, A) into the second Zg-reduction, multiply by
A — A1, and take the limit A — A1 in order to obtain

1
AT +

1
A _—
A=A

T T
Ag = A —
(m ‘ 0 <m ‘ 0 2/\?

AL (=x) . (62)

After direct calculation we obtain
m3 = QKiny +c1Piny, mo = (1 Kanj +c1Png, my = (1 K3n3 +c1Pang
where

K= )\T’ngmi + M ATmams + )\%mlmg, P, =2mims — m%

2
Ky = )\%mgm’{ + AT mams + M ATmim;, Py = m%

K3 = )\1)\*{m3m>{ + )\%mgmé + /\T2m1m§, P = mg (63)
1 1
We rewrite the above result in a matrix form
ms3 n1
mao no
_ | M N _
s e B CE B RS (64)
mj n3
where
abPr 0 0 |GK1 0 0
0 61P2 0 0 C1K2 0
- 0 0 P3| O 0 (K3
M QK7 0 0 |aPf O 0 (65)
0 GK; 0 0 aPy O
0 0 CIK:;: 0 0 Clp?;k
The result is
V) = M)
—iPy 0 0 |GK1 0 0
0 —-cPy 0 0 K. 0
e * Tk Cl 2 % (66)
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where
~ P* _ P. ~ K - K*
P * = —s P == 78 K — 78 K X — g
S ds 9 S ds) S ds 9 S d1

di = QG KK — cici PLPY
dg = C1§TK2K§ — ClCTPQPQ* (67)
d3 = Q1T K3K3 — c1c] P3P3.

From the above equations we obtain |n) in terms of (m? |

1 * * *

ny = a(_clpl ms + (1K 1ms3)
1 * * *

ng = d72(_clp2 mg + (1 Kams3) (68)
1

ng = £(—CTP§m1 + (1 K3my).

In this case we choose a general form for the poles: A\; = p1e'#1. Without restric-
tions we can choose 0 < 31 < & and determine the expressions of (m?| as

m1 = ¢*pore’ I + figpe’ Y2 4 quggel Y

st—(ﬁlern)COS(ﬁHr%), y3=—(501—77>81n<51+27r>-
P1 3 p1 3

We determine the one-soliton solution for the second kind of solitons using exactly
the same technique

my = pore! T+ pgge! 272 4 pgel Y (69)
ms = quore’ T + poge! 272 4 P riggel Y
where
2 . 27
X =— <§P1 + 77) cos (51 — ) y = (fPl - 77) sin <ﬂ1 — )
£1 3 p1 3
_ Ui . 7\ .
Xo=—|&m + o cos (f1), Vo=—18&p1 — P sin (51) (70)

1
d=—1In
2

1 1, .
1——nim; — —nim]

A A

. (71)
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4. The Generic N-Soliton Solution for T2 Equation

Let us consider the dressing factor of the following form

Q- 4Q° SAQ QA
w(&,mA) =1+ g Z)\q PV Zl< SA— Ap )\qs‘f‘)\?)

r=N1+

(72)
with 3N; 4+ 6 N2 complex poles from which N; are purely imaginary, satisfying
the condition A\, = —AJ.

Then we write down the residues A (&, ) as degenerate 3 x 3 matrices of the form

Ap(&,m) = |ni(&m)) (mif (€,m)], (Ar)ij(§;m) = nwi(€,m)maz (€,m). (73)

From the second Zy-reduction, Ay tuf(€,1, \*) Ag = u™1(£,m, \), after taking the
limit A — Ag, we obtain algebraic equation for [ny) in terms of (m? |

V) = M7 ). (74)

Below, for simplicity, we write down the matrix M for Ny = Ny =1

In1) Aglma)
vy =1\ In2) |, Iu) =1 Aoima2) |, M= (75)
[n3) Aplm3)

A= 3dlag<Q<”,Q<2>,Q<3>>, ———diag (P, P p®))

2/\ TN+
D= )\3d1ag (TW, 73,76, E= %diag (KD, K®, K@)
A" = A (76)
QW = (mIIAY O Alm), PO = (mT[AR (A, Ao)lms)
TO = (mfIAZ Qo do)lma), KD = (mT A (o, =X5) Im)

with
Al(gj)) = _)\l>\pE3—j,1+j + AlZEQ_j72+j + )\IQ)El_j73+j, 7 =1,2,3. ()

In order to obtain the two-soliton solution of the Tzitzeica equation we take the
limit A — 0 in the equations satisfied by the dressing factor u(&, n, \) and integrate
to get

* *
n1,1M11 Ne2ame1 MoMog

1
S , — _71 1 _ ) ) _ ) ) _ ) ) . 78
oNs(€,m) 5 0 N " N (78)

The above formulae can be easily generalized for any /N7 and Ns.
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5. Hirota Method for Building One-soliton Solution of T2 Equation

There are many methods for deriving the soliton solutions and we have demon-
strated two of the most used: the dressing method and the Hirota method [3,6, 17].
Both methods give the same results both for the kinks and for the breathers.

We build the Hirota bilinear form of T2 equation using the substitution

_1og(&m)

Introducing it into the second equation in (1) and decoupling in the bilinear disper-
sion relation and the soliton-phase constraint, we obtain the following system

0*f  ofof

ZJ 7 2 _
agang_ag an fg+ f7=0. (80)

: (719)

g 0999 .o o
ocon” " ogon T 00

We impose that

g(&m) =1+ az(&n) +b2°(& ), f(&n) =1+ Az(&n) + B*(&m) 8

where z(£,7) = 9"k - the wave number, w - the angular frequency.

Using a software for analytical computation like Mathemat ica, we obtain that
ke—3 A? ke—3

g(€,m) =1 — 2Aek 4 Toehein

(82)

- A2 .
F(€m) = 14 AcK R 4 Zoebeim

where the dispersion relation is w = %

Using the above results our one-soliton solution for T2 acquires the following form

o) = yin |3 vant (5= 3m)) = 5 3

This solution coincide with the one obtained by Mikhailov in [21] for k = v/3p1.
In this very direct manner, Hirota method gives immediately the one-soliton so-

lution of the first type, which we have obtained also in (49) through the dressing
method, as a particular case of a more general form (46).

One can also use the standard Hirota technique to derive N-soliton solution of
first type each parametrized with real eigenvalue pj, and a vector (jix, 1, (g 2, [1k,3)
with p1, o = 0. We believe, that using Hirota method one can derive also more
complicated cases of one- and [V-soliton solutions. To this end, however one needs
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a more complicated ansatz for the functions f(&,n) and g(&, ) which would solve
equation (80) but could not be reduced to functions of z(£, 7) only.

Of course, the equation (80) can be solved in a more general case, but the only
one solution we were able to obtain by now, using the well known ansatz (81),
was (82), which corresponds to the soliton solutions of first type. To find g(&,n)
and f(&,n) corresponding to the second type of soliton solutions is still an open
problem for us and it will be tackled in a next paper. A possible approach could
be to start from the second type solitons given by the dressing factor method and,
on this basis, to guess the ansatz which should be imposed to obtain g(&,7) and

f(&,n) verifying (80).

6. The Spectral Properties of the Dressed Lax Operator

Here we shall demonstrate that each dressing adds to the discrete spectrum of L
sets of discrete eigenvalues.

In our previous paper we showed that the Lax operator has a set of 6 fundamental
analytic solutions. We will denote them by x, (£, 7, A) where v = 0, ..., 5 denotes
the number of the sector {2, = W < argh < W, i.e., those are the
sectors closed by the rays (I, l,41).

The dressing factor for solitons of first type (23) obviously has simple poles located
at | \y]e?™ k/3 | = 0,1,2. The inverse of this dressing factor has also simple poles
located at |\ [e™ (F+D/3 k= 0,1,2.

Each dressing factor for soliton of second type (58) has 6 simple poles located at
|Ao|el A1H2mk/3 and | Ag|e 1 A1+ (2k4+1)/3 'k — (1,2, The inverse of this dressing
factor has also 6 simple poles located at | Ap|e! #17 (ZE+1)/3 and | Ay|e—1A1+2mik/3,
k=0,1,2.

The FAS can be used to construct the kernel of the resolvent of the Lax operator
L. In this section by x” (&, A) we will denote

(6N = u(&ANG(E Ve (), u(N) = dim ul€n. ) (84)

where x( (&, \) is a regular FAS and (&, \) is a dressing factor of general form
(72). Let us introduce

RY(6,€,0) = X (6 N0 (€ — €03 (€,1)
(55)

0, (¢ — &) =diag (nV0(n) (& — &), nPOmP (€ — €)),nP0mS (E —€))

where 0(¢ — &') is the step-function and n,(,k) = +1, see the Table 2.
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L A
b1 o
ol + l
o ® Ko
®
bs
®
+ l5

Figure 1. The contour of the RHP with Zs-symmetry fills up the rays

lo, ..., l5. The symbols x and ® (respectively + and &) denote the locations

of the discrete eigenvalues corresponding to a soliton of first (respectively
second) type.

Table 2. The set of signs nﬁk) for each of the sectors T, (86).

Yo | Yy [To| Y5 [Ty Ts|
il I +l+ |+
|+ |+ - +
0 + ]+ -

Then the following theorem holds true [4]

Theorem 2. Let Q (&) be a Schwartz-type function and let )\;-t be the simple zeroes
of the dressing factor u(§, \) (72). Then

1. The functions R¥(&,&', \) are analytic for X € T, where

byzarg)\:W(V;l)’ Tyrﬂ(yi;rl)ﬁargkéw (86)

having pole singularities at :I:)\j-[

2. RY(&,€,N) is a kernel of a bounded integral operator for A € T,
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3. RY(&, &, ) is uniformly bounded function for X\ € b, and provides a kernel
of an unbounded integral operator

4. R¥(&, &', \) satisfy the equation

LNRY(E,E M) =16(6 = &). (87)

Remark 3. The dressing factor uw(§,\) has 3N1 + 6Ny simple poles located at
AGP, ArqP and N:qP wherel = 1,... N, r = 1,...,Noandp = 0,1,2. Its
inverse u='(&, \) has also 3N1 + 6Ny poles located —\iqP, —\.qP and —\:qP. In
what follows for brevity we will denote them by \j, —\j forj =1,...,3N1+6Na.

It remains to show that the poles of R”(£, &', \) coincide with the poles of the
dressing factors u(&, \) and its inverse u (&, \).

The proof follows immediately from the definition of R” (£, &', \) and from equa-
tion (84), taking into account that the limiting value u_(\) commutes with the
corresponding matrix 0, (£ — ¢’).

Thus we have established that dressing by the factor u(&, \), we in fact add to
the discrete spectrum of the Lax operator 6N; + 12N, discrete eigenvalues. For
N1 = Ny = 1 they are shown on Figure 1.

7. Conclusions

Shortly before finishing this paper we became aware of the fact, that appropriate
combination of changes of variables, considered in Section 2 can take each member
of Tzitzeica family (2) into one of its four versions that we introduced. Let us
demonstrate how this can be done for the equation

62¢ 2 2¢ 2 —4¢
88
é_ )77 = Cle + 026 ( )

where c; and cy are real positive constants. Now we shall use somewhat more
general change of variables. First we apply the transformation (8) with so = 0 and
¢’ = ¢+ In(c1/co). Then we change & — &' /k, n — n'/k where k is also real
positive constant taken to be k = {/cfco. Easy calculation shows that as a result
equation (88) goes into T2 for ¢’(£, ). Using in addition Table 1 we can transform
each member of Tzitzeica family into T2 and then solve it using the results above.

Let us consider the soliton solutions Tzitzeica equation in a small neighborhood
around the singularities, where ¢,5(&,7) tends to co. Then the second term in the
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T2 equation can be neglected and the asymptotically we get

a¢as 2¢. )
285 — 2,
acon ¢

Similarly if in a small neighborhood around the singularity ¢/ (&, n) tends to —oco
we have
9 3<f>gs _ —6_4(75;5.
9Ea
In both cases we find equations, equivalent to the Liouville equation. Thus the
asymptotical behavior of the solutions of Tzitzeica equation around the singulari-
ties must be the same as the singularities of Liouville equation [26].
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