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LEVEL STRIPPING FOR VECTOR-VALUED SIEGEL MODULAR
FORMS OF GENUS 2

RODNEY KEATON

Abstract: In this paper, we present a method by which one can strip primes from the level of
a vector-valued genus 2 Siegel modular form while preserving a congruence modulo this prime.
An application of this result to four-dimensional Galois representations will also be presented.
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1. Introduction

Throughout, we fix a rational prime ¢ > 5 and let Gg denote the absolute Galois
group Gal(Q/Q). Furthermore, we fix embeddings of Q into Q, and into C.

In [23], J-P. Serre poses two conjectures which provid precise conditions under
which a Galois representation of the form

p: Gg — GL2(Fy) (1.1)

arises from a cuspidal elliptic eigenform. The “weak” conjecture simply states when
such an eigenform exists, while the “strong” conjecture gives the precise character,
level, and weight of such an eigenform. Through the late eighties and early nineties
a large body of work was dedicated to showing that the weak conjecture implies
the strong conjecture. Hence, one now simply refers to both as Serre’s conjecture.
The reader is referred to [9] for a nice overview of these results. Among this
body of work, we have the following theorem due to Ribet which provides a “level
stripping” result for Galois representations of the above type, and serves as the
primary motivation for the results in this paper.

Theorem 1 (|22, Theorem 2.1]). Suppose that p is as in Equation 1.1 and
arises from an elliptic eigenform of level {’' N with v > 0 and (N,£) = 1. Then, p
arises from an elliptic eigenform of level N.
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It should also be noted that this theorem holds for ¢ = 3 as well and was further
extended to the case £ = 2 by Hatada in [11] using slightly different methods.
Finally, as one of the monumental achievements in modern number theory, we
have that Serre’s conjecture is now a theorem due to Khare and Wintenberger, see
[15],[16].

In recent work of Herzig and Tilouine, see [12], a “Serre type” conjecture is
made for Galois representations of the form

71 Gg — GSp,(Fy).

For a precise statement of this conjecture the reader is referred to Section 4. In
this setting, the Galois representations are conjectured to arise from vector-valued
Siegel modular forms of genus 2. While the conjecture in this setting is not as
precise as Serre’s conjecture concerning the character, level, and weight, Herzig
and Tilouine do mention that the level should be prime to ¢. Bearing this in
mind, the main result of this paper is a level stripping result for Siegel modular
forms analogous to Theorem 1. Such results have been previously been obtained
by Taylor in [27] under an ordinarity condition, by Brown and the author in [7]
for Siegel modular forms which are lifted from elliptic modular forms, and by the
author in [14] for scalar valued Siegel modular forms.

In particular, the level-stripping result of this paper and the subsequent ap-
plication to Galois representations can be viewed as a direct generalization of the
results in [14] to the vector-valued setting. The techniques used to prove the main
results in this paper are identical to the techniques employed in [14], but the pri-
mary obstacle lies in the fact that the arithmetic of vector-valued Siegel modular
forms can be quite a bit more delicate. Furthermore, it is important to remark
that this paper seeks to correct a mistake which was overlooked in [14]. For more
details see the end of Section 3.3. Finally, it is the goal of the author to provide
convenient references for arithmetic results which may be common knowledge to
the experts, but have yet to explicitly appear in the literature for vector-valued
Siegel modular forms with level.

2. Background

In this section we will introduce some basic facts about vector-valued Siegel mod-
ular forms of genus 2. For more details the interested reader is referred to [3] for
a thorough treatment of scalar valued forms of arbitrary level and [30] for a quite
readable exposition of the theory of arbitrary genus vector-valued forms in the
level 1 setting.

Let by denote the genus 2 Siegel upper half plane, and let GSp} (R) denote the
set of 4 x 4 symplectic matrices with real entries and positive similitude factor.
Note, we will denote the similitude factor by u throughout. We have an action of
GSpj (R) on by given by,

v-Z=(aZ+b)(cZ+d), for Z € by, v= (i Z) € GSpy R).
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In order to define vector-valued Siegel modular forms, we will need to generalize
the notion of the “automorphy factor” from the classical theory of modular forms.
To this end, consider an irreducible representation,

p: GLy(C) — GL(V),

with V' some finite dimensional C-vector space. Representations of this type have
been completely classified and are, in fact, in bijective correspondence with tuples
of the form (ky, ko) € Z? with k1 > ko by Proposition 15.47 in [10]. We call (ky, k2)
the highest weight vector of p.

To be more precise, we let V' = Cx; @ Czs be the standard representation of
GL2(C). Then, the highest weight vector (k1, ko) corresponds to the representation
Sym* =F2(V') @ det*?(V"), where Sym®(V’) is the k™ symmetric power of V’,
which we can identify with the space of degree k1 — ko homogeneous polynomials
in (C[.Th :L‘Q].

With V' as above, let F' : ho — V be a holomorphic function. Then, for
v € GSpJ (R), we define the weight p slash operator by

(Flo1)(2) = p(cZ +d) ' F(y- Z).

We are interested in functions which are invariant under the action of certain
subgroups of GSp} (R) by the slash operator. In particular, we define Sp,(Z) to
be elements of GSpJ (R) which have integral entries and lie within the kernel of
the similitude factor. This group serves as the analogue to the group SLy(Z) in
the setting of elliptic modular forms. We also have the analogues of the level N
congruence subgroups in this setting, i.e., the subgroups

T2(N) = {<Z Z) €Spy(Z):c=0, (mod N)},
T2(N) = {<Cc‘ Z) €T2(N):a=d=1, (mod N)},

where we are writing the entries as 2 x 2 blocks.
We are now prepared to define Siegel modular forms.

Definition 2. Let IV be a positive integer, x be a Dirichlet character modulo NV,
and V a finite dimensional complex vector space. Let F' : hs — V be a holomorphic
function and p : GLz(C) — GL(V) be an irreducible representation. Then, we say
that F'is a Siegel modular form of character x, genus 2, level N, and weight p if

Fl,y=x()F,  forall yeTj(N),

where we set x(v) = x(detd). We denote the space of all such functions as
MZ(N, ).
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If dimg(V) > 1 then the modular forms in the definition above are typi-
cally referred to as vector-valued Siegel modular forms in the literature, and if
dim¢ (V) = 1 then they are typically called classical or scalar-valued Siegel mod-
ular forms.

We have that for F € M7 (N,x) and G € M}, (N, x), the product

F(2)G(Z):=F(Z)®c G(Z)
is in M2 o, (N, x), where if (ki,kz) and (ki k) are the highest weight vectors of

p1 and pa, respectively, then the highest weight vector of p; ®p is (k1 +k, ka+ k).
Hence,

& M (N, x)

is a graded C-algebra, where the sum is taken over all irreducible representations
of GLy(C).

It follows from the transformation property satisfied by F € M p2(N ,X) and the
Koecher principle that F' admits a Fourier expansion of the form

F(Z)= "> ap(T)exp(Tx(TZ)) with ap(T) € V,
TeAs
T>0

where As denotes the set of all 2 x 2 half-integral symmetric matrices, i.e., 27" is an
integral matrix with even diagonal entries, 7" > 0 means that 7" is positive definite,
and Tr(7'Z) is the trace of the matrix 7'Z. Furthermore, if ar| (7)) = 0 for every
v € Spy(Z) when T is not strictly positive definite, we say that F is a cusp form.
We denote the subspace of cusp forms by S>(N, x).

Next, we recall some facts from the theory of Hecke operators for Siegel modular
forms. Let F € MPQ(N ,X). We define the weight p double coset operator by

F[C3(N)alg(N)], = Zx(det(am,))Flp%

where the summation runs over a complete set of representatives for
L3 (N)\IG(N)al§(N).
We have a natural multiplication of these double coset operators given by

F[(T3(N)al3(N) - (T§(N)BTF(N))], = D x(det(aa,p,))Flocib;,
2]
which makes the collection of double coset operators into an algebra over Q, which

is called the Hecke algebra, and denoted H(I'2(N)). The following proposition is
quite helpful in working with elements of the Hecke algebra.
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Proposition 3 ([30, Prop. 16.4]). Let o € GSp (Q)NM4(Z). Then, the double
coset T3(N)al'3(N) has a unique representative of the form

~ = diag(ay, as,ds, ds)
with integers a;,d; satisfying a; > 0,a;d; = p(y) for j = 1,2 and az|dz, a1]as.

For a prime p, if we define H,(I'3(N)) to be the subring of double cosets in
H(T3(N)) whose representatives have only powers of p in the denominators of the
entries, then this proposition gives us that any element of H(I'3(N)) can be written
as a finite product of elements, each coming from a distinct H,(T'3(NN)). In other
words, we have a decomposition H(I'§(N)) = ®/ H,(T3(N)), where @/ is called
the restricted tensor product, and means that all but finitely many elements of the
product should be the identity. We will also use HZ(I'§(N)) to denote the subring
of H,(I'§(N)) whose representatives have only integral entries. We call HZ(T3(N))
the local Hecke algebra at p. Let H*(I'3(N)) = ®],HS(I'§(N)). Concerning the

generators of HZ(I'3(N)), we have the following theorem.

Theorem 4 ([30, Thm. 9]). The local Hecke algebra at p, for p 4 N, is a Z-
algebra generated by the following elements

T() =T (2 12 ) T30

pla
and,
Ih, O 0 0
0 1; 0 0
0 0 0 pl

for i =1,2. Furthermore, H,(T§(N)) = HZ(T3(N))[1/T2(p?)].

Note, from Lemma 4.2 in [3] we have that the spaces MZ(N,x), SZ(N,x) are
stable under the action of the Hecke operators, and it is not difficult to see that
this proof extends to arbitrary weight p.

Moreover, adapting the scalar weight techniques from [3] to our vector-valued
setting, we immediately obtain the following theorem, which gives an explicit
action of the Hecke operators on Fourier coeflicients.

Theorem 5. Let F € MZ(N7 X). Then, we have the following expression for
ar@p)r(T),

DT TD>

K@ar (1) +pplding(p, ) ar(67) + o) 3 D)o (21

DeS(p)
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and for ag, (p2yp(T'),

x@%ijmm1<W(Dﬂ?ﬂ+p&@mm%mm>%ﬂﬂfwﬁ

DeS(p)

o) | | 3 oo ten (PL2) ) = 8 oy tan (2122)

DES(p) p
— (p+ 1)x(p)p(diag(p, p)) " 'as(T).

Note, as the verification of this theorem is quite lengthy and fairly routine, we
have simply included the proof of this result in Section 5 so as not to take the
reader too far afield.

In addition to the Hecke operators, the space S§ (N, x) also comes equipped
with an inner product, known as the Petersson inner product. The reader is
referred to [25] for the formulation in the setting of arbitrary genus vector-valued
Siegel modular forms, where one needs to change the domain integrated over in
the case of non-trivial level.

Let V = Cxzy ® Cxo be the standard representation of GLo(C). This space
comes with a natural inner product given by

(a171 + agwa, bizy + bawa) = arby + asbs,
which induces an inner product on Sym*~*2 (V) given by

k1—ks2

1
(vl~~vk17k2»w1~-~wklsz>Zm Z H (Vo (j)s wi),

(TESkl ko j=1

where v;, w; € V. From [25] we have that this inner product satisfies
1. (v,w) = (w,v), for all v,w € Sym* ~*2(V),

2. (p(71)v, p(y2)w) = {p(T3ay1)v, w) for all v, 72 € GLo(C), v,w € Symkl*kz(V)7
where

p: GLy(C) — GL(Sym* ~*2(V)).

Using this, we define the Petersson inner product of F,G € Mg(N, X), with at
least one a cusp form, to be

PG =+ [ ((Z)P(2).6(2) det(im(2)) 0z

where I'2(N)\bz is a fundamental domain for I'}(IV), and the normalizing factor
* is given by
1

[Sp4(Z) : {14} TH(N)]
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From [4] we have that the Hecke operators are self-adjoint with respect to this
inner product in the level 1, arbitrary genus case. Furthermore, using the formulas
derived in Theorem 5, this can be shown to hold for level N and genus 2 for all
Hecke operators in H%(T3(N)) := ®;,(NH§(F3(N)). These formulas are precisely
the same, regardless of the level, so the self-adjointness follows immediately. From
this, it follows that Sﬁ (N, x) has an orthogonal basis which consists of simultaneous
eigenvectors for T'(p) and T;(p?) for i = 1,2 and for all p{ N. We refer to such an
eigenvector as an eigenform. Note, by our definition of modular forms, any element
of MZ(N,x) is automatically an eigenvector for the Hecke operators Ty(p?) for
p1 N and has eigenvalue given by x(p) up to some normalization factor.

We can also associate an L-function to a genus 2 Siegel modular form as well.
Assume that F € Sf, (N, x) is an eigenform, with p having highest weight vector
(k1, k2). Then, the associated L-function is given by

L(s,F) = [[ Lo, F)" T (1 = Ar(p)p~) ",
ptN p|N
with
Ly(X,F) =1=Ap(p)X + (Ar(p)® = Ar(p*; 1) — x(p*)p" T4 X2
XA X 4 (PO,

where T'(p)F = Ap(p)F and T1(p*)F = Ap(p*;1)F. Note, there are actually two
distinct L-functions associated to F', however, the L-function presented above,
referred to as the spinor L-function, is all we will be concerned with. By Theorem
1 in [1], it is known that this L-function is absolutely convergent in some right half
plane and satisfies a functional equation in the scalar weight case.

3. Level stripping of Siegel modular forms

In this section, the goal is to prove our level stripping result. Before this is possible,
we need quite a few preliminaries that will go in to the proof.

3.1. Arithmetic properties of Siegel modular forms

In this section, we give some important arithmetic properties of Siegel modular
forms, and cuspidal eigenforms in particular, which will be needed for discussing
congruences.

In order to discuss arithmetic properties of Siegel modular forms, we need to
consider Siegel modular forms with Fourier coefficients lying in a certain ring.
We make this precise here and set some notation. Recall, we can identify the
representation space V' with the homogeneous polynomials Clzy, 2] of degree k1 —
ko, where (k1, k2) is the highest weight vector of p. For any subring R C C, let Vg
denote the homogeneous polynomials in R[z1, 23] of degree k1 — k. Let Sz(N, X)R
denote the subset of Sg(N ,X) whose elements have Fourier coefficients in Vi at
each cusp. Note, in [13], it is shown that vector-valued modular forms satisfy
a “g-expansion principle,” i.e., if the Fourier coefficients at one cusp lie in Vi then
so do the Fourier coefficients at all of the other cusps.
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We begin with the following lemma which will be needed throughout this sec-
tion. Note the proof follows immediately from the explicit formulas given in The-
orem 5.

Lemma 6. Let ' € S2(N,x)qw)- Then, TF € S2(N,x)q(y), for any T €

HZ(T3(N)), where Q(x) is defined to be the number field obtained by adjoining all
of the values of x to Q.

We should also mention that similar results have been obtained in [13| using
techniques from arithmetic geometry.

Using this lemma, we obtain the following result concerning the field of defini-
tion of the Hecke eigenvalues for a given eigenform.

Proposition 7. Let F € S2(N,x) be an eigenform. Define Q(Ar) to be the
field generated by adjoining all of the eigenvalues of F with respect to the Hecke
operators T(p) and T;(p?) for 1 <i <2 and pt N. Then, Q(A\r)/Q is a totally
real finite extension.

Note, this result is certainly well known to the experts, but we record the proof
for the sake of completeness in the literature.

Proof. For any t € H%(T3(N)), let A(t) satisfy tF' = A(¢)F. Note, A(t) is alge-
braic as it is the root of the characteristic polynomial of ¢, and as ¢ is self-adjoint,
we have that A(¢) is totally real.

To obtain that Q(Ar)/Q is a finite extension, we proceed as in the proofs of
Theorem 1 in [18] where this lemma is proven for classical Siegel modular forms of
arbitrary genus and of level 1 and Theorem 1 in [26] where this lemma is proven
for vector valued Siegel modular forms of genus 2 and level 1.

By Lemma 2.1 in [27], we have that

Si(N7 X)OK ®OK C= Si(Na X)a

where Ok is the ring of integers of some finite abelian extension K/Q. Without
loss of generality, we assume that Q(x) C K.

Let Aut(C/K) denote the field automorphisms of C which fix elements of K.
Let 0 € Aut(C/K). We define

Fo(Z) =7 o(ar(T)) exp(Tr(T2)),
T

and o acts on ap(T) by considering ap(T) € Clzy, 22| and acting on the the

coefficients, i.e., for ap(T) =37, ; il we have o(ap(T)) = D o(aij)Tiad,.
We can decompose F' as the sum

F= ch(Fn ® 2zn),
n
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where ¢, € Ok, zp € C, and F,, € Sﬁ(N, X)oy- Recall, by Lemma 6, we have that
tF, € S2(N,x)oy for any t € Hy (T§(N)). Furthermore, for any t € Hy (I5(N)),
we have

tF = ch(tFn ® 2n).

It follows that (tF)° = t(F°) for any t € H%(I'3(N)). In particular, tF° =
o(Ap(t))F?. We notice from this that F7 € S?(N,o o x) and that Q(Ap-) =

o(Q(Ar)).
Let B, denote a basis of eigenforms for S2(N, x) and set

B:= |J B,
x (mod N)

where the union is over all Dirichlet characters modulo N. Note, B is a finite set.
From the discussion above, we have a map

Aut((C/K) — S|B‘,

where S| is the symmetric group on [B| letters. Thus, the action of Aut(C/K)
on each the direct sum over y of all Sﬁ (N, x) factors through a finite quotient.
Hence, Q(Ar)/Q is a finite extension. |

Finally, to conclude this section, we have the following result concerning the
field of definition of the Fourier coefficients of an eigenform.

Lemma 8. Let F € Sg(N, X) be an eigenform and let K denote Q(Ap,X), i.e.,
the field obtained by adjoining all of the values of x to Q(Ar). Set

SHN,x; F) ={G € S2(N,x) : Aa(t) = Ap(t) for all t € HY(TF(N))}.

Then,
SHN,x; F) = S3(N, X; F)og,, ®oy, C,

where Ok, is the ring of integers of the compositum of K and L where L/Q is
some finite extension.

Proof. Recall, by Lemma 2.1 in [27] we have
S,Qa(N, X) = Sﬁ(N, X)o, ®o, C,
where we are using the same notation which was defined before Corollary 6 and

L/Q is a finite abelian extension. We assume that L contains the values of x. Let
{Fi,...,F.} be an Op-basis for Si(N7 X)o,- By Theorem 6, we have that

tFi:ZCij(t)Fj’ for all t € HX(T3(N)),
j=1

where ¢;;(t) € Of.
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For each z = (#1,...,2,) € C" we put

f(z) = Z zi ;.
i=1

We set V(F) ={z € C": f(z) € S2(N,x; F)}. Note, V(F) is a finite dimensional
C-vector space and we denote the dimension by d. It is clear that f defines a
C-linear isomorphism

fV(F) = S2(N,x; F).

Take S to be a generating set for H%(I'2(N)) as a Z-algebra , which we know
is finite because HY(T§(N)) — Endc(S3(N,x)). For z € V(F) it is clear that
tf(z) =Ap(t)f(2) for all t € S, i.e.,

Z Cij (t)Zi = )\F(t)zl

Since the coefficients Ap(t),c;;(¢) are in KL, there exists a basis {v1,...,vq} of
V(F) such that v; € (KL)". Take a non-zero v; € Ok, such that v} = y;v; €
Of - Then, f(v}) € SP(N,x; F)oy, and V(F) = @?:1 Cul. |

3.2. Congruences of genus 2 Siegel modular forms

In this section we define two distinct notions of congruences between genus 2 Siegel
modular forms. We then show a relationship between the two notions.

Let F and G be genus 2 eigenforms of level N and M respectively. For any
prime p { M N, we let Ar(p), \r(p?;4), Aa(p), Aa(p?;i) denote the eigenvalues of
F and G with respect to T'(p) and Tj(p?) for i = 1,2, i.e.,

T(p)F = Ap(p)F, T;(p*)F = Ap(p*;i)F,

T(p)G = Aa(p)G, Ti(p*)G = Aac(p*;9)G.

We let Q(Ap, Ag) denote the compositum of Q(Ar) and Q(A¢), where Q(Ap) and
Q(Ag) were defined in Proposition 7. By Proposition 7, Q(Ar, A\g) is a totally
real number field. Let ¥ denote a finite set of primes. Then, we write F =5, G
(mod ¢) if for all primes p ¢ ¥ we have

Ar(p) = Aa(p) (mod v), A (p?;i) = Ag(p?;4) (mod v) for i=1,2,

where v is a prime lying above £ in Q(Ap, Ag). This is referred to as a congruence
of eigenvalues.

Our second notion will be the congruence of Fourier coefficients, which we
define as in [6]. Define the following field,

Q(F) = [ Qar(T)),

TeAs
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where
Qar(T)) =Q aij :ap(T) = Zaijxixé
irj

As in Section 2, we have identified V' with the homogeneous polynomials of degree
ko—kq in C[xq, x2], where (k1, ko) is the highest weight vector of p. Then, Lemma 8
gives that after some normalization, we may assume that Q(F) is a finite extension.
We make the same assumption for the field Q(G).

Define the ¢-adic valuation of F' as

ordy(F) = 7}2{{2 {ord, (ar(T))},

where

2,9

ord, (ap(T)) = min { ord,(ai;) : ar(T) = Zaijxﬁxg ,
1.3

and v is a prime lying above ¢ in Q(F). Using this, we say that F' and G have
congruent Fourier coefficients, denoted F =¢. G (mod £7), if ordy(F — G) > r.

For the genus 1 case, it is clear that these two notions of congruence are equiv-
alent, as the Fourier coefficients of a normalized elliptic eigenform are precisely the
eigenvalues. This equivalence is not necessarily true for any higher genus. How-
ever, we do have the following lemma, which gives that a congruence of Fourier
coefficients implies a congruence of eigenvalues.

Lemma 9. Let F,G be as defined above and let 3 be the set of rational primes
dividing MN. If F =t G (mod {) then F =5, G (mod ¢).

Proof. This proof follows the same argument as in Theorem A.l in [21], however
we include it here to emphasize that this result works for vector-valued forms of
arbitrary level, not just the classical forms of level one case as was proven in [21].

Set K to be the compositum of Q(F) and Q(G). Also, we adjoin the values
of the characters of F' and G if necessary and continue to denote this field by
K. Let ¢ € K so that at least one component of one Fourier coefficient of cF
is an f-unit, ie., for some T' € Ay and ¢,j € N we have that ord,(a;;) = 0,
where ap(T) =3, aijxt 2l and v is a prime lying above £ in K. Without loss of
generality, we replace F' and G by cF' and cG, respectively. Denote this component
by ap(T)j. Let t € HL(T3(N)) with tF = Ap(t)F and tG = A (t)G. Define the
form H = F — G. Then,

Ar(t)F — Ag(t)G =t(F — G) = tH.
By Theorem 6, we have that Q(tH) C K. Hence,
Ar(t)ap(T)ij = Aa(t)ag(T)i; (mod v),

where v is a prime lying above ¢ in K. Since ap(T);; is an f-unit and ap(T);; =
ac(T)i; (mod v), we have that Ap(t) = Ag(t) (mod v), which completes the
proof. |
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3.3. The U (£) operator

In this section, we introduce a certain operator on the space of Siegel modular
forms which is analogous to the U}Y operator in [20] and then give the relevant
properties which will be important for our purposes. Furthermore, we will provide
a correction to the proof of the main result in [14].

We define the operator U(¥) by its action on Fourier expansions,

U@): > ap(T)exp(Tr(TZ)) = Y ap(T)exp(Tr(TZ)).
0<TEA, 0<T€eA2

For our main result we will need the following two properties of the U(¢) operator.

Lemma 10 ([5, Thm 3.1]). If ¢|| M, the operator U({) is an injective map from
Mg(M, X) to itself.

Proof. We give a sketch of the proof here, as the result is only shown for the
scalar weight case in [5].
Let F' € M2(M,x) with (||M. Following d) in Remark 1 of [5], we consider

the operator
tF = F| > 0 —I
Ih M)
MeMa(Fy)

AEFBM="M
Note that this is the operator denoted 7(1,n) in [5]. This operator is invertible by
Proposition 2.1 in [5].
From Equation 3.2 in [5], we can decompose t as follows

0 -1 _
F=F Y (12 MZ):p?’ ERIWU (),
MEMQ(FZ)

AEFBM="M

(02 —I
We= (EIQ 0, ) :
Note, W, is an involution. Furthermore, W, normalizes the group I'3(M), which

gives that F|W, € Mg(M ,X). Combining this with the invertibility of ¢, we have
that U(¢) is injective. [ |

where

Lemma 11. If(?|M and x is defined modulo %, the operator U (£) maps Mpz(M7 X)
to M2(M/L,x).

Proof. Here we have adapted a proof of Andrianov from [2].
Let F' € M?(M,x). From [5] we have that the operator U(f) is given by,

U(O)F = ¢ ES:F| (é *j) ,
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where the summation runs over all symmetric matrices in M»(Z/¢Z). We have

U(Z)F:€3XS:F\ (é ”Z):z?ﬁm (é 2)2(3 f)

S

Define the following subgroup of T'3(M/{),

T(M/0,0) = {(g g) €T2(M/): B=0 (mod z)} .

Then, for v € T'(M/¢,¢) we have
1 0 ay by\ ay by
Fl <O 6) | (Cv dv) = (ﬁcv td,
b’Y
_ F| ay | 1 0
ley dy 0 ¢

—xrl(y 7).

Note, a complete set of right coset representatives for

D(M/e, O\T3 (M)

{(tl) f) T5=8.5¢ Mz<Z/ez>}.

Let v € Tg(M/£), and let S € Mo(Z/¢Z) be symmetric. Set S’ to be the unique
symmetric matrix in My(Z/¢Z) which is congruent to (ay + Scy)~'(b, + Sd.)
(mod ¢). Then, from Lemma 13 in [2], there exists v € T'(M /¢, £) such that

18\ (19
o 1)7=7\0 1)

Note, such a ~g also satisfies x(v) = x(vs). Thus,
vorn=e X (g ) (o 5)
s
egaly i 9
s
=*x(1s)F| ((1) 2) > ((1) §/>

5
= x(MUOF.

This completes the proof. |

is given by
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Corollary 12. Let F € Sﬁ(NZT,X) be an eigenform with x defined modulo N,
r > 1, and £ ¥ N. Then, for some p' and some x' defined modulo N, there is
a form G € Sﬁ, (Nm=1 X" satisfying

F =G (mod?).

Proof. We begin by letting ¢ € Gal(Q(F)/Q) be a Frobenius element for v
a prime over £ in Q(F), i.e., oz = ' (mod v) for all z € Og(r)- By realizing
o as an element of Aut(C), we can apply Theorem 1 in [26] to see that F‘fl7
as defined in the proof of Lemma 7, is an eigenform in S>(N/",o~" o x). Define

a form G = U(¢)(F° ")’. Then, we have

UO(F )

U) > o Hap(T)) exp(t Tr(T'Z)) (mod v)

>0
TeA2

= 3 o ar (D)) exp(Tx(T'2))

T>0
TeAs

> ap(T)exp(Tx(TZ)) (mod v).

T>0
TeA,

Thus, G is congruent in Fourier coefficients to F'. Moreover, by Lemma 11, G €
Sg, (N¢m=1, x") for some p’ and x'. [ |

We remark here on a mistake in the proof of Theorem 8 in [14]. In this proof,
the author makes use of of the property given in Lemma 11. However, it was
brought to the attention of the author by R. Schmidt, that it is possible that
upon applying the U(¢) operator, the resulting form may be identically zero. The
previous corollary allows the author to avoid this error.

3.4. Main result

In this section, we will prove the following theorem. Note, the corresponding result
for scalar valued forms can be found in [14].

Theorem 13. Let F € Sg(ZTN, X) be an eigenform with the highest weight vector
of p satisfying ke > 3 and x defined modulo ¢N with ¢ + N. Let 3 be the set
of rational primes which divide {N. Then, for some X' and p', there exists an
eigenform G € 5’3, (N, x') such that F =5 G (mod ¢).

Proof. Throughout we are working with genus 2 Siegel modular forms, so we will
drop the superscript. Furthermore, throughout the proof we will not be explicit
about the weights of the intermediate forms, but we will make a note about the
final weight p’ at the end. Finally, we will tacitly take finite extensions of Q as
needed.
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As y is a character modulo /N we obtain a factorization Y = w'sk, where w is
the unique character of conductor £ and order £—1, i.e., the Teichmdiiller character,
and k is a character modulo N.

Let E € Mi(¢,w™") be a form from the sequence in Theorem 1.2 in [17] such
that F =g 1 (mod ¢). Consider the product of Siegel modular forms FE.

We first want to show that this product transforms correctly under the action
of To(£")NT1(N). Let v € To(¢") NT1(N). Then,

(F(2)E(2))ly = kw'(V)w ™ (7) det(cZ +d) " *p(cZ + d) ' F(2)E(vZ)
= F(2)E(Z).

Thus, the product is a form of the desired level and of character k. We will denote
the weight of this form by p’. Furthermore, as E =¢ 1 (mod ¢) we have that

FE=¢ F (mod ¢).

Thus, F'E is an eigenform when reduced modulo v for a prime v lying above ¢ in
Q(F), and Lemma 9 gives us

FE=xy F (mod /).

Let O, be an extension of Z, which has v as its maximal ideal. As S,/ (N/{", k) is a
finite, free @, module, we can apply the Deligne-Serre lifting lemma (Lemme 6.11,
[8]) to obtain an eigenform Fy € S,/ (N{", k) such that

Fy = F (mod ?).

We can now apply Corollary 12 repeatedly to F; in order to obtain a form
Fy € Sy (N¢,x') for some p’ and X', which is congruent in Fourier coefficients
modulo ¢ to F. By the same argument used above we can find an eigenform in
Sy (N, ') satisfying this same congruence.

Before proceeding, we state the following lemma whose proof is precisely the
same as the proof of Proposition 3.1 in [6].

Lemma 14. Let F € Sﬁ(Nﬂ, X) be an eigenform with associated character x
defined modulo N. Then, for some p' there exists G € S/f, (N, x) such that F =¢. G
(mod ¢).

Applying this lemma to F to obtain a form F3 € S,/ (N, x’) which is congruent
in Fourier coefficients to F modulo v. Just as before, this yields the desired
eigenform G.

Finally, with regards to the weight p’ of G, if we let the highest weight vector
of p be (k1, ks), then the highest weight vector of p’ is

(C(ky + 0™ +0m27 10 = 1)), (kg + 0™ +£m27 (0 - 1)),
where m, and mq are both sufficiently large integers. In particular, we have that
(k1,k5) = (k1 +4,k2+4) (mod £ —1),
where (kf, k}) is the highest weight vector of p’. [ |
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4. Application to Galois representations

In this section, we present an application of Theorem 13 which provides evidence
for a conjecture of Herzig and Tilouine.

We begin with the following result which gives the existence of a Galois repre-
sentation attached to a cuspidal Siegel eigenform of genus 2 as well as the char-
acteristic polynomial of the images of the Frobenius elements with respect to this
representation. Note that this result is stated in [24], however the proof is es-
sentially due to Laumon in [19] and Weissauer in [31],[32]. The last reference is
necessary to conclude that the associated Galois representation is symplectic in
the case that the Siegel eigenform does not arise as a Saito-Kurokawa lift.

Theorem 15. Let F € Sf,(M7 X) be an eigenform with p having highest weight
vector (k1, ko) which satisfies ko > 3. Let K = Q(Ar) and let v be a prime lying
above £ in K. Then, there ezists a continuous, semi-simple Galois representation

pry  Gog — GL4(Ok,)
such that for all primes p{ {M we have
det(X - 14 — pp(Frob,)) = L, (X, F).

and pr, is unramified at p, and we remind the reader that L,(X, F) is the local
factor at p of the spinor L-function as defined in Section 2.

Throughout the remainder of the section, we will suppose that F' is not a Saito-
Kurokawa lift, so that we may assume the image of pr, is contained in GSp,(Ok, ).
Furthermore, we will denote the weight p by its highest weight vector (k1,k2) in
order to avoid confusion.

As we our representation takes values in GSp,(Ok, ), we may form the residual
representation of pp, at ¢, i.e., the representation

pr., : Go — GSp, (Ok, /vOk,) — GSp,(F),

by reducing the image of pr, modulo v. We will take the semisimplification of
the residual representation and continue to denote it as pg,. We say that any
representation arising in this way is modular.

With this in mind, we can ask when is a representation p : Gg — GSp,(F)
modular?

In a partial answer to this question, Herzig and Tilouine have given conditions
under which p is conjectured to be modular. The reason this is a partial answer
is that Herzig and Tilouine restrict to the ordinary setting. In order to state
precisely the conjecture of Herzig and Tilouine we need a bit of background. For
more details the reader is referred to [12].

First, we say that p is odd if pop(c) = —1, where ¢ € Gg is complex conjugation
and p is the similitude factor. Note, to see that this is necessary for a representation
to be modular, the reader is referred to Section 9 of [28].
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Second, we need the following definition.

Definition 16. Let F' € 52 (M X) be an eigenform. We say that F is ordinary
at £ if it satisfies one of the followmg two equivalent conditions
1. ordy(Ap(€)) = 0 and ord,(Ap(€%;1)) = ko — 3.
2. The roots of the characteristic polynomial of pp, (Frob,), which we denote
by r1,72,73, T4, satisfy

orde(ry) =0, orde(re) = ka—2, orde(rs) =k1—1, orde(rs) =ki+ka—3.

Note that the equivalence in the above definition comes directly from the char-
acteristic polynomial in Theorem 15.

Let D, be the decomposition group of ¢ in Gg, where v is any prime lying
above ¢ in Z. Let x; denote the f-adic cyclotomic character and for an /-adic
number u, we set ¢(u) to be the unramified character of D, which sends Frob,
to u. Then, for F ordinary at ¢, we have from [29] that

X?I—Hw 36(2’“1-*7:22—3) * * *
0 e ( = 1) * *
Pl 0 0" () |
0 0 0 e(ry)
where ~ denotes that the representations are isomorphic.
With this in mind, for a representation
P GQ — GSp4(F5),
we will say p is ordinary at ¢ if up to conjugation we have
X €(us) * * *
5l 0 X, €(uz) * *
PlD, 0 0 Yzle(m) * )
0 0 0 X €(uo)

where Y, is the reduction of x, modulo £, the exponents satisfy e3 > ea > e1 > eq, €
is as above, and u3, us, U1, ug € IF, We denote such a representation by (p, {e;}).
After twisting by an appropriate power of X, we may assume ey = 0 and that
ej < j(¢—2) for j =1,2,3. This brings us to the next definition.

Definition 17. For a representation (p, {e;}), we say that the exponents {e;} are
¢-small if we can twist p by a power of X, so that 0 = ey < e; < ey ez <l —1.

Furthermore, if we can write e; = ko — 2 and e; = k; — 1 for some integers
k1 > ko > 3 then we call (ki1, k2) the modular weight of (p, {e;}) .
We are now prepared to state the following conjecture.

Conjecture 18 ([12, Conj. 0]). Let (p,{e;}) be an irreducible, odd Galois repre-
sentation which is ordinary at £ and has modular weight (ki,ks). Suppose further
that the exponents {e;} are L-small. Then, p is modular of level N with £{ N.
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As evidence for this conjecture, we can state the following corollary which
follows from Theorem 13.

Corollary 19. Suppose that p is modular of level {" N and character x of conduc-
tor (N with £4 N. Then, p is modular of level N.

Proof. Suppose that p arises from F € S?kth)(WN, X)- Then, we can apply
Theorem 13 to obtain a representation p’ of level N such that the characteristic
polynomials of p(Frob,) and p'(Frob,) are equal for all p { ¢N. Thus, the charac-
teristic polynomials of p and p’ are equal everywhere by the Chebotarev Density
Theorem. The Brauer-Nesbitt Theorem gives that p is isomorphic to p'. ]

Note, this result allows one to remove the £+ N condition from Conjecture 18
after placing the necessary restriction on the corresponding character.

To conclude the section, we make a brief comment concerning the ¢-small
condition on the exponents. In a recent paper, Yamauchi presents the following
theorem.

Theorem 20 ([33, Thm. 1.1]). Let p be an irreducible, odd Galois representa-
tion. Assume that p is modular. Then, there is some integer 0 < a < £ — 2 and
a (mod {) eigenform F of weight (k, k) or (k+1,k), for k > 1, such that F is not
tdentically zero and p = X7 @ pp.

We should stress that that the eigenform F' in the theorem is only defined
modulo /. Hence, it may not be realizable as a genuine eigenform. However, in the
discussion following this theorem in [33], Yamauchi mentions that a forthcoming
result of Boxer may allow one to show that £ < £+ 1, and then he provides an
argument which would allow one to lift the form F' to characteristic zero, i.e., to
realize F' as a genuine eigenform. If one had such a result, then the condition on
the exponents being /-small in Conjecture 18 could be removed.

5. Action of Hecke operators on Fourier coefficients

In this section, we provide explicit formulas for the action of Hecke operators on
genus 2 Siegel modular forms. In particular, we provide a proof of Theorem 5. We
will adapt techniques used by Andrianov in [3] for scalar weight modular forms to
the vector valued setting.

First, we derive a basic property of Fourier coeflicients, which will help motivate
our technique. Let F € Mg (N, x). As we have seen, the Fourier expansion of F
of the form

F(Z)= > ap(T)exp(Tr(TZ))  with ap(T) €V,
TeA>

where p : GLz(C) — GL(V). Furthermore, each Fourier coefficient is given by the
integral

/ F(Z)exp(—Tx(TZ))dX,
X  (mod 1)
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where we write Z = X +iY, dX is the Euclidean volume of the space of X
coordinates, and the integral runs over —1/2 < X;; < 1/2 for all ¢,5. This
integral formula allows us to derive the following relationship between the Fourier
coefficients of F,

ap(MT ™M) = / F(Z)exp(—Te(MT ™M Z))dX
X (mod 1)

:/ F(Z)exp(—Te(T TMZM))dX
X (mod 1)

= x(det(M))p(M) /X ( ﬂ)TMZM) exp(—Te(T TMZM))dX

= x(det(M))p(M)ap(T),

where M € GL2(Z). Note, to move from the second line to the third line we use
that

F(Z) = x(det(M))p(M)F("MZM),
which follows from the transformation property of F' and noticing that

<Té” Mo_l) € I3(N).

In summary, the desired property of the Fourier coefficients of F' is
ap(MT T™M) = x(det(M))p(M)ar(T), for all M € GLy(Z). (5.1)

With this property in mind, we define a more general space of functions. Let
F (V') denote the space of holomorphic functions F' : hs — V which have a Fourier
expansion of the form

F(Z)= Y ap(T)exp(Tx(TZ))  with ap(T)€V.
TeAs

Let € be a character of the group GL3(Z). Define a subspace F.(V) C F(V) by
considering only functions F' € F(V) which satisfy

TM M/
e MYF("MZ + M"\M)=F(Z), forall ( 0 M_1> € Py,
where Py is the Siegel parabolic subgroup. To summarize, we have defined the
space F.(V) to behave like modular forms with respect to the Siegel parabolic
subgroup, rather than congruence subgroups. Using an argument as in the pre-
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ceding paragraph we have that for F' € F.(V'), the Fourier coefficients satisfy
ar(MT *™M) = ¢(M)ar(T),

where M € GLy(Z). Note, by Equation 5.1, we have that M2(N, x) C F(V) if
e(M) = x(det(M))p(M). Throughout, we will fix a p, y and set € = yp.

As our functions in F. (V') behave like modular forms with respect to the Siegel
parabolic subgroup, it makes sense to define the double coset operator in this
setting

P40éP4 : .FE(V) — .FE(V),

given by
F[PyaPyle = x(0i) Fleai,

where we are summing over a complete set of coset representatives for Py\ Py Py,
a € GSp; (Q) satisfies ¢, = 0, and the slash operator is defined to be

(F|ev)(Z) = p(dy) ' F(Z).

In [3], Andrianov defines a map, ¢, from HZ(I'4(N)) to the double coset oper-
ators of the type listed above. This map is defined by

L ZF%(N)O@ — ZP40¢¢.

The benefit of this map lies in the following lemma, which provides us with a com-
patibility between the Hecke operators on ME (N, x) and the double coset operators
on F(V).

Lemma 21. Let F € M7(N,x). Then,
TF = ((T)F, for every T € H*(T3(N)).

Proof. Note, this is stated as part of Lemma 4.12 from [3|, we simply restate it
here to emphasize that we are interested in vector valued modular forms, not just
the scalar valued case.

The lemma follows from the fact that we can find coset representatives, {«;}
for T which have co, = 0 for all ¢. |

With this lemma in mind, we use explicit coset representatives computed for
double cosets of the form Py\ Pya Py to compute formulas for the action of elements
of HZ(T'3(N)). In fact, it is enough for our purposes to give coset representatives
for ¢ applied to the generators of HZ(T'§(V)) taken from Theorem 4 for each p f N.
First, we give the image of these generators as double cosets, then we will give
their explicit decompositions.
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Lemma 22 ([3, Lemma 3.64]).
L(T(p)) = [P4 dlag(p7p7 1) 1>P4] + [P4 dlag(p7 13 1ap)P4] + [P4 dlag(la 17pap)P4]7

1 . .
L(Tl(p2)) = 7[P4 dlag(papa ]-a 1)P4] [P4 dlag(pv ]-7 ]-ap)P4]

[Py diag(p, 1,1, p)Py][ Py diag(1, 1, p, p) P4]

’BM—"B\H

[P diag(p, 1,1, p)P4]* — [Py diag(p®, 1,1, p*) Py]
p+1 . .
- 7[P4 diag(p, p, 1, 1) Py][Py diag(1, 1, p, p) P4],
1 . .
L(TQ(pz)) = E[‘Pﬁl dlag(papv ]-7 1)P4][P4 dlag(la ]-7p7p)P4]

Combining Lemma 3.60 and Proposition 3.61 from [3], we obtain the following
left coset decompositions for the double coset operators in the previous lemma,

. I 0
P4\P4d1ag(p7p7171)P4:P4 (p 2 2> ;

02 I2
. I B
Py\Pydiag(1,1,p,p) Py = U »n <02 pl. )
B=TBeM>(Z)/pZ) ? ?
. TD_l B
P4\P4 dlag(p, 1, 1ap)P4 = U Py (p 0 D) 7
DeS(p) ’
B(D) (mod D)
. 2 TD—l B
P4\P4 dlag(p27171ap2)P4 = U Py (p 02 D) ’
DeS(p?)

B(D) (mod D)

where S(d) = SLa(Z)\ SL2(Z) diag(1, d) SL2(Z), B(D) = {B : "BD = T"DB}, and
B = B’ (mod D) if (B— B')D~! € My(Z).

With these left cosets, we are able to compute the action of each of these double
cosets on the Fourier coefficients of elements of M pz(N ,X). We will only require
the action for primes not dividing N.

Lemma 23. Let F € Mz(N, X) and let pJ(N be a prime. Then,

L. ap(p, diag(p.p.1,1) P (T) = X(p )
2. app\Py diag(1.1pp)Pi) (T) = P° (dlag(p, p)) tap(pT).
. (DT™D
3. ap(p,\Py ding(p.1.10) i) (T) =X (0) Y p(D) 'ar
DeS(p) p
_ DT TD

4. ap(p\py g1 (T) = P2X(0%) > p(D) 'ar (2)

DeS(p?) p

We set ap(T) =0 if T & As.
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Proof. This is essentially the proof of Lemma 4.14 in [3].
Number 1 follows immediately. Number 2 follows by decomposing

(12 B) B <12 02> <IZ B)

02 pl> Oz pla) \O2 I}’

applying the definition of the slash operator, and noticing that there are p? ele-
ments of My(Z/pZ) which are symmetric.

To show the formula in Number 3, we begin by applying the appropriate left
coset, representatives to the Fourier expansion to obtain that

x() Y. p(D)' Y ap(T)exp(Te(T(p ("D~ Z + B)D™Y))
DeS(p) TeA2
B(D) (mod D)

is equal to
DT ™D DT "™DBD™!
) 3 o) 3 ar (P ) emirzen (1 (2220 ) ).
DeS(p) TEA, p

B(D) (mod D)
Thus, by fixing T', we have that ap(p,\ p, diag(1,1,p,p)Ps]. (T') is equal to

@ S D) er <Dj;)TD>eXp(Tr (DTTDBDI»_

DES(p) p
B(D) (mod D)

Furthermore, in the proof of Lemma 4.14 in [3], it is shown that for any D € S(p)
we have
DT TDBD~!
Z exp (Tr ()) = p.
B(D) (mod D) p

Thus, our expression becomes

. (DT'"D
(PP ding(11p.p) P (T) = PX(P) Y p(D) 1GF( )
DeS(p) P

as desired. Note, the proof of Number 4 follows precisely the same argument as
the proof of Number 3. |

We can combine Lemma 21, Lemma 22, and Lemma 23 to give formulas for the
action of the Hecke operators in HZ(I'§(NN)) on the Fourier coefficients of elements
in M?(N, x) for all pt N. Note, we will only be concerned with the action of T'(p)
and T} (p?), as we have already restricted to the eigenspace of Ty(p?). The explicit
action of these operators on Fourier coefficients is given in Theorem 5.
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