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A HEIGHT INEQUALITY FOR RATIONAL POINTS
ON ELLIPTIC CURVES IMPLIED BY THE ABC-CONJECTURE

UrLr KUHN, JAN STEFFEN MULLER

Abstract: In this short note we show that the uniform abc-conjecture puts strong restrictions
on the coordinates of rational points on elliptic curves. For the proof we use a variant of Vojta’s
height inequality formulated by Mochizuki. As an application, we generalize a result of Silverman
on elliptic non-Wieferich primes.
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1. Introduction

If £/Q is an elliptic curve in Weierstrass form with point at infinity O and P €
E(Q) \ {O}, then it is well known that we can write

p_(o bP)
(&)
where ap, bp, dp € Z satisty ged(dp,apbp) =1 and dp > 0.

The structure of the demominators dp has been studied, for instance, by
Everest-Reynolds-Stevens [3] and Stange [10], and has recently received increasing
attention in the context of elliptic divisibility sequences first studied by Ward [13].
See for instance [2] or [7] and the references therein. In this paper we derive strong
conditions on the denominators dp from the uniform abc-conjecture over number
fields (see Conjecture 2.2 or [4]).

If n is a positive integer, then the radical rad(n) of n is defined as the product
of the distinct prime divisors of n. We call n powerful if ord,(n) # 1 for all prime
numbers p. The powerful part of n is defined to be the largest powerful integer
dividing n.

Theorem 1.1. Let E/Q be an elliptic curve in Weierstrass form and suppose
that the uniform abc-conjecture holds. Then, for all € > 0, there exist constants c
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and ¢, only depending on E and €, such that for all P € E(Q)\{O} the following
hold:

(i) We have
1
max {2 log|ap|, logdp} < (1+4¢)lograd(dp) + c.

(ii) Let vp be the powerful part of dp and write dp = upvp; then
logvp < elog|up| + ¢

Remark 1.2. A strong form of Siegel’s Theorem implies a weaker upper bound
(and an analogous lower bound) on log |ap|: There is a constant ¢ = ¢(E,¢) such
that

1
(1—-¢)logdp —c < B loglap| < (1+¢)logdp + ¢,
see [8, Example IX.3.3].

Remark 1.3. Mochizuki [6] has recently announced a proof of the uniform abe-
conjecture over number fields.

If, in the notation of Theorem 1.1, dp is powerful, then |up| = 1. Hence the
following result is an immediate consequence of Theorem 1.1 (ii):

Corollary 1.4. Let E/Q be an elliptic curve in Weierstrass form and suppose
that the uniform abc-conjecture holds. Then the set of all P € E(Q) \ {O} such
that dp is powerful is finite.

Remark 1.5. In particular, Corollary 1.4 implies that only finitely many P €
E(Q) \ {O} have prime power denominator if the uniform abc-conjecture holds.
The question of prime power denominators was studied, for instance, in [3]; there it
is shown ([3, Theorem 1.1]) that for a fixed exponent n > 1, there are only finitely
many P € E(Q)\ {O} such that dp is an nth power. Moreover, it is claimed
([3, Remark 1.2]) that the uniform abe-conjecture over number fields implies that
for n > 0, there are no P € E(Q) \ {O} such that dp is an nth power. Together,
these results would also imply that the finiteness of the set of P € E(Q) \ {O}
such that dp is a perfect power is a consequence of the uniform abc-conjecture.
However, no proof of [3, Remark 1.2] has been published so far.

Another application of Theorem 1.1 concerns elliptic non-Wieferich primes.
For a prime p of good reduction for an elliptic curve E/Q, we define N, := #E(F,).
If P € E(Q) is non-torsion, let

Wg,p = {p good prime for E : N, P # O mod p2}

be the set of elliptic non-Wieferich primes to base P.
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Corollary 1.6. Let E/Q be an elliptic curve in Weierstrass form and suppose
that the uniform abe-conjecture holds. If P € E(Q) is non-torsion, then

Hpe Wep:p< X} > Vlog(X)+ Op p(l) as X — oo. (1)

Remark 1.7. Assuming the abc-conjecture over Q, Silverman has already proved
that (1) holds for all non-torsion P € E(Q) if j(E) € {0, 1728}, cf. [9, Theorem 2].

Proof. The only place in Silverman’s proof of (1) where the abc-conjecture and
the assumption j(F) € {0, 1728} are invoked is in the proof of [9, Lemma 13]. In
order to deduce the statement of [9, Lemma 13] for arbitrary FE, it suffices to show
that for all € > 0 there exists a constant ¢ = ¢(FE, €) such that

logv,p < elog(d,p) + ¢

for all n > 1, where v, p is the powerful part of d,,p. But this follows at once from
part (ii) of Theorem 1.1. [ |

Corollary 1.6 is the analogue of [9, Theorem 1], giving an asymptotic lower
bound (dependent on the abc-conjecture over Q) for the number of classical non-
Wieferich primes up to a given bound. See [12] for further results concerning
elliptic non-Wieferich primes.

In Section 2 we recall work of Mochizuki from [5], which we use in Section 3
for the proof of Theorem 1.1.

Acknowledgements. We thank Joe Silverman for helpful comments and his sug-
gestion that Corollary 1.6 should hold. We also thank Jonathan Reynolds for
helpful discussions and an anonymous referee for useful advice on an earlier draft
of this paper. The second author was supported by DFG-grant KU 2359 /2-1.

2. The uniform abc-conjecture and Vojta’s height inequality

In this section, we discuss the uniform abc-conjecture and a variant of Vojta’s
height conjecture.

Let K be a number field with ring of integers O, let X be a smooth, proper,
geometrically connected curve over K and let D be an effective divisor on X.
Extend X to a proper regular model X over Spec(Of) and D to an effective
horizontal divisor D € Div(X).

Suppose that P € X (F'), where F is some finite extension of K. We can define
the conductor condy p(P) of P as follows: Let m : &' — X x Spec(Op) be the
minimal desingularization and let P € Div(X”) be the Zariski closure of P in X”.
Then we define .

condy p(P) := [ Nm(p) ™7 €R,
pes

where S is the set of finite primes p of F' such that the intersection multiplicity

(P.7m*D), # 0.
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Remark 2.1. For different constructions of the (logarithmic) conductor, see [5, §1]
or [1, §14.4]. Tt is easy to see that, up to a bounded function, these constructions
are all equivalent. By [5, Remark 1.5.1], changing the model X only changes
log condy p by a bounded function. Hence, up to a bounded function, condx p
only depehds on D.

If P € X(K), then we write k(P) for the minimal field of definition of P.
Mochizuki [5, §2] has rewritten the uniform abc-conjecture over number fields
(see [4]) as follows:

Conjecture 2.2 (Uniform abc-conjecture). Let D = (0)+(1)+(oo) € Div(P!)
and let h denote a Weil height on P! with respect to the divisor (00). Extend D to
an effective horizontal divisor D on X = PL.

Ife >0 and d € N, then there exists a constant ¢ = c(g,d) such that

h(P) < (1+¢) (log|disc(k(P))| + logcondx p(P)) + ¢
for all P € X(Q) satisfying [k(P) : Q] < d.
Remark 2.3. The abc-conjecture over Q (see for instance [1, Conjecture 12.2.2])
is a special case of Conjecture 2.2. Indeed, let @ and b be coprime positive integers,
let ¢ = a + b and consider the point P = [a : ¢] € PL. Then, up to a bounded
function, we have h(P) = log max{|al,|c|} = logc. Moreover, disc(k(P)) = 1 and

condy p(P) = H p = rad(abe),
peS

where S is the set of prime numbers p such that ord,(a) > 0, ord,(b) > 0 or
ord,(c) > 0.

The following version of Vojta’s conjectured height inequality was stated by
Mochizuki [5, §2].

Conjecture 2.4 (Vojta’s height inequality). Let X be a smooth, proper, ge-
ometrically connected curve over a number field K. Let D C X be an effective
reduced divisor, and wx the canonical sheaf on X. Fix a proper regular model
X of X over Spec(Ok) and extend D to an effective horizontal divisor D on X.
Suppose that wx (D) is ample and let h,, (py be a Weil height function on X with
respect to wx (D).

Ife > 0 and d € N, then there exists a constant ¢ = c¢(e,d, X, D) such that

hes (D) (P) < (1 +¢) (log | disc(k(P))| 4 log condx p(P)) + ¢

for all P € X(K) \ supp(D) satisfying [k(P) : Q] < d.

Obviously Conjecture 2.4 contains Conjecture 2.2 as a special case. In fact,
the converse also holds:

Theorem 2.5. Conjecture 2.2 and Conjecture 2.4 are equivalent.

Proof. See [5, Theorem 2.1]), [1, Theorem 14.4.16] or [11, Theorem 5.1]. |
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3. Proof of Theorem 1.1

Proof. We specialize Conjecture 2.4 to the case K = Q, X = FE, d = 1 and
D = (0). Let P € E(Q) \ {O}; then we have wg(D) = Og(D) and hence

1
hes Dy (P) = max {2 log |ap|,log dp} +O(1),

since the function P + max {% log lap|,logdp} is a Weil height on E with respect
to OE(D)

In order to compute the logarithmic conductor of P we consider the minimal
desingularization X’ of the normal model over Spec(Z) determined by the given
Weierstrass equation of E and extend D to D € Div(X) by taking the Zariski
closure. Then a prime number p of good reduction satisfies (P.D), # 0 if and
only if p | dp; therefore we have

[log condx p(P) —lograd(dp)| < Z log p.
p bad

Hence the functions P +— logcondy p(P) and P +— lograd(dp) coincide up to a
bounded function and Conjecture 2.4 implies

1
max {2 log |ap|,log dP} < (1 +¢)lograd(dp) + c.

By Theorem 2.5, this finishes the proof of (i).
To prove part (ii), let € > 0, let ¢ = ¢(E, €) be the corresponding constant from

part (i) of the theorem and fix some ¢’ > 0 such that 12_5;, <e.
Let P € E(Q)\ {O}. Then (i) implies

log |up| +logvp < (1 + &) (lograd(up) + lograd(vp)) + ¢

1
<(1+4¢€) <log|uP| + 210gvp) +c

and hence we conclude

!

1—¢&

log |up| + 2c
og |u et
g |up 1—o

logvp <
which proves (ii). |
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