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RESTRICTED SUM FORMULA OF MULTIPLE ZETA VALUES

HAIPING YUAN, JIANQIANG ZHAO

Abstract: The famous sum formula of multiple zeta values (MZV) says that the sum of all
MZVs of fixed weight w and depth d is always equal to (w). Hoffman proved a more complicated
formula when all the arguments of the MZVs are even numbers. In this paper, we further restrict
the arguments to multiples of 4 and derive a similar sum formula.
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1. Introduction

For fixed positive integer d and d-tuple of positive integers (s1, ..., sq) with s; > 1,
the multiple zeta value ((s1,...,sq) is defined by

C(s1,mv8a) = Y kT ke (1)

k1>->kq>0

where d is called the depth and s; + --- + sq the weight. The double zeta values
were studied by Euler [1] who derived many identities such as follows:

2n—1
> (0¥, 20— ) = J(2n),
k=2
3 ¢k 20— k) = (20),
k=2

from which we can easily get (see [2, Theorem 1])

n—1

> C(2k,2n — 2k) = Zg(m. (2)

k=1
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Using the stuffle relation {(2k)((2n —2k) = ((2k, 2n —2k) + {(2n — 2k, 2k) +((2n)

we see immediately

n—1

S C(2k)C(2n — 2k) =

k=1

2n+1

¢(2n). 3)

Recently, Hoffman [3] extended (2) to arbitrary depths. Moreover, similar
formulas have been obtained for some special type Hurwitz-zeta values [4] and
alternating Euler sums [5]. In this paper we consider the following restricted sum
of multiple zeta values

Q(4Tl,d) = E C(4]1a74jd)
Jit+ja=n
Ji,--3a>0

Our main theorem is

Theorem 1.1. For any positive integers n > d = 3,

LA 2k 41 5|4

= = (2k + 1)! j
L2 4k42 o5 k+j+d i=2
2 1)~ 4k 4+ 2\ (= 7
Z Z M( ;L )( 2 ) (Q(4n—4k,2) — 8<(4n—4k)) ¥

Remark 1.2. For d = 2, it’s easy to prove by stuffle relation that

Qan,2) = 3 S Cak)c(n — ak) —

k=1

n—1

¢(4n)

for n > 2. However, it is an intriguing problem to find a compact formula similar
to (3).
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2. The generating function of Q(4n,d)

Recall that the symmetric function of the infinitely many variables z1, x5, -+ form
a subring Sym of Q[x1, 2, -] which is invariant under all the permutations of
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the variables. Let e; = Zk1<~--<k_7» Tk, ---Tk; be the j-th elementary function.
Following Hoffman [3] let’s consider its generating function

E(t) = ﬁ(1+txj) iejtj
7j=1 7=0

1
and define € : Sym — R to be the evaluation map such that e(x;) = —;. Let
J

o0
= H(l + tsx; +t32x? +0)
=1

Then it is not hard to see that the generating function of Q(4n,d) is given by

o0

e(F(s,t)) = Z Q(4n, d)tds™.

n=0
First we need the following lemma.
Lemma 2.1. We have

sinm/s(1 —t)-sinhw/s(1 —t)

e(F(s,0) = V1 —tsinm/s-sinh s

Proof. We have

o0
22 _
(1 +tswy +ts i +--- _H(1+t1—sx]>

1 Jj=

IR0 -s(-0a)  Bs1-1)

2 —sa) — E(-s)

—

J

Further,
a \/f) sin w v/t - sinh 7t
E(-t)) = 1-— 1—= |14+ | = .
=T (- 5) =TT (- %) (1% i
The lemma follows immediately. |

Let f(x) = sinz - sinhx/(222). The following lemma provides its series expan-
sion.

Lemma 2.2. We have
k4k

- 4k
;§4k+2 '
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Proof. Using the well-known formula sinz = (e — e~%*)/(2i) we obtain

1 eix _ e—z’a: et — e

f@) =35~ 2z

_ e(i+1)z 4 e—(i+1)x _ (e(i—l)x 4 e—(i—l)z)

N Rix2

_ 1 i (22')77'.13271 B i (—22)n$2n _ > (_1)k4k x4k

4ix? (2n)! (2n)! (4k +2)17 7
n=0 n=0 k=0

as desired. |
3. Proof of Theorem 1.1
Let g(t) = f(v/t). Then

g(s(L 1)) 4 1 o (=D)F* k

——~ =¢(F(s/7",t)) = — ——s"(1 -t

o ) =55 2 (e (Y
Write
g(s(1—1)) i d
—_ = Ga(s)t”.
g(s) =
By the above expression, we have
(—s)? d
= D
Gals) = o D"a(s).

where D? denotes the d-th derivative with respect to s. Set
Ga(s) = Xu(s)v/scot /s + Yy(s)v/s coth /s + Z4(s) cot v/s coth /s + Wy(s)
(4)
which yields easily
—1)*D4 \ ,
()617'9(8) = Xd(s)s_d_% cos s7 sinh s7 + Yd(s)s_d_% sin s4 cosh s*
+ Zd(s)s_d_% coss7 cosh st + Wd(s)s_d_% sin s7 sinh s1.

To determine the coefficients X4(s), Yu(s), Za(s) and Wy(s) we differentiate the
both sides of the above equation to get the following system of recursive differential
equations

(44 )Xo () = —sX4(s) + (4 i)Xd(s) - iZd(s) - in(s),
(d4 )Yaa(s) = —s¥j() + (d + E)Yd(s) + %Zd(s) - in(s),
(A1) Zar(5) = ~ Y7 Xas) — Y2Va(s) — sZ4(s) + (a4 ©) Zal).
(d+ 1) Wayi(s) = ?Xd(s) - ?Yd(s) + (d+ %)Wd(s) — sWy(s),
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with the initial conditions Xo(s) = Yy(s) = Zo(s) = 0 and WO( ) = 1. Let
rq(u) = Xq(u?),yq(u) = Ya(u?), za(u) = Zg(u?) and wq(u) = Wy(u?). The above
system is changed into the following system:

1 1

(4 Vzasa(u) = —way(u) + (d-+ 7 )alu) = §2a(u) — juafu),
(4 s () = — ) + (4 7 )walw) + 3 7a(w) — Jua(u), 5
(@4 V)zars () = — Sralu) — Syalu) — 24(w) + (44 3 ) alw),
(4 Vg () = Srau) — Syalu) + (4 3 )walu) — wu(u).
Define
Zxd u)v? = Z:Ed(v)u"l7
d>0 d=0
) = ya(w® = ja(v)ul,
d>0 d=0 (©)
v) :Z zq(u)v? = Z Za(v)u,
d>0 d>0
de uw)v? = de(v)ud.
d>0 d>0

Multiplying the system (5) by v¢ and then taking the sum a>0 e get:

da 8a 1 uwda 1 1
o 81} 4 20u 4 4
o _ 0B 1, woB 1 1,
0 oo 4 20u 4 47
oy 87 1 udy u U
Vo T2 20w 2"’
I5}) 06 1 udd u U
o Vo0 T2 T 2au T2 17

Comparing the coefficients of u™ we get

7 (0) =08, (0) + 30 (0) = SEn(0) = 33al0) — 70 (0),
o) =0 (0) + 70n(0) = 35a(0) + 72 (0) = in(v),
7,0) =03, 0) + 55 (0) = 55(0) ~ {En 1) — FIna(0)
B, (0) =0, (0) + 5 0(0) — () + 1E01(0) ~ 150 (0)
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By definition (6), we see that the system has the following initial values: Z,(0) =
0,9,(0) =0, 2,(0) =0 for all n > 0 and @, (0) = 0 for all n > 1. But for wg(v) we
have from (5)

2d -1
2d

wo(0) =1,  wg(0) = wa_1(0)  Vd>1.

It follows that wg4(0) = (Qdd) /2%¢ which yields easily

de =(1-v)" 3,

d=0

Similarly we see that Zp(v) = 0. Solving (7) recursively starting from the first two
equations in (7) we find the following functions are the unique solution satisfying
the initial conditions:

Tnlv) = 2%01 m(l —)'T

Jn(v) = zn: M(l — )

2(0) = (1- (1) >Z mu i,

Baf0) = (14 (-1)") Z LB
<

Using (6) we can solve z,,(v), yn(v), z,(v) and w, (v) and get

L ) J2’ﬂ+1 n L“+2J+ i+d j—2
-y Y 2 ()
2n+1 ] d

n=0 j5=0 J
LiJ2§12n Ln+3J+]+d(2n+1)< )

U,
=0 =0 (2n + 1)!

2|.d 2J+1 2n

a= Y 20— 2D 1“”(2”)(%)11“-

J

2|.J2n

) )

n=0 j=0
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Thus

L%J 2n+1 2”(_1)|_nT+2J+j+d (271 + 1)

Xao()= >, D, 2n+1)! j

n=0 ;=0

L1452 ] 2n41 nd3 s
2n (1)L it ron 1
Yals)= > > 2n+1)!

n=0 ;=0 J
[422 ] ant2 oo, . 9
92n+1(_1\nti+d /4 2 j—2
Za(s)= ) e ] <n+ )( 4 )8”“/2;
= = (4n + 2)! j d
L%J 4n 2 .
22n(—1)nHitd f4p) (12 n
Wal) =33 (4n)! d)°
n=0 j=0
By the well-known formulas
_ 2n _ 2n
zcotz = —2 Z ﬂ_2n , zcothz = -2 Z 7r2” ,

we obtain

¢(2n) =

= (o),
4 —
{‘/Ecot\/g—ang:o et kR scoth /s = -2 E 7r2" s%,

and

Vs cot /s - coth /s = 4i Z (—1)’”%33
k=0 m+Ii=k &
=4> > (_1)m%sk.
k=0 m+I=2k

Here by exchanging m and [ we notice that the inner sum vanishes if & is odd.
Hence the coefficient of s™ in Gy(n*s) is
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T 2k41 LJ++d 1
Q(4n,d) =2 Z Z(%H]G .H)( d)C(4n—2k)

k=0 35=0 J
EEJ Qf:l 2k (— 1)l I+t (o) 41
+2 (—1)* ' ( )( )C(4n—2k)
= = (2k +1)! J d
L9552 4k+2 oot ktj+d i=2
» 921 (1)t <4k+2> <4>
— | .
= = (4k +2)! J d

| ymeemcen | -

m,1>0,
m-+l=2n—2k

since Wy(s) has degree less than n. Observe that the first two lines are the same
and for any positive integer w

w—1 2w—1
> (=1™mEm)ICR) =2 ¢(41)¢ (4w — 41) Z C(20)¢ (4w — 21) — ¢(4w)
2% =
dw + 1

=4Q (4w, 2) + (2w — 3)((4w) — ¢(4w)
=4Q (4w, 2) — g((llw)

by stuffle relation ((4m){(4l) = ((4m,4l) + ¢(41,4m) + ((4m + 4l) and equation
(3). Therefore we finally get

L5+ Jokt1, 1)L5)+i+d
C(4n — 2k)w? 2k + 1\ 12 2k
ol . 4 4n — 2
n,d) =4y Z (2k + 1)! J a Jotn =2
k=0 j=0
4L | 4k+2 92k+1(_1)ktitd (4L 4 2 ]T
+ kzo ]ZO (4k + 2)! j d

X <4Q(4n — 4k, 2) — ;g(zm - 4k)> i
This concludes the proof of Theorem 1.1 and this paper.
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